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Abstract

®

CrossMark

A Mueller matrix can completely characterize the polarimetric properties of a medium, where
the parameters of depolarization, retardance and diattenuation can be obtained by decomposing
a Mueller matrix with existing decomposition methods. The introduction of polarization
sensitive cameras with integrated wire-grid polarizers has allowed for the fast acquisition and
analysis of four linear states within a single snapshot. Moreover, these cameras provide the
opportunity to capture a reduced 3 x 4 Mueller matrix with the acquisition of generated states
polarization in the illumination arm. In order to measure and characterize samples using a
reduced 3 x 4 Mueller matrix, a 3 x 4 decomposition algorithm is introduced. This new
algorithm is compared and validated against established 4 x 4 decompositions. The validation
of this algorithm is shown using a previously reported Mueller matrix of polyacrylamide
phantom, and experimental Mueller matrices of quarter-wave plates, silicone phantoms and a
skin model sample. The 3 x 4 decomposition compares well to established decompositions and
is capable of characterizing the samples based on the calculation of depolarization, retardance

and orientation.
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(Some figures may appear in colour only in the online journal)

1. Introduction

A 4 x 4 Mueller matrix describes the polarization transfer
function [1, 2] of any medium using 16 parameters where
the medium’s polarization properties are encoded [3, 4]. Sev-
eral methods have been proposed to experimentally measure a
Mueller matrix [5] of different media. Recently, polarization
sensitive cameras that integrate 4-directional wire-grid polar-
izers within the sensitive area have been introduced [6, 7].
These snapshot systems can speed the acquisition process of
reduced 3 x 4 Mueller matrix polarimetry by acquiring four
different linear states of polarization (0°, 45°, 90°, 135° with
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respect to a reference plane) simultaneously. Studies aimed
at understanding the accuracy and limitations of these cam-
eras have been published [6, 8-11]. The polarization sensitive
cameras have been used in applications ranging from naviga-
tion [12, 13] to biological media analysis. For example, the
camera has been successfully used to observe and analyze
polarimetric changes of dehydrated bovine tissues [7] and they
have been integrated into rigid endoscopes [14].

Mueller Matrix decomposition is used to obtain a bet-
ter understanding of a material properties. There are various
established 4 x 4 Mueller matrix decomposition methods to
extract the parameters of depolarization, retardation and diat-
tenuation from a full Mueller matrix.

The polar decomposition or Lu-Chipman (LC) decompos-
ition [15] defines the Mueller matrix as a product of three

© 2021 |OP Publishing Ltd  Printed in the UK
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matrices: a depolarizer (M), a retarder (Mg) and a diatten-
uation (Mp) matrix:

M = MaMgMp. 1)

The order of decomposition affects the result due to
the non-commuting properties of matrix multiplication
[16], therefore other sequential matrix decompositions
have been suggested. There has been introduced a reverse
decomposition [17]:

M = MpMgrM a, 2

where M A, describes a depolarizer with diattenuation (in con-
trast with the M A parameter in the LC decomposition being a
depolarizer with polarizance).

Ossikovski proposed the symmetric decomposition [18],
that introduces the idea that the depolarizer matrix could be
placed ‘in the middle’ of retarder and diattenuation matrices:

M = MpyMpoMpaaMgiMpy, 3)

where Mp| and Mp, are two diattenuator matrices, Mg, and
Mp, are two retarder matrices and M a, is the pure depolarizer
matrix.

This decomposition is particularly relevant for a backs-
cattering configuration where the polarimetric effects (diat-
tenuation and retardance) will occur in the forward dir-
ection of light propagation as well as in the backward
path [19].

