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HE 2514

Advanced Fluids Engineering

James P. Johnston, Office: 501F , Phone: 497-40724
Text: Fluid Flow by Sabersky, Acosta and Hauptmann Got

Course Assistants: Jay Gi11lis, John Eaton, Jalal Ashjaee
O0f¢ice - 501H

COURSE OUTLINE

Lo Imtreduction {Study Chapter 1, Sections 2.1, 2.2, 2.3, 2.4, 2.8;
Read: Sections 2.5, 2.6, 2.7)

A, Observations on fluid mechanics and engineering
B. Fluid continuum and its properties
C.  Kinematics of Flowing Fluids -~ the fiele seproach and intreduction of
compact notation
D, Application w. development of tontinuity equations
ﬁu, Application »e development of squations of motien for an uviscid Flyidg
1. Giobal Equations (Study: Chapter 4; Read: mini-course notes)

A, Control volume forms of Basie Laws

. Lonservation of Mass

. Conservation of Energy (Ist Low of Thermodynamics
Linear Momentum Theovem (Mewton's Jawe of motion}
. PMoment of Momentum Theorem

. Second Law of Thermodynawics

[ e e R
.

B. Applications to systems of ¢9alie uipe

L Applications of equations of potivn for an dnvisedd Flow {Study:

A, tuler's enuations in vavisue ceordinato systons

1. rectangular, cylindrical, spherieal
2. Tocal streawline coovdinates {5,160

B. Bernoulli's equations--steady and unsteady flow of an incompress

iblig
fluid, steady Barotropic flow, steady incompressitie flow, grevity as @
bedy force and conservative body forces,
G\ Applications in systems of finite stee »- use and wisuse of Bernoulls
in conjunction with use of Glubal Fauations,

V. Stesdy Inviscid ??DWA (Study: Chapier 6) hles

A, Discussion of applicability
B. Retation, vorticity and circulation
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applications to invaiscld, ifrrotational tlows

Yatocity pmfznbsi‘ and streamfunciion, Laplace equation and boundary
conditions -~ inviscid dfrrotational flows

Some approximate methods of soiution

Lomparison of real flows to vesults from potential theory
L

oduction to equations of motion of a Hewtonian Viscous Fluid (Study:

Sect,
Note:

P

VIL Simi
i n

Hote

ions 7.5, 2.6, 2.43 we&d Chapter 7}

It i3 un?ékmﬁy that @& will get into the material of section V,
In any aa , 1t wil) be covered in the Fivst Tew weeks of M.L. 2510
Winter ,@rnwwa

{Read and Heview: Chapter 5, Study

ot

;o We witl not Techurs on the material in section VIL  You arve, howover,

responsible for it at finel exam time -~ be prepared!

i

hn e Thevs wi? be gno widierm and a I-hour Yinal examination.

- Exominatin

Problems:

2ugaested

You should attempi to ﬂnfaw & puwher of the exervcises from the text
for your own bene?it, A st of sugm%sTed axerclses is given balow
Answers to these exarcises are provided dn the back of the book.
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Severat problem sels (o be writlen up for a grade w! I he assigunad
auring thé Qi ~ These must be presented 1n @ neal, readable

consistent with professional standards and must include:

»
3
™

{1y Problem statement with appropriate diagrems and definition of
nomenclature. ‘

Basic principles, laws and equations employed,

Simplifying assumplions stalted with reasons.,

Stmmary of rasults and conclusions,

Yopy brief discussion {17 required).

Proper citation of reference material othoer than <iaas potes,

3 PO
S

P T T, P
N & e
N o

Exercises (not to be pessed in for grade). Textbook problem sunbers

1.5, 2.2, 2.4, 2.5, 2.8, 2,10, 2.13, 2,14, 2.20, 2.23,

q ¢
[A ?69 F'as\\j'(lu

o
o4,

z

seks 32830 3.3, 3.4, 3 S, 3.8, 3,10, 3,13, 205, 2.9, LY, L3, 4.4

4.7, 414, ¢ ?' .17, 4.19, 4,76 » 434,

1l 6.7, 6.4, 6.5, 6.6, 6.106, 6.11, jp%hg .21, 2,39, 6.42.
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Problem sets:
idterm axan:
Final exam:

Tutorial MHours:

ME ZRIA
Autunm 1878

will be determined approximataely as follows:

30% final grade
10% final grade
60% final grade

?kwu J«ag) Yo oma.

3 hv ypuam

W’W

Each class membwr will be asswgned 0 3 fuxora1 group which

will meet with a course assistant for one hour each week. The
purpose of these m*eﬁ!nga is to provide for open and general dis-
cussion of current problems, exercises, tecture mate wial, et

It is not intended to be & working session for group sotution of
assigned problem sets.

We will separate the class into three groups and pick thres sep-
arate hours for the weekly weetings of each group. Please indicate
on blank back of biue card four pmss%h%& cholces in order of

preference from the following Tist of availabia howrs:
Tuesday ‘3:00 12:00 noon )
Thursday  11:00-12:00 noon _f%gﬂff;f%fi;
Monday 3:15-4:05 pan, 12-2 w,F
Wednesday  3:15-4:05 pon, )130 3:30 Th.
Friday 3:15-4:05 p.m,
Tuesday 12:00-1:00 p.m,
Hednesday 12:00-1:00 p.w,

Thursday  12:00-1:00 pln,

Monday through Thursday evenings: 7:00-8:00 p.m.

Course Assistants:

Motion Pict

Besides leading the tutorials, the course assistants will
be available for private consultations during a Vimited nunber of
hours gach week, 0FFice hours will be posted and enforced. Toke
advantage of this mﬁpurvuni ty, but please do not abuse the privilege.
These persons are also busy graduate siudents with deadlines and
pressures of their owe,

cure Films on Fluid Mechanies wilt he shown slmost every andav far

a 30 minmite ﬁi?%ﬁﬁ starting at 12:15 pan. A schedule s attached.
Although af%wsﬁaﬁ(@ gt the films is nni required, it 15 highly
vecomnended.  In particpiarv, § urge you to see the films scheduled
on Oct, 9, Oct. 23, Oct. 30, and Nov. 20.
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REFFRENCE AND TEXT RODKS IN FLUiﬁ'Mﬁﬂﬁﬂmﬁﬁﬁ e
A VERY SHORY SELECTION

Geperal Introduction and Fivst Course Books:

......

Sabersky, R, M., A. S. Acousta and E. G. Hauptmann, Fluid Flow - A Fivst
Course in Fluld Mechanics, Macmillan: New York.

Fax, R. W. and A. T. WcDonald, Introduction to Fluid Mechanics, John Witey
& %Sons, Inc.: Mew Yovk,

Intermediate Books for Sneclal Purposes:

Shapiro, A, H., The Pynamics and Thermodynamics of Compressible Fluld
Flow, Yols, © and &, The Ronatd Prasst New York,

X2

Cavamohett, K., Pvinciples of ldeal-Fluid Aerodywmamics, John Wiley & Sons,
Inc.: Hew Yovrk,

Tennekes, K. and J. L. Luwmley, A Fivst Course in Turbulence, The MIT Press:
Camdridye, Massachusetis. '

White, F. M., Viscous Fluld Flow, MeGrew-H111 Book Co.:  New York,

Watlis, 6. B., One-Dimensional Two-Phase Flow, Hebvaw-Hil1 Boeok Co.: New York,

Dixon, $. L., Fluld Mechanics snd Thermodynamics of Turbomachinery, Second
Edition, Pergamon Press: Oxford, New York.

hdvanced Texts and Refevance Woyks:

patchelor, 6. K., An Introduction to Fluid Dynamics, Cambridge University
bress:  Cambyidos, United Kingdom,

Schifehting, M., Boundary Layer Theavy, (Latest Edition), McGraw-Hi11 Book
(. Hew Yovk. 0

Mondn, & S. and A, M. Yaglom, Statistical Fluld Mechanieg, The WIT Press:
Cambyridae, Massachuseils.

fradshaw, P, {(Editory, “"Turbulence," Topics in Applied Physics, Yol. 72,
Springer-VYeriag: Berlin, Heldelberg, Hew York,

Steeetey, ¥, L. [Editor), Hendbook of Fiuld Dynamics, MeGraw-Hi 11 Book Co.:
Mg fork.

Eline, 5. Jd.e Stmliitude and Approvimation Theory, MeGraw-iiiil Book Co.:
Mew York (Out of Pelat).

Bescription of NLFWE Fitms on Fiwid Mochanles:

Shapivo, A, W (Editor), (Hustrated Expepiments in Fluld Mechanics, The #iy
PFrevs:  Cambridee, Massachuseits,
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SCHEDULE OF FLUID MECHANICS FILMS

P
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Time:  Fllms start a

15 pom. and vun, on the average, Tor 30 mibﬂi@oa

Place: Roga 300

TN 7 0 0T end ey ey g g o ey ¢ 4 & nand moan Aoy Phret el Bl adnmind ;e
bet, 5 Eulerien and Lagvangian Desoription in Fluid Mechasnics
— .

Dok, 16 Suvrfsce Tension fn Fludd Mechanics

ot, 23 Er{ sure Fieids and Fluld Accsleration

e, 30 Flow Visualization

v, & Waves dn Fivids
3\ i3 . LA v 3

Nov. 13 Channel Flow of & Cumpressibie Fluld

(,~ Mow, 20 Yorrleity, P {Tonger than average §1lm)
Nov, 27 Devormation of GCondtinuous Media

Duc. 4 theotogical Behaviey of Fluids

gok which discusses all ¢hese, and other Films of the
svallable. I¢ 18 entitied, "IViystrated: TKU@Wiﬁﬂinﬁ
A, Shavire, Fditor:; MY, 7. Press, (Price §7.50).

B paperback b
NCFME series
in Flutd Mechant
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ﬁnz@ 15 enosgh Tnterest, we could place @ group ovder Tater in the
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Water Tlows stead{ly through the sysien
. o 4 AT ) n\\‘:‘é' .
shown with a wolume flow of 383 17/ sua.
At section 1, following the contraction

from the pressurized reserveir, the

, pressure do M) pst gage and the velocity

N ‘\“}i is uniform over the cross-sectlon. A
éi : Sre L'Tm section 2, wheve the pipe discharges

{’ f J”'(f e into the atmosphere, the veloctty vavs

f { ‘ff" pver the cross-soction scocording bo the

one-saventh power Yaw for turbulent e

/ Boow (855

o )

N / .{;\. 7 (-?1-{‘9 “?(;j 7{ 1;{ {),{{;J Hf
whare o is the velocity at che radlus v
e i the velooity at the centeriineg;
and R is the pipe vadius {6").

(o) Caloulate the pressure {psi gage) in the reservoir, assuming no
friction in the contraction place and that the diameler of the
reservaly is three times as great as the diameter of the pipe.

() Caloulate the total temsile force (10F)  dn the pipe wall acting

in the exiel divection at section Y. Assume that the pipe nas &

b b ot 4 w3
vory thin wail,
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wally speced, ddentical aivioiis,
'ty “dn ge, and, except for the
the fiow is steedy,  Fav upstream at (1)
: the flow s uniform abt static
Turbulant prossure, py o, valooity,

)

P

umf,gwmwu, Hake ; aﬂd‘éa directed upward at an
o ; angle, ap , with respect to the
v N weanis,  Far downstream at (2),
} atier the turbulent wakes mix
4 . . out, conditions are again
e %Ia“um uniform but the Mow angle is
‘ odownward at o oo, the magndtude
e af the iniet angle. R, and
P R are the respaciive total fiow
| U fhduced forces on one blade.

