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A general theory of plane stress, valid for large elastic deformations of 1sotrop1c materials, is
developed using a general system of co-ordinates. No restriction is imposed upon the form of the
strain-energy function in the formulation of the basic theory, which follows similar lines to the
treatment by Adkins, Green & Shield (1953) of finite plane strain. The reduction of the equations
to two-dimensional form subsequent to the assumption of plane stress enables the theory to be
presented in cormplex variable notation.

A method of successive approximation is evolved, similar to that developed for problems in plane
strain, which may'be applied when exact solutions are not readily obtainable. The stress and
displacement functions are expressed in terms of complex potential functlons, and in the present
paper the approximation process is terminated when the second-order terms have been obtained.
The theory is formulated initially in terms of a complex co-ordinate system related to points in the
deformed body, and the corresponding results for complex co-ordinates in the undeformed body "
are then obtained by a simple change of independent variable. Approximation methods are also
applied to compressible materials in plane strain, and it is shown that the second-order terms for
plane stress and plane strain can be expressed in similar forms. This leads to a generai formulation
of the second-order theory for two-dimensional problems, the results for plane stress or plane strain
being derived by introducing the approprlate constants into the expressions thus obtained. .

I INTRODUCTIO\I

“w non-linearity of the differential equatlons which arise in formulating the mathematlcal
theory of elasticity for large deformations has so far restricted the range of problems which

" %sve received satisfactory treatment to thosé in which marked simplifying features can be

“roduced. For example, in the problems of torsion, shear and flexure solved by Rivlin

Voi. 247, A, gy, (Price 8s. 6d.) 35 | [Published 28 December 1954
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280 J. E. ADKINS, A. E. GREEN AND G. C. NICHOLAS ON THE

(1948, 19494,5,) for incompressible materials, and the inflation ‘of a spheric
examined by Green & Shield (1950), the restriction upon the form of deformation is 4,5
that, with the appropriate choice of co-ordinate system, the resulting equations can b
solved quite generally for any form of strain-energy function. In other cases, as, for Instange,
in the analysis of the shear of a cylindrical annulus given by Rivlin (19494), and jp the
generalizations of this problem examined by Adkins’ (1954), solutions have been obtaine
by assuming in addition a simplified form of strain-energy function, such as that postulates
by Mooney (1940) for rubberlike materials. RN ' ‘
~ Itis evident that any general restriction upon the form of deformation is likely to produtey
some simplification in the form of the resulting equations. Thus if a problem can be reduycet
to two-dimensional form, some measure of simplicity will be achieved owing to the reductigs,
of the number of dependent and independent variables which need to be considered, any -
into this category come the practically important problems of plane stress and plane strajy,
~ The general theory of plane strain for large elastic deformations of isotropic materials has
already been formulated by Adkins, Green & Shield (1953). In the present paper the
corresponding theory is developed for plane stress. ‘The undeformed body is assumed 1o
consist.of a thin plane uniform plate of isotropic elastic material which is stretched by Torcey

In its plane 5o that it remains plane after dgforhiaiti&ﬁ: ‘When 29_59,5‘22&295”*9&;‘&1}9_“mgj_of

surfaces of the plate, it is assumed, as in the clagsiggfathflgry of plane stress, that the griricid‘)g!'

al sheg

%" stress component acting normally. to_the.middle_plane of the plate vanishes everywhere.
. The deformation and | the stress.resultants at any point are then expressegmgggﬂagxi‘matcly

e o e

s functions of position on the middle surface. of the_plate, Similar methods have been

employednbi}'Rhi“i}"lhfﬁw&\fﬁomas (1951), and by Adkins & Rivlin (1952) in dealing with large

- deformations of thin sheets of incompressible materials, but in the problems there con-

sidered the resulting equations have been simplified hy symmetry considerations.

