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22 FOUNDATIONS OF THE THEORY 11, 2

The yield criterion of von Mises has been shown to be in excellent
agreement with experiment for many ductile metals, for example copper,
nickel, aluminium, iron, cold-worked mild steel, medium carbon and
alloy steels. The influence of the intermediate principal stress on yield-
ing, and the corresponding failure of Tresca’s criterion, was first clearly
shown in the work of Lodet (1925), who stressed tubes of iron, copper,

-6 (]

<
Y

Tresca law

3
2k
L] Oopper
- X Aluminivm
o Mild Steel
0 1 1 1 L L I ! I
1 2 3 4 5 6 7 ‘8 ‘9 1-0

Fi1g, 4. Experimental results of Taylor and Quinney from combined torsion and

tension tests, each metal being work-hardened to the same state for all tests,

The Mises law is o*43s% = Y3, while the Tresca law is o34 47 = Y2, where
o = tensile stress, r = sghear stress, Y = tensile yield stress.

and nickel, under combined tension and internal pressure. The sub-

-stantial accuracy of the Mises law was afterwards demonstrated by the

work of Taylor and Quinney} (1931), Lessells and MacGregor§ (1940),
and Davis|| (1945). Asan example, the results of Taylor and Quinney are
given in Fig. 4. Better agreement could occasionally be obtained by
adding a small correction term in J3, but in view of other differences
between the ideal plastic body and a real metal, it would hardly be worth-
while in practical applications.

For the upper yield-point of annealed mild steel Tresca’s law appears

1 ‘'W. Lode, Zeits. ang. Math. Mech. 5 (1925), 142; Zeits. Phys. 36 (1926), 913; For-
schungsarbeiten des Vereines deutscher Ingenieure, 303 (1927).

1 G. I. Taylor and H. Quinney, Phil. Trans. Roy. Soc. A, 230 (1931), 323.

§ J. M. Lessells and C. W. MacGregor, Journ. Franklin Inst. 230 (1840), 163,

I E. A, Davis, Trans. Am. Soc. Mech. Eng. 62 (1940), 677 ; 65 (1943), A-187. See also
Miller and Edwards, Journ." Am. Peir. Inst. (1839), 483; Ma.rm and Stanley, Joum. Am.
Weld, Soc., Weld. Res. Suppl. 19 (1940), 748.

1L 2] THE €

to fit the data better th:
by the sensitivity of the
for example, eccentricit;
stress concentration in t
cated caution in acceptir
contained in the work
Putnam|| (1919), and R
experiments with annee
criterion of yielding appt
men. It has been sugges
that the yield stress in 1
distribution is not unifo
pressure). This may be tx
cal reasons for supposin
material has to be prodi
Several attempts|||| hax
polycrystal from the obs
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constraints between the

3. Strain-hardening
(i) Dependence of the 3
for a given state of the n
the whole of the previot
annealing. It will be ¢
oriented, so that isotrop;
cold work is usually negl

t J. L. M. Morrison, Proc,
144, 33, -
1 J.J. Guost, Phil. Mag. 50
Proc, Inst. Auto. Eng. 35 (104
§ W. A. Scoble, Phil. Mag.
|| F.B. Seely and W, J, Pu
1t M. Ros and A. Eichinger,
also W. Mason, Proc. Inst. M.
Dept. Bull. 85 (19186), 84.

11 G. Cook, Engineering, 13.
Proc. Roy. Soc. A, 137 (1932)
(1937), 371.

§§ G. Cook and A, Robertsor
Proc. Roy. Soc. A, 88 (1013),
Illinois. Eng. Exp. Bull., Seri

Il G. Sachs, Zeits, Ver. deut.
Phys. Soc. 49 (1937),134; U. 1
Journ. Tech. Phys. (Russian),
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Keynote address, reprinted from the Proceedings of the Third Engineering Mechanics
Division Specialty Conference ASCE [ Austin, Texas [ September 1719, 1979.

'MACROSCOPIC AND MICROSCOPIC CYCLIC METAL PLASTICITY .

by

Egor P. wovo<~. F. ASCE, and Miguel cnn»nn

ABSTRACT

Classical plasticity theories for ideal plastic material, as well as for
those exhibiting isotropic and kinematic hardening properties, are re-
viewed first. These are shown to be inadequate for describing cyclie
metal plasticity, and the more accurate never multi- and two-surface
theories are considered next. The reasons for the material macroscopic
behavior modeled by these theories is clarified by an appeal to the dis-
locations theory. A remarkable agreement between one of the phenomeno-
logical theories of macroscopic plasticity theory based on internal
variables with that deduced from the dislocation theory is demonstrated
for uniaxial cyclic loading. The paper is limited to the consideration
of rate-independent, isothermal problem.

1. - INTRODUCTION

In recent years the computational capability generally available for the
plastic analysis of structures experienced dramatic improvements. Most
of these advances have been made with the aid of computers. The develop-
ment of reliable constitutive relations lagged behind. This is parti-
cularly true as it applies to the difficult problem of cyclic plasticity,
a subject of great importance in many diverse engineering applications.
These range in the need for accurate predictions from the inelastic cy-
clic behavior of aircraft and nuclear reactor components to joinery in
buildings subjected to seismic forces. As a result, numerous papers and
reviews advancing and evaluating the current status of plasticity have
appeared in the technical literature [1,2,3,4]. An NSF sponsored work-
shop vas held in 1975 to bring together the latest thinking on the sub-
ject [S). This paper, without an attempt on completeness, pursues a
more limited objective. Only those theories which in the opinion of the
authors are most widely used in cyclic metal plasticity are reviewed.
These phenomenological formulations are based on the macroscopic behav-
ijor of materials. The reasons for the observed phenomena are elaborated

wvnon. of Civ. Engrg., Univ. of California, Berkeley, CA
Research Asst., Univ. of California, Berkeley, CA
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upon by examining the cyclic material behavior from the point of view

of the dislocstions theory. A remarkable sgreement in the macroscopic
material behavior predicted by one of the phenomenological plasticity

theories based on internal variables with that derivable from the dis-
locations behavior is shown for a uniaxial case. Possible extensions

to multiaxial stress states are implied. The paper is limited to the

isothermsal, rate-independent plasticity.

1t would appear that good formulations for predicting cyclic plastic
response of materials is likely to remain highly specialized. However,
in the words af Otto Mohr, written in 1901, "if one should succeed in
finding a few rules under which many experiences can be subordinated,
no lavs of niture would have been derived, but some means found for
fudging the probability of new results of experience” [6]. Some such
rules are emerging in cyclic metal plasticity.