"%,
N
¢ 2,
P ”‘"}»}1‘,
i
A g
A,
| “ag *{n
a,,
ey
§ y 5%3,“ . ﬁ'ﬁ)‘
i £ o,
b, -~ R
) 'M‘ W
LN
a,
b e
. N
{

Yo . - - ,,"
Dovive expressic

; R o
Me s Yoo gy, At D

-3

Ry and B ta revies of Gy e e

A

¥
By

For g given hlade force ratio (ﬁ,ff‘) and whee oy 7 a0 At what

angle o s Lhe Lotal prassure 1088 opeff '(ipnhr
o .
*) () * }'(") o]
. = ‘:-7 e gu ) l..:’.
Doy / '
2

G mayiman?  dole that total pes fn en
incompressinte Ylutd is def?npd as

N 3
1y ?2 : 5;1 5 A
0 i ?

at any poins dr the Tlo
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In an expeviment to determine dyag, 2

4 wan

cleewtar cybinder of dismotsy

Hrmersed {0 & steady, two-dimensionsl

ncompressinte flow.,  Measuremsnts of
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Autumn 1975
\]‘, p> ] h nston
October 4, 1073
ME 251A
Problem Set No. 1
(Due Friday, Oct. 13)

Problem 1

Use the Taw of conservation of mass to derive a differential
equation for the velocity components v and w in an "inviscid, this-fiim"
of an incompressible fluid on a circular, cylindrical suvface. The radial
thickress ot the fluid film, b s  and the instantaneous radius of the

cylinder’s surface, a-, will appear in the resulting equation,

In <y1*wﬁri¢g1 coordinetes  {r,e, 23 the velocity componants ave o , v
and  w  respac ieve!y whora, in yﬂﬁﬁPdi each component depends on v , 0 , 2
and timey ¢ . See sketch below.

For the "thin-fiim" approximation be<a ang U is very smati
comparad to v and w . 199 in addition, the no-s1ip boundary condition is
neglected, one may assume "fnviscid® flow and thereby neglect dependence of
v oand w on the radial coordinate, v .

Assume that film thickuess Iy}

. 15 a known function of surface coordi-
nates and timey, i.e.,

b(6,z,L) = given ,

and that the cylinder's surface radius, a

s is constant in 0 and z , but
is a known function of time, i.e., :

CYLINDRICAL
COORDINATES

ﬁ
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Provten Sot Mo, i
Autumn 1873

For steady, two-dimmsional fiow of a compressible fluid, the continuity
relation 1s given by:

op. 30 4 of OW . OV g
L RE WA vl v

Damonsirate the vaﬁﬁﬂ#?y of this relation by applying the principie of

consarvation of mass o a gystem of Fixed mass vather Lthan by use of & smadl comtred

surface (fixed in space) as was done in class. Mint: YWork with a swsil volume of
mass @1l parts of which wove wizh the Tlow,

Lonsider the two-dimensional, steady motion of a viscous, compressible
fluld in the x, ¥ plane.
Lat “y ard ay denote the normal stresses {positive wvhes tanzile)

acting in the x and ¥ divections; T, the shear stress tn the x-direction
b2

acting on a y-plane, positive when fiuld above exerts o righiward force on

i v

Frutd below; etc.;: v and v the x and y components of the velocity V& ¢

the density.

ta) Neglect body forces, end derive ¥ and y ecuations of motion similap

to the Euler ecuatiUﬂs for an inviscid flwid.

Demonstrate from the theorem of menent of momentum that Ty " TVF .
£

[ TN AT e P = A e y bk d
In the case of inviscid Flow ‘xy zvx = 0, BDemoastrate that

¢, " 9, T -p wheve p o, the prossure, s a compressive stress

that is a sealer function of posltion @n&-timﬁg bui {5 independent

o
o maat

<
ey
o
%
5

divection of any elensntary area on which 1t can create
forces.

{d)  Express vour resulds o subscrint Tensor notation {f mogsib?@w G

seg ¥ they may be genevalizad to fully threc-dimensional Fluld

motion. Mscuss some of the fmlications of these vesulis. Be

i3

g o
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. . October 23, 1978

~ ME 2514
- Problem Set No. 3

(Due Wednesday, November 1)

Erobiem 1

Consider the system sketched below. 1¢ comprises a piston that
fits into a cy1ihder-nozz1e assemb}y full of liquid of density o . The
piston contacts the 1iquid and may be'assumed to stide freely without friction
or leakage at the cylinder walls. The nozzle shape is approximately as
sketched, and it has a linear variation of cross-sectional areea A with
respect to elevation, i.e., A/A_ = z/L , where A, 1s the area of the
cylinder 2z , £, and all vertical dimensions are measured from a datum
plane at a distance b below the nozzle outlet, station-3. The whole assembly
is suspended from an inertially stationary platform by cables.

3\\\\%\\‘\\\\\\'\;@ Definitions: ) Units:

W. = dry weight of cylinder- N

3

issues as a jet into the atmosphere at

Py = B - Atmosphoric pressure alweys

A

(“j ///“%?f;r,wwwﬂu.mahjd ' nozzle
L piston at . .

Cable 3LE i.Q%mmJg N L w% = piston weight , N

i Py N *“7§ A, = cylinder area m*

Q;ﬁA Piston ) A = nozzie area '

/4/;/}§/;4C,f : h = instantaneous piston i

Q) e w("‘} % ‘ height at time ¢
CyVinder Py g & . o
\\\x y - t o= time 5
' - : | o = liquid density We, m
h o
o= pressure - Nm ©
‘ h V, = piston velocity s}
H g = acceleration of gravity ms ©
(2) -~ Y
¢ Rt some instant of @ime eariier
% N N Aushe than that shown abowve the downward fiow
e v 4 7} .
Nozz.e ' & 4 was started by unblockine Lhe nozzle
(3)—0— § - é k outlet, station-3, where the Viquid
Py { '$
b
3
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Problem Set No. 3

acts on the top of the piston which started its dovirvard motion at
B
0

In the Tollowing we are considering only the part of the process from
t= @3, h:= hm s Vn = G until the piston is just about to touch the
n@zz%e, h= 4%,

Part {A): “btain a simple expression for the instantaneous downward fluid
vetocity, V . in the nozzle as a function of local nozzie area A s and
piston velocity Vp . Also, show how the instantancous jet velocity V

o o] | ;
related to AE and Vp .

is

3

Part {B): Obtain from basic principles an expression for the instantaneous

fiuid pressure ﬂ%g Just under the piston in terms of 9& » wp s G 4 A
and the rate of change of piston spead (dV /dt)

e

¢
p

Part {C): Obtain the instantancous pressure Py {at station-2) in terms of

’ Py e P s G, (dvp/dt§ » b and & . State your asswaptions clearly.

Part {D): Derive a differential equation that would pevmit one to solve for
n o, the instaptaneous piston height, as o function of time. Express your
result for this part in teyms of 4 , b, Ag » A3 2 P s 8 by and Py -
The pressure, Dy under the piston should be considered to be & "known®
function of time which could be obtained by simultaneocus use of the resylt
derived in Part (B). Again, state assumptions clearly. s

Part {E): Derive an expression for the instantaneous tetel tensile force

FT in suspension cables in terms of H{ kr y P Uy ﬂ . %3 s iy B, B,
vp and (dvu/dt) . Show all forces and Flows on u%ear}y “a%ﬂ ted, veaily
drawn control surfaces.

Part [F): Discuss the procedure you might use to solve f@r the time peviod
t =T, for the piston to reach the nozzie h = 2 .

Parg (6): (Extra Credit) Solve for T , b(t) , end [Fele) - o by any

L)

'appwapriate method Tor the special case where luid is 1iquid water s piston

mass is Ykg <y1%nd@P dinmeter 15 500 wm , nozzie diameter is 250 mm

ho= 4w and &= 2, 2

iy
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. Problen 2
P Consider a bubbie of high-pressure qas'
— 4{ expanding in an incompressible liguid
Li&lniz | i /¢ in a spherically-symmetrical fashion.
bEMérﬁ’ 9 T The gas s not soluble in the Tigquid,

(c)

and the 1iguid does not evaporate into
the gas. At any instant R {5 the
radius of the bubble, dR/dt 15 the
~ ot ] " velocity of the interface, pg is the

e e

- .. gas pressure {assumed uniform in the
bubbie), p_ Is the Viquid pressure at
a great distance from the bubble.
Gravity 1s to be neglected. The follow-
ing questions pertain to the formulation
of an analysis which will lead to the
details of the pressure and velocity
distributions and to the rate of bubble
growth:

Shdw that at any instant

R dr

u = 2 at

where u s liquid velecity et vadius v .
Show that the rate of growth of. the bubble s described by ithe equation

dR 3 2, 20 . P Pe
R =y ¥ 2" (jﬂ) T« S
dt dt pR D

¢
where ¢ is the surface tension at the gas-liquid interface.

What additional information or assumptions would be necessary in order to
establish the bubble radius R as a function of time? Explain how you
would use this information.
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HE 2514

Problem Set No. 4
(Due: Friday, November 17)

Naote:  Problems 1 and 2 in this set are to be treated as a "take home quiz®,

That is. you are to solve them without consultation or discussion with
any other person or any reference to waterial other than your notes and
the course text book (Honor Code applies),

PROBLEM 1 An dnventor comes to you with a new type flow rate meter based on
a venturi that makes a 360 degree Toop. He claims that his device can measure
the volumn flow rate, O (mj/s) with & sensitivity coefficient, K »  twice as

iarge as the K for the same device if it were stretched out straight, i.e.,
if 1t were wncurled. The device has the dimensions shown below in twoe views.

Y o
. o
L x{;ﬁﬂhu @

i ™

£ oei win ~ 9) %“-’“ﬂ% &
il Z
% b3 £y
* A )|

The sensitivity coefficient 1s defined in the eguation:

sy
Z(P]»Pg)
o et

1

Ky o= A
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. . 3
Where: A = cross sectional area at the throat (minimum ares). (m°)
p = density (assume constant), (kg!mg)
P1 = measured upstream wall static pressure, {N!mz}

'Pg = measuved wall static pr&ssua& at the throat on the outer curved
wall, (N/m2)

H o= BASIC dimensions of the throat (arbitvary size), (m)

Do you balieve the ifaventor’s claim?  Prove your answer by a;a?yyﬁﬁ

§ e

Could you wake any suggestions for simple changes (such as changa o
pressure tap locations) that would increzse K 7 If S0, by apuroximetely
how much?  Back up your clalis by analysis,

PROBLEM 2: A simple jet propulser for a novel %oy is comstrucied by separat-
ing & cylindrical chamber with a piston. Compressed £0,,, admitted at the end,
pushes the piston down the cylinder. The piston, in tu§ﬂ§ pushas water an the
other side of the chamber out through & nozzie having e cross seciional avea 174

of the piston area.

e AY
[ 53 y an B o
mi%g O o PreTens Ry 2 ARG
.fg

Shrom 7 ar
feornrrane 5 aearenl o
e THY
et
.

{2 ‘z.:):i‘ i E(ne ot £> e

Pl

W s meen

i st S 1:“?5—“ wvn-$
s L % R e e oo
%}f : ﬁ bef 1
glm ’ . XI{ s ‘t’}? vl ‘}{S"}‘}‘ﬂ’:é’
it LN i S S
| —— — J— Pt i

Pressure in the jet from the nozzie g the seme as that of the survoundioyg
atmosphere.  The epparatus 1s hovizontal with respact in g

»

Part ar Estimate the force axial (thrust) T necessary o restrein the propuiigr

during a static test for the part of the cycT& of operations waen the pistes speet,

vg » is constant. Express your vesults in terms of P o Ap .

e
the effects of the (0, mass relative to the mass o7 the water,

-l
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Part b: After the starting transient, the absolute pressure in the cylinder
is not to exceed 1.1 atmospheres. In addition, it is desirved to obtain &
steady thrust of & 1bf for a period of one second. Estimate the minimum
Tength and the corresponding fnternal diameter of the cylinder,

Neglect any friction between cylinder wall and piston. Also, negiact
the starting and stopping transienis,

v ’

PROBLEM 3: This probiem concerns axisymmetric flow; ¥low wheve the fluid
motion {s identical in every flat plahe that passes through s straight line
called the axis. We shall use cylindrical coordinates (v, 6, z) along
which divections the respective velocity components are Yt Yy o and v

The axis of symmetry is the z-axis. The swirl (tangential} velocity component
is zero, Vg ® 0, and ali gradients with respect to 6 are zero, 3/5¢ = 0 .