In developing the general theory of planestress, the stress resultants are expressed in terms
of an Airy stress function ¢ chosen to satisfy the equations of equilibrium, and the work of
§§3 and 4 is similar to that of Green & Zerna (1954) on the classical theory of thin plates.
The resulting equations obtained in §§5 and 6 bear a formal resemblance to the corre-
sponding equations for finite plane strain superposed on a uniform finite extension obtained
by Adkins et al. (1953), but an additional unknown variable is introduced owing to the
variation of thickness throughout the deformed plate. -

Egruwuhnsyummcixigalwpgglglggg, where exact solutions are not readily obtainable by
orthodox methods of approach, second-order solutions, valid for a limited range of defor ma-
ggrmllﬂm‘ay.,..bg‘gb,t_amsdmb}i.&RR{QXi”matio(nA‘gvnqthgg{s. Some simple deformations of com-
pressible materials have been in\zﬁgs»fié;fé&hb‘};hlysﬂ’l‘ichkmethod_s by Murnaghan (1937, 1951)
and general formulations of the second-order theory have been given by Rivlin (1953) and
by Green & Spratt (1954). Torsion problems have been similarly examined by a number of
workers including Green & Shield (1951), and Green & Wilkes (1953). The method adopt.‘:d
in the present paper is similar to that employed by Adkins ez al. (1953) for finite plane straift.
It is assumed that the stress and displacement functions can be expressed asfunctlonsfli

2 characteristic real parameter ¢, the. ch'c;fgemgfwx‘}'figﬁiaép‘ends upon the problem undc'r
consideration. When the equations governing the deformation are expanded in terms of this
parameter, the coefficients of each successive power of ¢ furnish a set of relations for the
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determination of the corresponding terms in the expansions for the stress and displacement

functions. In the present paper attention is limited to terms of the first and second orders.
The reduction of the th

e ST K

material, the single general solution can be made to yield
eight associated problems. '

detailed examination of the equations for

From a
that the constants in the general solution .A.may.,,,,tagw»eXPrﬂ@s‘s..cdlmasﬁiug,gﬂgnsmofmthgwgla.siig
QQ%IJLS_Q&I_ILHL@LQIi.a,LL..-chhgrww.ith.ﬂtwg&siditignﬁl‘.P.étémsﬁtgiﬁ- One of these pararneters
is employed. to.differentiate between plane stress and planc strain, while the other is chosen
to distinguish b-e~twcm.<_:,cr9,;:dvia,aﬁgswig,~t.h,,c_g,un.s.:,l@fo,ztxx}s,dwbﬂgslx,ﬁggl,ﬁ.‘i}}.Mthg,.«,dg@mg,@b,Q.EiX:

plane stress and plane strain, it is s shown

. e

2. NOTATION AND FORMULAE

[

. L:] o
n
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282 J. E. ADKINS, A E. GREEN AND G. C. NICHOLAS ON THE

system of co-ordinates 4, The points of the deformed body may also be defined by a set of
rectangular Cartesian co-ordinates y, and in the present paper we shall take the x,-axes and
y;-axes to coincide. The curvilinear co-ordinates d; move with the body as it is deformed and
form a curvilinear system in the strained body at time ¢. The covariant and contravariant
metric tensors for the co-ordinate system 6; in the unstrained body are denoted by g; and
gV respectively, and for the co-ordinate system in the strained body, at time ¢, the corre-
sponding metric tensors are G;; and GY respectively. We write

Ce=lal .=_l Gyl ‘_ - (2
latin indices taklng the Values 1,2, 3. : |
For a homogeneous, isotropic, elastic material the strain- energy functlon W, measured

per unit volume of the unstrained body, may be regarded as a functlon of three strain
invariants I, I, I3 glven by '

| . L=giG,; L=1IgGl, L=0jg (29
so that |  W=WELE). - (23)

The contravariant stress tensor 7¥, measured per unit area of the stlalned body, and
referred to co- ordlnates in the strained body may be expressed in the form

7t =gu(I)+BulF_|_Gup’ , (24)
| | eaw ... 2w w o

(2:6)

Bl{ = UII —glrngGrs =§ erm e”"’grs Gmn’
and €™ is equal to 41 or —1 accordlng as z, 7, mis an even or od:’ wermutation of 1, 2, 3,
and equal to 0 otherwise. : :

If t is the stress vector associated wrth a surface in the deformed body whose unit normal

| wisgivenby weuG, @
t'a | = 75__147:(; Zu,t,\/G‘ o | @9
where' . T, (GOV4=J(6)WG, (29

G; , G/ are the covarlant and contravariant base vectors in the deformed body, and t;
denotes the stress vector associated with the surface §, = constant. - ‘
With this notation the equations of equ111br1um in the absence of body forces may be
written in the alternative forms - o =
| T,=o, = o 210)
Wl=0, - (211)

where in. (2 10) the comma denotes partial dlﬁ'erentlatlon with respect to 6, and in (2-11)

“the double line denotes covariant differentiation with respect to the deformed body, that is,

with respect to 4; and the metric tensor components Gy, GY.

