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PROBLEMS WITH AXIAL SY_MMETRY

15. General relations

In this chapter we shall discuss the stresses and strain

8 in & thick-

walled circular tube which is subjected to internal pressure, the ends
of the tube being restrained from motion in the axial direction. The
intorior radius of the tube will be denoted by a and the exterior radius
by b. The internal pressure p will be regarded as a given function of

time: p = p(f). To describe the stresses and strains whic

h this

pressure produces in the tube, we ghall use a system of cylindrical

tube.

In the problem which is to be discussed here, the axial strain .

coordinates r, 8, z, the z axis of which coincides with the axis of the

vanishes throughout the tube and at all times; moreover, all stresses
and strains are independent of 0 and z. The principal directions of
stress and strain at a generic point of the tube are radial, circum-
ferential, and axial, and the only equation of equilibrium which

remains to be satisfied is )

do, Oy — Oy
r Y T =0

ar T

(16.1)

(see, for instance, Chap. 1, Ref. 1, p. 55). Note that, though it is
not subject to any equilibrium condition, o5 = a4(r, ) need not vanish.
If the radial displacement component is denoted by u = u(r, ), we

have
: ou u

€ = 1 € = =

or r

(16.2)

(see, for instance, Chap. 1, Ref. 1, pp. 62, 63). Since ¢, = 0, the mean

normal strain (Eq. 2.3) is given by

1 ‘ 1{ou  u
e—§(€r+€0+¢z)=§ 5;+;)

96

(15.3)
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‘We shall find it convenient to use the mean normal strain as-one of the
dependent strain yariables, and to introduce another strain variable ¢

defined by

_m _
$=73 = mv. cm..c
r

' Elimination of u between 15.3 and 15.4 shows that e and ¢ must

gatisfy the equation of compatibility
de_2¢_5? (15.5)

In terms of e and 4, the radial displacement and the principal com-
ponents of the strain tensor and the strain deviation are

u=§e— o (15.6)
¢ =3e+¢), e=1e— ¢), e&a=0, (15.7)
e, = 3e +3¢), e =il — 3¢), € = —¢ (15.8)

In the elastic range, the mean pormal stress is given by the last
Eq. 3.2. Once an element of the tube begins to deform Emmﬁowuw,
this equation must be replaced by the differential equation 5.11 which
has to be integrated under an initial condition expressing the relation
between s and e at the instant when the element enters the plastic
range. However, this initial relation between s and e is precisely the
last Eq. 3.2 Consequently, the relation

s = ¥, + o0+ o) = 3Ke (15.9)

is valid in the plastic as well as the elastic range.
In view of 15.9, the principal stresses may be written as

o, = 8 + 3Ke, 0o = 8 +3Ke, =28 +3Ke, (15.10)

where &, 8, 8 are the principal components of the stress deviation.
Finally, the Mises yield condition 4.5 reduces to

Je =8+ 880+ 55 = K% . @15.11)

Our problem now is to determine the four quantities e, &, &, 8-

_ Once these are known, the complete solution is obtained directly from

Eqs. 15.6, 15.7, 15.8, and 15.10. Four equations are necessary to

‘determine these four unknowns. The compatibility equation 15.5
and the equilibrium equation 15.1 are valid throughout the tube. In,

terms of the present variables, the latter takes the form

Sect. 15) GENERAL RELATIONS - o7

s, ¢ 8 — &

pw + 3K w7 (15.12)
The remaining equations are furnished by Hooke’s law in the elastic
domain, while the stress-strain law and the yield condition each fur-
nish an additional relation in the plastic domain.

The radial stress o, must have the value —p st the interior surface
and vanish at the exterior gurface. Thus, we have the boundary
conditions 7

s, +3Ke=—D forr = @,

| (15.13)
g, +3Ke=0 forr=b.
In addition, all four <mLEmw must be continuous across the elastic-
plastic boundary. 7 v
In the elastic range, mﬁwow@.m law furnishes the R_mﬁoﬁ
| 5 = Gle +36), 8 =6—3¢): (15.14)
Substituting these into HW,V.HN we obtain
| _ -
G+ 3Kade  d¢ ¢ :
W T4 ==-2- (15.15)
3G or + ar 2 r (

_Equations 15.5 and 15.15 are readily solved to vield

e=B, ¢= m.m, Qm.umv

where B and C are muﬂmvmuamud of the coordinates. mccmmm_cmum

15.16 and the first Eq. 15.14 into the boundary conditions 15.13 and
solving for B and C, we find o
P p’b?

= b = - ") Hm.wﬂ
B G+ 3K ¢ 3G ( )

where

. " .
ﬁs = @ﬂ. AHU.H@V

With these values of B and C, we finally obtain the fully elastic
solution of our problem:!
1 This elastic solution may be obtained more directly from the equation of
equilibrium and Hooke's FT (see, for instance, Chap. 1, Ref. 1, 8ec. 22). How-
a.%gbomﬁﬁggﬁmgﬂoagsnvo%%%
elastic-plastic problem.
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:“m -A r +|@Iu| |
wﬁm+wm“§._

o1 |m\..¢|.v. ,un Anrml..+e| oo 226, (519
P\ 7)) "“P\er3k v/ " Grag @519

: , b b? 3K — 26
s.nanu_ q.uu\AIm. =P 3R +G

To find the range of validity of these formulas, we must determine
for which pressure the left-hand side of 15.11 as evaluated from 15.19
will first reach the value k2. Now, with 15.19 the left-hand side of
15.11 is found to be .

