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CHAPTER III

ELASTIC INCLUSIONS AND INHOMOGENEITIES
BY

J. D. ESHELBY

Department of Physical Metallurgy,
University of Birmingham, England
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DEPARTMENT OF MECHAN1CAL ENGINEERING

STANFORD UNIVERSjTY

ME 238C Theory of Elasticity '_ ~ Spring 1979
| Final Exam ' | Z

1. Find the displacement field of an infinite - |

body subjected to a couple of magnitude M

at the origin, as shown.

2. Consider a semi-infinite elastic solid bounded by the plane z = o ,

the positive z-axis being directed into the body. A force P is applied
at (0, 0, + ¢} and acts in the positive x~direction. Show that thejdis—
plaéément componant u in the x-direction at the point (Q, 0, 0) is

given by

' : : N . B
ST b= PB-20) u o o
vy loyo,e) S T B _ | [
| ,

‘where @ is the shear modulus and v is Poisson's ratio.

3. A rigid spheré of radius R is impressed with a normal force N . into
an elastic half-space of shear modulus u and Poisson's ratio :v .
Determine the radius of contact, the maximum pressure at the interface

and the settlement.
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THE STANFORD UNIVERSITY HONOR CODE

A. The Honor Code is an undertaking of B. The faculty on its part manifests its

the students, individually and collec- confidence in the honor of its students

tively: : by refraining from proctoring examina-

(1) that they will not give or receive aid tions and from taking unusual and un-
in examinations; that they will not reasonable precautions to prevent the
give or receive unpermitted aid in forms of dishonesty mentioned above.
class work, in the preparation of The faculty will also avoid, as far as
reports, or in any other work that is practicable, academic procedures that
to be used by the instructor as the create temptations to violate the Honor
basis of grading; Code.

(2) that they will do their share and . While the faculty alone has the right
take an active part in seeing to it and obligation to set academic require-
that others as well as themselves ments, the students and faculty will
uphold the spirit and letter of the work together to establish optimal con-
Honor Code. ditions for honorable academic work.

I acknowledge and accept the Honor Code.

SENST——"—

Interpretations and applications of the Honor Code
appear on the back cover of this’examination book.
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DIVISION OF APPLIED MECHANICS
DEPARTMENT OF MECHANICAL ENGINEERING
STANFORD ‘UNIVERSITY '
ME 238C Theory of Elasticity : - . Spring 1979

Midterm Examination

1. Consider the solution of the Ke]vfn problem and show that if Poisson's
ratio is l/2,ithen this sélution also provides theiséiution to the
Boussinesq'and.Cerruti problems.

(Hint: evaluate components of stress in spherical coord%ndtés)

2. In the Boussihgesq problem, calculate and sketch the sétf]emenf, és_well
as the displacement of points along the line of action of the:force'ih
fhe direction of the force.

3. An elastic sphere of radius b containsa fixed spherfcal inclusion of
radius a and is subjected to a uniform external pressure  p . “Find

the traction on the surface of the inclusion.
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DIVISION. OF APPLIED MECHANICS
DEPARTMENT OF MECHANICAL ENGINEERING
STANFORD UNIVERSITY
Spring 1979
ME 238C Theory of Elasticity . , ' A

. Problem Set Né. 1

1. Eva]uate the Cartesian components of stkeés'FOr the Kelvin problem. V/

2. Evaluate the components of traction on a sphetical.sﬁrface‘of arbitréry
radius with its-origin at the point at which thevcoﬁCéhtrated'forcé”is

acting in the Kelvin problem. v

3. Show that the system of tractions evaluated in (2) above is statically
TS - : : v’ 4
equivalent to a single force.
' Evaluate the normal strain along the line of action of the force in
. R R
the Kelvin problem. (/e J00 S st
5. Evaluate the components of displacement in spherical coordinates for the
Kelvin problem.
6. . Evaluate the spherical components of stress for the Kelvin problem and
show in particular that the components Yg6 ‘and O¢r vanish.
!
g
-7
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DIVISION OF APPLIED MECHANICS
DEPARTMENT OF MECHANICAL ENGINEERING
STANFORD UNIVERSITY
ME 238C Theory of Elasticity ' Spring 1979

