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Navier-Stokes Equati

A system of 4 nonlinea @'-‘ of 5 ‘I'ZVF f= R

mixed hyperbolic-paraboliC type
describing the fluid

hydrodynamics in 3D
(Continuity and Momentum)

Operators

Gradient: Vu= (a%x,a%yﬁ%z)
Divergence: divi=V-Q :au%er@uyaer@u/az

Laplacian: ) _827 o° f 827
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Newton’s Second Law: SF= Mm.ad
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Nedation : Einstein

locs acceleralion )i );‘wbcmles]

50 Sum









































































































































































































































































































































































































































































































































































































































































































The stresses are related to fluid element
displacements by invoking the Stokes viscosity law
for an incompressible fluid.

ou oV oW

Tax = 2ﬂ&, Ty =21——, T,y =24—— (7)
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Substituting eqgs. 7-10 into egs. 4-6, we get

(A1)

(12)

(13)









































































































The three Navier-Stokes momentum equations can

be written in compact form as Momund um

azui
+0;

J (Al)
OX; p OX. c’ﬁxj@xj

The equation of continuity for an incompressible
fluid is

ou ov 8W_O
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Turbulence

Free surface flows occurring in nature are almost
always turbulent. A few characteristic of
turbulence are:

1. Irregularity: The flow consists of a
spectrum of different scales (eddy sizes) where
largest eddies are of the order of the flow
geometry (i.e. flow depth or width, etc). At the
other end of the spectra we have the smallest
eddies which are by viscous forces (stresses)
dissipated into internal energy.
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2. Diffusivity:

The turbulence increases the exchange
of momentum in flow thereby increasing
the resistance (wall friction).

3. Large Reynolds Number:

Turbulent flow occurs at high Reynolds
number. For example, the transition to
turbulent flow in pipes occurs at R~2000.
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4. Dissipation:

Turbulent flow is dissipative, which means that
Kinetic energy Iin the small eddies are
transformed into internal enerqgy. The small
eddies receive the kinetic energy from slightly
larger eddies. The slightly larger eddies
receive their energy from even larger eddies
and so on. The largest eddies extract their
energy from the mean flow. This process of
transferred energy from the largest turbulent
scales (eddies) to the smallest is called cascade
process.
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_‘ a\nmge_ VWIJ-"? U (.7
Turbuf"‘ng fuchvadion

u, v, w, p instantaneous values of velocity ‘E

components and pressure, respectively U = G n UAT'

u’, v', w’, p’ are fluctuations of velocity V=yLy
components and pressure, respectively -

ons '
Why decompose variables? W=W+W

e \We are usually interested in the mean .
values rather than the time histories. P=P+P
e \When we want to solve the Navier-Stokes — i
equation numerically, it would require a fj = 9 +j
very fine grid to resolve all turbulent
scales and it would also require a fine time
resolution since turbulent flow is always
unsteady.



































































































































































































































































Reynolds Time-averaged Navier-Stokes
local acelembion (RNS) Equations

Convective acce eration f 33

We can write similar equations for the\Moyhentum in
the y- and z-directions. °
> V5 Cows

W =0
-J'_;ﬂfo S*‘Q.SJQS




































































































































































































































































































































































































RNS Equations (Cont.)

T"e.ﬂ—\ JwWA
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Closure Problem

e 3 velocity components, one pressure and 6
Reynold stress terms = 10 unknowns

e No. of equations=4 [Hx, H‘j} ”?7 cnwlum-b]

e \We need to close the problem to obtain a
solution.

e Turbulence modeling tries to represent the
Reynold stresses in terms of the time-
averaged velocity components.
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Turbulence Models

Boussinesq Model

An_algebraic equation is used to compute a
turbulent viscosity, often called eddy viscosity.
The Reynolds stress tensor is expressed In
terms of the time-averaged velocity gradients
and the turbulent viscosity.
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Uu‘tda.\y Used 1n ?rac—(—fce
k- Turbulence Model

Two transport equations are solved
which describe the transport of the

turbulent kinetic energy, kK and its
dissipation, & The eddy viscosity is
calculated as

k : Kinetic enery
e . A:JS;Fq_an























































































































































































































































RNS Equations and River Flow

Simulation

w"lét(‘\')
RNS equations are notYused often for river
flow simulation because of computational
burden. -, 7ra<—l—a‘ca

o

Method of choice for unsteady flows in
rivers, streams and overland flow is typically
1D Saint-Venant equations or 2D
hallow-water equations






































































2D Saint Venant Equations

e Obtained from RNS equations by depth-
averaging.

e Suitable for modeling flow over
floodplains, flow over a dyke and flow
through a breach.

e Assumptions: hydrostatic pressure

distribution, small channel slope
CS< ~ 10/.

































2D Saint Venant Equations (cont.)
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1D Saint-Venant Equation (Cont.)

oV oV oh
—+V —+0—=0(S, -5
P o T95, 79050 =50)

CLOWH i
The 1D Saint-Venant equations can be written in S Se
conservative form as: oU oF "[’)

o T D E-F";d':""

p,,0
F = 0’ )
o H AP sl | alepe]
0
(SO o Se)png |

Source: Leon, A. S., Ghidaoui, M. S., Schmidt, A. R. and Garcia, M. H. (2010) “A robust two-equation model for transient
mixed flows.” Journal of Hydraulic Research, 48(1), 44-56



















































































































































































































































































































Simplified Eq ations of Saint-Venant

( Non~ conservahive

Conrkue PO ol
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Relative Weight of Each Term in SV
Equation

Source: Henderson, 1966 (Open-Channel Flow)


































































































































































































































































One-Dimensional Modeling:

Most unsteady flows are well represented by one-
dimensional theory because, in most cases, the
component of the motion along the channels is
far greater than the transverse motion. One-
dimensional models are best suited for in-channel
flows and when floodplain flows are minor.

Two-Dimensional Modeling:

Two-dimensional models should be used when
transverse motion is important such as when
iInundation involves relatively large floodplain areas.




Derivation of the Saint-Venant equations
9 (UQ-l&v Surfqce.
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Derivation (Cont.)

* Q= ’b(A V) AV 1+ VA
'bx ’DX X X

In O

VA + Ay 4T3 =0
9K X b







































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Derivation (Cont )

In@ [F=YhA
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Derivation (Cont.)
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Derivation (Cont.)

Cnmb. lvmj _FO‘\’ el -

aFhsd (0 pvar) = HBL 2 (AR)
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Derivation (Cont.)

Slope ((So = Yandl)

In (*)

o o A Sind
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Derivation (Cont.) —
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Compressible Waterhammer Flow
Equations

oU oF
| =S
ot 0x

PfQ

Ay

U= |:pf fj|, F = O’ and
PfQ Pr—— 4; + Arp

0
_ 2
> [(So - Se)Pngf} P = Pref + @ (0 = Prey)

Source: Leon, A. S., Ghidaoui, M. S., Schmidt, A. R. and Garcia, M. H. (2010) “A robust two-equation model for
transient mixed flows.” Journal of Hydraulic Research, 48(1), 44-56.



Coupled open-channel
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