Moreover, there is also a differential (D) decomposition
[20, 21] where the three polarimetric properties are considered
to be occurring simultaneously and therefore can all be repres-
ented in one single differential matrix:

m = (dM./dz)M_ ", ©

in response to the advent of polarization sensitive camera
a reduced 3 x 3 Mueller matrix decomposition has been
introduced [22, 23]. When the measurement configuration
allows for only linear states to be generated and analyzed,
only nine coefficients of the upper left 3 x 3 submatrix of
a full Mueller matrix can be acquired. This 3 x 3 Mueller
submatrix decomposition follows a similar procedure as the
LC decomposition of a full 4 x 4 Mueller matrix making
the assumption that the depolarization of the linearly polar-
ized light isotropic, i.e. it does not depend on the incident
linear polarization vector orientation [22]. This decomposi-
tion has been used in the polarimetric studies of samples,
such as aqueous suspension of polystyrene microspheres and
ex vivo rat abdomen, although the quantitative disparities
between the 3 x 3 and 4 x 4 decompositions have been
reported [24].

In this paper we introduce the use of a polarization cam-
era as a (standalone) polarization state analyzer (PSA) along
with a four-state polarization state generator (PSG), for the
measurements of a reduced 3 x 4 Mueller matrix and a
new decomposition algorithm of this reduced 3 x 4 mat-
rix with the aim of improving accuracy of the latter decom-
position and its validation by the 4 x 4 decomposition
results.

2. Methods

In the symmetric decomposition of a Mueller matrix (equation
(3)) Mp, and Mp, are the Mueller matrices of the entrance
and exit diattenuators, Mg, and Mg, are the Mueller matrices
entrance and exit retarders, respectively, and M a is the diag-
onal matrix of a canonical depolarizer.

M A is defined as:

1 0 0 O
10 d 0 O
Ma=1¢9 o b 0| 5
0 0 0 da
with a depolarization power A that is defined as:
d d d
A:l—“H';'HSl, ©)

where d; and d, are the depolarization coefficients for the lin-
ear states (horizontal/vertical and 45/135, respectively) and d3
is the depolarization coefficient for the circular states. The A
parameter ranges from O to 1, where A = 0 is for a nondepol-
arizing sample.

In close to normal reflection, the following assumptions
hold: Mp, ~ Mp, ~ I, where [ is the identity matrix.

This assumption is legitimate whenever the surface con-
tribution to diattenuation dominates compared to the volume
contribution (these are the first surface in reflection or both
surfaces in transmission), since Fresnel reflection and trans-
mission coefficients coincide for both s and p polarizations
at normal incidence (1, = ry; t, = t,). Its validity has been
demonstrated by Vizet and Ossikovski [19], in reflection
at normal incidence, utilizing optical components such as
waveplates as well as biological specimens. Furthermore, the
assumption d; = d, follows from rotational invariance at nor-
mal incidence, whereas Mg ~ Mg, = My results from the
(approximate) equivalence of forward/backward propagation
(in reflection; Mg, being replaced by its transpose) or from
the invariance with respect to light reversal (in transmission)
still at normal incidence.

Furthermore, d; ~d, and Mgr; ~ Mg, = Mg [19], where
Mp is the Mueller matrix of a linear retarder with retardance 6
and azimuth of the optical axis of linear birefringent medium
0, equation (7). Unlike the LC and differential decomposi-
tions, in the 3 x 4 decomposition the retarder My, is explicitly
assumed to be linear (Mp = Mp;). This assumption is justified
for an essentially homogeneous medium (effectively behaving
either as an optically thick single layer or a semi-infinite sub-
strate) lacking (or, more generally, having negligible) optical
activity. Conversely, the actual 3 x 4 decomposition cannot be
applied to multilayer structures since those generally behave
as elliptical retarders:

1 of
MR - |: 0 mg :| 9 (70)
myy mp mpg3
mp = | mp mp My (7b)
—myz  —my3 M3
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Figure 1. Experimental setup consisting of a light source with collimating lens, a PSG consisting of a polarizer on a rotational stage, a
quarter-wave plate (QWP1), and PSA utilizing the polarized camera with lens and a quarter wave plate (QWP) that is inserted only when

measuring the 4 x 4 Mueller Matrix.