2. MACROSCOPIC PLASTICITY THEORIES

Total strain (deformation) theories are unsuitable for describing cy-
clic plasticity. One must base the required formulations on -incremen-
tal (flow) theories. For constructing such theories along the classical
1ines the following basic requirements smst be met.
1. During a loading-unloading processes a yield-loading m:nmmnow
exists in the stress space. The stress space within a yield-loading

surface is purely elastic.

2. For nnnwhulrrnansubw materials, hardening rules defining the change
in size and position of the loading surfaces in the course of plastic

deformation must be specified. . o

3. The ann-mn rate can be decomposed into elastic and plastic compo-
nents, 1.e. € = €¢ + €P. Here dots over the quantities indicate dif-
ferentiation with respect to time, whick is used as a parameter.

4. The plastic strain rate vector at a load point is directed along an
outward normal to a yield-loading surface, i.e., the strain rate vector
obeys the normality rule. Strain rate vectors not conforming to this

rule, but suitable for some soils and work-softening materials, are not

considered in this paper.

5. The magnitude of the plastic strain rate vector 18 assumed to be
derivable from a potential function which is defined by the yield- .
loading surface.

The discussion that follows is vn»=nwvrw~u confined to the first two
items of the asbove. A reader is referred to available texts for treat--

ment of the other items {2,8,9,10]}.

»mon simplicity, no distinction between yield and loading surfaces in
the sense of Eisenberg and Phillips {7] is made.
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» 2.1 1deal Elasto-Plastic Material If the experimental evidence

for a material clearly exhibits s pronounced yield as showm in Fig.
1(a), such a material can be treated as ideally elasto-plastic. For a
multiaxial state of stress either the Tresca or the von Mises yield
surfaces can be used to define the onset of yield, Fig. 1(b). According

M 1% yon MISES
. ELLIPSE
\ll -

: TRESCA
\ \ % HEXAGON
T/ \ L >
/ € %

% / \\

A

{a) (b)

Fig. 1 1deal Elasto-Plastic Material Behavior

to Hencky {6] the von Mises yield criterion implies that yielding be-

" gins whenever the combination of stresses is such that the strain energy
of distortion is equal to the corresponding energy at yield for uni-
axial stress. This condition can be expressed mathematically as

1 2
naa»uv 2 n»u n»u k 1)
vhere the function of stresses ogy 18 taken to be the second invariant
-of deviatoric stresses 81§ and the constant k is the yield stress in
pure shear.
Alternatively, the Tresca yield condition asserts that inelastic action
begins whenever for a multiaxial stress the maximum shearing stress on
any critical plane reaches a value equal to the maximum shearing stress
for uniaxial stress. The relation giving this condition reads

£ - _HGH- o’ - .&?ﬁ- eu,.m - #A _”?u- op? - #NH_ -0
: ’ (2)

where 01,02,03 are the principal stresses, and k is the same constant
as that in Eq. 1.

As can be seen from Fig. 1(b) the difference between the two criteria
is not large. The experimental evidence is not decisive, although the
von Miseés criterion asppears to be the more accurate one of the two.
No ambiguities arise in applying these criteria for cyclic loadings.

306 ENGINEERING MECHANICS

However, since the behavior of very few materials can be idealized in -
this manner, other plasticity theories were introduced.

2.2 lsotropically Hardening Material Some materials, after the
initial yield, strain-harden as shown in Fig. 2(a). Some of the earli-
est attempts to introduce this effect analytically were due to Hill [8]
and Hodge {11]. According to this concept, on a complete load reversal
the same stress level along an elastic path can be reached, thereby ex-
panding the initial elastic range. In the stress space, on plercing
the initial yield surface, progressively larger, geometrically similar,
loading surfaces are developed, Fig. 2(b). Within any new wonnwnm sur-
face the material is purely elastic. For example, after reaching point

| o | | 02

SURFACE

%

~ € - o/ o,
om . .
_ . S»o.zm
c mczm»nm

(a) (b)

Fig. 2 nu@nncvunnwﬁw Hardening Material Behavior

C on the loading surface, the unloading path CD is elastic. In this
formulation the scalar constant k introduced earlier in Eqs. 1 and 2 is
made to increase monotonically with increasing load as determined by an,
experiment. This theory contradicts the Bauschinger effect, i.e., the
reduction .in yield strength on complete load reversal. For this reason
it is not suitable for cyclic plasticity with load reversals.

2.3 Kinematically Hardening Material A much more satisfactory as-
sumption for treating load reversals is illustrated in Fig. 3. This
approach, initiated by Ishlinskii [12] and Prager {13}, is referred to
as kinematic hardening. Note that in nrmu.»nnnunuunnon the elastic re-~
glon remains the same regardless of the previous strain history experi-
enced by a material. Either the von Mises or the Tresca yield condition
can be used for defining the yleld surface. In a form of an equation

of the von Mises type this criterion can be expressed as

n?&-ncv- K %))

This relation differs from Eq. 1 by the presence of ajy, wvhich defines
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q

| o

YIELD
SURFACE c

[ T /

o
o
\
<

LOADING
SURFACE

(a) (b)
Fig. 3 Kinematically Hardening Material Behavior

the translation of the initial yield surface. This quantity can be
found by applying Prager's kinematic rule

a = c M. ) ‘ ’ A#v

11 14

where ¢ is a lbnnnwnu.normnmzn. The translation rate Wuu of the load-
ing surface is directed along or normal to this surface at a load point.

To achieve consistency in certain subspaces, Ziegler [14] modified Eq.
4 to read .

%44 = nArwu..nuuv . Auv.

vhich means that the direction of motion of the center of a loading
surface is along the radius vector that joins 1ts instantaneous center
ajj with the load point
LOADING - 04§, Here y > 0. The
SURFACE meaning of Eqs. & and S
is illustrated in Fig. 4.

| 02

day; The kinematically harden-
ing model for a material
is the most commonly used
theory for cyclic plasti-~
city. For some applica-
tions it is combined with
the isotropic model as
illustrated with the
Tresca yield condition

in Fig. S.

n—ml

0

al

Fig. 4 Direction of Translation dagy of the
Loading Surface: Prager's Rule Shown
Dashed, Ziegler's Rule Shown Solid
(After [1])

2.4 Refinements of loading Surface mrhmnw The materisl models dis-
cussed above may not be sufficiently accurate for some applications in

308 " ENGINEERING MECHANICS

cyclic plasticity. Whereas the
isotropic model can define s grad-
val change from the elastic into
the strain-hardening range, the
generally more useful kinemati-
cally hardening wodel cannot. As
11lustrated in Fig. 6, for a kine-
matic hardening behavior repre-

Z. J _» sented by a bilinear relationmship,
"l 0 7/ O, & sharp corner develops at a point
| "/ such as point A. The behavior of
L\ a real material may be more accu-

rately defined by a curved line.