J2 = éﬂwﬂ G VM+WM.? 15.20
:=0"3\g7sx) T (15.20)

This is & maximum for r = a. Thus, yielding will begin at the inner
surface when the pressure has reached the value

) @NIIQN vw Q 21-—-%
p*=k— T,+mﬁm+mmv% . (15.21)

For a pressure somewhat greater- than p*, part of the tube will
become plastic. On account of the axial symmetry, the elastic-plastic
boundary must be a cylinder r = p. The quantities e and ¢ in the
elastic region (p <7 < b) are still given by 15.16, but the boundary

conditions are now
$+amta=k for r = p,

sy +3Ke=0 forr =Db.

(15.22)

When {hese boundary conditions are used to determine B and C .

in 15.16, it is found that the solution in the elastic region of an elastic-
plastic tube may still be written in the form 15.19, provided that p'is

replaced throughout by

, . . Q b4 Uh —¥
ianAm.Twwv +L SR ¢

In the plastic domain the yield condition must be satisfied. This
condition may be written as

—s, + V4k® — 38}
2

(15.24)

8 =

The proper sign of the radical is determined by observing that, in the
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elastic domain,

. v
2+ 8 =7" g .*wnﬁwum + ”“v Vo. .Cm.wmv

By continuity, it follows that the upper sign should be used in 15.24.

The final equation in the plastic domain is provided by the stress-
strain relation. In Sec. 5, the “dot” in the stress-strain 18w Was
interpreted as indicating differentiation with respect to time. Since
the stress-strain relations of Prandtl-Reuss are homogeneous in the
rates of stress and strain, however, we are at liberty to replace time
by any other parameter which increases monotonically with time and
is, therefore, characteristic of the state of deformation. For the
investigation of the elastic-plastic behavior of 8 thick-walled tube

under monotonically increasing internal pressure, it will prove con=

~ venient to interpret the dot as F&n@gm.&mﬂgﬁwﬂg with respect

to p, the radius of the elastic-plastic boundary. The gtress-strain
law of Prandtl-Reuss (Eq. 5.5) then gives the following relations:

de, ~ 08r desg  0Se
9G —= = — + sy 9G — = — =+ A8 15.26
. R R -+ As ) R + ASs ( )
. Eliminating A from 15.26, we obtain
de, des as, ) . -
2G \|.w|.|*vn|| - — 8p 15.27)
a9 ° dp 7 ae ( )

or, in terms of the variables €, ¢, Sr; 6
d | ... 3 3 a ,
QT«. — 8) i + 3(s; + 80 L&‘_ = u.l.w - ?lul.. (15.28)
ap. dap
Equations 15.5, 15.12, 15.24, and 15.28 define the variation of e, &

sy, 8¢ in the plastic region. We may use 15.24 to eliminate 8 from
15.12 and 15.28. We then are left with the following basic equations

for ¢, ¢, and 8-

ar or T
.Ww+wNmmllw$+(t%|wuw
, M o T s (15.29)
g, O (42 - 382 — (ak? — »v.lo.
A G 36, VAF — 3% 3
u%?fﬁ+rz\%uﬁv%u .
ap

]
"
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These equations must be solved for e, ¢, and s, in the triangular
domain, 6 < p < b, a £r < p. The values of all quantities on the
line 7 = p are known from the elastic solution. Although & solution
in closed form is impossible, Eqgs. 15.29 may be replaced by the cor-
responding difference equations and solved numerically. The result-

0

&/2k

o\,\\\
W47

-04

DAQ\\
-05 \ \\ :

-038 .
- 190 12 14 16 18 20
rfa

Fie. 24. Distributions of radial stress.

ing stress distributions for various positions of the elastic-plastic
boundary are shown in-Figs. 24, 25, and 26 for the particular case
b = 2a.. In Fig. 27, the internal and external radial displacements,
together with the pressure, are plotted as functions of the radius p

of the elastic-plastic boundary.
16. mlooavnommmu—o material

The numerical integration of Eqs. 15.29 is cumbersome. It there-
fore is worth while to look for simplifications in the mathematical
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Fic. 25. Distributions of circumferential stress.

“treatment of our problem. One possibility is to assume the material -

to be incompressible in both the elastic and the plastic ranges. Accord-
ing to 15.3 this assumption is expressed by the differential equation

du  u ) .
Wﬂ + ﬂ = 0. . - G.Q.:

Integration of 16.1 yields :
u(r, p) = W,@“ , (16.2)

- independently of the stress distribution and in both the elastic and
the plastic regions. In 16.2, p again denotes the radius of the elastic-

plastic boundary and is used to characterize a state of contained

" plastic deformation.
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Fi1a. 26. Distributions of axial stress.

. The principal components of the strain tensor are now found to be

D D
&= - o= e, =0 - (16.3)

The first two émmoum are org..,mbo.m by mc_ummgmmn .um.w. mn.;o H.m..w.
Vinee the makerial is incompresitle, the strain deviation is identieal

with -the stiain tensor. According to Hooke's law (Eq. .w.wv.. the

R e m—
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* F16. 27. Radial displacements u(a); u(b) and m.nomm:wm.w versus radius p of elastic-

plastic boundary.
principal components of the stress deviation in the elastic region are
therefore given by -
A D D
& = —2G—3 8 =203 s =0 (16.4)
: T r

Denoting the mean normal stress by s, we then _E_a.n ,
D _ D
Qﬂ“ulwﬂm» Q.“u+8mu Og = 8 QG.WV

in the elastic region. Note that, for an incompressible elastic mate--
rial, 8 can not be found from Hooke’s law because K — « when
e— 0. The equation for ¢ is here obtained from the condition that"
the stresses 16.5 must satisfy the equation of equilibrium 15.1. Since
D does not depend on r, this reduces to
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r(m tho Analysis of Rotation and Stress Rate in Deforming Bodies
By _ i
J. K. Dienes, Los Alamos, New Mexioo
With 1 Figure

(Received Janvary 4, 1978)

Summary — Zusammenfassung

On the Anaslysis of Rotation and Stress Rate in Deforming Bodles. When a solid
ment experience Inrge defonmations, the components of stress will, in general, vary us &