2






PLANE STRESS

. - C e

3. STRESS RESULTANTS AND LOADS

In this section the development of the theory is similar to that given by Green & Zerna
(1954) for the classical theory of plates. We suppose the unstrained body to be a plate of
hoinogeneous isotropic elastic material bounded by the plane surfaces x, = +4y, where £, is
a constant, although the results of 883, 4 are also valid for an aeolotropic plate which has
symmetry about the plane x, = 0. This plate undergoes a finite deformation symmetrical
about the middle plane %3 = 0, which thus becomes the middle plane y; = 0in the deformed
state. The major surfaces of the plate after deformation are given by y, = 4 h, where 4 is,
in general, a function of Y1:¥2- We choose the curvilinear co-ordinate system 6, so that

RSO

) . Ys '=‘03’v_ Yo = ya(ﬁla ﬂz’f)’_ , _ ‘ (3'1)-
gféek ihdices takihg the values 1 ) 2. Ivt’follovws_ that _ : | '
: 4, . 4, 0 ‘A”, A ‘0 o
- ij = Alz, A22, O ) Glj = AIZ, A22,. O H G = A" 4 o (3.2)
- '“._' - 0, 0,» 1 . 0, 0, 1 . - :
with ST A= lAa,gl:' AaPApﬁ=3;, o o (33)

wher€ 4_,, A%/ are the covariant and contravariant metric tensors associated with co-
ordinates #, in the middle plane y; = 0 of the deformed plate, and 9% is the Kronecker delta.
The force acting on an element of area of the co-ordinate surface 0, = constant in the

deformed body is T, d62 dé?®, and the length of the corresponding line element of the middle
plane y; = 0 is : '

J(Azz) dé? =, /(44 déé. ' : N

Similar considerations apply for the other co-ordinate surface 0, = constant. The stress
across either of the surfaces 0, = constant may therefore be replaced by a physical stress
resultantn,, measured per unit length of the curve f, = constant in the plane y; = 0, where

N,

n= i, No= J‘_hszdym ey

and we recall that £ is a function of Y1,Y5 or 0,,0,. Since the deformation is symmetrical
about y, = 0, the corresponding stress couples are zero. From (2-9)

T, = ~/(A) 7%9G;,

so that from (3:4) we may write

-, A‘.Zdz n“PGp'+9“G3: : Nac = NaPGp—*_Q“GBa | ‘ . (3'5.) ‘.

where N ' Ner— 7&“.&/44, Q= = ¢*/4, o ) ‘(3~6)'

W el el e on

Since the deformation, and consequently the stress distribution, is symmetrical about the

lane y, = 0, it follows that ¢= = 0.

TWO-DIMENSIONAL THEORY OF ELASTICITY = o83
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"The stress resultant n per unit lengthi of a line drawn in the middle plane y, = 0 of the
deformed plate, whose unit normal in that planeis -

u =, G"f,
is given by o C on= f tdys, . " - (38)
so that, from (2-8), (3-4) and (3-5), .
| nete ("o gy _BeNe _d, e e +°Gy) (3-9)
JAJ e A e moTRlT T

The functions defined in (3-7) are (plane) surface tensors. The components of the
symmetrical contravariant tensor 7% and the components of the contravariant tensor ¢
are called stress resultants and shearing forces respectively. Mixed and covariant tensors
Mg g 4, May be formed with the help of the metric tensors 4,4, A%, In order to find the
physical components of n, we express these vectors in terms of unit base vectors along the
co-ordinate curves §, = constant. The physical stress resultants and shearing forces are

denoted by n,), ¢, respectively, the bracket indicating that these quantities are not tensors. ,