The discrepancy on a load reversal
between the classical plasticity
) theories and experiments is par-
Fig. 5 Simultaneous Isotropic and ticularly pronounced. For an iso-
Kinematic Hardening tropically hardening material, the
elastic range expands correspond-
ing to a line such as BE in Fig. 6.
Alternatively, according to the
kinematic theory, this range re-
mains constant as represented by
line BC in Fig. 6. Neither one of
these approximations corresponds
, to the real behavior of materials
o Oy as first observed by Bauschinger
° in 1886. To properly account for
¢ 20, the Bauschinger effect, the elas-
tic range must extead say over the
line BG of Fig. 6. The rounding’
of the response curve may also be
necessary in some applications.

—nw

A number of other discrepancies
between theory and experiment are
commonly neglected. Among these
one could note that the stiffness
of a material during a load rever-
sal sometimes is found to be smal-
ler than that occurring during the
initial loading. Likewise, a

Fig. 6 Idealizations of Material sharp definition of a point such

Behavior on Load Reversal as B for repeated loadings and
unloadings actually does not exist.

Fortunately, a number of these considerations are not particularly impor-
tant. It must be emphasized further, that the materials treated in this
manner are considered to be rate-~independent.

Some early attempts to account for the Bauschinger effect have been made
by assuning piccewise linear modifications of the yield surface of the
type shown in Fig. 7(a) [15). Other modifications of the yield surfaces
to account for the same effect were justified based on the concept of
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Fig. 7 Modifications of Yield Surfaces for Including Bauschinger
Effect :

slip along a critical plane giving rise to the development of cormers
on the yield surfaces [16]. No recent research activity in this direc-

tion can be noted at this time.

2.5 Mechanical Sublayer Models ~ A development of a successful model
for representing cyclic material behavior may be traced to the work of
Duwez [17] with further elaborations by Besseling [18]. The basic con-
cept for this model can be visualized by examinirig an arrangement with
three parallel springs shown in Fig. 8(a). Two of the springs are

{a) _{b)

Fig. 8 Piece-wise Linear Material 1dealizstion-Parallel
or Sublayer Model

310 . ENGINEERING MECHANICS

attached to weights which slide on reaching their respective critical
forces which correspond to ideal plastic behavior. On applying a mono-
tonically increasing force the force-deformation path is as shown by
the broken line OABC in Fig. 8(b). By reversing the aspplied force the
system response is given by a series of straight lines CD, DE and EF.
Note that during a load reversal the elastic range is doubled, as are
the corresponding inelastic ranges. This correlates well with the ex-
perimental observations of Masing for cyclic loadings [19], and has of-
ten been applied in analysis as a working hypothesis. This kind of an
approach became known in the literature as a sublayer or a subvolume

model. ) L

The above model has been generalized for multiaxial states of stress by
Mr6z [20]), and, in a somewhat analogous manner by Iwan [21]. 1In the
Mréz generalization discussed here, a field of workhardening moduli is
introduced, with a constant workhardening modulus assigned to each sub-

.layer. For simplicity, as an illustration, consider the series of con-

centric circles shown in Fig. 9(a). 1In actual applications usually a

(a) , . (b) .

Fig. 9 Schematic Illustration of Sublayer Model

series of concentric von Mises ellipses would be used at the initiation
of a loading process. For each one of these circles s constant work-
hardening modulus is assigned as £,,£},f; etc. A load point within the
first circle at all times remains elastic.- However, on reaching the
boundary of the first circle, for further loading the modulus becomes
fo- This magnitude of the modulus remains constant as the load point
together with the first circle translates toward the second circle. Om
reaching the second circle, the coupled first and second circles con-
tinue their wmotion toward the third circle as shown in Fig. 9(b). Dur~
ing this stage of the loading process the modulus associated with the
second circle is applicable.

In the above discussion it was tacitly assumed that the load point moved
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monotonically upward along the vertical axis. In general this is not

the case, and further, since the lines corresponding to constant work-
hardening moduli are not circles, an additional rule for translstion

" of these loading surfaces must be introduced. MrSz achieves this by
requiring that a load point on a given loading surface translates toward
a point on the next loading surface such that the direction of the nor-
mals to two loading surfaces at the two related points is the same. .
This rule appears to give reasonable results wvhen compared with the

very limited available experimental data.

The Mréz wmodel has been programmed for a computer, and a few compara-
tive studies of its accuracy and efficiency are available [4,5).

2.6 Cyclic Plasticity Based on Internal Variables The objective of
continuum mechanics is to describe the mechanical state at a material
vm»nn of a body. Ordinarily this is achieved by using the observable
or external variables such as deforsation, temperature and stress. In
plasticity, in addition to these, it is convenient to introduce also

the hidden or internal variables such as inelastic strain. A phenom-
enological model using the internal variables formaliem has been re-
cently developed for rate-independent cyclic plasticity [22). The rudi-
ments of this model are described below. )

Uniaxial case From a study of unfaxial stress-strain curves shown
schematically in Fig. 10 three distinct regions may be observed.

Fig. 10 Schematic Illustration of the Line Bounds in o-€ Space [24])

Starting for example from point F, the first part FF' represents the
‘elastic behavior. The second part F'F" represents the strongly

3n ENGINEERING MECHANICS

nonlinear plastic behavior. Finally, the curve F'X representing plas-
tic behavior attains an essentially constant plastic modulus. Since
the elastic strain can be readily determined from Hooke's law, stten-
tion need be confined only to the study of stress-plastic strain curves
such as shown in Fig. 11. Note the clearly evident bounds fn both

diagrams.

. A study of numerous ex-
perimental curves led to
the conclusion that the
material behavior can be

) described by considering
the plastic modus EP to
be a function of the
distance § of the stress
state A from the corre-
sponding point A on the
bound [23]. However,
this parameter alone is
not sufficient, and for
each initiation of the
ylelding process a pa-
rameter 6in must be in-
troduced. This quantity

..Hh\\\\\\lﬂn is an indirect measure

of the amount of loading

which occurred during a

Fig. 11 Schematic Illustration of & and § previous cycle. A large

122,23) in Sin implies an extensive
. plastic loading before
& stress reversal. The 6's have the dimensions of stress.