Streamiines may be drawn on the vr-z plane., These lines are also traces of

("“j “stream surfaces” which are cylindrical surfaces of revoluticn about the
‘ z-3x15

For incompressibie flow (p = const.) the equation of continuity is

- . N b .
The vorticity vector o can have only one component, namely
av v
() (44 ..._m".{.‘. w (j - -.Z.
*0 0z v

N
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In the following parts you should assume o = constant and sieady flow .
Part {(A): Obtain (by any means) the stream function, Y(r,z) ., and derive a

differential equation for ¢ which allows the flow field to satisfy the
condition of irrotationality.

Part (B): s it sti11 true for your Y, as in the case of plane two-
dimensiona! flow, that the volumetric rate of flow betwsen any two "sire

suriaces” is proportional to the difference (w - ni) Prove your answey
and iF tho answer 1s “"yes 1t iy trye® give the LansLani of proportional it
Note: First vou must ,how that streamlines covre»pamd to lines of

Y o= constent.

Part (L): Define a velocity notential ¢(r,z} , and develop a differential
equation for ¢ in terms of the Independent variables roand  z

Pare (D): Are Tines of constant ¢ everywhere perpendicular to lines of
constant 2 Hint: Can you show that (Vo) - (W) = 07

PROBLEM 4:  Solve tevwtbook problems 6.2 {page Y86) and 6.7 ¢ {page 1943,
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Advaned Fluids Engineering
FINAL_EXAN

Netes: (1) This take home exam should not consume more than 4 hours. Note
‘the time spent on the front of the blue book.

(2) Use of books and notes is permitted.

(3) Hrite solutions in blue buok, tape or staple ir the solution
sheets for problem ¥.

(4) Local students tuvi in exam to my secretary, Aan Tharaki, Huom
501C, by 11:30 a.m., Tuesday, December 12%th.

Remote location TV students, be sure the exam 1s in my hands no
later than December 19th.

(58) Course grading:

+  Problem Sets - 840%

o Home Quiz (Problem Set #4, - 10%
Problems 1 & 2)

« Final Exam {4 Problems of -  50%

P ]

Equal Welght)
' 100%
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PROBLEM 1

' //«f;?‘“

3
Ty

}

Consider a cylindrical dvum of inside radius 2 and axial Tenginh £ .
The drum is mounted on a central shaft of radius b , through its axis of
symmetry, about which it is rotated at constant speed N (vadians/sec} . #fn
imniscible mixture of 1iguids of unknown densities fills the drum. After &
long period of rotation, the fluid is in a state of solid body rotation (e.q.,
Vi T vz =0, Vg ® Nr from v =b to r =a) . All the Yiquids have under-
gone centrifugal separation and are located in sepavate annular rings.

1t is claimed that the final, steady state difference in fluid static
pressure between the fluid at the cylinder wall (v = a) and at the shaft
{r = b} can be obtained knowing only 2 , N and M , the total mass of the
mixture in the drum. Ts this true? You may assume, for purposes of simpiicity
that there ave only two unknown liquids in the mixture, Gravity is to be

neglected aiso. . v b b )
’ TN W
), ML#»& {C/ﬁ‘w

\\S\ (1 7"6'){/;\( 0 I;,Q,\:\’XA*“/
b ?

HAAETT

[REL R v

ot



PROBLER 2

S5 INFLOW TO HOLD h CONSTANY

¢ l/
;;'g-
#
&

rim
_—

) -
wp et 4 g . GRAVITATIONAL ACCELERATION
5o f ? !
w0 b
T '
WATER } ) PIPE OF CONSTANT CROSS- VALVE
O SECTIONAL AREA, A P R
_A\b\“g\lh»_{!j,,} \J{ ‘L &QQ\S&@&L A AT Ve RIE SN e e R e ng ey o, l;g
oo . - o - S Ey%g“E::?Qzl;Q =5
ot & ) , ; AR m%,{\‘ o !‘s
A | fesiy Lo e OUTFLOM
Pat
| RESERVOIR OF VERY LARGE CROSS

T SECTION RELATIVE TO A OF PIPL

Water flows steadily from a very large reserveir through a very ong,
horizontal pipe under constant h . A valve at the end of the pipe is closed
in a controlled way so that the valve opeaing is a known function of Lime.

Flow enters the reservoir and leaves the pipe at atmospharic pressura,
The characteristic of the valve may be described in terms of the pauation:

.
0 o= Kﬁ&ﬂf

where ( s the volumetric fiow rate, and Ap is the drop in static acrose
the valve, from just ahead of to just dewnstream of the valve. X , the
dimensionless resistance coe{ficient, depends on the geometric shape of the
valve's internal parts and its degree of opening. K decreases in a known way
with time as the valve is closed.

For this system, duving the period of valve closure, derive an approximate
expression for the rate of change of flow rate, ¢0/dt , in terms of the follow-
ing parametevs: p , 9, Q . L, h A and ¥ . HNeglect the viscosity and
compressibility of watev.
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PROBLEM 3

(1) (2)
Sodh Ll L LS eh Ll lod Lol ol L Ll Lot bk ot b

noF e
1o VP

: B i w..:..-g:cm)

VIANEAL TTP . 2 ',
(1) P 30 ;

vt 2 g G Dy
4 FUTETTVTFT 7775752807

gﬂﬂl‘ 4 5

“

Consider the two-dimensional, plane, incompressible inviscid flow in
the duct shown above. Flow velocity is uniform and parallel at inlet,
section (1) and outlet, section (2). Neglect gravity.

Part a: Determine the field of ¢-Tines and y-lines by an approximate method.
Carefully trace your final results on the diagram of the duct at the top of
the solution sheet. (Two identical sheets are attached, one for scratch work
and one Tor final results.)

Part b: Sketch the shapes of the distributions of static pressure (in
dimensionless form, Cp @ (p«p1)/%pv§) along the two walils: ABCD, the bottom
wally and EF, the top wall. Place your Tinal results on the graph in the center
of the attached solution sheet.

Part c: Provide analytical expressions, each valid to an arbitrary multipli-
cative constant, which will describe the flow in regions very close to the

sharp corners, B and C . Discuss the differences in th§rf1ows at B and € .
Yoot \ip)‘; o VQ" o \3‘\ !':’.\‘M. @by LLE Lo Chewst R G o o

. \ . - S
Part d: Discuss some of the effects viscosity might have on the flow Tor the

cases of normal flow and for reverse flow. Make sketches on the ducts drawn
at the bottom of the solution sheet to iliustrate your discussion.
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ME Z51A
Final Exam

PROBLEM 4

Consider the complex potential given by

b o= U ‘2 N ae1£nz/x}

! }

where U, a and A are real constants,

Part a: Find the streamfunction, ¢ , for the flow represented by this ¢

Express your vesult as a function of the rectangular coordinates, x and v ,
and the system constants. _ ?ﬁﬂ(ﬁ4t¢

-

Part b: Show that this ¢ vrepresents streaming flow over a wavy wall whose

approximate shape is that of a sine wave when the ratio of wave ampiitude
. : . . o o
to wave length is yery small. Hint: the series expansion of % g M
= ”bk/ = L} S lor ,(' Al e = 1 4+ fos """"'
V= 3o = Ve, Jur It wb kd P Mt

\l/»o w h’ie, !}v:L@L\Q: Z{ ;){1‘.(“ (ﬂ\ ak ad "lw;m.v\-wcu t!/.)\ <
Part c: Determine the points' of maximum and minimum static pressure on the wavy
wall and show that the maximum pressure is velated to P, » Lhe free stroam

pressure far from the wall, by the approximation ot bevnenlly
. WA ATE & P )

: , 2 X
Awmer @ Vi Tf’f?m"\:'f" what Ve wav’
4wy 2 Yoy pe procsy
o +(2) 1 oy

ﬁmax A o2

How smooth must the wall be {f the indicated value of free stream speed,
o
based on stagnation pressure Py and p_ whereas the indicated value is
based on a wall static pressure and Py - Note that one cannot generally
determine the location of a ﬂ3£1 pressure tap with respect to the crests on J'Yﬁjtf?AA?
a wavy wall of very low ratigﬁﬁmpl%tude to wave Tengith. Neglect gravity in ;&pw; 0l
your analysis, 7

. e i 2
U, . is not 1% smaller or larger than its true value? The true value i3 ?ﬁﬂsz+ﬂMm
2
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A BRIEF GUIDE TO PROBLEM SOLVING IN THE THERMOSCIENCES

In our graduate courses in the Thermosciences at Stanford we emphasize
a professional approach to problem solution. For the most part, homework
problems will be analyses of the type that you might encounter in your
professional work, and we expect you to prepare these in a professional
manner. If you learn to work systematically, you can do most of these problems

in a single pass.

If you tend to think randomly and work sloppily, you will

have only yourself to blame for long hours spent doing and re-doing and
writing and re-writing homework problems.

A. General Methodology

The following methodology will usually get you through a problem
efficiently and correctly:

l.

Define the system. This is important to aid your thinking

and to communicate your analysis to the reader. The following
points should be considered:

a.

Use dots on a sketch to define the boundaries of the
system being analyzed. Place the boundaries where you
know something or where you want to know something;
often the analysis varies significantly with slight
differences in boundary location, so be very clear in
your definitionm.

A control mass is a fixed piece of matter; a control volume
is a defined region in space through which matter flow.
Clearly identify which you have enclosed by the dots.

Coordinate systems are often important. If they are,
define them on the sketch. If they move, or if the

system moves with respect to them, indicate the appropriate
velocities or displacements.

Define the forces or flows

Qe

If you are doing momentum analysis, indicate the significant
forces on the sketch, and define their sign convention
by an arrow. Show the forces exerted on the system defined.

If you are doing an energy analysis, show all the sig-
nificant energy flows (as heat, as work, and convected),
on the sketch, and define the direction of positive energy
flow by an arrow.

Define the model. This is done by listing the simplifying

assumptions (steady-state, one-dimensional flow, adiabatic
device, frictionless device, perfect mixing, negligible
kinetic energy, etc.). The reader should be able to ascertain
the model that you are using completely by looking at your

-gystem 'sketch and reading your idealization list.
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Indicate the time basis. Your analyses will either be
made over the time for the process to occur, or on a
"rate basis." Indicate which.

Apply fundamental principles. Express the pertinent basic
principle (conservation of mass, conservation of energy,
momentum principle, etc.) as it applies to your defined
system in terms of the symbols defined on your system
sketch. There should be a one-to-one correspondence between
the terms on your sketch and the terms in your basic equation.
Most mistakes in analysis come at this point, usually
from failure of the analyst to properly and consistently
define the system, forces, or flows. So check your equa-
tion and your sketch at this point.

Bring in auxiliary information. You may need to use
equations of state, rate equations, or other information.
It is a good idea to count your unknowns and count your
equations, and be sure that these numbers are the same

before you start doing algebra. If you don't have enough

equations to cover all the unknowns, ask yourself what
basic principle or what information has not yet been used;
often this helps you find an additional equation.

Solve the problem algebraically if this is easy or desirable,
or numerically if algebraic solutions are tedious or im-
practical. Use a hand calculator to avoid numerical errors.
Check units. If an answer has units, be sure to give them
(the number will be of no use to anyone without the units).

Non-dimensionalization. If your analysis is of general
utility, you may want to express the results non-dimensionally
by defining appropriate dimensionless variables and param-
eters (e.g., P/Po vs x/d).

Discuss the significance of your result, limitations on it

" because of modeling simplifications, and, i1f appropriate,

economic or environmental factors what should be considered
in subsequent work on the project.