Therefore, a diattenuation-free Mueller matrix M can
describe the experimental configuration:

M =~ MrM AaMR, (3

that is dependent on four parameters: two depolarization coef-
ficients, d; and dj, retardance ¢, and azimuth 6.

Taking into account five of the twelve effectively measured
Mueller matrix elements from the first three rows, the follow-
ing set of equations can be written:

My, =dymy* + domyy® — dsmys? (%a)
My = (dymyy + dymyy) myy — dzmyzmas (9b)
May = dymyimys + domigmos + dsmyzms; )
My = dymi, + dom3, — dym3, (9d)

Mzy = dymigmys + dampmys + dzmazmss, %e)

where my; (I, j = 1, 2, 3) are the elements of matrix my from
equation (8).

Equation (9) represent an overdetermined set of five
equations to solve for four unknown parameters: d;, ds, §
and 6.

These four parameters are obtained by solving
equations (9a)—(9¢) with a Nelder-Mead Simplex minimiza-
tion method implemented in MATLAB (MathWorks, Natick,
MA).

2.1. Validation

This approach was validated experimentally with the setup
shown in figure 1. The reduced 3 x 4 Mueller matrix
polarimeter consists of a 625 nm LED (M625L3, Thorlabs

Inc., Newton, NJ) source coupled with a linear polarizer
(LPVISC100, Thorlabs Inc., Newton, NJ) housed in a rota-
tional stage with a PSG of horizontal, vertical, 45 degrees and
the addition of a quarter wave plate (QWP) (AQWPO05M-580,
Thorlabs Inc., Newton, NJ) to create right circularly polarized
light. The PSA consists of a polarized camera (CS505MUP,
Thorlabs Inc., Newton, NJ). A QWP (AQWP05M-580, Thor-
labs Inc., Newton, NJ) could be inserted into the detection arm
in order to analyze circularly polarized light component and
create a full 4 x 4 Mueller matrix. This setup was used to
image a number of samples, such as polarizers, QWPs and
silicone phantoms at various orientations. Moreover, a 5 yum
thick section of human skin model mounted on a glass slide
with parallel collagen fiber alignment along the dermis [25]
was also imaged by adding a 2X objective lens (Mitutoyo Plan
Apo, Mitutoyo America Crop, IL) to the PSA.

The system was calibrated as previously reported by
Saytashev et al [26], yielding an error of less than 3% in the
calculation of an identity Mueller matrix of air. The condition
number for our system was equal to 4.5.

3. Results and discussion

3.1 Error analysis

The values of the elements of Mueller matrix are depend-
ent on the input variables: di, §, @ and ds (as seen in
equation (9¢)). Understanding the intrinsic error of the minim-
ization algorithm used for the decomposition of 3 x 4 reduced
Mueller matrix (as it pertains to these variables) is useful to
determine the limitations of using such approach. In order to
conduct an error analysis, three input variables, d;, 0 and, 6
(d 3 was kept constant), were used to calculate a Mueller mat-
rix MMpre (equation (8)) within a range of values for each
variable (i.e. § and @ varied from 0° to 180° and d; varied
from O to 1). The five elements of calculated Mueller mat-
rix were then used for the solution of equation (9) by min-
imization. The same three variables were obtained and used
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Figure 2. Error analysis of the minimization algorithm used for the decomposition of a reduced 3 x 4 Mueller matrix. The left figure shows
a slice of error values for all 0 and § with d; fixed at 0.7. The right figure shows the error contour plots in selected volume sections.

to calculate a new Mueller matrix MMpost (equation (8)).
The error of the minimization algorithm was estimated by cal-
culating the normalized root mean square error (nRMSE) of
the difference between the two Mueller matrices (MMpre and
MMpost). The nRMSE values vary between 0 and 1, where
0 yields no difference between the values of two Mueller
matrices MMpre and MMpost. Figure 2 shows a sample slice
of the error encountered upon minimization for all § and ¢ with
d; fixed at 0.7 (left panel) and a closer look at selected cross-
sections from the overall volume of values (right panel) for
better visualization of the error. There is a peak error value
of 18% for high values of # (>100 degrees) and d; (>0.7) and
arbitrary ¢ values, although the mean error value for the entire
volume was 2.5%.