If a.loading process is reversed at some point, such as A in Fig. 11,
first an elastic response is observed. This corresponds to the regions
AB shown in Figs. 11 and 12. On further loading, the shape of the
curve BB' depends on &4, associated with this path and an instantaneous
6. This behavior of a material exhibited in the stress-strain space is
not suitable for further generalization. Therefore one must re-cast
the available information into the stress space which for a uniaxial
case is the vertical o-axis. This is obtained by projecting the appro-
priate points onto the vertical axis as shown in Fig. 12. From this
diagram it can be seen that an elastic region a'b' is contained within
a region a'b' defined by the bounding lines. Both regions remain con-
stant throughout any loading process. Since at any load point such as
B' its § as well as 6;; are known, sufficient information is available
for determining EP, which is the quantity sought. The rules for a cou-
pled translation of the elastic and bounding regions have been estab-
1ished [22,23,24). The choice of straight bounds and the use of & and
§jn for defining the shape of the plastic curves are a matter of con-
venience, and do not place a restriction on the method described.

Using the sbove approach, the proposed form [23,24] for the plastic
modulus EP is

v._._ g_ . ‘
E'=E +h ey 6)
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vhere at § = 0, EP = Ep,
and h is s shape parameter
determined from experimental
data. An application of this
method for representing ran-
dom cyclic loading behavior
is shown in Fig. 13. As can
be seen, the agreement be-

. tween theory and experiment
is excellent.

Multiaxial case In a
ol wultidimensfonal stress space’
the end points such as a',b'
shown in Fig. 12 1lie on a
.yleld surface, and the end
points a',b' can be thought
to lie on another surface
enclosing the yleld surface.
The latter surface is called
the bounding surface first
introduced by Dafalias and
Popov [24]. Independently,
. this concept was also adopted
Fig. 12 Projection of o-€P Space into by Krieg [25) for reasons of
the Stress Space for Uniaxial ~ numerical advantages in
Loading. applications. The former ap-
proach is discussed here.

o4

Y —

1+46¢8./0.)"

\‘\.. \ / \~ L
oot . \\ .\\ \ \ \..m\\\\m_.\. s
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STRESS ,(MN,
3 88

(-

. * - = EXPERIMENT
STRAIN (10" m/m)

0 " 20 30 40 S0

Fig. 13 Random Cyclic Loading on Grade 60 Steel Specimen [22,23)

Aschematic {1lustration of yield and bounding surfaces is. givean in
rig. l4. Here the yield surface can be defined as

34 ENGINEERING MECHANICS

tfoyy oy %) 0 o

vhere kinemstic hardening is explicitly introduced by LIt the other
plastic internal variables such as plastic strain are denoted by qn-
The corresponding equation for the bounding surface is

Aoa = Byye ....v =0 ®

vhere w& is another plas-
i - . tic internsl variible giv-
ing the coordinates of the
. center for the bounding
VIELD SURFACE surface. During a course
of plastic deformation the
. two surfaces translate si-
multaneously in the stress
space, and in general, may
also deform: Throughout
the course of plastic de-
formation the distance §
between two points such as
a and s in Fig. 14 continu-
ously changes. Following
Mré6z, the load point a on
— the yield surface is re-
lated to the point a on
the bounding surface by
having the same direction
of the normals to these
surfaces at these points.

]

0
|\puoczo_zo SURFACE

Fig. 14 Schematic Representation of the . The distance § is given by

~ Yield and Bounding Surface and an Euclidean metric. From
Illustration of Their Motions the information on §j, at

{22,23) the initiation of a plastic

. loading process and an in-
stantaneous §, 8 generalized plastic modulus can be found in a msnner
anaslogous to that used in the unisxial case. This genersl procedure
can be readily specialized into the purely kinematic and/or isotropic

hardening rules {[22]. :

An slternative numerical implementation At a numerical implements-
tion level the model described above may lead to inaccurate results in
some cases. For example, consider the uniaxial cyclic loading pattern
11lustrated in Fig. 15 [26]. Here, since some load reversals take place
before sny plastic flow occurs in the opposite sense, the updating of
the key parameter 54, cannot be done correctly. This can be remedied
by devising additional rules for updating 815, or, alternatively, by .
introducing suxiliary surfaces between the yield and the bond surfaces.
The latter approach was used by Petersson and Popov [26,27] with good
results. Purther, in their work s procedure was devised for handling
the behavior at & yield plateau, which characteristically occurs in nild
stesl. Some festures of their approach are discussed below. It must be
enphasized, however, that these refinements introduce no basic changes
of the earlier model. - :
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STRESS O . UPPER BOUND — - -
VA\- ™ PROBABLE PATH

# “ OVERSHOOTING ACCORDING
TO THE MODEL .

I \
: \ / s s o

Fig. 15 Deficiency of Two-Parameter Model [26)

By using auxiliary surfaces between the yield and the bounding surfaces
the initial stress-strain diagram can be accurately defined, Fig. 16.

{a) STRESS SPACE (b) STRESS-STRAIN SPACE

STRESS BETWEEN A AND A

Fig. 16 Representation of Constitutive Relations: Monotonic Case [27]
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-} €pp
,JIQB‘IJ,
(@) STRESS SPACE (b) STRESS-STRAIN SPACE

STRESS BETWEEN B AND C

Fig. 17 Representation of Constitutive Relations:
First Load Reversal [27] :

Ko

The intermediate surfaces are
used for purposes of interpola-
tion, and in principle are not
related at all to those intro-
duced in the Mrdz model. During
‘8 load reversal the extended pre-
ceding stress-strain path, such
as the path AB123 in Fig. 17(b),
with the aid of the interpolating
" surfaces determines the forward
path C1'2'3°, This procedure
\!‘ is analogous to the use of endo-
E . chronic time. However, it is

customary to reverse the strains
to generate a new stress-strain
path such as C1"2"3" showm 1in
-Fig. 17(b). The corresponding
translation of the initial yield
surface and the interpolating

surfaces is shown ia Fig. 17(a).
At the next load reversal the
: curve C1"2"3™ plays the same role

as did the curve AB123 in the
te . % previous case.

Fig. 18 Punctions for Defining Load
Surfaces [27) .

«

v}

13
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The special problem of a yield plateau occurring in steel can be ac-
counted for through the use of a weighting function. In this approach
two stress-strain relations are ugsed: the one defines a monotonic load-
ing such as showm in Fig. 18(a); the other, a typical cyclic response,
Fig. 18(b). By favoring initially the monotonic behavior by assigning
to it a large weighting function, Fig. 18(c), which decreases with the
accumulated plastic strain, a proper blend between the two functions

can be achieved [26,27]. . ) .