Make your analysis "read." Number equations, refer to them by number,
insert a few words here and there so that the reader can follow your analysis
without having to guess what you are doing. An analysis which is unclear
wastes the time of the reader (your boss), and is unprofessional.

Use straight-edges and french curves in drawing sketches and graphs.
Your work should make the person reading it feel that you care about the
work and his reaction to it; if you don't care, perhaps you should find
another job, or another profession.
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B. Basic Principles for a Control Mass

The basic principles used most often in the Thermosciences are:
1. Conservation of mass

2. Conservation of energy

3. Second law of thermodynamics

4., Momentum principles (linear and angular)

We have developed a very appealing way of formulating these basic prin-
ciples through the use of the general idea of "production.'" 1In general, for
energy, mass, entropy, momentum, or applies,

&D = production = outflow -~ inflow + increase in storage

If this is not obvious to you, perhaps this is:

Inflow + production outflow + increase in storage

or this:

Increase in storage = inflow - outflow + production

Inflows are like deposits, outflows like withdrawals, production like inter-~
est, and the increase in storage like the increase in the balance in your
checking account. If none of the (identical) expressions above makes senst
to you, your bank account is probably in serious trouble.

On a rate basis, we have

*

rate of production = rate of outflow ~ rate of inflow

+ rate of increase in storage

It is this form that we use in most analysis. Find a form that you understand
and can remember,

Once you have your bookkeeping straight, the basic principles are simple:

1. Energy and mass are not produced.

2. Entropy can be produced, but can never be destroyed: a reversible
process is one that producées no entropy.

3. Momentum production rate is proportional to the>applied force;

angular momentum production rate is proportional to the applied
torque.

With proper bookkeeping, these basic principles apply equally well to a con-
trol mass or a control volume.

We assume that these basic principles are all familiar to you in some
form. ‘If they are not, you have remedial work to do.

For a control mass (M, which by definition has no mass flows across the

control surface (CS), the basic principles may be expressed by the following
simple mathematics:



(™

Conservation of mass

a - _
mass  dt 0 (1)
M = mass of CM
P = '"rate of creation of"
Conservation of energy
* _ dE [ . . 0 .
energy dt+Z(Q+W)ouW z:(Q-i-w)in =0 (2)

energy of M
rate of energy transfer across CS as heat
= rate of energy transfer across CS as work

=eOe
1]

Second law of thermodynamics

ds . .
Pentr0py ac T §:<Q/T>out - 2:(Q/T)in > 0 (3)
S = entropy of M .
T = absolute temperature of CS where Q crosses

We interpret Q/T as a "rate of entropy flow with heat." See Rey-
nolds and Perkins, Engineering Thermodynamics, McGraw-Hill

Linear momentum

. -
dm >
momentum  dt chnet ()
- —_— >
m = momentum of CM in direction (MV)
> ——
Fnet =  net force on (M in direction
g = constant in Newton's law
8. = 1 in SI system 9
ge = 32.17 ft-1bm/lbf-sec” 1in English system

Angular momentum

. ->
da -
— = ——— = 5

angular momentuin dt gcTnet (5)
- | — > >
a = angular momentum of CM in direction (r X m)

. T >

? = net torque on CM in direction (r x F) .

Note that the expressions for the P terms in Eqns. (1)-(5) are book-
keeping statements. The physics is expressed by
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0 P >
mass energy entropy —

(6)

* *

= g ? ’ = g ?

P
momentum c angular c
‘ momentum

If you are impressed by mathematical elegance (be sure you understand
the physics first!), the integral formulations of the basic principles, again
for a control mass, may appeal to you. In the expressions below an overdot
denotes a rate of flow, a " denotes a quantity per unit area, and a "'
denotes a quantity per unit volume. Thus, for example, Q" 1is a heat trans-
fer rate per unit of surface area, e.g., J/s-m%. Also,

= mass per unit volume 2
e = ‘energy per unit mass u + Eg_
FS = surface force acting on CM - ¢
Fb = body force acting on M
dV = elemental volume of CM
dA = elemental area of CS

d
= —— pod/ = 0 (7
mass dt oM
* d . > >
= — pedV —f Q"dA -f F''eVdA —.f F'"" vdVl = 0 (8)
energy dt J/. s b
™M CS» £s A‘J,CM L
net inflow net inflow of energy
of energy as work '
as heat'
.entro = a‘lt- pst-f (Q"/T) d&a > 0 (9)
Py oM cs
- net inflow
of entropy
with heat
: . : d > - ->
Poe——— = —f pvdl = ¢ %f F"dA+f F"'dvz (10)
momentum dt , oM c cs S oM
W
net force
: o d > o > > > >
P = = r = " e
momentum’ .

net torque



Basic principles for a control volume

You undoubtedly have used control volumes in your undergraduate

-work. However, most likely this has been limited to control volumes

which are not changing shape or accelerating, i.e., fixed volumes fixed
in space (or translating at a constant velocity). If the control
volume is changing shape or accelerating, things get more complicated
mathematically, although the physical ideas are quite straightforward.

To develop the general . control volume equations, let's carry
out a completely general (except for relativistic effects!) control
volume transformation. To do this we consider a control mass CM(t)
which, at time t , exactly coincides with the control volume at time
t , CV(t) . At a slightly later time ¢t+At the M and CV will
occupy different regions in space, CM(t+At) and CV(t+At). The
sketch below describes this with sufficient generality.

///</rel/‘
4’ @f\@l(t+At)

1 CV(t+At)
?

Now, we note that each of the basic principles involves a term of

£

—— gdV

dt oM
The contréel volume transformation simply amounts to expressing this
property of the CM in terms of properties of the CV . To do this
we need to know how to differentiate a three-dimensional integral
over a time-dependent domain. Chances are you have never seen this
in your math courses, so we will have to work it out from basics
(remember, we emphasize basics!). From the definition of a derivative,

the form

df - 1im [£¢e+AE) = £(¢)
dt  ~ At>0 [ At ] (12)
we find
fg(§,t+At)dV - g(;,t)dV
Ecl{/g(’?’t o 1yg |ZCM(etAt) ~/C;'I(t) (13)
cM(t) At>0 At



Next we break the first integral on the right into two parts
(two connected regions in space),

fg&’,tmt)dv =/'g<§<*,t+At)dv +f g (%, tHAt)dy (14)
CM(t+At) CV(t+At) SP

where SP denotes the shaded region of space shown in the sketch
(the part of the CM that has passed out of the CV). Since CM(t) = CV(t),
the right hand side of (13) is

fg(§,t+Ac)dv -f g (x,t)dV
lim cvct+.At) cv(t) "'KlE /‘
At+Q At P

g (;,t+At)dV
SP(t+At)

Ah ha! The limit of the term in the square brackets is, by definition,
the time-derivative of the g-integral over the control volume,

d
- gdV
dt Lv(:)

This represents the rate of change of the storage of g—stuff in the

.control volume. The remaining term in the limit can be evaluated by

noting that the element of volume of the shade portion can be written as

- >
v = Vool AtedA (15)

where %;é is the velocity of the material relative to the control volume
boundary, and dk is an outward-normal vector representing an element

of area of the control volume surface. Note that this can be interpreted
as an element of volume which has passed out of the control volume

( at points where matter flows into the control volume, ¥ ,+dX would

be negative, so this includes inflows as well). The area re integration
that covers SP is just the surface of the control volume (we now denote)
the CV surface by CS); so, when we take the limit we find

d f . d -+ -> P
L [ = L [y +f -dk (16)
dt Jomee)  9¢ -évm S(t)rel

Again, the first term on the right is the rate of change of g-stuff
in the CV, and the second term is the net outflow of g-stuff from
the CV.

The other surface and volume integrals appearing in the CM ex-
pressions of the basic principles may be replaced by exactly the same
CV integrals, since the CM and CV coincide at time t . This is all
we need to do to.-.get the basic principles in control volume form.
They are summarized below, in rate of production form.



P ani

mass  dt .[VpdV +‘/(;S(pvrel._dA) = 0 a7

energy v of cs

(18)
-f?"\?dA FM.qV = 0
cs S cv

P .4 il

entropy Tc ./C.%sdv +./C‘Ss(pvrel dA)
- — (19)

- f(Q"/T) a4 2 0
cs

Pmomentum = dt ﬁﬁdv +AS V(pv l.dz)

(20)

= g 'da +f Qv
c{ cs S CVb

Pangular = _/;;rdeV +frxv(pv o1 8)

momentum (21)

+ gc{f"{xfgdA-n-f?x%’g'dv}
cs oM

Note that the integral terms involving p6¥el'dz represent convective
outflows from the control volume; Professor Moffat likes to call these
"mass-assoclated transports,'" since pV 'dA is the mass flow rate
across area dA . Note also that the relative velocity V ol is used
in computing the flow rate, while the absolute velocity V must be
used for the momentum and angular momentum terms. Remember that the
momentum equations must be written in an inertial reference frame, as
must the energy equation if kinetic energy is important (kinetic

energy is only MVZ/ZgC in an inertial frame!)



If you are wondering where the enthalpy is in the energy equation,
the u-part of h 1is contained in the convected e term. The Pv-part
of h (flow work) is contained in the surface force integral. If we
split the surface stress into a pressure part and a residual part (which
might be viscous stresses),

F;'L = =P + f; (22)

then we can combine the P part with the convected flow to bring
in the enthalpy.

The previous equations are elegant, but the ideas are extremely
simple. We recommend that you start each problem from the basic
physical ideas, not from the fancy integral formulations. Simple
equations = expressing the same basic ideas are given below:

dM . . »

mass dt + 2:Mout 2:Min 0 ()

M = mass of CV

M = mass flow rate = ApV

rel

* dE « 8 e O s e e 0

= — . - = 2
cnergy =+ 2 (QHHMhY) ut S (QHW4MRh™) m= 0 (24)

E = energy of CV

n’ = h+ V2/2gc (total enthalpy)

W = work of viscous and body forces (the flow work

is in h ).

- _ gﬁ . _ .
Pentropy ac T 2:(Ms)out z:(Ms)in

(25)
'} - . . >
@M, - @Dy 20
S = entropy of CV
s = entropy per unit mass
. - >
Pmomentum = _+ Z(MV) - 2:(Mv)in a ganet (26)
* d?;, L S o> >
angular T + 2:(Mr X V)out —’2:(Mr X V)in = 8 'net (27
momentum
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To summarize, the basic principles are all very simple:
1. Energy and mass cannot be produced.

2. Entropy production must be positive, or zero in the limit of a rever-
sible process.

3. The rate of momentum production is proportional to the force applied
to the control volume.

4. The rate of angular momentum production is proportional to the torque
applied to the control volume.

The rate of production is

P = rate of increase in storage + outflow rate — inflow rate .

When energy flows as heat agross the boundaries of a system, entropy flows
with the heat at the rate Q/T.

These are the essential ideas to remember. Then, with the help of a good
system sketch and careful thinking, you can work out specific equations in
specific cases, and thereby handle any problem that you might encounter. Mas-
ter these ideas to be a Master of Mechanical Engineering.

10
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II.

NOTATIONS AND PROCEDURES FOR DERIVATION OF PDE'S

Many of the graduate engineering courses at Stanford contain a sub-
stantial amount of engineering science. Usually this takes the form of
solutions to the partial differential equations (PDE's) governing the
physical phenomena. There are easy and hard ways to derive and write
PDE's. The purpose of this section is to provide you with some basic
notations that simplify the writing of PDE's and to give you some tips
on how to derive them easily.

A. Vector Notation

We presume you are familiar with vector algebra and vector figlds.
For example, the velocity of a particle is described by a vector V
with three components; ;hg velocity in a fluid is described by the
velocity vector field V(x). Thus, while one could write the fluid
velocity at a point by che set of three symbols (u,v,w) which are the
velocity components in the x,y, and =z directions, it is shorter to
write the same information as V, which is then understood to have
the three components u,v, and w., If your vector algebra is_ ruysty,
you ghould do some review; remind yourself of the meaning of A*B and
A x B,

You may not have encountered vector calculus, but this is not a
complicated subject. Io differentiate a vector with respect to a
scalar, for example dV/dt, you simply differentiate each component
separately to obtain the component of the derivative.