It of material rotation. These chunges occur even in the nbaence of additional strain, and
&l to be acoounted for in formulating constitutive Iaws that involve the rate of chunge of
res. In this paper the correction terms vre extended to the case when materinl axca become
rongly skewed. An expression for the rute of material rotation as an explicit function of

icity, rate of deformation and atretch is derived. [t in then shown that the rate of ‘change
stress depends on the rate of materinl rotation. As an example, expressions for materis!
ation and strems are derived for u hypocint ic mnterial undergolng uniform, rectilinear.
ar, The shoar etress is coripared with u solution that neglects skewing of the axes. and it is
nd that, for the cxample, skewing may he neglected for strains lesa than 0.4. Finully, the
of these relations in numerical culculniions involving finite defarmation is discussed

Zur Untersuchuug der Rotations- und Spannuagsgeschwindickelt in sich defor-
levemnden Kirpern. Wenn ein Festkorper grofle Verformungen erfahrt, werden sich die

nnungshomponenten im allgemicinen uls Folge der Materinlrotation &ndern. Diese Ver.
lerungen treten sogar in Abwesenheit zusatzlicher Verzerrung auf, und wusien hei der
orniulierung dor Zustan:' - :leichungen, we vhe die  ‘a de- Spannungsindererg besick- ]
whtigen. in Betracht gezogen werden. In dicrer Arhe,  erden die Korrekiurgheder erweiten
tw dens Fail, wenn dio Materialachsen sturk schray zucinander werden. Abgeleitet wird ein
Misdruck fiie die Werkstoffrotationageschw indigkeit als eime explizite Funktion der Wirbel-.
Verformungs. und Ausdehnungsgeschwindigkeit. Es wird dann gezeigt. dall dic Anderung der
Sparnung: von der Materialrotntionsgeschwindigkeit abhiingig ist. Als Beispicl werden Aus.
dricke fiar Werkstoffrotation und "Spannung fir einen hypo-elnstischen Workstoff. der
deichforinigen, geradlinigen Schub aufwcist, hergeleitet. Die Schubapannung wird mit einer
Lsuny verglichen, die. die Sehrage der Achsen vernnchlissigt. und es ergibt sich, dafl, far
dieses Beispiol, die Bchriige fur Verzerrungen weniger als 0.4 au vernachlissigen vt Ab-
wchlieBend wird die Anwendung dieser Bezichungen in numerischen Rechnungen fiir end.
lche Deformationen orirtert. :

1. Introduction

Constitutive laws for complex solids, such as those that exhihit elastic-plastic

Nl St fomem® - O viscoclastic behavior, generally involve relations between streas rate, strain
Ivog 5 teateal fowe ot fte, stress and strain, Zaremba [ 1], {2), in connection with a generalized viscosity
Volotie ubor ' theory of the Maxwell type, was apparently the first to note that in computing

We rate of change of stress it is necessary to account for the effect of material

10001-5970/79/0032,0217;$03.20
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" Pig..1. A comparison betwoen the shear stress on a hypo-elastic material in simple, rectilinear

shear using the current theory and the Zaremba-Jaumann-Noll stress rate

V1. Comparison With Zaremha-Jaumann-Noll

The ZJN stress rate is often used [10], [17}, [18}, (18] to calculate the stressex.
in & material that is deforming with non-zero vorticity. This stress rate applics
when the current time is equal to the reference time, so that V = R = I, Then

§=b—WatoW ©.1)

in view of (3.7) and (4.3). Since ¢ is not time dependént. in view of (6.3) the
simultaneous Egs. (6.20) become

oy — agy, =0

O — —;— a(oyy — o) = pa L e
d" -+ Aoy, == 0 l
where '
. a" N
= t —awd -3
a=é %, {6.3)

~ is a constant. It is straightforward to show that if the stresses initislly vanish, then

Oy = poin ul
oy = u(l — cos al) « {6.4)

0y = —p(l — oos al).

It is clear from physical considerations that the stresses oannot actually b
periodic. One conclusion of this study is that the ZJXN stress rate is very accurale
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FINITE ROTATION EFFECTS IN'NUMERICAL
INTEGRATION OF RATE CONSTITUTIVE EQUATIONS
ARISING IN LARGE-DEFORMATION ANALYSIS

THOMAS J. R, HUGHEST AND JAMES WINGETE
Division of Engineering and Applied Science, California Institute of Technology, Pasadena, California, U.S.A,

SUMMARY

An improved algorithm is presented for integrating rate constitutive equations in large-deformation
. analysis, The algorithm is shown to be ‘objective’ with respect to large rotation increments.

INTRODUCTION

Rate constitutive equations are used in many theories of engineering interest. As examples we
may mention plasticity, viscoelasticity and viscoplasticity. In large-deformation analysis, equa-
tions of this type must be written in terms of ‘objective rates’ to maintain correct rotational
transformation properties. Standard time-discretization procedures when applied to rate

- constitutive equations typically only achieve objectivity in the limit of vanishingly small time
steps-—see e.g. Reference 5. This may lead to excessive error accumulation in practice.
Hallquist' has shown, in the context of two-dimensional analysis, how to maintain objectivity for
large time steps. The procedure employed, however, suffers from several drawbacks. First,
deformation measures need be calculated with respect to two different configurations during
each calculation. Second, trigonometric functions need be used to calculate terms in the
stress-rotation formulae. Third, the generalization to three dimensions is not apparent. Despite
the limitations of the procedure, significant improvements in accuracy have resulted through its
use,

The purpose of the present paper is to present an algorithm for integrating rate constitutive
equations which is objective for large rotation increments and does not suffer from the
shortcomings cited above. '

In the next section we introduce a class of rate constitutive equations of inviscid-type which is

sufficiently general for the developments herein. Then we introduce the algorithm and finally we
derive its main properties. ’

A CLASS OF RATE CONSTITUTIVE EQUATIONS

We consider rate constitutive equations of the following form:

Gij = CijktVikty + SijktV k1) §9)]
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in which
Vikt) = (Vkt + 014)/2 , 2)
Uik = (Ve — U1x)/ 2 : 3)
Skt = (Oubpi + T ~ by — oindin) /2 4)

where o;; is the Cauchy stress tensor; v, is the velocity vector; ;i is the Kronecker delta; acomma
is used to denote partial differentiation (e.g. vy, = dv,/dy,, where y, denotes the spatial Cartesian
co-ardinates); a superposed dot denotes the material time derivative, in which material particles
are held fixed; and the summation convention is assumed to be in effect for repeated indices.