Problem Set No. 2

1. Calculate the displacement associated with a doublet (double center of
compression-dilatation).

2. §99§jq§rﬂgnwe§tgnded elaﬁtic‘éolid containing a spherical cavity and sub-
jnggd»t@wrgmofe‘uniaxial tension. Determine the principal stresses on
the surface of the cavity and show,.by shperposftidh, that if isotropic
(all—aroghd) remote tension were applied, the stress concentration factor
would be 1.5.

3. Determine the settlement outside a rigid circular stamp impressed into an

elastic ha]f—space. £
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DIVISION OF APPLIED MECHANICS
DEPARTMENT OF MECHANICAL ENGINEERING
STANFORD UNIVERSITY

ME 238C Theory of Elasticity ' -+ Spring 1979

Problem Set No. 3

Show that the displacement equations of equilibrium are satisfied in

terms of a vector £ if one takes

1
W= v - ——— (v - g)
2(1 - v)

. . .
and provided # .(Galerkin vector) is bgharmonic. Express the Boussinesq--

Papkovich functions in terms of the Galerkin vector.

e
AN

~Verify the expressions for the components of stress O r ,:o derived

r¢

in class due to displacement potentials

3 1 . D 32 ¢
B,=A— (=) ; B=—t— (=)
9z . r : r 9z2 r
Consider a half-space with a traction-free bounding plane at z = 0 and

subjected to a concentrated force in the =z direction acting at (0, 0, c).

‘Calculate the displacement in the =z direction.
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DIVISION OF APPLIED MECHANICS
DEPARTMENT OF MECHANICAL ENGINEERING
STANFORD UNIVERSITY

238C Theory of Elasticity Spring-]980

Problem Set No. 1
Derive the expression for the six components of stress in terms of the
four Boussinesq-PapkovitCh functions for an isotropic elastic solid with
reference to a Cartesian system of coordinates. Use the shear modulus
and Poisson's ratio as elaetic constents.
Evaluate the Cartesian ooﬁpOnents of stress for the Kelvin problem.

» Eveluate the components of traction on a spherical sufface of arbitrary
radius with its origin at the poiot at which the concentrated force isv
actiog in the Kelvin problem. |
Show that the system of tractions evaluated in (2) above is stetically
equlvalent to a single force
Evaluate the normal strain along the line of action of the force in
the Kelvin problem |
Evaluate the components of dlsplacement in spherlcal coordlnates for the
Kelvfn problem.» |
Evaluate the spherical oomponents of stressvfor fhe Kelvin problem and

show in particular that the components F9¢ and'iovq)r ,van?sh,' |
Consider an incompressible elastic medlum (Porsson s ratio is 1/2) and

reduce the results in (7) above to this special case.
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DIVISION OF APPLIED MECHANICS
DEPARTMENT OF MECHANICAL ENGINEERING
STANFORD UNIVERSITY

ME 238C Theory of Elasticity Spring 1980

1.

Final Exam
A sﬁhere of radius Rl is subjeéted to uniform hydrostatic pressure, such that
its radius is reduced to a value Rz'. Then it is placed into a hollow sphé;e,
(which, of course, had to be cut open and thgn glued together again) of inner
radius R2 and outer radius R3 . The given material p;opgrties of tﬁe two
spheres are different. Determine thé stress distribution in the system con-

sisting of the two spheres. Compare your results to the results of the corres-

ponding two-dimensional problem, i.e. shrink-fitted cylinders.

Determine the displacement distribution (which would lead to determination of

stresses) produced by pinching the arm of a friend. Consider the arm in first i

approximation as a half-space.

Determine the area of contact and the approach in the hip joint subjected to a
normal load. The joint is essentially a ball (radius Rl)'and socket (radius

Rz)'arrangement. Be explicit as to your assumptions.
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