The central differential vector operator is the gradient or grad.
This operator can operate either on a scalar or a vector. The gradient
represents the rate of change of the operand in the three spatial di-
rections. In cartesian coordinates,

grad() = V()= T2+ 3 2L % 20D L

> > T . :
Here 1, j, ‘and k -are unit vectors in the x, y, and 2z directions,
respectively., For example, Fourier's law of heat conduction (the con-
duction rate equation) can be written as

->

q = -xgradT = - VT (2)

where 3 is the heat flux vector (W/m2), T is temperature, and K
is the thermal conductivity.

The gradient operator, dot-product operating on a vector, is
called the divergence of the vector,

vV = V.V (3)

’

In cartesian coordinates, if V= (u,v,w),
9

v ¥ = 2u  3v 3w
divV = < + 5y + P (4)

11



For example, the equation e§pressing consegyation of mass for an in-
compressible fluid 1s div V= 0, where V is the fluid velocity.

The gradient operator, cross-product operating on a vector, is
called the curl,

curl V = V xV (5)
For example, in cartesian coordinates, with V= (u,f,w),
T T = T(3w_3dv)_ T (3w _3w)_ ¢ (3 _ 32»

VXV o= 1 (ay Bz) * (az 3x> +k <3x 9y (6)

In fluid mechanics, the curl of the velocity is called the vorticitz.

The gradient operator, applied twice, becomes an important scalaf“‘
operator, the Laplacian; in cartesian coordinates,

N 2 2 2 |
VU = Ry = 22,20, 20 7
ax dy 3z

Two important idgntitiés.that follow from the definitions are
(S 1is a scalar and V is a vector):

curl[grad(s)] 0 (8)

div[eurl (V)]

0 9
Thus, for example, the vorticity is "divergence-free."

As we shall see, the vector notations described above allow ome
to represent the equatigns describing physical problems in a very com-
pact form., The terms VS, V « V, and V x V have basic meanings
which are independent of the coordinate system, but they look different

in various coordinate systems. For example, in cylindrical coor-
dinates,
2 2 2
vs = -;’—§+%§-;+i2-3—5+3—§ (10)
] r~ 36 3z

For the forms of the other operators in other coordinate systems, con-
sult a book on vector calculus (or, better yet, derive them-youself
from transformations from the cartesian forms).

12
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Cartesian Tensor Notation

The cartesian tensor notation is another way that we use to sim-
plify the derivation and writing of PDE's in cartesian coordinates.
It involves the use of subscripts. Thus, =x, 1s used to represent
"the ith x", with X =%, X =7, and Xy = z. Similarly, Vi

is used to represent the ithv Vs Vl = u, V2 = v, V3 = W,

It is the subscript summation convention that simplifies the writ-
ing. If an index is repeated, it is to be understood that a summation
is to be carried out over all possible values of the repeated subscript.
Thus, for example,

3 2 2. 2
ViVi means .Z Vivi = V1 + V2 + V3 (1D
i=1
ov, A AY oV
ol al+ax2+a3 12)
1 X 2 %3
v Y oV EAY
i i 1 i
v, m—— = V, —@=+V, ——+V, — (13)
hi ij 1 Bxl 2 sz 3 8x3

In proberly derived forms, a subscript is never repeated more than
once, and this fact can be used to check derivations. Also, the summed
indices must be "summed out" in all terms. Thus, for example

avi
vV, — + V,V, (14)
J ij i']

is an improper form, because there is no summation over the Jj index
in the second term.

From (12) it is evident that

. avi
divVv = —= (15)

ox

i

Also,
2

2, _ 3°s .
V'S = 3xax (16)

i3

This subscript summation convention is also useful in discussing
problems in linear algebra. For example, consider

A%y = 71 | a7

13



Since j 1is summed, but i is not, this represents the system of
n algebraic equations.

Allxl + A12x2 + i, + Alnxn =¥

. . (18)

.

Anlxl + An2x2 + o0+ A.nnxn = ¥,

In deriving PDE's involving deformation, the symbol Si' is used
to denote the rate of strain tensor, J '

1 BVi v,
S5 5(5;*““13};1) 9)

and the symbol o043 1s used to denote the stress on a plane perpen-
dicular to the 1 “axis in the direction of the j axis.

1=
T

13

i
i
1
{

S

The delta function, §;; ,1s defined to be 1 if i and j are
equal, and zero if not. Thus 611 =1, 619 =0. By the rules of the
summation convention, Gii = 3,

For example, the constitutive equation of a Newtonian fluid is

oij = - Péij + 2uSij (20)
where P is the pressure. As an exercise, you should write out the
nine components of the stress tensor using (20).

The curl operation can be expressed with the introduction of a
third-order alternating tensor, eijk' This is defined to be zero if

any two of the three indices 1, j, or k are equal, to be +1 if
they are in ascending order (123, 231, or 312), and -1 if they are
in descending order (321, 213, 132). Then

- BVk '
curl V = €14k 3. (21)
3
Note that both k and j are repeated, and hence must be summed. You
should write out the components of the curl vector in detail to verify
that they are indeed as given by (6).

14



Tensors (S and o043 are tensors) have other important mathe-
matical propertles and fac111tate working in generalized coordinate
systems. However, to start it is important only that you become. com—
fortable with the cartesian tensor notation described above.

Derivative Notations

You are familiar with the gymbols d and 3. In convective prob-
lems the combination of terms

DC) _ 23() 9 () . '3() 3()
TR TR P 3y 3z (22)

always arises. This represents the rate of change following a fluid
particle that moves with velocity components u, v, w. This is called
the substantial derivative. Note that

D) . 8(), 9 ()

Dt ot j a%, SR (23)
or, in cartesian coordinates, i
RO . 80D 4 %Wy (24)

Dt ot

Some books, papers, and professors use other shorthand notatioms
for partial derivatives. For example, a subscript often denotes par-
tial differentiation with respect to the subscript

_ 2 2
u, = du/9x Uy = 3 u/dy
However, some people (including some professors) use u, to denote u
at x, so you had better be sure that you understand what is meant in
each case.

Sometimes the symbol 3, 1is used to mean 98/9x. Or the symbol
3; 1is used to mean B/BXi. Thus, some will write

>
divVv = aiVi (25)

The real chalk savers use an even more streamlined notation, in
which subscripts after commas imply partial differentiation; thus

BVi N
V, ., = —= = div V : (26)
i,i 9X
i
2
3°S 2 -
8,,, = m—m— = V'8 27
ii axiaxi
v
i > >
, V, — = (V-V)V (28)
71,3 3, T 00



They also use an overdot to represent time differentiation,

v, = v /et | (29)
However, the overdot also is used to represent a rate of flow

(stuff/sec), so again you must know what is going on to keep things
straight.

In linear problems operator notation is frequently used to sym-
bolize an equation. For example, if we define the operator L by

) | .
= 0D L2
LO) = emc P YO (30)

then Lu = 0 means

.
| 3 u 2
Yy + A%u = 0 (31)

i1

The following equations are the Navier-Stokes equations for in-
compressible Newtonian fluid flow, written in a variety of notatioms.

You can see for yourself the value of the simplificationm.

a) Longhand

2 2 2
3u 3u Ju 3u 3P 3 u 3 u 3 u
plemtUu—+ vt w—] = --—+u( + + ) (32a)
(Bt 9x Yy Bz) X ax2 ayz az2
v v v v 3P 3%y 8%v . 3w
plastuss+votws) = -—+u( + + (32b)
(at X 3y az) 3y ax2 8y2 8z2
2 2 2
W ow aw 3w SP Ow 3w _ 3w
p(a,t’*“ax""’ay"'waz) az"”‘( 2 T2t 2) (32¢)
Ix 3y 3z
b) Vector notation (cartesian coordinates)
p[%%+($-$)ﬂ = - grad P + & (33)
¢) Cartesian tensor
: 2
3u Ju 3 u,
i 1 3P -1
Q»(“‘ tu g ) = " 3%, T 3xex (36)
AR R %y 3°%3
or, in chalksaver form,
¥ = - . 35
p(u:.L + ujui,j) Pyy * MYy (35)

16



*
d) MSMO Notation

N = 0 ' (36)

where N represents the above equations.

D. Tips for Deriving PDE's

PDE's are derived by applying the basic principles to elemental
control volumes. The choice of control volume depends upon the geom—
etry of interest and the degree of symmetry in the problem under
study. For example, one might use cartesian or cylindrical or spheri-
cal coordinate systems. Or one might take advantage of radial symmetry
to reduce a cylindrical coordinate problem to two dimensions (r and z).

The terms appearing in the basic equations are evaluated to
0(A), where A is the size of the infinitesimal control volume. To
do this requires expansion of the field variable in a Taylor series
about some point. This point is usually taken as one corner of the
control volume, but it makes absolutely no difference which point is
used; the same PDE is derived by any (proper) approach.

To illustrate the ideas, let's derive the equation expressing the
conservation of mass for two-dimensional flow in an incompressible

(“x fluid. The control volume to be used is shown below:
\ .

Py TM4 ,

. : - v
T v
Ey 1T J >,
(x,y) ﬁ3 . u
dx
[ p—
> X

Since the density is fixed, mass cannot be accumulating inside. So
the mass balance yields

Myt My o= M+, | (37)

where the M terms represent mass flows across the surfaces indicated.
The velocity varies across face 1; to O0(dy)** ‘we can express M; in
terms of the velocity at the center of this face (the point x, y+dy/2).
By Taylor's series expansion,

u(x,y+dy/2) = u-+ -g—yg- -CLZY- + O(dyz) (38)
Lw) Maximum Simplicity Maximum Obscurity

*% See page 32, Section D for meaning of 0( ) .
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where it is understood that u and 3du/dy are evaluated at point
(x,y). So

N = du dy 2 .
Ml = [:u+ay 5 + 0(d )__Jp dy-1 (39)

The 1 represents the depth of the control volume into the paper.
Now, for face 2 we approximate the velocity by its value at the middle
of face 2, i.e., at the point (xt+dx,y+dy/2),

" - bu dy | 2u 2 .
M2 = [u+ay2+8xdx+0(d):]pdyl (40)

Now, when we subtract (39) from (40), the u term and the term involv-
ing dy/2 will cancel and we obtain '

] 3
M, - M = o -3-3 dxdy+1 + 0(d™) (41)

If we had neglected to properly expand in the y direction (as most
books and professors do), we would have gotten the same result, since

there is no difference in y between faces 1 and 2 of the control
volume. :

Similarly, by expanding the vertical velocity field v, we can
express

Y - Hg 2 [ ]
M3 = p [:v + =% 2 + 0(d ):I dx-1 (42)
0 - by dx, v 27 4y
M4 = pl:v+ax > +3y dy + 0(d ):| dy+1 (43)
So _
- L] _ -a—v .
M4 - M3 = p 3y dxdy-1l (44)

Note that both terms in the basic equation, i.e., (41) and (44), con-.
tain the same factor dxdy. This will always be the case in a proper
derivation of a PDE. Now, if we substitute (41) and (44) into the basic
mass balance (37) and divide by dxdy, we find

du 3w

ax Yy =0 | (45)

" which is the desired PDE. Note that the PDE comes from the 0(d)

terms; the O0(l) terms will always cancel, and the 0(d?) terms will
be negligible for infinitesimal control volumes, in any proper deriva-
tion.

If instead we had placed the control volume such that the point
(x,y) was centered in face 1, then we would have had

ﬁl = pu dy-1l o (46a)

18



Vo= du .
M2 = P (u + ™ dx) dy -1l (46b)
Or
; . . ., du
M, - M = o3y dxdy (47)

as before. If we place the point (x,y) at the center of the box,
then

v = o dudx) oo, v o= du dx\ ..,
Ml—p(u axz)dyl M2 p(u+ax2)dy1 (48)
or
U '
M2 Ml = 05 dxdy (49)

as before. So it does not matter where the expansion point (x,y) 1is
placed in the control volume.