The first term on the right-hand side of (1) represents the material response due to
deformation, whereas the second term accounts for rotational effects. The tensor &y is a
material response tensor which typically depends upon the stresses, deformation gradient and
material parameters. The tensor s;, is uniquely specified by ‘objectivity’ which requires that the
stress-rate (i.e. g;) transform properly under time-dependent rigid rotations. Rate equations of
the form (1) are frequently used in large-deformation finite element and finite difference

computer programs. A more detailed discussion of equations of this type may be found in
Reference 3. ' :

Rémar_k

In the present work we assume that a Lagrangian kinematical description is adopted. For the
majority of nonlinear solids problems, a description of this kind is appropriate. In a numerical
formulation, the stresses will be calculated at discrete points which correspond to a set of
material particles. Consequently, a time-discretization of the rate constitutive equation is
most conveniently facilitated if the equation is written in terms of the material time derivative,
as is (1). '

NUMERICAL ALGORITHM

To simplify the subsequent writing, we shall adopt bold-faced notation to represent vectors and
matrices. In a typical time step, the configuration of the body at step n + 1 may be written as a
function of the configuration at step n and the step length Ay, viz.

Y=yt A (5)
The displacement increment over the step is _
8=y —y" (6)
Consider the following one-parameter family of configurations
Yy =(l-a)y" +ay" A (7)
Let G denote the gradient of & with respect to y"*“. In component form
Gy =a6//ay;"" (8)
Strain and rotation iﬁcrements may be defined in terms of G as follows:
v=(G+G")/2 ©)

w=(G-G"/2 (10)
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in which a superscript T denotes transpose. y and o represent discrete approximations to the
time integrals over the step of the symmetric and skew-symmetric parts of the velocity gradients,
respectively., : ,

Consider the following algorithm for integrating the constitutive equation:

n+ —n+l

"' =g""+ Ac (11
6u+l - Q"'I-QT . (12)
Q=(I-ae) ' (I+(1-a)0)=I+(-aw) 'w (13)f

where [ denotes the identity matrix, and Ao is the material response part of the stress increment.
In component form '

Aoy = Cijrvia (14)

The expression for Q is obtained by applying the generalized midpoint rule (see e.g.
Reference 2, p. 2) to the generating equation dQ/d! = Q.

PROPERTIES OF THE ALGORITHM

- Let R be a set of proper-orthogonal matrices. An algorithm, such as (11)—(14), will be called

incrementally objective with respect to R if for all Re R

) yn+l=Ryn - (15)
implies
o' =Ro"R" o (1)
Theorem. Assume that (a) & =3; and (b) % is the set of all proper-orthogonal matrices, R,
such that R+1 is nonsingular. Then: (i) Q is orthogonal; and (ii) the algorithm defined by
(11)-(14) is incrementally objective with respect to A. :
In proving the theorem, we shall make use of the following preliminary result.

Lemma. Let A, Band A+B be square, nonsingular matrices. Then ,
(A"'+B ) '=AA+B) 'B=B(A+B)'A (17)

Equation (17) is a standard exercise in linear algebra (see e.g. Reference 6, p. 18),

Proof of Theorem
Part (i) :
In this case (13) may be written
Q=(-20)"'I+3w) (18)
Application of (17) to (18) enables us to write
' Q=(I+30)(I- jw)™" : (19).
Transposition of (19) results in '
Q' =(1+iw) '(1-in) - (20)

Comparisonof (18) and (20) establishes the orthogonality of Q.

t Observe that (I-aw) is always nonsingular. This may be seen as follows: x"(I- ae)x = x"x by virtue of w being
skew-symmetric, Thus (I - aw) is positive-definite and, consequently, nonsingular,
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Part (ii) ' ' :

It suffices to show that y=0 and Q=R follows from (15) to establish the incremental
objectivity of (11)~(14).

Let us first show that y = 0:

It follows from (6), (7) and (15) that

8=2(R-DR+D'y"*'"? ‘ (21)
and therefore o .
| G=2R-DR+I)" | | (22)
"By (9) and (17) '
y=R-DR+D'+R+D " R-1)"
=RR+D'+R+D"R-R+D "~ (R+D
=RR+D'+(R+D"R-RR+I)"'-(R+1)"R
=0 : ‘ ' (23)

Now let us show that Q =R:
It follows from (22) and (23) that

o=2(R-DR+I)" (24)

Multiplying through by (R +1) yields
' |  wR+D=2(R-D) (25)
whereupon solving for R results in _
R=(I-30)"'(I+3w) (26)

By comparison of (1 8) with (26) we see that Q = R which completes the proof of the theorem. W
Remarks

1. It is thus seen from the theorem that the good behaviour of the algorithm is contingent
upon the selection a =3.

2. The only limitation on R emanates from hypothesis (b). Requiring (R +1) to be nonsingular
is equivalent to insisting that —1 not be an eigenvalue of R. To appreciate the meaning of this
condition, consider the two-dimensional case in which Ris a 2 X 2 matrix. If -1 is one eigenvalue
of R, then the other one must also be —1, by proper-orthogonality. Thus R represents a rotation
of 180 degrees. ,