Thus we have W G, S G, e ‘ (510)
' @~ Mab 74 T Maz) NZ™ Tarss .
" and comparison of this with (8-5) yields | |

Ty =1 f(Agg] 4%, g0y = N : (8-11)

We now consider the external forces acting on the major surfaces of the deformed plate.
The covariant components #; of the unit normal to the surfaces y; = +-4(0,, ,) referred to
- the base vectors G’ are , - 3y 3y S -
| ' - (ula?za ug) = k(—Eif, —57:: 1){ i s ' (312)
where, remembering (3-2) , _ . T _
_ - k= (A%h  h p+1)7H, . . (3-13)
and at these surfaces, from (2-8), S o ‘ ' o

| yT, &k ‘ TR L o .
| ’ t="74 = 72 (Ts—Tays,a)- o (3:14)
The stress vector t is measured per unit area of the surfaces Y3 =tk ‘B'ut T

dS = (u31) dS, = (JA/k) dordez,,

where dS; dS; are corresponding elements of one of the major surfaces of the plate and of the
middle plane respectively. We can thus replace t by t/k measuréd per unit area of the

middle plane y; =-0. We now replace the surface forces by a resultant force 1 measured per
unit area of this plane; where - e : '

L= 8o e~ [ (519

If we i_ntroducé the vector L where

then, from (3-14), L = (J4/8) [€]t, = [Ty—T, 5 ]2, )

Lo1/d, o », - (316)

R
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Rcmembermg (2-9) we may now wrlte L, L in the forms

l—laG +lG3, L= LG+LG3, T o (318)

.wherc ' - .‘ S Ld = laJA L= l,JA oL L} (319)
| B[ty b, L= Sy g

These relations may be simplified by observmg that since the deformation is symmetrical _

about the plane y; = 0, / and L are zero. Thus (3-18) and (3- 19) yield

1=01G,, L=ILG, N, 20'
[133_13@ A= o A0
v 4 EQUATIONS OF EQUILIBRIUM: AI'R_Y’S STRES_S FUNCTION
If we integrate (2:10) through the thickness of the plate we obtain
. i h : - . ) B . ’ ’ V ~
J. ‘ Toz ady3+[T3]£h = 0. . ’ (41) »
But, from (3-4), R
" om ( ) ' Na, agacf T dyS f Toc ady3+[Tay3 oc] —h>
~ so that (4-1) becomes N,, “—I-[T T‘,‘y3 Jin =0, | ' | o ‘
oF o Na,“+L =0, B l (4-2)
if we use (8:17). Combining this with (3-5), (3‘-6), (8:19) and (3-20) we have . | |

where the double line denotes covariant differentiation with respect to the plane variables
f,in the deformed body, using Christoffel symbols formed from the metric tensors 4, 55 A%F.
Since ¢* and / are zero, the third equation of equilibrium is automatically satisfied.

We shall, from now on, assume that the major surfaces of the plate are free from applied

~

forces so that t = 0 when y; = +£. Then, from (3:16) and (3:17), we see that L and 1 are

zero and, remembering (3-20), the equations of equilibrium (4-2), (4-3) reduce to

Nyo=0 or n#|,=0. IR (4-4)

Equations (4-4) and (8+5), with ¢~ = 0, are similar in form to the corresponding equationé ’

for T, and 7% obtained by Adkins et al. (19 53) for plane strain. The results there obtained

may therefore be applied to express the stress resultants and applied forces and couples in,

terms of an Airy stress functlon ¢. Thus

N, = V() erx,, = J(d) oot b G (&5

and ) \ nth = eeleg ||, )
or ¢ ”aﬂ - 6‘“,),6'/9'07!7'0 (A/d) (Oea/> (Oeﬂp) n}'p L . (4'6)
Where xisa vector in the plane Y3=10,9isa scalar invariant function of 4, and 0,, |
' o Vi =glfa=cFJA=cylJAd=cup, - - (47)

~ and o eape“"|= 3%.
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The double line again indicates covariant differentiation with respect to the plane y, = ¢
of the deformed body, the order of differentiation being 1mmater1al since the Riemann.-
Christoffel tensor in the plane vanlshes