3.2. Decomposition implementation

We first aimed to compare the different decompositions using
an experimentally recorded Mueller matrix M (equation (10d))
introduced by Ghosh et al [1] with a known depolarization,
retardance, diattenuation and 6 values. The polar LC decom-
position was applied first to the 4 x 4 matrix M (which
takes into account all three polarization parameters), then the
decomposition of the reduced 3 x 4 matrix was applied using
the depolarization and retardance matrix (since our assump-
tion is that Mp is unity), as seen in equation (8). For the com-
parison, the D decomposition of the complete 4 x 4 matrix M
was also tested.

The values of the depolarization, the retardance and the azi-
muth of the optical axis calculated using matrix M and the
above-mentioned decompositions are listed in table 1:

1 —0.0229  0.0027 0.0058
M — —0.0186 0.9956 —0.0361 0.0318
—-0.0129  0.0392 0.2207 —0.9656
0.0014  0.0280  0.9706  0.2231
(10a)

Table 1. The decomposition parameters (A, 8, 0) for the matrix M
(equation (10)). (First column) values from Ghosh ez al [1], (second
column) values from the LC decomposition, (third column) D
decomposition and (fourth column) decomposition of the reduced

3 X 4 matrix.

Ghosh et al 4 x4LC 4x4D 3 x4
Parameters Estimated values
A 0.005 0.005 0.005 0.005
¢ (rad) 1.346 1.345 1.346 1.346
0 (deg) 89.05 89.94 0.013 89.98
1 0 0 0
0.0041  0.9969 0 0
Ma =1 00070 0 09915 0 (105)
—0.0019 0 0 0.9966
1 0 0 0
0 09988 —0.0362 0.0281
Mg = 0 0.0393 0.2207 —0.9741 (10¢)
0 0.0320 0.9742 0.2239
1 —0.0229 0.0027  0.0058
M — —0.0229 1.000 —0.000 —0.0001
b= 0.0027 0.000 0.9997 0.000
0.0058 —0.0001 0.0000  0.9997
(10d)

The results of the different decompositions of a complete
4 x 4 matrix M and its reduced 3 x 4 version yielded a sim-
ilar answer to what has been previously reported [1, 27]. The
decomposition of a reduced 3 x 4 Mueller matrix matches its
4 x 4 counterparts for this low-depolarizing medium, noting
the only difference in the 4 x 4 D is the orientation being equal
to (|0 —90)).
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Figure 3. Comparison between the decomposition of a reduced 3 x 4 Mueller matrix (3 x 4), LC and D decompositions of 4 x 4 Mueller
matrix of the QWPs oriented at (a, d) —20 degrees, (b, e) —30 degrees and (c, f) —60 degrees with respect to the polarization axis of the

incident beam. The red lines delineate the median value of the data set.

To further investigate the proposed decomposition of a
reduced 3 x 4 Mueller matrix, a QWP with its axis ori-
ented at three different angles: —20, —30 and —60 degrees—
assuming the frame of reference to be the benchtop plane—
was imaged. The QWP is a retarding element with theoretic-
ally neither depolarization nor diattenuation present, therefore
we can focus on the new decomposition method’s response to
retardance and azimuth of orientation.