If the fluid were not incompressible, we would need to account
for density variations. This requires expansion of the density field.
For example,

i, = l:p + —3%921 + O(d):H:u + %?—42-‘1 + o(d)] (50)

which you could multiply out. However, you can save yourself a lot of
unnecessary work by instead expanding the product pu directly,

VI 3(pw) dy 2

Ml = pu + 3y 5 + 0(d™) (51)
You can carry out the multiplications to convince yourself that (46)
and (47) are identical. In problems involving product terms such as
puh, it is always easier to expand the entire term in a Taylor's
series rather than expanding term-by-term and multiplying. With a
little experience, you will be able to get the difference term di-
rectly, e.g., d(puh)/dx.

If we had to do it in three cartesian dimensions, we might find
it helpful to get the difference terms in the ith direction, then sum °
over i=1, 2, and 3. Thus:

dA
; .
i S
- %
> %
fe—t
dx.
i
. . Bui
.,< " —aM_). = 035 dxidA. (no summation) (52)
i i
dav
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Summing and dividing by pdV,

- = 0 (53)

You will have plenty of practice deriving governing ODE's and
PDE's in your Thermosciences courses. Save yourself work and trouble
by using the simplest notations and procedures applicable to the
problem.

Basic Equations for Continuity, Momentum, Energy, and Entropy for

Fluid Flow

You should apply the methods and definitions given above to derive
the following equations for compressible fluid flow. In these equatioms,
u; and f£; are the velocity and body force per unit of volume in the
ith direction, o0j; is the stress in the fluid acting on a plane per-
pendicular to the 1 axis in the direction of the j axis, q4 1is the
heat flux (W/mz) in the ith direction, e is the energy per unit mass
of the fluid (internal energy plus kinetic energy), and p  is the en-
tropy production rate per unit volume.

1. Continuity (conservation of mass)

p 3 =
5c T ox, PYy) 0 (54)
J
storage net outflow
rate rate

2. Momentum (ith direction)

3 9 _ 3
e Puy) * o (puyuy) = %, (050 + £ (55)
storage : net outflow net force
rate rate
3. Energy (rate per unit)
9 3 9 3
_— —_— - — - +— = 6
ot Pe) + 5 (Puge) o, (ujoye) = £yuy 3, % 0 (56)
storage net outflow net inflow power net out-
rate rate with power of input flow power
~nass .surface of body Theat
forces forces
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(WT ITI. MATHEMATICS REVIEW

The purpose of this section is to remind you of the main mathematical
tools that will be used in your Thermosciences courses. The review is
necessarily superficial, and covers only those aspects common to several
courses. You should make a serious review of complex variables, ODE's,
the calculus of functions of several variables, and expansion techniques,
to be sure that you are on top of these matters as you begin to Master
the Thermosciences.

A, Complex Variables

Complex variables are used in the solution of many kinds of physical
problems. We expect that you have had some contact with complex variables,
for example in a course on electric circuits or control theory; at the
graduate level you will also encounter complex variables in the solution
of PDE's. This brief review will cover the basic ideas needed in your
Thermosciences courses.

1. Definitions and manipulations

A complex variable is a‘number pair with certain special properties.
The pair might be the two coordinates of a two-dimensional cartesian
coordinate system (x,y), or two physical variables related to one
another in some particular way (velocity potential and stream
function, or temperature and heat flux). The two quantities are
distinguished from one another by regarding one as a coordinate on

('N‘ the real axis and the other as the coordinate on the y axis,
A :
iy
z = x+ iy Y ¢H)
z =x + iy
r
0 S
7 X

Consider the Taylor's series for 10

2 3
40 ., G0t G’

1! 2! L3R I ]
B
2 2 3 5
8 9 9 9
l""z_!—+'z4—!-—-o- +i[e""3‘i‘+5—!-—...]
We see that the two series are exactly cosf and sin8 . So
eie = cos + i sinB

Defining «r =“¢x2+y2 = |z| , it is evident that x = r cosf ,

y = r sin® , so that an alternative way to represent the complex
variable 2z 1is

K\/’ z = reie (2)
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The polar form (2) is most useful for manipulations involving
products of complex variables. The cartesian form (1) is most
useful for operations involving sums of complex variables. Thus,
for the product of two complex numbers,

_ 18 16y _ 1(81+67)

212, rje r,e = ryT5e (3)
and for addition

2y +‘z2 = (xl+iyl) + (x2+iy2) = (x1+x2) + i(yl+y2) (4)

Note that addition of complex numbers corresponds to vector addition
in the complex plane.

The complex conjugate Zz of a complex variable z = xtiy 1is
defined by
y 1

zZ = x- iy = re—ie (5)

Note that

z = 12 = |z|? (6)

Functions of a complex variagble

Functions of complex variables also have real and imaginary
parts. For example,

£(z) = 2% = (xP-y?) +i2xy = G(x,y) + iH(x,y) )

Note that the real functions G and H are not, in general, them-
selves expressible in terms of z .

A function of a complex variable is called analytic if £(z)
and df/dz exist (are uniquely definable and finite) and single
valued except possibly at selected singular points. For
analyticity, df/dz must be independent of the direction of the

_vector dz . In other words, if dz = odx + iBdy, df/dz must

have the same value for any o and 8 . This will be true if
G and H satisfy certain conditions. First let B=0,a=1.
Then, if £ =G+ iH ,

g _ df _ 3G, , 3H

dz dx 9x +1 9x (®

Now, let B =1 and o =0 . Then,

.é—f_ - .ﬁ_ = _ié—f- o= _i—a—G-.]-_alI.

dz idy dy 3y 9y ®)
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Equating the real and imaginary parts of (8) and (9),

%6 _ oH 9H _ _ 36 (10a,b)

9x oy 9% oy

These are the Cauchy-Riemann equations; they must be satisfied
(except at singular points) by any analytic function of a complex
variable. ‘

Differentiating (10a) with respect to x , and using (10b),

3% _ »%m _ _»%
ax2 9x0y ay2
So,
2 2
8e,.28 . o (vée = 0) (11)
ox Yy
Similarily, you should prove that
2 2
9H 3H _ v = 0) (12)
2 2
ox oy

We see that both the real and imaginary parts of a function of a
complex variable satisfy the Laplace equation. Analytic functions
of complex variables therefore are used to construct solutions to
physical problems described by Laplace equations.

For example, in two-dimensional conduction heat transfer, the
temperature field is described by

vt = o (13)

So, the real or imaginary part of any analytic function of a complex
variable is the solution to some temperature problem.

In fluid flow idealized as incompressible and irrotational, one
deals with the complex potential &(z)

o(z) = ¢+ iy (14)

The real part ¢ is the velocity potential, and the imaginary part

Y is the stream function. Both ¢ and 1y satisfy Laplace's equationm.
Solution to ideal fluid flow problems are constructed by combining
appropriate functions of a complex variable to produce a solution

that satisfies the boundary conditiomns.

You will use these ideas in several Thermosciences courses.
If you plan a Ph.D. in the Thermosciences, a course in complex varia-
bles, from the mathematics department is recommended.
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Ordinary Differential Equations

Ordinary differential equations arise in the solution of one-

dimensional physical problems. They also arise during the course of
the solution of partial differential equations. You must be ready to
deal comfortably, quickly, and precisely with ODE's if you are to
Master in the Thermosciences.

l.

First order equations

These don't arise very often. Those that do are generally
solvable by separating the variables and integrating. Linear

equations are solved by the general methods for linear equations
of any order.

Linear ODE's

We can express an arbitrary linear ODE of nth order by
Ly = £ - (15)

The differential operator Ln is a linear, of the form

n n-1
Ln = a ——E-+ a 1 o + ...+ a, - (16)
dx dx

where the coefficients a, are functions of x ; the right hand
side, f£(x), makes the equation inhomogeneous. An equation is
homogeneous (in the dependent variable) if the dependent variable
y can be replaced by Cy without change in the equation.

You should recall that the general solution of an nth order
linear ODE consists of the sum of a particular solution, which takes
care of the inhomogeneous term f , and the general solution of
the associated homogeneous equation L_y = 0 . The general solution

.of the homogeneous equation will be “the sum of n linearly

independent golutions vy, . 'Hence, the complete solution of the in-
homogeneous equation is. " (subscript summation convention used)

vo= Gyt (17)
where the homogeneous solutions satisfy L y., = 0 and the particular
solution satisfies L y = f . The boundary conditions only are used

to determine the n n pconstants Ci .

In solving linear ODE's encountered in real problems, the
homogeneous and particular solutions may be generated analytically
or numerically. The general structure of the solution, as outlined

above, is particularly helpful in constructing a numerical solution
with minimum effort.
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If the coefficients a, are all constant, the solutions to
the homogeneous equations will be of exponential form. Assuming

y = eP* s Lny = 0 gives

n
2 a, P =0 (18)
i=0

The n roots of this equation define the n linearly independent
homogeneous solutions. If one root is repeated, then the solution
corresponding to the repeated root will be of the form xePX .

Second order equations are most common. Two special cases
which arise very frequently are

.yll + )\2}’

n
o

(19)

y' - A%y = 0 ' (20)

Equation (19) gives p2 + AZ 0,s0 p=+i , and y = eiixx .

Thus, the general solution of (19) may be written in a variety of ways,
each of which is useful for  particular type of boundary conditions:

y = Cl eikx + C2 e-iAx (21a)

y = C3 sin(Ax) + C4 cos (Ax) (21b)

y = 05 sin[A(x-L)] + C6 cos[A(x-1L)] (21c)
‘ 2,2 '

Similiarly, for (20) p" - A" =0, so p = +A , and the solution
can be written as

y o= o R c, e Mx (222)
y = C3 ginh(\x) + C4 cosh (Ax) (22b)
y = CS sinh[A(x-L)] + C6 cosh[A(x-L)] - : (22¢)

Second order homogeneous equations with non-constant coefficients
have solutions in terms of ''special functions; for example,
Bessel functions, Legendre polynomials, spherical harmonics, hyper-
geometric functions, etc. One good source for information on these
functions is:

Abromowitz and Stegun, Handbook of Mathematical Functions,
Publication 55 of the Amer. Math. Society (Dover Reprint).

If you have not yet -encountered these functions, don't fear them.
Just regard them as you would the special functions with which you
are familiar, such as sin x , eX , and cosh x . The special
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functions have series expansions, which are developed from the
equations. It will take two linearly independent solutions to
complete the solution to a homogeneous second-order differential
equation; all the information you need to solve problems is in
the handbooks. For example, the equation

2
d d
fx4+iyy - 0 (23)
dx
has the general solution
y = Cl Jo(x) + 02 Yo(x) (24)

where Jo(x) and Yo(x) are Bessel functions. To apply
boundary conditions at -x =1 and x = 2 you would simply use
this solutién4and look up Jo(l), JO(Z), Yg(l), YO(Z), just

as you would df the solution were Clsin x + C2 cos x . If

you have not encountered special functions, you should take a
graduate course on PDE.

Particular solutions of linear ODE's can be obtained by a
variety of methods. If the right-hand side f is a simple poly-
nomial, the particular solution will be a polynomial and you can
assume yp =§:bmxm and determine the bn by matchihg coefficients
of powers of x . Similar games can be played if the right-hand
side of a constant-coefficients equation is of exponential form.
Often it is helpful to split the right-hand side up into several parts,
f = fl + f2 + ... , and then construct separate solutions for each
part of £ . You should see that the complete particular solution is
simply the sum of these partial particuiar solutions.