. %

Figure 1

Let APbeanarcofa curve 4B in the middle plane y; = 0 of the deformed body (figure 1).
By an analysis similar to that used for plane strain we may obtain the resultant force across
a surface in the deformed body formed by normals to y; = 0 along AB. Denoting an
element of AP by ds and making use of (3-9) and (4-5), we obtain for the total force F
exerted by the region 1 on the reglon 2, across the arc AP :

Po[ha-x-w,G, 69

apart from an arbitrary constant vector which may be absorbed into ¥ without loss of

, generality. Similarly, the total moment about the y3-ax1s of the. forces exerted by thc'

region 1 on the reglon 2 is glven by - o . -

M=f,[RA»x,ﬂlgf’fdse(Rw,a—;ﬁ)GS,'. ey

apart from an arbltrary constant vector Wthh may agam be absorbed into ¢G3 w1thout

affecting the stresses., In (4-9) : : .
, R'= R"‘G =R,G* - (4 10)

is the position vector of a pomt on the curve AB with respeet to the orlgm of the y-axes
Equatlon (4+9) thus represents a couple of magmtude

M=Rp ,~¢ - . (41
about the y,-axis. ; o -

If AB is a boundary curve of the plate which is entlrely free from apphed forces, (4-8) and
(4-11) yield the cond1t10ns —o - - :
or \ : $,=0, ¢,=0, o B (412)
at all pomts of AB. s . : .
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' 5. STRESS-STRAIN RELATIONS

I3

In the equations so far derived, no assumptions have been made regarding the thickness
of the plate. We now confine our attention to.plates.which are thin, and write approximately

CH=m0u0), m=gh=0k (51

where 1 is a scalar invariant function of 6,0, The metric tensors &j> 87 now take the

approximate forms o e
PP ) 8up = Cups g33=1/'1?’

- g% = q%b, g8 = ,'12, ‘ - . " (5-2)
g=a/% a=|a,l, ’
where a4, a*/ are the covariant and contravariant metric tensors associated with curvilinear

co-ordinates 6, in the plane x; = 0 of the undeformed body. .
From (2-2), (3-2) an;'d (5:2) the strain invariants are given by -

| ."‘ o 'Il_=/12+aaﬂAaﬂ’ ‘

/

S B R e E O

- - L =224/a,
'approximatel;y. Al‘so,"remcm.ber.ing (4-7), we have aaﬂA“ﬂA = a“/éAaﬂa and hence
L= RL At -6 — o, | O (54)

These results bear a foffhét_l resemblance to the corresponding relations obtained by Adkins
et al. (1953) for plane strain, but A is no longer constant. _' .
The tensor BY may be calculated from (2-6), (3-2) and (5-2), and is approximately

B = 2a%F - AAB)q,
_ (5°5)
| - BB = 22(L—22): ‘ ‘
From (2:4), (3-2), (5-2)‘ and (5-5) we obtain for the components of the stress tensor
N | 7 = (@-+ A7) 0% 4 (VAo +p) A“'ﬂ,} (56)
78 = 20+ 22(] =A%) W+p. .

Since the major surfaces of the plate are free from applied forces, from (8:15) and (3-19)

we have, at y, = J-% ‘ '
_ A5 =EL 7“3"7“@3,#:0’ T8y, =0,

From Which, by eliminating 793, we obtain
| \73‘?77“’9.’/3, aY3,5=0. » _ | - (57)

[fthe thickness of the plate is suﬂjgjeritly smzill and if 4, « is ofthe same order of maqnifude as.

% it is evident from_(5-7) that at Y3 =4k, 133 is small compared with the  stresses 795, We

S

‘herefore assume 733 to be negligible throughout the plate, and from tﬁ; lag?af'“éaﬁ?tions

(5:6) we then have approximately

RO+ 22(L—22) F4p = 0. S (58

-

Vor. 247, A. o : _ . 36
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Ehmmatlng Y/ between (5:8) and ‘the first equation of (5-6) we obtain
T = ((I)-}—/{?‘P') a*f4-{(4ja+1*— /121) W20} 424, L (59

From (5-3) it is evident that the i invariants, and hence also ®and ¥, are 1ndependent of
Y (=0;). Equatlon (3 7) thus yields

-

18 = oo = Qhgreh, . (5+10)