In the three-dimensional case, a proper-orthogonal matrix always possesses one eigenvalue
equal to +1. Thus if it also possesses an eigenvalue equal to 1, the third eigenvalue must also
equal ~1 by proper-orthogonality. Consequently, R represents a rotation of 180 degrees in the
plane perpendicular to the eigenvector associated with the +1 eigenvalue. The situation is thus
reducible to the two-dimensional case. ‘

. The pathology which occurs under these circumstances is illustrated in Figure 1. The ‘average
configuration’ collapses to a point. As a result the algorithm is limited to rotation increments of
less than 180 degrees per step. This is far beyond the range of realistic values and therefore does
not restrict the practical application of the scheme. ‘
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‘Figure 1. Behaviour of the average configuration as a function of rotation

3. Sub-incremental algorithms are often advocated for use in integrating rate constitutive
equations (see e.g. Reference 7). To generalize the preceding algorithm to a sub-incremental
. one, we need only repeat the calculations involved in (11)—(14) within each sub-increment.

4. The polar decomposition theorem (see e.g. Reference 4) might also be used as a basis for
constructing the rotational transformation. This would have the advantage of being exact for

arbitrary deformation gradients. The disadvantage is the increased number of operations
involved in this procedure. :

CONCLUSIONS

A simple algorithm has been presented for the integration of rate-type constitutive equations.
The algorithm has been shown to be ‘objective’ for large rotation increments.
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3.15 Proposition In the two-dimepsional case, let '
’ ] [l 0
01

|
U= e (C — SN d == -t
W/ (PRI of) and R=FU

45° I¢ = trace C, and 11 == det C.

Then

Proof By the Cayley-Hamilton theorem from linear algebra,
U - 1,U - gl =0,

But C'= U?, and det C = (det U)?, so C — 1,U + /151 =0, Taking the trace

gives Ie — (Ip)? + 2./TI; = 0, so I, = J/I¢ + 2./1T;. Solving C — 1,U +
cl = 0 for U and substituting for I, gives the result. 1

" The reader migﬁt wish to re-work Problem 3.2 using 3.15.

‘l"'.“(‘;‘)'ﬁ;“ o Problem 3.3 The Cayley-Hamilton theorem for 3 X 3 matrices U states
W 18, that |
~U? | U - NN U + Iyl = 0
where I, =tr U, Hy - detU(tr U™"), and 1, = det U
linder 15° clockwise are the principal invariants of U. Use this to work out an explicit formula

for Uin terms of C and its principal invariants. )

if. Then ¥ maps the

Next we study how the deformation tensor and the stretch tensors measure
ing with the f* and

changes in lengths and angles. Recall that if o : [a, b] — B is a C* (or piccewise
C') curve, its length is given by :

]
I (the directions are l(@) - L llo ()1} dA.
ordinate directions - ,
ide with the axes of 3.16 Proposition Let o be a C* curve in ® and let § be a C! configuration of
Lo/ and /T— ®in§. Let & = §oo be the image of o under ¢. Then the length of & depends only
of the deformation. on o and on the stretch tensor U. ' :

5. sad minor axis is .~ Proof From the chain rule 3'(3) — T$(a(A)o’(d) = F,,0'(4). Hence

&' ()| = <F,10°(2), Foyo'(A))
= (0'(), FlFona' (A1
= {a'(), C o' (A)HV?
== (@' (), Uliy@' (ADV? = || U, ya’ (D) ).

Thus 1@ [ @l )

We call & the deformation of a under ¢ (see Figure 1.3.2).
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The 3D problem is

~U +TU?2 -IT U+ 1IT I =0
n, u’\: u’_\4 ' u’\a

z

Using definitions

def(1) : ¢ = U?
n,
def(2) : I = trace U
u n,
def(3) : II = det U 'race (U—1)
u ny n,
def(4) : III = det U
u 4]

Using the same approach as in 2D, we start from Cayley-Hamilton
theorem and def(1) :

C-H becomes :

~UC+I C-1II U+ III I =0
BV N u’\; u'\/'

we factorize U :
n,

U(-C~-1II I)+T C+ TIII I =0
n n U g U n U

ve assume (- C - IIu I) to be non-singular, so U can be expressed

N v Y]
as

U= (I ¢+ 111 /) (¢ +1IT 1))
N, u’\: n, v u'\:

We now have to express the U invariants in term of C invariants.
V] n

vl o







® The first relation is again obvious from def(l) and def{4) :

def(1) + def(q) == det C = (det U)?
: n, n

v | 117, = A III
or u"’ e

® The second one is obtained using another definition of the
second invariant (that can be obtain using again C-H theorem

and using the trace) I, = %((trace U)? - trace U?)
“ N N

's0 IT == (I° - 1)
u u

c

\SE BN

e The last relation needed is obtained using C-H theorem one mor

time : and multiplying by U—2 in order to make IIc apparent :

.

—U+1 T-711 UV +11T U2 =0
ny u’\J ”’\J u'\.i

Taking the trace :

= trace U + Iu trace I - IIu trace U_1 + IIIu trace U--2 =0

n " n n
using :. trace U = I, [def(2)]
N ‘
trace I = 3
Y
-1 TIH
trace U = TE?— [def(3) + def(4)]
v U
L, I
trace U~ = —— [def(3) + def(4) on the ¢ matrix]
i " IIICa "

"







$Ci

So we obtain :

. 112 II
- I +3 1 -2 4III —S— =0
u w.” TII u TIT

therefore the final relation is :

g -
2 I, IIT, - II] + II_ = 0

® We did not succeed in obtainihg from these last two relations
explicit formulas for U invarient in term of C invariant., The

. Y n
. only solution we obtained for your problem was :

: ] -1
U= (I C+ IIT I) (C + II I)
n u'\; u'\; n, u’\;

with : / IIIu IIIG

I e
< 1T, =5 (12 - 1)

\ J -
21, IIT, - II} + II =0

but this is not an explicit formule for U in terms of C and
. its principal invariahts, and therefore not an answer for your

problem. Do you thing there is truly one solution ?.

