. Subroutine ATEIG

- This subroutine computes the eigenvalues of a real
~ upper almost-triangular matrix {Hessenberg form
-~ see subroutine HSBG) using the double QR itera-
tion of J.G.F. Francis.

1. Mathematical background

a. Definition of the QR iteration

Let A be a real or complex nonsingular matrix of

order n, Then a decomposition of A exists of the
form :
A= QR

-where Q is unitary and R is upper triangular. If

the diagonal elements of R are real and positive,
Q is unique, Consider now the sequence of matrices
A(P) defined recursively by

A - A, AP o) R<p) AP _ o) Q(p)

Note. that A‘pﬂ) = Q(p)* A(p) Q(p) for p > 0; hence it
follows. that. A(P) is similar to A for all p. ‘

Furthermore, if A satisfies certain conditions,
it can be proved that AP) tends to an upper triangu-
lar matrix as p -+ «; thus the eigenvalues of A are
the diagonal elements of this limit matrix,

b. Convergence

If the moduli of the eigenvalues are distinct, the
elements a(_I?) below the main diagonal of A'P) tend to
zero, as do|Xi | P/ IXj|P, the eigenvalues being
subscripted so that |[Ai|>|Xjeq] . -

Thus, in general, the eigenvalues appear on the
main diagonal, starting from the last position, in -
increasing order of moduli.

So, when the smallest eigenvalue An has been -
found, we can reduce the order of the matrix by
neglecting the last row and column and find A
by the same process, without any special deflation.

Note that the speed of convergence is consider-
ably improved when the corigin of the eigenvalues is
shifted close to Ap-

Such a shift, say s(P), can be intrcduced before
an iteration and the opposite one afterwards., Then
the iteration can be written as:

A® _0) @) o)

AP _pe) o(0) (o) |

In géneral, A,(lp )n , forp large enough, can provide
an efficient value for s(®), :

c. Use of the Hessenberg form

The Hessenberyg form is preserved under the QR
iteration. Thus, a reduction of the initial matrix to
the Hessenberg form can give a significant saving of
computation in each iteration for the QR decompo-
sition, the lower part of the matrix consisting only
of the codiagonal terms.

Before each iteration, the codiagonal terms will
be inspected, If some of these are zero, the matrix

 will be split according to this occurrence, and the

iteration will be apphed to the 1ower main subma-
trix only.

‘d. The double QR ifera’cion

Let A be a diagonalizable real vpper Hessenberg
matrix, Such a matrix must be expected to have -
complex conjugate pairs of eigenvalues, I these
pairs are the only eigenvalues of equal modulus; it _
can be shown that they will appear as the latent roots
of main submatrices of order. 2. TIn this case, if a
shift is close to one of these roots, it will be com-
plex, and we will have to deal with complex ma-
trices,- although the initial one is real. The use of

the double QR iteration avoids this inconvenience,

Taking s(P*1) = 5(p), consider the transforma-
tion giving AP*2) from A(p) o

AP Qe * o (0)* (D) (0} (p+1)

‘Q

It can be proved that the product Q(p)Q(Ml) de-
rives from the QR decomposition of the matrix M =
(AP) - s(P) 1) (AP) - s(P+1)1), which is real.

In fact, Francis (1961, 19€2) showed that only _
the first column mq of M is necessary for determin- -
ing the transformation which gives AP*2) from A(p),
if they both have the Hessenberg form.

Practically, the first part of the double ifteration
consists of the application of an initial transforma-
tion NY A(P) N; where Ny is unitary and such that -
Ni my =& ||m1|| e1. This leads to a matrix which
no longer has the Hessenberg form.

Thus, the remaining part of the iteration will in-
volve the application of (n-1) successive transfor-
mations, which have the same form as the initial
one whose matrices Nj are such that the resulting’
matrix AP+2) has the Hessenberg form.

This process can fail when a subdiagonal term of
the given matrix is zero. In this case, the matrix
can be split, and the iteration is performed on the
lower main submatrix only. :

In the subroutine, Nj are Householder's matrices.
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2. Prog‘ramming considerations

At each 1terat1on, the latent roots ’*1 and Xg of the
lower main submatrix of order 2 are computed.
Then, the followmg situations can occur:

a. The term a, 7, -2 can be taken as zero,
Then, x1 and xg are e1crenvalues of the original ma-
. trix, and the order of the matrix is reduced by 2.
IANA(N) and IANA(N-1) are set to 0 and 2 respec-
txvely.
b. - The term ay p.3 can be taken as zero. In
this case, an,n is an eigenvalue of the original ma-~
- trix, and the order of the matrix is reduced by l
IANA(N) is set to 1.
¢. One of the last two subdiagonal terms is
stable through one iteration., Then the smaller one
is considered as zero. ' The corresponding compo-
nents of IANA are set to 0, 1, or 2, according to a.
or b,

d. The maximum number of iterations is reached,

In this case, the smaller of the last two. subdiagonal
elements is taken as zero. The corresponding com-
.ponents of IANA are set to 0, 1, or 2, according to
a. orb,

The user can-check the results by 1nspect1ng the
subdiagonal terms of the matrix on return from the
subroutine, according to the vector IANA in the
following way:

If for each TANA(T) contammg lor2, ZSISM

A, I-1)] <107 (|BRR@ [+| RIM]), -
then RR(I) and RI(I) were computed with a satisfac-
tory accuracy.
For reference see:
(1) 3.G.F. Francis, Computer Journal.
1961 4-3, January, 1962 4-4.
(2) J.H. Wilkinson, The Algebraic Eigenvalue

October,

Problem. Clarendon Press, Oxford, 1965.
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‘Subroutine HSBG

This subroutine reduces an n by n real matrix A by
a similarity transformation to upper almost-
triangular (Hessenberg) form. Each row is
reduced in turn, starting from the last one, by
applying a suitable right elimination matrix, and .
similarity is achieved by alsc applying the left
inverse transformation. . Thus the eigenvalues of
A are preserved.

1. 'Mathematical background

Let A (P) denote the matrix obtained from A(0) =
after reducing rows n,n-1,..,,n-p+1, The simi-
larity which transforms AP to A P*D) ig as
fOllOWS'

a. First we determme a p1vot element an(p)
whose- column subscript k is such that

(p) | i=1,2,... 001
‘1'13’1 i .

a(P) max
n_p, I

b. If the pivot element ap (®) ,k=0, no trans-
formations are necessary; that 1s, the (pt1)th
similarity is the identity transformation. - Other-
wise, if it is necessary (k# n-p-1), we interchange
the kth and (n-p-1)th columns so that the pivot
element is in the subdiagonal position., The same
interchange is applied to the rows of AP, The
resulting matrix is similar to A(P) and, to ease
the notation, we denote it by A(P),

c. Define multipliers "_'

bJ( P) af,p_)p J/an_p n-p-1 1,2,...,0-p-2

Then the (p+1)th similarity is given by the following.
Right elimination:

7.0 - aij(p) @ ®

bj 3'1, n-p~1

a5 = ajj other indices

Left inverse transformation:

11-
ptl N
NS DI 0P <p)
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