From (4-6), (5-.9) and (5-10) ¢ llop = Hap+KA,5 - , - (b11)
where, remembering (2-5) and (5'3), we have \

V _ 4 o N 1
H= 2 (O = 41, {az +A2 az}

K= 2&0/1{(§+/I4—/1211) P--100) » (512)
o A 6W RAYLA
= —thy 7 {/1 (,121 -2 /12) I } |
For an incompressible material L= AZA/a =1, ’(5-13)
“and W becomes a functlon of I, and I, only Equat1ons (5 12) then reduce to
S 4k, OW AW
R 2= (0] +57);
_-_ il YR LAl :
K=—dh /1{/12 i, (,1211 A ,12) A 12}_'

“For compressible materials it is convenient to express H and K in terms of three different,
mutually independent invariants J,, J,, J; defined by '
- S=L—2l+3, T (5-15)
Shy=L—L+L-1) B

The invariants g1y o J have been employed by Rivlin (1953) and have the advantage that

for small deformations they are of the first, second and third orders of smallness respectively.
From (5 15) we have ‘

OW _ W _ W W |-
7R Y A VAL N A
oW _ W _aw
w 16
| BN Sl VAR ¥ & (518)
N oW oW -
G 72 VA
Equatlons (5-4) and (5 8) then yield . - _
‘ Jy+(1 /12)Jz+(1 /12)2J+(1 12)8—0 (1)
and - A23W+A2(J+1 ,12)‘7W+{(1 /12)(J'+1 /12)+J+J3}' —0,  (518)
e a7, 37, a5~ f |
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respectively. Expressions corresponding to (5 ‘12) may be derived for H and K, but in place

of (5:9) we now make use of the first of (5+6) from which p has not been eliminated. Thus we
obtain '

LW W, WY

e e ), 519)
_ g NEEW . o awy |
K.-4h07{-,,72+@ ”m)'

For a compressible material these expressions‘arg equivalent to (5:12) by virtue of (5-16),

(5:17) and (5-18). |
o : - 6. FORMULATION 1N TERMS OF COMPLEX VARIABLES

With the simplifying assumptions of the previous section, and the consequent reduction
of the theory to two-dimensional form, it becomes possible to ‘emp]oy complex variable
techniques. The procedure followed in this and subsequent sections is therefore similar to

- that used by Adkins et al. (1953) in the treatment of finite plane strain. The presence of the
' parameter A, however, which is now a'function of the co-ordinates, renders the equations
obtained more complicated in form. Lo T . '

For finite deformations, the complex co-ordinate reference frame may be related to points
in the undeformed body or in the deformed body, and the relevant equations for either
co-ordinate System may be derived by an appropriate choice for the moving system of
- co-ordinates 0, in the relations of the preceding sections. Since the fesulting expressions

are simpler in form for complex co-ordinates in the deformed body, we shall consider this
case first, and from the results thus obtained, derive the corresponding formulae for complex
“co-ordinates in the undeformed body by a simple change of independent variable.

We thus introduce complex co-ordinates (&, 0), (2,Z) in the undeformed body and in the
- deformed body respectively by means of the relations = '

(=x+ir, T= % ‘ixz,}
| . 2=yt Z=y iy,
If the components of displacement referred to the *y-axes are (u,v), the complex displace-
ment function D is defined by D=utiv, D=u—ip, (6-2)

(6;1)

and sirice the %,-axes and y,-axes coincide, we have B
| | | z={+D, Z=0+D. o (89)
If we denote covariant and contravariant base vectors in the system of complex co-ordinates
(2,Z) by A, and A= respectively, the position vector R of a point of the deformed body,
which is given by (4:10), may be written _ . '
S R=2°A, =2 A-.
By tensor transformations S 0z 9z

CEE +—— = +i =2,
| ?yl.'f/}l. Nyzh I yzl
: 0z 0z . _
‘ 3, % Byzyz Y1—1y, L

so that the complex co-ordinates (2,Z) may be denoted by z=.

We now take the moving system of co-ordinates 8, to coincide with the co-ordinates

(z,Z) sothat b=z, 6,=3 : - (64)
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The metric tensors Ay g A% then have the values .