The parameters calculated with all decompositions of the
Mueller matrix of the QWP measured at different azimuth
angles can be observed in figure 3, where the complete 4 x 4
experimentally recorded Mueller matrix was used to calculate
the LC and D decompositions and the first three rows of this
Mueller matrix were used to calculate the 3 x 4 decomposi-
tion. There is a wide agreement within the three decomposition
methods on the orientation angle values for all measurements,
showing the QWP positioned at —20 degrees (#a, d), —30
degrees (#b, e) and —60 degrees (#c, f). The retardance of
QWP calculated with the reduced 3 x 4 Mueller matrix
decomposition appears as half of the value compared to the
values calculated with its 4 x 4 counterparts at different QWP
orientations. This discrepancy is likely due to the absence of
depolarization, modifying our definition of the 3 x 4 mat-
rix decomposition (equation (8)) to equal M ~ M%e. Moreover,
the lack of the fourth row in the reduced 3 x 4 Mueller mat-
rix leads to a negative retardance value in some cases, which
causes the angle to be shifted by 90 degrees. A correction for
this is necessary, entailing of modifying the orientation angle
by 90° each time a negative retardance is obtained (correction
for this was already applied in figure 3). The QWP orientation
angle agreed well for all positions, matching the 3 x 4 decom-
position with the 4 x 4 LC decomposition in every measure-
ment, as well as the orientation angle value calculated with the
D decomposition but with a differing sign.

Figure 4. Reduced 3 x 4 Mueller matrix of a silicone sample
oriented at —70 degrees, showing the striation direction. The
weakly depolarizing nature of the sample is confirmed by the
dominance of the diagonal values that are close to one.

Looking further into comparing the decompositions exper-
imentally, an extruded silicone phantom consisting of a silic-
one strip with visible striations along the direction of extru-
sion, oriented at three different positions was imaged with
our setup. A low depolarization and uniform retardance is
expected due to its natural semitransparent characteristics. The
reduced 3 x 4 Mueller matrix of the silicone phantom oriented
at —70 degrees can be observed in figure 4, demonstrating
the structured striations and weakly depolarizing nature of the
sample.

The results of the decomposition of the Mueller matrix of
the aforementioned phantom with different algorithms can be
seen in figure 5, where we can qualitatively see the similar val-
ues of depolarization, the values of the retardance calculated
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Figure 5. The images of (a, d, g) the depolarization, (b, e, h) the retardance and (c, f, i) the angle of orientation calculated from Mueller
matrix of a silicone phantom oriented at —70 degrees using the three decomposition methods: (first row) 3 x 4 decomposition, (second row)
LC decomposition, and (third row) D decomposition. The white box indicates a region of interest at which the sample is assumed to be

homogeneous (for comparison purposes).

with 3 x 4 decomposition close to half of the retardance val-
ues calculated with the decompositions of the complete 4 x 4
Mueller matrix and the agreement on the orientation angle for
all decompositions. The white box in the figure 5 indicates
a 30 x 30 pixel region of interest (ROI) where the sample
is assumed to be homogeneous to fairly compare the three
decomposition methods.

To more quantitatively ascertain the decomposition meth-
ods, the calculated depolarization, retardance and orienta-
tion angle values for the silicone phantom (within the selec-
ted ROI) oriented at —70, —60 and 80 degrees are shown
in figure 6.

At all measurement configurations the silicone phantom
shows a similar distribution of depolarization values within
the selected ROI, ranging from 0 to 0.35, with a median
value around 0.2 calculated with the 3 x 4 decomposition
(figures 6(a)—(c)), although notably different from the dis-
tributions of depolarization values calculated with both LC
and D decompositions of the complete 4 x 4 Mueller mat-
rix (median value is 0.04). This could be due to the difference
in the depolarization definitions for the different calculations.
The distribution of the retardance values calculated with the
reduced 3 x 4 Mueller matrix decomposition (figure 6(d))
offers a wider set of data points than the 4 x 4 methods
(figures 6(e) and (f)), with the median value falling close to
the half-retardance mark of the calculated retardance value
for the latter. This phenomenon is due to the low depol-
arization of the silicon phantom, similarly to that of the
quarter-wave plate in the previous experiment. As for the

orientation angle (figures 6(g)—(i)), we notice a similitude
between the distributions of the angle values (and range of
angles perceived) for the reduced 3 x 4 Mueller matrix decom-
position and the LC decomposition. The D decomposition
shows an opposite sign of angle in all cases. This difference
in sign for the D decomposition is due its definition and the
use of different matrix elements (compared to the LC) used to
calculate the orientation.