If you cannot construct a particular solution by direct
methods like this, there is a technique that always will work (but

- it is to messy for simple problems). This is the method of wvariation
of parameters. The idea is to assume a particular solution of the

form

yp = Ai(x)yi(x) {(summation convention) (25)

~where ‘the ~functions yi(x) are the n linearly independent

golutions of the homogeneous equation Lny = 0 ., Differentiating,
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We cleverly choose the Ai such that

A;_yi = 0 (26a)

Then,
= 1" 1,1
Vo T AV T AY

" Again (if n >2) we choose

Aiy; = 0 (26b)
{n-1)

equations constraining the Ai . Finally, we substitute into the

This process is repeated up through ¥y » giving us n-1

homogeneous ODE. Since

(n)

(n) — t (n-l)
Voo = Ay Tt ALY

and since Lnyi = 0 , the ODE gives

n ,
v (¥-1) _
Ai Z 8y = f 27
k=0
Equation (27) and the n-1 equations (26) form a set of n

linear algebraic equations for the A} . These can be solved by

i
linear algebra, to give Ai = gi(x). One then integrates these to

get Ai (any integral will give a particular solution, so the
limits of integration are arbitrary). So, the method permits
construction of a particular solution for any linear ODE. If
special functions are involved, the particular solutions will be
messy integrals of these functions, and it is not likely that a
solution can be dealt with analytically. However, numerical
particular solutions can always be used, with analytical or
numerical homogeneous solutioms.

Systems of linear ODE's are treated in a similar manner. In
particular, if the coefficients are constant the homogeneous
solutions will be of exponential form, with roots given by the

roots of a system of algebraic equations.
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Systems of first order equations

These arise directly in the solution of lumped-parameter
transient heat transfer problems, and elsewhere. The general form
may be written as

vy o= fi(x,z) i=1,2,...,n (28)

Note that £ could be a linear or a nonlinear function of the
dependent variable vector y .

Any ODE may be reduced to a system of first-order ODE's
by defining the variables appropriately. For example, consider

u™ + 2uu' = 0 (29)

let

yp = v

v, = u' (30)

y3 = ull
Then we have the three equations

1 -

1T Y2

¥, = Y4 (31)

y3 = "2y,

Computer programs exist for solution of systems of first-order
ODE initial value problems in the form of (28). These are very
simple to use. The user has to write a subroutine that describes
the functions on the right-hand side, a driver program to call the
integrating subroutine, and provide initial values for the dependent
variables Yy - The computer does the rest. In sophisticated
routines the™accuracy is -automatically adjusted to keep the solu-
tion within a preset error. This type of computer program is used
to solve the complex planetary orbital calculations for satellite
dynamics. It can also be used to solve amy ODE arising in the
Thermosciences (it is not the best way if an analytical solution
is possible), such as the Blasius boundary layer equation (29),
A variety of routines of this type are available at the Stanford
Computation Center.

For example, suppose one such routine is FODES(N,Y,DSUB,X0,XMAX).
This routine solves a system of N first-order equations, constructing
the solution in Y . DSUB is a subroutine, written by the user,
that specifies the right hand sides £ (x,y) . X0 and XMAX are
the initial and final values of X . The dinitial values for
Y(I) must be loaded before the routine FODES is called. To solve
the problem outlined above, we would write a simple program as
follows:
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SUBROUTINE DSUB (X,Y,F)
DIMENSION Y(3),F(3)
F(1)=¥(2)

F(2)=Y(3)
F(3)=-2Y(1)#¥(2)
RETURN

END

- DIMENSION Y(3)

EXTERNAL DSUB

Y(1)=0

Y(2)=0

Y(3)=-1.0

CALL FODES(3,Y,DSUB,0.,10.)
STOP

END

FODES would carry out the calculation as an initial value problem,
printing out the values of X and the Y(I) from X=0 to X=10.

Programs like this solve initial value problems. If a
boundary value problem is involved, and the problem is linear,-
one can construct the appropriate number of linearly independent
homogeneous solutions using arbitrary initial conditions, a
particular solution, and then combine them as in (17) to get the
general solution. The constants would then be determined by the
actual boundary conditiomns.

The Calculus of Functions of Several Variables

PDE solutions involve the calculus of functions of more than one
variable. We presume that you are acquainted with the concept of a
partial derivative, '

ox Ax+0 bx

Note that the other independent variable(s) are treated as constants in
taking a partial derivative with respect to one of the independent
variables.

The total differential of a function of several variables is

IO 13 _ ot
df = Bxl dxl + sz dx2 + .. axi dxi (33)

Changes of variables are often necessary. This is accomplished
through the chain rule. For example, if

g

n .

£(x,y) (34a)
“Nn(x,y) (34b)
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Then to transform an equation for £(x,y) to ome for £(§,n) one uses

B _ 8% 2E, 3E
5% - BE 3% T oM Bx (35a)
f _ §.__§. 3f an
3y = 3E 3y T an oy (35b)

As an exercise, you should practice by transforming Laplace's equation
from Cartesian coordinates to cylindrical coordinates. This is messy,
but not impossible, if you are careful while doing the differentiations.

Epsilontics

Epsilontics refers to the analysis of small terms. It is a technique
for dealing with indeterminant forms that is superior to L'Hopital's rule,
and it is very important in approximation analysis.

The "order symbol" 0(x) is used to keep tract of the size of terms.
If we say that £(e) = 0(g(e)), we mean that

f£(e)
g(e)

For example, sine= 0(g); cos e =0(1); 1 -e

<+ constant as € =+ 0 (36)
2
e” _ 0(62)

The 0 symbol is used in expansions to tell the size of the
remainder:

]
]

1+ x+ x2 + O(x3) (37a)

3
sin x = x -3+ 0(x°) (37b)

If you need to evaluate an indeterminate form, don't mess around
with L'Hopital's rule. Just expand the numerator and denominator in
Taylor's series about the point in question, and examine the ratio
in the neighborhood of the point. For example,

. 3
313 X _ X +x0(x ) = 1+ 0(x2) (38)

so, (sin x)/x+1 as x>0 .
There is a powerful method of analytical solution called perturba-
tion analysis. The general idea is to find an expansion of the solution

about some special point where the solution is known or easily found.
for example, consider the equation

y' o+ 6?2 +y.= 0 (39)
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4. Entropy
P = = (ps) + o (pu,s) + x (q,/T) (57)
ot 9%, | ox, J
J |
entropy storate net outflow net outflow
production rate rate with rate with

rate mass heat

5. Mechanical energy

An equation describing the mechanical energy flows may be derived
by multiplying the momentum equation by uy (and summing), using con-
tinuity. (In some textbooks this is stated as a fundamental energy
balance, but it is a derived result.)

= OV 4 (VD) = fu by T (0 (58)
J J
net K.E. net K.E. out- power power input
storage flow rate input by surface
rate by body forces
forces

6. Thermal energy

An equation governing the thermal energy may be obtained by sub-
tracting this equation from the basic energy equation. This is some-
times stated in books as a fundamental equation, but it is a derived
result. In terms of the enthalpy h,

e = h-7P/lp + V2/2

this equation, and its interpretation, is

aq, du
d(ph) . 3P 3 - .9 _ 4 i
at ot T ox, (UPD) e PR T TS (59)
3 3 N 3
Nmpann, v’ ~

net ther- net ther- power input. net  power input
mal stor- mal out- by revers- heat from viscous
age rate flow rate ible expan- outflow dissipation

sion rate

This equation is often used as the starting point for development
of equations governing the temperature field in fluid flows.
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7. Irreversibility

Using the thermodynamic relation (the Gibbs equation)
Tds = dh - dP/p

(57) and (59) combine to yield

Ju q,
R L e & (60)

j T J
rate of irrever- irrever-
-entropy sibility sibility
production rate due rate due

per cent to vis— to heat
volume ~cous transfer

stresses

Note that the convective terms do not contribute to the irreversibility;
irreversibility arises only as a result of viscous stresses or heat
transfer. Gji is the viscous part of the total stress temsor.

This equation is used as the basis for setting constraints on the
constitutive relationships between stress and strain-rate, and between
(”* heat flux and temperature gradient; these constitutive relationships
‘ must be such as to keep (60) satisfied for all possible fields.,

Vi
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For € >0 the problem is non-linear and an exact solution is impossible.
However, for small € (light damping) we can obtain a solution, at least
for x not too large, in a Taylor's series about € = 0 .

y =y, + ey * ey, + 0(D) (40)

Substituting (39) into (40), and demanding that the equation be
satisfied to each order of € , one obtains a hierarchy of equations

Yot vy = O (41)
" - 2

Y19, = Yo (42)
" = -

Yo Y, 2yg¥q (43)

Equation (41) is easily solved; the higher-order equations (42), (43),
etc., are all linear, so they can be solved. Thus, the solution is
obtained by purely analytical methods.

This particular solution breaks down after some time (or x ) ,
because the higher—order solutions become vary large. It is possible
to construct a solution method that is wvalid for all times (uniformly
valid). One has to be particularly clever in the epsilontics. Professor
Van Dyke gives an excellent course, Perturbation Methods in Fluid
Mechanics, which is highly recommended to students who have a good
background in PDE's and who are interested in analysis of this type.
Professor Keller's courses, Methods of Mathematical Physics, also deal
with these topics.
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The Complex Potential Function for App?ira slon to the Solubion

of Incompressiblis, ixrat Llonal, Two-Dimensionsl Flow

J. T, odohnston

October 1968

Introduction

some of the most poweriul metheds for solutvion QP problems in
inviscld, in<omprﬁb ible, tweLdimamgiowa] flow involve the use
o complex funciions. The purpose of these notes 18 to:r (1) revieuw
some basic th@Q?LMﬂ on the use of compwhﬂ nvmbers, wvarlables, and
functions; (11) introduce the concept of an analytic funcition of
a complex variable; {111} chow how the potential functicn and stream
function for two-dimernicions), iwrotatin¢i incompressinle flow ave
combined to form the complex potential function; and, (1v} review
the characteristics of a number of the bssie iuhctiﬁns which may be
lincarly Vuuorpoped te glve verlous desired flow eolutions.

o
[N
§
b

Y

Revicy of (nmpléx Nunibe i ”

e

One may describe the position of o point, P, in Cartesion
Coordinates (x, y-plane) by the use of the P&mplex puamber 7z,
The x, y-plane may be referred 4o as the z=pla or physical plane.

A
G m Tl e e

g By @

s X
* f

finitiown:

real axlis

B> 6> i

imaginary axils

%/ Ly . Db

s é and ¥ x 4+ Ly ‘ (1)

. he . P ;;}ﬁ ry'

& b whera 1. is the dmsginary number,

Flg. 1 The z-nlsne

sty /“'\ "2, h\wnmvu»v . .
i \ffl ¢o that 17 = -1 , 1~ = m\[wl s /1 = =4, ete,
The abusolute value of =2 is, '

L AVARN B @)

See Churchill, Complex Vi MeGraw-Hit1l,

Loand Applics
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From the geometry of ¥ig. 1 11t 138 seen that
& e

Yoeos 8 = ¥

In polar (1, 8) coordinates =z 1is gilven by
o= x + Ly = r{cos ¢ + 1 sin 8)

One may show by expansion in power series of oo
, 16 :
and e that

g &, sin 9 ,

I

ala = OB 8 + 4 sin 8 E
y (3)

=16 5

) = Gog § - 1 sin @

Thus one obtains the useful form

3

.8

¢

A = e

()

The complex number, z , 1s said %o have a renl pavt .snd an

imaginary part:

X = R(z} , the real part of .z and

WL SR,

y = I(z) , the imeginary pary of =z

> vy

2

Two complex numbers are equal 1f thelr resl snd imaginary parts
are equal. Hence if

Lo o= Xy b Ly, = v, e
then zy = 7y Af Ay = X, and y, =y, or equivalently if
Pl i 12 and 91 =3 @2 .