3. MICROSCOPIC APPROACH TO PLASTICITY

The macroscopic plastic behavior of metals is the result of the overall
effect of structural changes that take place at a microscopic level dur-
ing a loading process. Under appropriate conditions a metal may find

it energetically advantageous to adopt new microstructural arrangements.
Such microstructural re-arrangements occur at what became known as lat-
tice defects. Among these, the line dislocations, as well as intersti-
tial atoms and vacancies, play s particularly important role. The

basic mechanism of plastic deformation is dependent on the motion of
dislocations due to slip, climb, twinning, etc., and is considered in
the sequel. The presentation is developed in such a manner as to re-
late the microscopic to macroscopic behavior. 1In the present discussion
only the uniaxial state of stress is considered in detail.

3.1 Motion of Dislocations and Macroscopic Behavior Single Crystals

It is well established that dislocations in a single crystal move along
well defined crystallograhic planes [28]. A set of all dislocation seg-
ments in a given glide plane with parallel Burgers vectors is referred
to as a glide system. Such a glide system r is defined by a pair of
orthogonal vectors manv and wanu. which represent, respectively, the
direction of the Burgers vector and the normsl to the glide plane. By
extending a summation over all active glide systems, the infinitesimal
plastic strain rate QWu of a crystal can be related to the dislocation
motion as [29] -

& -7 m?v (r) )

vhere :Mﬂv - AlmnvnthL.-anvnnV\N is the Schmidt orientation tensor
vhich coapletely anunNﬁvnw the geometric properties of an r-th disloca-
tion system. The quantity vy T) i the rate of plastic shear strain due
to the motion of the dislocations in the glide system r. It is given
by a relation [28]

ﬂaﬂv - Uuhﬂvdaﬂv (10)

vhere b is the magnitude of a Burgers vector, uknv is the length of mov-
ing dislocations per unit volume, and v(t) 1g their average velocity.

By considering the plas nw pover W m»umv s one can ¢ =w~=mu that the
conjugate quantity to y'\F) ig a resolved .mmﬂn stress 1\T acting along
2 glide plane r in the direction of the Burgers vector. The resolved
shear stress which drives the dislocations can then be expressed as
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cﬁva
T . %4 -.Mw.u - (11)

vhere o;4 are components of s total stress tensor g [30]. This total
-mnoo- ténsor consists of g due to the externally nwvn»on forces, and
g+ caused by the internal stresses resulting from the local fields of.
dislocations. Hence )

1

(12)

a .

13-1]

lm.+

Wilson and Konnan [31,32] have conclusively shown that a metal after
experiencing plastic deformations contains large internal stresses. At
the sicroscopic level, by their very nature the internal stresges are
very irregular snd develop sharp peaks. For the purposes at hand, how-
ever, interest lies in a sweared out average of these stresses.

A simple expression for the averaged mm can be obtained by following
Kroupa [33]. Based on Eshelby's solution for a stress field for an
ellipsoidal inclusion in an elastic matrix, he worked out an explicit
expression for the stress at a point created by a distribution of dis-
locations. The solution consists of two parts. One part of this solu-
tion shows the effect of dislocations in the neighborhood of the point
under consideration. The other weaker effect due to the external dis-
locations is wucnr by complicated volume integrals. The part of the
solution due to the dislocations in the neighborhood of a point is par-
ticularly simple reading

- 1(0-59)_p
°13 T T A= v €€y 13

vhere v 1s the Poisson ratio, and G is the shear modulus.

Recognizing nrwn the external dislocations soften the material matrix
in the Eshelby's solution, by analogy to Eq. 13 one can approximate the
expression for the internal stress rate tensor as

of i

g =--2 & (14)

~

1 : .
vhere £ is an experimentally determined plastic modulus which indirect-

ly sccounts for the external dislocations. A similar approach recently
has been suggested by Zaoui [34]. Equation 14 can be interpreted as
providing & rule for the shift of the center of a yield surface, and is
consistent with kinematic hardening.

Polycrystals Since materials are generally composed of a large nua~
ber of randooly orien nw grains, instead of a small number of well de-
fined glide systems p T} which occur in a single crystal, any aumber of
possible orientations M can give rise to plastic deformstin. In this
case y is no longer a discrete variable, but & continuous one. For this
reason the treatment of this problem must be drastically simplified. A
very satisfactory approach for resolving it has been made by Kelly [35].
In his approach one determines the glide systea 3 vhich makes the grest-
ast contribution to plastic strainm by maximizing a relation for stress

O = Opglyy subject to the constraints bk © 0, and ppopy, = 1/2. This

"lasds to the result that
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Qu : t - luh Wﬁ
i . TR ¥ on as)

vhere the deviatoric stress m» - m»u.l
Q;anu\u. and Jp = .ﬁuo,hu\nc ».- before,
2he barred stresses refer to the total
stress, (see Eq. 12). Whence on using
Eq. 9, one has

*p - . W i

& =13 .\Iﬂw (16)

where now u is the rate of shear defor-

\ﬁna mation in the “principal" glide system.
This equation completely coincides with

the well-known Prandt-Reuss flow rule.

Fig. 19 Glide Planes in a . For the uniaxial case the above approxi-
Tension Specimen mation indicates a deformation pattern
) _ . of the type shown in Fig. 19. _It also
follows that here 1 and Y are related to the uniaxial stress oj and the
upniaxial plastic strain rate mw. respectively, by 1 = aw\\m and y =
\m.mw. An explicit expression for y is established in the next sectionm.

3.2 Motion of Dislocations in a Glide System In the preceding sec-
tion, kinematic simplifications have been introduced that reduce the
problem of plastic deformation to the description of the response of a
single glide system at a time. As mentioned earlier, the motion of
dislocations in a glide system is driven by the corresponding resolved
shear stress, and is hindered by a number of different types of obsta-
cles. Among these are: 1) Viscous forces, which become significant at
.very large dislocation speeds, 2) Extended obstacles, like the long-
range stress field with which dislocations in multipoles interact, and
which are meant to be accounted for by means of the quantity Nm. and

3) Non-extended obstacles, with a very short range of interaction, ef-
fective only over a few atomic distances. To this group belong impurity
atoms, precipitates, jogs in the glide dislocations, but mostly forest

dislocations [29].