. A
-—t—}“ \—_A\ Ny Wy .7’-‘,\ R N’

\

R B W

1 e '\
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FOR TIME-DEPENDENT PLASTICITY

Alan K. Miller
Stanford University

-

I. INTRODUCTION — WHY‘ARE UNIFIED CONSTITUTIVE EQUATIONS NECESSARY?
In current engineering practice, non-elastic strain is generally

modelled as the sum of a "time-independent plastic' strain 3 and

a "time dependent creep" strain gé, thus in one—dimensionél form the

total strain & (excluding thermal-expansion) is given in terms of

the equation:

& = B g ety - a @

While this approach can be rationalized on historical grounds
and perhaps on computational convenience, it has serious inadequacies
in some situations of current interest. In particularn situations
involving.mixtures of "plasticity' and "creep" or "oplasticity" and
other time—deéendent phgnomena such as recovery appear to cause
difficulties. | V. | |

As one such case in point, Figure 1 (taken from work at Battelle
Columbus Laboratories [l]) shows the cyclic stress response of type
304 stainless steel at 593°C, for a strain range of 0.6%. Material
which previously saw creep strains in the range‘ova.IOZ.to 0.247%
(solid curves) has a highér initial stress amplitude than material
which did not (broken curve). This effect would not be predicted by
eq. (1), because.the cyclic stress amplitude will be governed ﬁy the

gp term, which is generally unaffected by the value of the creep

strains associated with the Ei term.






" One solution to this inadequacyv(currently being utilized iﬁ
high-temperature desigﬁ) is to eétablish an ad-hoc interaction between
€, agé & Fér example, the "Interim Guidelines for Detailed
Inelastic Anélysis of High—Temperature Reactor System Components,"

[2] ;re based on the "classical' approach of eq. (1). Time-~
independent plastic straining (a change in E@) occurs when Fhe yield
condition is satisfied; specifically:

L(o!, - a..) (o}, - a,.) = x ‘ : (2)
where Gij is the deviatoric stress tensor |

o, is a back stress tensor representing kinematic hardening

x is a strength constant. c |
‘Because of the effect of prior creep on the subsequent cyclic floﬁ
stress, k is not taken to Se a constanf. Rather, ¥ changes
‘according to the level df'éreeﬁ strain; initiayly K =.K° where K
corfespdnds to the étfength of the material im its annealed state;'but
when an effectivé creep stfain of 0.2% hés been reached x changes to
;Kl’ where Ky corresponds to the 10th cycle strength properties ob-
served in cyc}icfstraining tests.

This approach, Whil? successful in reproducing specific behavior
shown'in Figure 1, ié generally regarded as being ad-hoc in nature
and not satisfactory as a general model for non-elastic deformation:
(For example, whiie it treats the effect of priér creep on subsequent
plastic strains, it does not treat the effect of prior cyclic
hardening on subsequent creep response.) Therefore the eventual
preferred methodology for thesé and otﬁer similar situations is seen
by a number of investigators as being "unified" constitutive equations,
in which € and e, are both included within alsingle variable,

hereinafter referred to as non—-elastic strain and denoted as ¢ .

Thus the "unified" constitutive equations take the form:

-2-






S,i.=0./E+.E . o o : (3)

A second case.in point indicating the desirability of using
the unified approach is shqwn in Figure 2 (taken from work at Oak -
Ridgé Nétionél Labofatory [3]). A ferritic steel (2%Cr-1Mo) was
given a tensile test (at 5389C) interrupted by hold periods of
constant total strain. As wéuld~be expected, strain hardening occurs
as the matérial is strained, and stress relaxation occurs during the
hold périodé. In addition to thié, the noteworthy behavior is that.

>upon each reloading, the material's flow stress is significantly lower
than would be expected based on ordinary strain hardening concepts.
The reason [3] is that recovery (loss of work hardening) has occurred
during the hold periods. This time~dependent recovery would not
ordinarily be predicted by‘tﬁe "classical" approach (eq. 1) but.ig
prediéted by the unified approach, as will.be shbwn bélow.

Addifional considerations based on the controlling physical .
mechanisms tend to reach the same conclusion, namely that unified
constitutiye eéuations are more appropriate than the classical approach
because a commbn set of phyéicél processes (dislocation glide, climb,

| multiplication, pileups‘3 etc.) underliesvﬁon—glastié deformatioq in
both the "plasticity" and "creep” regimes. (This clearly excludes
the contributions of purely diffusional creep as well as grain-
boundary sliding.)

II. SOME UNIFIED CONSTITUTIVE EQUATIONS

In response to the above and other comsiderations, a number of
investigators [ “%4-13 ] have developed unified constitutive equations.
Two features.are common to all of these approachés: First, as.
discussed above, "creep'" and "plasticity" are both included within a
single varigble (). .And second,_internal variables (also referred

to as "state" or "structure" variables) are used within the equations






to predict transient deformation and the effects of preﬁious history.
(It is well—established that the brdinary variables of non-elastic
strain € and time t are Egé_satisfactory as state variables for
genefa14purp03e cbnstifﬁtive.equations.) Because they are history-
dependent, these intefﬁal variables must be specified in terms of
evolutionary equations which give the rates;étwhich they change.
There may be bﬁe or more internal variables, but assuming fof the
moment that they éan,cbllectively be denoted as "X'", then the form
of the unified constitutive equations becomes:

= £(o, T, X) o (3a)

m'

X=g(e T, X) o | (3b)

Figure 3 illustrates schematically how such .equations can
prédict both "plasticity" (e.g. éifﬁatioﬁs of épproximately constant
£ ) and cfeep (e.g; constant ¢). In both cases the structure
variable X changes during transient deformation but reaches a constant
vaiue (under constant boundary éonditions) which causes steady-state
flow to occur. Thus under constant € , as X increases the flow stress
'increases (strain hardening) while under constant ¢, as X increases
the ngn—glaséiclstrain rate decreases (primary creep). It should be
nofed thaf if the initi;l &alﬁe of X is sufficiently high (due, for
examplé, to prior deformation under a different set of boundary
conditions) then decreases in X are possible, which would constitufe
dynamic softening. Whether or not this actually occurs depends on
the equations.