Addition and subtraction of complex numbers corresponds to
vector addition In the z-plane, tee VFig, 2

ZB - Zl 4 ZQ = (xl + iyl) 4- {Hq -+ iyg)

)
<
~
S
h—r
o~
A1
S’

il

7oy (.‘/C] X,y ) b f\‘y]‘
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dad.
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7y = (XK - ylyg) + o i{xy v, + Ro¥p)

3

and in the case of r , € coardinates by,
I3
( . j@‘l
by = (24 ){24) = (rle }(TQB )

fey ES s o .

R ///” s | ‘:‘iw@% \
/%fv p y E //fﬁ S \
A5 5 . . - @ gé‘;“‘""% =Y ‘! V.

it

)
\
¥
¥
?@e
&
o
=
$

fo
inl I o "P N e N ~
Meg. 2 Addition - Fig. 3 Multlplication
E% .ﬁ,wﬂﬁ?'ﬁ
;’15: ¢ © N
Y yﬁﬂ : -
e e ot
?Q;h,\k § " é‘{’; % e 4:,1
BTy

Fig. % The complex number z and its conjugate =

The conjugate, 7z , of & complex number 1s defined as

AR G iy ESS Z‘Q”lo (8)
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From this definition it is seen that (see Fig. 4),

Lre—

Z 4+ 2 = 2X

i(2y)
(2)(Z) = x* + y2 = r®

z2 -~z

i

From the latter expression and eq. (2) 1t is seen that the
abrolute value of & complex number is

2] - t Vi) (@) |

One may construct Tunctiong of complex numbers (or varisbles).
Such functions of - 2 have real and imaginary parts, i.e.,

= p (9)

f{z) = R{f{2}] + 1 1{r(2)]

The real and imaginary parts of {(z) are esch real, algegrale
functlons off x and y (or r end 0}, The rules already
- outlined for manipulation of the complex number (or variable),
(J} z 5 alvo hola for the complex function., PFor example, the conjugnte
of f(z) 1o written as

o anes

£{z) = R[£(z)] = 1 I[f(2)]

Analytic Function of a Complex Vsriable

A function f(z) d4s said to be analytic if f(z) and
(af/dz) exist (L.e., are finite) and single valued except possibly
at a finite number of singular points. To require that (df/dz)
be finite and single valued is equivalent to requiring that the
Limtit

Az JAV'A

ﬁ%’é 1im [f(z £.02) - f(z)} = 1lim {Qﬁ]
ZXZ =y O h -/...\Z p O

exist uniquely as Az -» 0 from any direction iu the complex ()
plane. An analiytic function thus has this property.

For analytic function f(z) = G{x, y) + 1 H{x, y} where

G{x, y) 1is real part of £(x)
{W) H({x, y) 15 imaginary part of f(x)
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Az - O Ax =+ ()
Ly -+ (O

Dince Az may approach zero from any d;ruﬁfimm i
let z = 0 along o line paralle) to the x {(rea
y = constant and Ay = 0 )

L} exis.  'Then

ar ) G A ' , [ as , )
34 = 1inm g Ab.E Lol o g (A% 4y i 332
du veconst | Ax . JAY's P!
SEEEEEE AR e O fx -+ O
, SF a : o0 O
1150 Qo m & (a4 L H) = 20 g 28
alse ox ~ ox 7 )= gy O
. Gf _or o
80 that : e bty ! .Uu‘\}

y=const

Let Az - O spproach zero along the Imeginery, y , axis., In
this case x = congstent and Ax = O .

v o i b om e Qﬂa e 3}539
1A s '{?\‘r E Toay ‘ JZ&P

4

*

G 7 Al
pal = Lim lé‘m?ﬁmiﬁ,ﬂ = 1im i 2 Lol

by - O

; of

» 6 a I’m . L.
but _ y = *:gn;f e A jﬁ) = S Y

Multiplyling this eguation by «1 and comparing it to
pives as o regull:

ar| . of 11
e i S {(11)
dz Ay '

X=conet

Sinee T 1s assumed to be analytic, df/dy must be ringle valued

47 ar |
S = i
dz dz
‘!ynconst o= conuot

£ is analytic;
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or from eqs, (10} and (11) one obialns

of , of
S Wl S

gx Toay

Bxpanding the above in terms of the Danctions Wik, ¥y and
H({x, y) one obtains '

r

O g . 0G 54
Sx tLag T oLyt ooy

oF

~

4

Equating the real snd imaginary parts of this eguation ylelds the

Couchy-Riemann Equations:

G O, . oG OH | e
gx Tdy M uy | (12)

which 1imit the types of functions G eand H which form f{z
G and H are sceler point functlops of X and ¥y . Hence

2, 2 »
d - v’\7 H and Q" G C xf’
§W§ T Sydx B 9XOY &ydA

combiining these requirements with ecos. (12) glves

0
- { R .
Vi T

Ac a result it 1 seen that both the real uﬂd La e

Of

PRy

an dnalv i~ funcblon of a complex VerTabie are )uLnu7on&fo faviace ' s

’J\Ud l (»ﬂ

The fomp1 ex Potential Punction, ()

For inco s6ible flow one can define two scaler point

)ﬂ'
funct ono i(x, j) and  P(x, y) ii th tiuu i"”gwowdlmouuion&l
and TFOLdLiOUa]a e ’
’ N - 3 n":\
('“(Xy Y) =

Velocity poterntial

g

(K, y) Stream functicn

S AT
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By definition, in terms of the x and y fluld velocliy components

AP oY b - o¢ Oy A
ox Tdy T W BRO wy e g RV

The continuity (comservatlon of wass) condition and the
irrotationality condition require . that

e . L0
Vg = 6 send Ve = 0

It 1s therefore seen that one can construet 8 compleXx potential
function

¥(z) = $(xs g+ LU ¥) (14)

-

and  ®(x) will be an snalytic function of 2  since by constructlon
¢ and ¢ satisfy eqs. (12) and are solutions of Laplacets Jquation,

From eqs. (10) and (11) 1t is seen that

ae 20 o, 2%
g7 = 9% 7 " ¥y

and thus

a® b ., dy _ . 9 . dy ,
7 = 3% + 1 3’%‘ = e} 5‘:‘,)}“ + &; = =] v+ U

Mew functions- w and w are defined so that

ad A
vanse 533 u o 1"\)' = W

4z

Ty
e

and
W Q u o4+ iy

w 13 the conjugate of the complex velocity ,w . w and W may
be treated like any other complex numbers in the Hodozraph Plane,
Fig. 5.




~ LY < - s (real) exis

Fig. 5 Hodopraph Plane

Blementary Complex Polentlal Munctions (Basic Ilows)

Here we will describe & few commonly used analytlc functions
which form the bhasle fiows. Theoe elementary functions may he
linearly superposed since the real aund Imapinary parts of the
functions are solutions to Laplace's Byuatlon, PFven with a chort
catalopgue of basic flows, many different flow solutions may be
formed. ’

1. Uniform Paralie)l Flow may be described by

&

ot
(o3
N—

This esxpando to (a and b are conctants):

P(z) = (a + 1bY{x + 1y)

i

{ox - by) + i(ay + bx)
Hence Following eqg. (14)

$ o= ax - Dy apnd

bx

A streamline is & line of constant v, 50
on a shtreamline, and dv = O = ady + bdx
Thus the clope of o streamline iss

=oay + bx = const
along & streamline,
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For low uniform and parallel to X axis at velocity
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one may expand 4%9{z) to read

B(z) = ok (fnor o+ 10] = @ + 1y

and thus ¢ = g%'ﬁn b and Yo g% e

<

It may be shown that the polar veloclty components, Fig. 8, may
be obtalned from

(20)

For souyce and‘sink flow it 15 seen that
v@ w O

: we s «%m
'vr Sy

All flow 18 radiel at volume flow rate Q .

3. The Point Vortewx Flow 1s described by the function

wron r Iy - -
D(z) o wl gﬁgﬂn Z2 = =i ggf[ﬁn r o+ 16) (21)

where [ 1s the ¢irculation for a circult surrounding =z <= 0,
The potential and streamfunctions sre y ‘
,

P e
P oes f;ﬁfwf,@ and
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n, 5 s X
} i, N § lne
v e - /s 4 5. 9
P omenie by %ﬂﬁm&“ Koo ijé
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Bys. {20) give | 7 'g N s L

Fim, 10 ¢ and ¢ lines for point vortex,

‘arrows on ¥ lines give flow
direction for I' positive
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Taking & ¢ {streamline) line as a cilrcuit to calculate the
clrculation gives .

"3 . J) r >
I 27y VE)
co I' 1s the circulation.
Nete that @®(z) is not analytlc at 2 = O since
av e LI
dz AL
bor finite I' , v and w &re infinite at z = 0 , Since the
whole flow 1s around the origin, z = 0 , 1y irrotational all
vorticity assocliated with I 1is concentrated at the cingular
point 2z = 0O , -

b, ggﬁ@ggﬁgggggmjdi‘Qkﬁg.may be constructed by the linear
ruperposition ol a sink of strength -Q at x = a and source of
strength @ at X = -8 (Q and & are real positive constants).
The otrength of a doublet is defined as O = Qa/7 . 8 is held
constant in a limiting precess as the constant a 18 caused to

. approach zero, i.e., souvrce and sink are brought together so that

( ) they produce a new ®{z) .
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Apply LiHosplialis Rule
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5. Jghe Clags of forner or Hedre Llows may be described by
a potential (A and n are real constants)

Ay o\
®(z) = & 2" (23)
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10,0

¢ i ‘l{l@

o inG - n

©{z) = A &&mgmlw-z A s = %T'(U@$ nd + 1 sin ne)
3

and bthus
n

o N
¢ = A'%T cog n0 and P o= A i%msin no

fhe complex conjugate velovity, w  1s

o & )= w 1{n=1)¢
= %?_m aemt L piel Ji(n-1)0

@ w1 e LV
and the absolubte value of the veloclity 1w

(0 gwim,mmﬂ"uv

at r = 0O one cen conclude from eq. (24) that:

vhen n > 1 then V = O (concave comers

;
-
=
g
)
%
e
0
o

when n < 1 then V= o (convex corners)
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Bxamples wheve n > 1 (Concave corners and wooges)
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Here it ig wserul to ”uo?iﬁify” streamiines of ¢ = 0 in

order toe erxamine phyvsical flows for varlous values of n .
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Por the cases sbhown in Figs. 16 and 17,

s AP -1 . . .
I 4277 = Az o= Ax 4+ 1Ay = u o~ AV

Equating real and imaginery parts glves
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t : izy !Wi = !A% r

n ordsr to give the streamlines shown 1n #igs, 16 and 17, A
must he a neeative constant.
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Examples where 1 < 1 (Convex Corners)
; IR

P
i
TR 25 W SR ITIR

(%) Boge of h = 2/

G e o L LR S Wl 2

s o A

7

Here ¢ = O glong 9 = 0 , s/, dwo, ... whlch reprecents
Flow owver a 09 cornsr, Flg. 19,

of no= /2 o s A

Jere o= O along 0 = O , 2w , hr

RPN AP PR ,
this cana,

co. Pig. 19 alise flluctrates

gt



kY
¢
hgi:
o FZAS o
™
e
-

£ e

LA LA S
/j;?'[? VIR FE i

Py ., 5

v ul) mj;“ EDvney

e e 7&
Cuse. s 1y =5

.N
e,
T
o
S S

o~
ot

Fig. 19 Convex Corner Fiows (i < 1)

-

Tn conclusion, one should note thet when n = 1 the potentlal
el . (Y . oS - it # ooy 4
function reduces to that of uniforwm parsliel flow, eq. {17), whewre
the constant A = w . The class of wedpe flows 1s restric
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When n = 1/2 , the convex corner Llows achieve thelr physicel
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Advanced Flulds Bogineoering

{lage Notes

by: J. P. Johnston

These unedited notes ave intended to eage your job of note taking., I
hope you find them of sowe value. Be warned that they contain some errore
80 please check ail important vesults for yourself., Note alse thsr pages
7178 do not ewist.,
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