Non-extended obstacles have often been fdealized as distributions of
"pinning points” on a glide plane. BDislocation segments extending from
one pinning point to another bow out under stress until they reach an
unstable configuration and become detached and are free to proceed fur-
ther, Fig. 20. This occurs at a total shear stress [36,37]

- - Gb
T = _.,—H T 17)

where £ is the distance between the pinning points, and a ‘18 a con-
stant ranging from O to 1 depending on the break away angle ¢.

Statistical approach Experimentsl observations [38,39] show that
point-obstacles are quite randomly distributed in the glide planes.
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Based on statistical consider-
ations Kocks {27] derived the
following expression for fre-
quency distribution of inter-

ﬁ “l ﬁ obstacle spacings L:
: ks ) t 22

£(1) = = exp|- = as)

. ) 2 2
—n ﬂ > hl | A

. . vhere 2, is the average inter-
Fig. 20 Dislocation Segment Bowing-out obstacle spacing. This rels-
Under Stress tion is in excellent agreement
with the experimental
measurements.

Using Eq. 17, it is convenient to change the variable & to T giving

: 2 2
. - L L
f(1) = 3 expl-~ rl 19)
1 1

t&annull nvov\pl nunrminuumwocnnnnnu.Hrou»nmnnnunwnwmaﬂvmﬂ
expresses the fraction of segments that become released from their pin-_
ning points when the resolved shear stress is increased from 1 to t+dr.
This can also be expressed as dP(1), where P(1) 1s the probability dis-

tribution function associated with £(7). Using the Kocks model,

(20)

l—t
N~

-l

o L1 & & 4 2 & 0 5 &£ & 3t 1 3 -

() 10 20 30 g4,

Fig. 21 Intex-odbstacle Spacing Distribution Function
(Based on data given in ref. [38))
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“A similar function P(1), which can be found in an analogous manner by
using Eq. 18, is compared vith some experimental results in Fig. 21.
The agreement between the theoretical result and experiments is seen to
be very satisfactory. A similar curve using T as the »nmovn:mnun vari-
able is shown in Fig. 22. B

B : With the aid of the
function shown in
ol . Fig. 22, a differen-
: tial increment in the
dislocation length
density py set in mo-
tion upon an increase
of the stress 1 to
T+d7 can be found.
Thus, 1f p is the

oSt -
o total dislocation
B length density in a
glide system, and B
o is the mobile frac-
= -/ tion, i.e., the ratio
ol 1R IO SO TN OO TR S N N TR S of the mobile dislo-
o 10 20 30 T/T, cation density to the
total density, one ,
Fig. 22 Inter-obstacle Spacing Distribution can write
Function in Terms of Required Stress to
Overcome Obstacles
do, = 8p dP(7) = Bp 2% dT (21)
M T )

To calculate the increment in shear strain that these released disloca-
tion segments produce one has to know how far they will go before being
arrested. For a given stress t such a distance L(t) on a statistical
basis was found by Kocks [27] to be

|3

lll
1- wﬁav\wAauv

L(T) = (22)

This equation shows that at T = 0, the flight distance available for

the released segments 1s L, ; for T ~ 1, all of the glide plane becomes
available and the flight distance tends to become infinite. In reality,
the latter condition can never develop due to strain~hardening. A plot
of the Kocks model is shown in Fig. 23.

Making use of Eqs. 10, 21 (in rate forn), and 22, one finally obtains
an expression for the rate of shear deformation

y = _x..x_. - bppt —2E()/3T 3 l3x : (23)

LIS mamv\waq )

Calling for simplicity
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b= 1 - F@I/E(Y
H Aduﬂ'obuvv - JIJ-

LIF) /Ly bept aP(1) /a3t

(28)

one can vrite Eq. 23 as

]
FUNCTION ¥ioy

. F 3 -
{DAFALIAS / POPOV) Y- 4\=vaamal,n.uv (25),

Recalling that for the uniaxial

8 case T = QN\\| 3 and b \lmw
from Eq. 25 one ruu
RTINS S
oo e 1" 5 /A 3P gP
o i (26)
o5 - o5 0 T/ where EP 1s the plastic tangent

modulus. From this relation it
Fig. 23 Available Flight Distances can be concluded that for a uni-~
at Different Stress axial case HP differs from the
. plastic tangent modulus EP mere-
ly by a constant factor of 3.

Simplified approach At this point it is advantageous to #anuomcnm
some approximations. Thus, instead of using Eq. 21, won

doy = Bp 5 dT _@n

T

]
vhich means that the fraction of the dislocation density which is re-
leased due to s stress increment dv is directly proportional to the
total stress. The nature of this spproximation may be seen in Fig. 24
where it »- compared with the Kocks statisticidl model. Purther, take a
simple vwh:n»vwn expression for the flight distance L{T) by replacing

Eq. 22 vith
L

LO = TR (28)

‘A comparison of this function with the Kocks model is shown in Fig. 23.

On substituting the approximate Eqs. 27 and 28 fato Eq. 23, one tinds-

V- Vuwn- T
o, -1

e

(29)

:E.o_. by virtue of EZqs. 25 ond 26, and the relation betveen the unfiaxial
stress 0] and u. yields
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3t o -o o -0
P n B 1 »
| Al 3 = h - ﬁUOv
bB8e -.l on o .

vhere oy = h.._.l. and h is

the shape parameter defined

PIFI/P(Ta) - earlier in connection with
10l- . . Eq. 6.
I~ In terms of the notation
introduced in Fig. 11 (also
QUADRATIC EQUATION see M.ﬁwn Nva = 0. -0,
™ {DAFAUIAS 7 POPOV) and 84, = o,. Further,
since 3 and oy are measured
from a line having a slope
051 El, which is equal to EP,
XOCKS MODEL Eq. 30 completely nownnmmou
with the phenomenological
B - model for cyclic plasticity
= given by Eq. 6. Note, how-
ever, that the shape param-
eter h now is expressed in
o ! /B - . —— - terms of the internal vari-
o 05 " 10 T/Tm ables oy, 2, B, and p.
’ Therefore, the evolution of
the plastic deformation

Fig. 24 Comparison of a Quadratic Function ting f
with Statistical Probability process accounting ror

_ . hardening and softening can
. Function for Inter-Obstacle be formulated from kinetic

Spacing equations. Some such equa-
tions are given in the next
section.

At this point it is significant to remark that although the difference
in the form of Eqs. 6 and 30 may appear to be trivial, because of this
difference there are important consequences. As pointed out in connec-
tion with Pig. 15, for load reversals taking place before any noticeable
plastic flow takes place in the opposite sense, the use of Eq. 6 tends
to overshoot the probable stress path. In contrast, the response pre-
dicted for similar situations by Eq. 30 tends to undershoot such a path.
The resulting sawvtooth pattern of the stress-strain diagram appears to
be in good agreement with many experimental results. Further, no aux-
iliary surfaces, such as shown in Figs. 16 and 17, are needed for the
condition described if Eq. 30 is employed. Therefore, the use of Eq. 30
is recommended.