' Ay =14, Ay =4y=0, JA4 =3,

A2 2, AU = 42—,
Remembering (5-2), the strain invariants (5:3) reduce to |
' = 124412,

I = 2 a,z/a—l/(4a) : (6-8)
Ly =—2/(4a), | '
where, from (5-1), (5-2), (6:1), (6+3) and (6-4), we have
_0(x,xy) 0D 0D dDJD 4DID _ ik ' a,
J"‘a(al,az _é(l“ﬁz“E“LT?ZE“ﬁz‘Tz)_ - (@)

1{1 oD 9D 9DJID aDaT)}'

(65)

~——

a12=2

BN AN P A T T
A +aDaD
2JI 0z 9z’

ot = @ = a,)/a, al? = —ap,/a.

ey

A bar over a function 1ndlcates the complex conjugate of that function, and we e have used
(6-7) to mmphfy @3- Introducing these results into (6-6) and using (5-15) we obtain

mieeafn gl AIDID_ S
) L='3—212—(12~2)‘%—4l
—3— 2,12+/12+2 { 3+2/{§ZP’7£}_ (6:9)
(/12 )(+a 4161)
=<”-‘>{(’1-—”) fz%i"fff} J
if the body is 1ncompre851ble so that I = 1, we have from ‘(6 -8), (6 7) and (6 8)
- Ja=iA/2, » _
e eebiner o
and 5 w‘ffj‘f I
* g o
12='/%+2A+4%]3%2—j S
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_ Since the components (6+5) of the metric tensor. of the deformed body are constants, the
corresponding Christoffel symbols are zero and therefore covariant differentiation in the
deformed body reduces to partial differentiation. The equations of equilibrium (5-11) thus
d e t o ) i
re uc O 32¢ H o o o .. :}3_\
[z au, ' : T o

o P | )

c EmTHwnk) o

together w1th the complex conjugate ‘of the first of these equatlons ‘

Fora compressible material H and K are given by (5-19), and (6-12) then becor:t s

BB s Y WD)

922 1 aJ, 0z \ 0z
2l (- Ww-n (BB L e
S e uen 22,
Alee, from (6-9) and (5°18),we have | |
el - b EE - o

Remembermg (6-7) and (6-9), the relatlons (6 13) and (6 14) yield four equations for the"
determination of ¢, D, D and A.

The correspondlng equations for an incompressible materlal are obtalned by 1ntroducmg ‘
. (5°14) and (6:11) into (6 12) Thus ' - '

??ZZ pa (aI + %%%lz)(%]z) )
0% 2k{(1 M(aw 13W)+2(10W aW)aDaD‘}

Y ar tar) Y2 ar 4 er ) aE 5z

(6+15)

These equations, together with the 1ncompre531b111ty condition (6- 10) are again sufﬁment
to determine ¢, D, D and A. : .
The theory may be formulated similarly in terms of complex co- ordmates in the un-
deformed body by choosing the moving system of co-ordinates 6, to coincide with the com-
plex co-ordinate system (¢, {). Alternatively, by making use of (6-3) and (6:7) we may
change the independent variables in equatlons (6-9) to (6 15) Thus for a compregsible

material we may write
L=l R |
7 fz{ a1+ aac}J

and for an incompressible matenal we may put I; = 1 in these expressmns The resulting
equations will not, however, be required for the approximate theory developed in §§7 to 10.

(6:16) 1






L D T YR

L T S AT L e £

T TS 7 S e Sl sy o7 8

H

202 'J. E. ADKINS, A. E. GREEN AND G. C. NICHOLAS ON THE

Denoting the stress resultants referred to complex co-ordinates in the deformed body b
af i 4. . . . : . :
n*#, we have from (4-5) A _4@ . 24 e
» 0z% 020z’ :
Employing (6-3) and (61), we may now, by simple tensor transformations, obtain expres
sions for the stress resultants referred to the complex co-ordinate system (¢, {), or to the rea
co-ordinate systems x,, y,, analogous to those obtained for the stress components in the
corresponding theory of finite plane strain. ~ ~ < < . , )
Also, if the resultant force F across any arc AP of a curve in the deformed plate has com.
ponents (X, T) along the y,-, y,-axes respectively, then a simple tensor transformation give

F = (X+iY) A+ (X—iY) A, = FA,+FA,, - (6-18)
where A, A, are the covariant base vectors in the complex co-ordinate system (z, Z). Then,
remembering (6+5), we may interpret (4-8) in complex co-ordinates to get

| F= 213—52 L |  (619)
Similarly, for the couple M about the origin we obtain from (4-11) _
. M=§%§+zg—§— : B o (e20)
“From (6:19), or directly from (4-12), at all points of a boundary curve which is entirely free
from applied stress, we have - s ' ' '
2t =0, (6-21)

‘together with the complex conjugate of this equation.