A major quéstion' with reséect to unified constitutive equations
is the proper number of internal variables X. Theré is probably no
- "correct" answer to this question; a true description of the
matefial's "state" would require, for éxample, a complete representation

of the configuration of all of the dislocations in the specimen,

yet computational consideratiomns limit X to comprising at most a few

.






specific variables. In striking a balance between these conflicting
demands, a number of investigators have arrived at the conclusion
that two structure variables are appropriate: one to represent

isotrOpic hardening (such as that due to an overall increase in the
dislocation density) a;d one to represent kinematic, or directional
hardening (such as that dﬁe to dislocafion pileups or other polafized
features of the dislocétion subsﬁructure). | |

.Thus, for example, in the equations proposed by Krieg, Swearengen,
‘and Rohde [7] (Figure 4)‘the two structure variables are a (a back

stress, representing kinematic hardening) and o, a "drag" stress,

D’
representing isotropic hardening. ' Figure 4 also shows the manner in
which these variables are utilized within the equatioms. (This

format is found in a number of approaches and appears to represent a

point of consensus.) The back stress a is subtracted from the ‘applied

stress o;-ih multiaxial forms a back stress temsor aij is sub-
tracted from the applied stress tensor Oij’ repfesenting the

translation of surfaces of constant effective non-elastic strain rate

€ in stress space [14]. The drag stress oy is divided into the

magnitude of o-a ;.this-is an appropriate means of representing
isotropic hardening beééuse increases in D should cause a reduction
- ip the magnitude of é, regardleés of the signs of ¢ and €.

Figure 4 also illustrates the typical form for the differential
questions goverﬁing o and UD,'namely the work hardening/recovéry
form. In the 6D equation the magnitude of £ zirrespective of its
sigﬁ) is thg driving'force fbr increases in ob, while o itself is
the driving force for decreases in oy due to recovery; the rate of
recovery depends on temperature T. In the o equation the signlof €
affects the sign of o as is expected for‘a directional hardening

process while again o itself provides the driving force for

thermally-activated recovery of o towards a = 0.

-5-






The '"MATMOD" constitutive equations (which are discussed further
below) and others follow a similar approach for representing isotropic
hardening and kinematic hardening. Krieg [15] has reviewad the

extent fo‘whiqh a number‘of approaches fit the format illustrated in
Fig. 4. )

The equationé developed by Hart, Li and colleagues [4] are
iilustrated in Figufe 5. ‘A directional hardening term o, is
subtracted from the apblied stress o in determining the overall non-
elastic strain rate €. A second variable o* (the "hardness') appears
within the recovery term of the &a eqﬁgtion. . Although in the sense
of Fig. 4 o* is not-an isotropic hardéning variable, becéuse of the
. algebraic details of the equations o* hgs an effect similar to
isptropic hardening (fo; example, the flow stress during load
relaxation simulations increases with increases in 0%). .The form
of the recovery term in thé &a equafion of Fiéure 5 is based on
observations from load relaxation experiments.

A fourth set of unified constitutive-eQuatiohs, developed by
Robinson [6], is shown in.fig. 6. Here, isotropic hardemning is
degmed to be negligiblg»fo:vthe materials and reg%mes~of behavior
considered, so that a single state variable o js utilized. The
equations are”perhaps uniqﬁe among’Unified;épproaches in that they
contain certain "if-tests" shown in Fig. 6.

III. THE "MATMOD" CONSTITUTIVE EQUATIONS

The remainder of ﬁhis paper will focus on ome particular
approach within the unified constitutive equations category, namely
the '"MATMOD" (MATerials.MODel) equations [5, 16-19]. While sharing
the kinematic hardening-isotropic hardening framework (shown in
Figure 4) with other approaches the MATMOD approach aims at a
somewhat broader scope of phengmena. (For this reason it may be

less accurate in specific predictions than approaches which cover

-6






a more restricted range of phenomena.) A feature which is unique
to the MATMOD equations is their explicit representation of solute
strengthening effects, allowing useful predictions of flow stress .

plateaﬁs,‘effects of dynamic strain aging on strain-rate sensitivity,
inverse temperature sensitivity of the flow stress, and other
‘related phénomena.

Figure 7 shows the central equation governing ;, along with a
pictorial fepresentation of some of the major phenomena associated
' with the various variables and terms. Directional hardening is
represented by a back stress term (R) which is similar to o in
Fig.‘4, Isotropic hardening is répresented by a variable called
Fdef ("friction stress dpe to deformation') similar to p in
Figu:e_é.. SoluFe stfenggﬁening'is-represented by two terms: Fsol,l’
whicﬁ is most important in behavior at small strains (actually’
, which is moét important in behavior at large

small Fdéf)’ and.FSOl’2
strains. Temperature enters the eqhations through a temperature-
dependent factor 0", similar to exp( -Q/kT) except that Q varies with
temperature.