3.3 Kinetic Equations for Internal Variables The behavior of a
glide system exemplified by Eq. 25 is described in terms of stress and
a number of internal variables, namely, the dislocation length density
p, the fraction of mobile dislocations 8, the average shear flow stress
1g, and the resolved shesr stress due to internal stresses 1°. The
evolution of these variables defines the constitutive equations.

The simplest theory of work-hardening follows from the concepts of a
mesn free path of dislocations, introduced by Nabarro [40}, which is

N ENGINEERING MECHANICS

usually taken as 1/v/p, snd the principle of similitude [41). With
these assumptions one finds that 1y, hardens at a linear rate.

S ST :
1, =B vl (1)

In the stress-strain space this equation traces out straight lines.
Moreover, Bq. 23, or more simply Eq. 29, show that the stress-strain.
curve tends asymptotically toward these straight lines. Thus, the lin-
ear hardeping theory predicts straight bounds. Note that in a plot such
as Pig. 25 the total stress sust be measured from s straight line OA,"
rather than from the strain

) axis, to account for the
development of the internal
stresses. Further, if one
sets Bl = aib, for a = 0,
the bounds represent iso-
tropic hardening, for a =
1, pure kinematic harden-
ing, and for 0 S a <1,
mixed hardening.

The above approach, how-
ever, is not entirely sat-
igfactory since it cannot
o account for the dislocation
o (P  saturation stress and the
|  associated phenomena. On
the basis of experimental
and theoretical work by
Li [42], and Johnston and
——t Gilman [43], Sackett, Kelly,
and G111is [44] proposed
suitable rate equations for
O~ 0y the dislocation length den~
sity and the mobile frac-
- tion which can be used for

Fig. 25 Schematic Illustration of a a wore refined treatment of
. Linear Hardening Theory the problem. The two need-

ed equations are
o =2 (1-2)gl5 (32)

; b\ -» :

s
B-x(s 22-5) 6151 (33)
b\sop Y

wvhere py is a dislocation saturstion density at which the rate of dis-
location snnihilation becomes equal to the rate of their generation and
the dislocation density remsins constant. Similarly, 8, is a saturation
mobile fraction. - The coefficients A and x are material constants. A
schesatic illustration of the evolution of p and 8 as & function of |y|

1s shown in Fig. 26.
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P Assuming that the non-extended
obstacles are caused primarily
by the dislocations themselves,
ta = 1/7o. Whence, on recal-
ling from Eq. 19 the definition
of Ty = @3Gb/ty, with the aid
of Eq. 32, a rate equation for
the average flow stress onp re- °

. duces to
P < J1afr 1), g
° .‘ L 23 by
(a) 171 = (v .80l O
| B According to this equation the

bounds or lines traced by oy
B.<B (= /3 1) are now not straight,
s o but have a progressively de-
creasing slope, which is in
mu conformity with the experimen-
i — tal observations. In the limit
Bs>B .\|‘! the bounds become horizontal.
s FPoy” : . This condition observed in cy-
_.v\_ clic plasticity [38) 1is reached
{(b) at a saturation stress og =
%) Tg, Where Tg = nwnvxmw.
When this level of saturation.
Fig. 26 Evolution of p and 8 with is reached, the hysteretic
Increasing Dislocatiom curves basically retrace them-
Density selves. This type of behavior
’ is illustrated in Fig. 27.

>nmnnnn=nnﬁonmonn_.n u__-vn,. vwn-!nnnnrno:ocunnoimau.uouumuw
to read : .

p
=X -2 :
hes Aw > u.v b |y} (35)
This equation shows that if (B/B8g) < (py/p).the stress-strain curve
progressively flattens, and vice versa. ’

It should be noted that in the above development the yield plateau type
effect was not considered.
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e % __

Fig. 27 1llustration of Curved Bounds and Saturation Effect
in the Course of Plastic Deformation

- &,  CONCLUDING REMARKS

Rate-independent classical metal plasticity theories were reviewed
first. For cyclic loadings the kinematically hardening theory sppears
to be reasonably satisfactory when accurate predictions of the material
behavior are not required. The ideal elastic-plastic behavior is =
special case of this type of theory, and may be useful in some applicas-
tions. For & more refined analysis of cyclic material behavior, two
newver theories were outlined. Because of the conceptusl and analytical
simplicity, the formulation given for a two-surface theory by Dafalias
and Popov shows considerable promise. Although this theory initially
was developed primsrily on a phenomenological basis, it can be reason-
ably well justified, at least for the uniaxial case, by the dislocation
theory. This gives further credence to the proposed approach, which,
in addition to the customary use of a yiéld surface, brings in the con-
cept of a bounding surface. It is believed that s satisfactory corre-
lation between the phenomenological and the microscopic approaches has
been demonstrated for the case of uniaxial cyclic loading. Additional
effort should be now directed at a more rational anslytic formulation
of the yield platesu effect, and & more thorough trestment of the mul-
tiaxial case. It is hoped to clarify these questions in papers to fol-
low. Extensions of the microscopic approach discussed in this paper
say be logically extended into the realam of visco-plasticity.
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(0y-0,)

{a) (b)

Figure 2. Monotonic triaxial compression and extension tests (2) representation in Il-plane (b) stress~strain curves

TN

(oy-0y)
N -om"77"
Ay
. B ¢B
A
&y

(a) (b)

Figure 3. Cycli;: triaxial test (a) field of yield surfaces upon reaching point N in compression (b) loading-reverse loading
stress-strain curves
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MONOTONIC AND CYCLIC UNDRAINED CLAY BEHAVIOUR

k™ = k{™ is shown in Figure 3b. Variations in the k‘™)(1) functions usually start to occur upon
the first loading reversal, and they are simply determined by comparing the stress differences
corresponding to the segments NA| and OA, A1B1 and AB, etc.... (Figures 2 and 3) since
when k™ =k NA =2k{,..., NMi=2k§", etc. Experimental deviations from these
equalities are attributed to variations in k(). For instance, under cyclic loading conditions,
the stress—strain curves consist of consecutive hysteresis loops. The values of k™ can be found
for each branch of the loops, and the functions k(1) can be determined. Once the yield
surfaces reach their ultimate limiting sizes, their associated shear moduli H, start to vary, and
these changes Hon (A) are determined by comparing the shape of the consecutive loops.