Lastly, the results of different decompositions of the
Mueller matrix of the section of human skin model mounted
on the glass slide can be seen in figure 7 and summarized in the
boxplots in figure 8. This sample is also weakly depolarizing
(due to its small thickness of 5 m) and shows a similar pat-
tern as the previous samples for the retardance values, where
the reduced 3 x 4 Mueller matrix decomposition values are
found to be about half of the values calculated with LC and
D decompositions of the complete 4 x 4 Mueller matrix. The
orientation angle of the sample is in agreement for the 3 x 4
and the LC decompositions, although it appears to be the com-
plement angle (|0 — 90|) for the D decomposition.

Similar distributions of the depolarization values within the
selected ROI are calculated with all three decompositions. The
values of retardance calculated with the reduced 3 x 4 Mueller
matrix decomposition are found to be about half of the val-
ues calculated with LC and D decompositions of the com-
plete 4 x 4 Mueller matrix as for the silicon phantom. The
same trends are observed for the distributions of the orienta-
tion angle calculated with three different decompositions as in
case of the silicon phantom.
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Figure 6. Comparison between the reduced 3 x 4 Mueller matrix decomposition, LC and D decompositions of the complete 4 x 4 Muller
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Figure 7. The images of the depolarization, the retardance and the orientation angle of human skin model section mounted on the glass slide
with focus on the dermis. The parameters calculated with three different decompositions: 3 x 4, LC and D are shown from top to bottom,
respectively. The saturated and background pixels have been rendered in white. The white box indicates a region of interest in the dermis at

which the sample is assumed to be homogeneous.
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4. Conclusion

This paper introduces a new method of decomposition for a
reduced 3 x 4 Mueller matrix. This decomposition has shown
to be capable of calculating the correct polarimetric paramet-
ers (depolarization, retardance and orientation angle) when
compared to the established decomposition methods of the
complete 4 x 4 Mueller matrix. The decomposition of the pre-
viously reported Mueller matrix (equation (10)) for the 4 x 4
decompositions and the diattenuation free matrix (only using
equation (10c¢)) yielded similar values to what were reported
by the authors for all polarimetric parameters. For the exper-
imental cases shown, the depolarization values did not yield
similar values, likely due to the difference in depolarization
factor definition for all three decompositions methods. The
retardance values calculated with the new decomposition were
approximately equal to half the retardance values calculated
with the LC and D decompositions of the complete 4 x 4
Mueller matrix for all the cases, which is due to the defini-
tion of the 3 x 4 decomposition (equation (8)). The orienta-
tion angle, values calculated with the new decomposition were
aligned well with the values calculated with the decomposi-
tions of the complete 4 x 4 Muller matrix (especially with the
LC decomposition) in all samples. Discrepancies in the ori-
entation angle values shown for the D decomposition are due
to the matrix elements used to calculate the orientation angle
value. Taking into account inherent errors due to the minim-
ization algorithm used, further testing with a wider array of
samples with differing polarization properties needs to be con-
ducted to understand what limitations these errors could pose.
Moreover, we plan to explore the behavior of the new decom-
position of the reduced 3 x 4 Mueller matrix for more depolar-
izing samples, since this is a property exhibited by biological
tissues.

This new decomposition method of the reduces 3 x 4
Mueller matrix has a particular value due to the technological
advances giving rise to polarization cameras, as it will help
to omit the need for circular polarization analysis components
in the PSA and therefore to simplify the experimental setup
needed for the full characterization of sample using Mueller
matrix polarimetry. This simplification could provide a fast
and robust solution to current uses of polarimetry, especially
in a clinical setting where time and simplicity poses an issue.
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