R and F being history-dependent, are governed by differential .

def’
equations. Fsol,l and Fsol,Z are not histofy dependent but do
depend on temperature and £ because solﬁté drag depends on the
relative velocities of solute diffusion and dislocation motion.
The full .equations are given in Fig. 8.

The internal workings of these equations have been described
elsewhere [5, 16-19]. Thérefore the remainder of this paper will
siﬁply illuétrate the kinds of predictions which can be made Vith
this model.

A flow streés piateau can be predicted becauée of the solute

strengthening terms (Fig. 9) [16]. Also, the model can predict a

regime of inverse temperature sensitivity of the flow stress as

-7






illustrated for 316 stainless steel in Fig. 10 [16].
A related effect is the prediction of the strain-rate sensitivity

{m) as a function of temperature.and strain rate. Fig. 11 [18]

illustrates that a loc§l minimum in m vs. T can be predicted. For
this case (Zircaloy) and others, m can be near zero in specific
regimes, so that the model's predictions appear similar to "rate-
independent plasticity” even though the model is built around an
equation for £ . Similarly, the equations can predict the stress
relaxation response (Fig. 12) [18] showing a minimum in the slope of
the log o vs. log £ curvé at intermediate temperatures. This produces
a behavior very similar to the data (o; Zircaloy) in which the curves
‘are concave downwards at high temperatures and concave upwards at
some lower temperatures. |

One bf the uSeful capabilities of the MATMQD'equations (aiong -
with some other unified approaches) is prediction of the résponsé to
compléx loading histories [17,19]. This capability is associated
with the differential equations governing R and Fdef; the current
values of R and Fdéf reflect the past history but the rates at which
they change reflect the current conditions. With this approach, the
model'qan successfully predict, for example, the responée qf
2%Cr-1Mo steel to constant strain rate loading interupted by period;
of stréss reléxation (Fig. 13), for which the data was slower in
Fig. 2. In the simulation, the material weakens during the stress
relaxation periods (as observed in the data) becauée of recovery of
R.

A second example is a stress-change creep test. Figure 14 [19]
shows data and reasonably accurate predictions for the response of

pure aluminum to a step stress increase.






It is worthAnoting that in'the MATMOD equations (as in other
approaches) the structure variables R and Fdef gbvefn deformation
response both for "plasticity"-like situations and "ecreep''-like
situations. Hence these structure variables provide a natural means

"

for predicting interactions between'"plasticity”'and creep' .

Figufe 15 demonstrates this for pure aluminum which was cold worked
and then creep tested. "In the predictions, as in the data, the cold
work substantially affects the primary creep respénse but does not
affect the subsequent steady-state creep rate. |

IV. CONCLUDING REMARKS .

The above discussion héé illustrated the usefulness of unified
constitutive equations for predicting non-elastic deformation response
in a variety of situations; As a category, the unified apprgach is
probably most uséful for predictions involving complex histories,
behavior Svér wide ranges in conditions, of situations where data
are relatively sparse; For problemé involviné énly simple loadiné
histories, over specific ranges of conditions, and where ample data
exist, the classical methods ére probably adeQuate fof design |
analysis.

One of the current problems in utilizing the unified comstitutive
equations in structural or metal fofming analyses is their numerical
characteristics. Imn finite-element prbgfams built to acéept-both
"time—indepéndent plastic" (apj and "time-dependent creep’ ( %}
terms, as eq. (l),kthe predictions of the unified equations fit most
logiéally into the %:algorithms. And yet when this is done, it is
sometimeé found that exceedingly small time steps must be taken to
assure stability [20],'which makes the analysis costly in computer
time. Research has béen done on the development of appropriate

numerical strategies [15,21,22] but a successful general methodology






has not yet emerged. Work on this subject is continuing, for
 example [23].
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Fig. 1. Effect of"prior éreep on subsequent ¢
behavior of annealed type 304 staines
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THE UNIFIED APPROACH TO PREDICTING
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MATMOD CONSTITUTIVE EQUATIONS

I. General Form:
A. Thermal strain ratc:

ch=f(T) fl o/E-R, F

def’ Fsol,l’ F501,2 )

- B, llistory-dependent state variables:

1. R ("Rest stress" or back stress):
Directional (Llnematlc) hardening associated with pileups or disloca-

tion bowing

2. Fdef ("Friction stress due to deformation'):
Isotropic hardening assoc1ated with subgralns, forest dislocations, ir-
radiation
i - g3“= work-hardening _ thermal recovery
dat’ term . term
- dchf - work-hardening + flux-hardening _ thermal recovery
def dt term term term '

C. Temperature and strain-rate dependent solute strengthening varizbles:

Fsol ("Friction stress due to solutes'):
Isotropic strengthening associated with solute atmospheres, dynamic strain
aging, ete. - : L. ’ :

Fsol = f(T,€)

-

1. Fsol 1 : indcpendent of strain hardening (substitutional solutes?)
t

2. F_y 9 : synergistic with strain hardening (interstitial, solutes?)
>

II. Specific Equations (1—dimensiona14form):

1.5M"
£, = 30° gsinh [(f lo/z_- &l ) R sgn( O/E - R) (1
] - "Fs01,1 + Faos (FFg0p )
Ro=mE, - HBO" [s:mh(A IR sga(R) @
. _ i. 5 _ 1.5,.n .,
" Fyep = m,lc, + Ir| - (AZ/Al)Fdef [ | + Hyd - HCy B6' [sinh(A,F, ¢ €3]
. ? .
1Fsol,l f( ‘EﬂJ ) P -_J////’“\\\\—_ )
|' ‘ ; : sol (;)
F. = £ €. T
01,2 £ gh ‘ ‘/e}.p(-— Sol ) —
o = B (- E (A2 () sgn(0) = | ©
£ = € e , , , €)

th

e' is similar to exp(- —Sl%

Figure 8.
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Figure 12.
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