Interpretation of the simple shear soil tests

In the case of simple shear strain loading (de, = de, = de, =0), the stress point moves in stress
space in such a way that the resulting strain increment vector does not have a normal strain
component. For a soil specimen initially subjected to equal horizontal normal stresses, it is
apparent from equations (A1)-(A3) that the stress path occurs in the II-plane (i.e., ox = 0 atall
times). When the magnitude of the plastic strain increment vector is large in comparison to the
magnitude of the elastic strain increment vector (i.e., 1/Hy islarge in comparison to 1/2G), the
stress path simply goes through the apexes of the subsequent yield surfaces, as shown in Figure
4a. The stress point and the currently attached yield surfaces then move along together in the

>

Txy[V3

{b)

Tay[V3 !
. o)

Figure 4. Monotonic simple shear test (a) representation in II-plane (b) shear stress versus shear strain (c) normal stress
difference versus shear strain

()



JEAN-HERVE PREVOST
same direction, and when the stress point reaches the yield surface f,, (oy—0x)= af™ and
-r,,\/ 3 =k{™, The stress~strain relation (equation (A1)) then simplifies to:

1 2 2

dy,y = (E"'m)dfxy = ’17"" dryy )
Itis therefore apparent that by combining the experimental stress—strain curves (i.e., shear stress
versus shear strain) obtained in a monotonic simple shear test, the initial positions, sizes and
associated shear moduli of the yield surfaces may be simply determined. This is illustrated
schematically in Figure 4. Note that during a simple shear teston a soil sample, the shear stress
T.y acting on the top and bottom faces of the sample is not uniform and 7,, = 1-117,, where 7,

denotes the average horizontal shear stress measured experimentally.“
Figure 5a presents the situation upon reaching the yield surface f,. Upon loading reversal, the
stress point leaves the yield surface f, and travels vertically downwards in the II-plane, pushing

TV f

N_.-o"
M
A,
B8 .
B
A 1
- A

\i\' fm/ / A 0 Tyl
. / fn

I; / fnet

..-..Q"'

(a) - (b)

Figure 5. Cyclic simple shear test (a) field of yield surfaces upon reaching point N (b) loading-reverse loading
stress-strain curves :

back the yield surfaces until it reaches the yield surface f, once more (Figure Sa). Thereafter, the
stress path bends over, and its direction is governed by the current position of f,+.. If the surfaces
are translated without changing in size (k™ = k{™), the model predicts that the reverse loading
curve (Figure 4b) is then uniquely defined by the primary loading curve OA BMN since during
loading reversal, the stress difference corresponding to any shear modulus H,, equals twice the
difference observed during primary loading, i.e. the material then exhibits a Masing’ ty(pe
behaviour. Experimental deviations from these equalities are therefore due to variations in k™™
or H,, and the functions k“(A) and H.(A) are determined by using cyclic simple shear
experimental test results, as explained previously for the triaxial tests.




MONOTONIC AND CYCLIC UNDRAINED CLAY BEHAVIOUR

Cyclic Stress-Strain
.8 B Curve for N=z1

Static Stress-Strain

Curve
.6
9
Th/ Ovc
Stotic Test
.4 After Cyclic Loading
.2
-2 ] J
I 0 2 4 6
SHEAR STRAIN Y, %
-2 Yy=13%
(b)
1.0
.8
Y,=2.43%
s _ Y|=1.30.,O
Th/The Y= .35%
A -
2 -
0 ] | | J
1 10! 102 103 104
NUMBER OF CYCLES N
()

Figure 6. (cont’d)

measured in the slow monotonic test. It is of importance to note that the shear stress which is
necessary to produce a specified strain amplitude during the first quarter cycle N =1 of the cyclic
tests is larger than the one observed in the slow monotonic test. The stress-strain curve
constructed from the cyclic test results at N =1 is shown by the upper curve in Figure 6b,

—_
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ELASTO-PLASTIC PROBLEMS IN TWO DIMENSIONS

principal axes of stress. The value of 7o is related to Ja' by

Toet = VI(22')3).

: Thus yielding can be interpreted to begin when 7oy reaches a critical _

{/") 4 Hencky (1924) pointed out that the Von Mises law implies that yj

; begins when the (recoverable) elastic energy of distortion reaches a crit

value. : '
Fig. 7.1 shows the geometrical interpretation of the Von Mises yield
— surface to be a circular cylinder whose projection onto the » plane is a circle
of radius \/(Zzlc as shown in Fig. 7.2(a). The two dimensional plot of the
Von Mises-yield surface is the ellipse shown in F ig. 7.2(b). A physical meaning
~___of-the constant k can be obtained by considering the yielding of materials
, ~ under simple stress states. The case of purc shear (o) = —oy, as = ()
:‘ : requirqs’ oh use of (7.9) and (7.10) that k must cqual the yield shear stress.
' A Alternatively the case of uniaxial tension (02 = o3 = 0) requires that Vv(3)k
_ is the uniaxial yield stress.

e ; The Tresca yield locus is a hexagon with distances of v(2/3) Y from
origin to apex on the = plane whereas the Von Mises yield surface is a circle
of radius v/(2)k. By suitably choosing the constant Y, the criteria can be
made to agree with each other, and with experiment, for a single state of

r stress. This may be selected arbitrarily; it is conventional to make the circle

4 pass through the apices of the hexagon by taking the constant ¥ = Vv()k,

the yield stress in simple tension. The criteria then differ most for a state of

% ; pure shear, where the Von Mises criterion gives a yield stress 2/4/(3) (=1.15)

) times that given by the Tresca criterion. For most metals Von Mises’ law fits

) ; the experimental data more closely than Tresca's, but it frequently happens

ic that the Tresca criterion is simpler to use in theoretical applications, -

F s

The Mohr-Coulomb yield criterion _ .
This is a generalisation of the Coulomb ( 1773) friction failure law defined

A T = ¢—oy tang, (7.14)
‘ where r is the magnitude of the shearing stress, oy is the normal stress
t) A (tensile stress is positive), ¢ is the cohesion and ¢ the angle of internal friction.
3 Graphically (7.14) represents a straight line tangent to the largest principal
2) g stress circle as shown in Fig. 7.3 and was first demonstrated by Mohr (1882).

From Fig. 7.3, and for a1 > 03> 03 (7.14) can be rewritten as

no — (o1~ os)cos ¢ = c-("‘;"’ o ;"") sinqS)tanqS, (.15)
2 o or rearranging
ot o (01=3) = 2c co8$— (01 +a3) sinh. (71.16)
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