By introducing (6-16) into (6-17), (6-19), (6:20) and (6:21) we may feédily obtain the
corresponding relations for complex co-ordinates (¢, £) in the undeformed body, but these

_ are not required for subsequent applications.

7. SUCGESSIVE APPROXIMATIQNS: INCOMPRESSIBLE MATERIALS

The classical infinitesimal theory of plane stress is obtained by neglecting squares and
products of t_he displacement‘D and its derivatives with respect to z, Z or ¢, {in the equations
of the previous section. Further approximations based on the classical theory may be
obtained by considering higher order terms in these relations. Taking co-ordinates (z,Z2)
in the deformed body we put ‘ ' ' o S

D.—_e{op(z;é)}+e2{lp(g,é)}+Q..,’ o a

where ¢ is a characteristic real parameter in a given problem. Also, since A is the ratio of the
thickness of the plate after deformation to that before deformation wé may write

A= 14602, )+ 2A(2, Z)}+ ... S (19
~ For incornpressiblé materials we thus obtain from (6'1i) ' ;
| 2, ,0DID)
— 219(0))2 —_ =
L=3+s {3( 24202 }+

: 3 °DJ D T
12 =3+62{3(0/‘.)2+4—02—~—az—-}+...






TWO-DIMENSIONAL THEORY OF ELASTICITY 293 )

I£1 the px.*esent papér we shall confine our attention to terms of the first and second orders in
¢ in the expansion (7-1) for D, and to this degree of approximation the form of strain-energy
function suggested by Mooney (1940) is adequate. We may thus write

so that €|, C, are the'valﬁes of dIW/al,, (?Vl;/alz respectively at Il = [, = 3. Also we may put

b =CHe(°$(2,2) +6'(2,2) +...}, - (18)

where °H is a constant, which, for cbnvenience, we shall choose to have the value 4hy(C1+Cy)
so that, from (5-14), H = °H when ¢ = 0. o ,
Introducing the relations (7-1) to (7-5) into (6:10) and (6-15), and equating to zero the

coeflicients of ¢ in the resulting equations, we obtain

d°D 99D

i T | R
iz + 75 +9 ,(O,’
| (%) , 0D _- . o .
| e e T =0 - (7:6).
- A (%) 3%
| AT Gzz Tz =0

Similarly the coefficients of e in these equations yield _
d'D 9D . 9°DJ'D 3D D )
R A PR SR PR P
32(%¢) 0D 3D (3°D 0)
RN PR = ( 5z te)s

() 34 _ 9DID |
720z T2 %5 gz i1+ (07

" g

()

where « = (C;—C,)/(C;+C,). Similar equations may be obtained from the coefficients of
higher powers of ¢ provided higher order terms than those given in (7-4) in the expansion
for thie strain-energy function W are taken into account. The first approximation corre-
sponds to the classical theory, and the equations for this may be integrated in terms of
complex potential functions Q(z), w(z). Thus, from (7 ‘6),

*(2,2) = 2Q(2) +-20(2) +0(2) +a(2), S
°D(z,%) = §Q(z) — 20 (2) ' (2), o (T8)
A(z,2) = —H{Q' () +Q'(2)}, B

a prime indicating the derivative of a function with respect to its argument.
Eliminating ' between the first and third of equations (7-7) we obtain

292(14) 31D 41D d°D3°D 3°D)O°D ’
e/ 2 "oz 3 BES) e (1) ()

= }(2243) EY () +" (N L (B +3"(2)) o
A1) (@D @ - b 19) Q@ X @), (19)

R

e R i oy g i L L L T W R e T

R e ST AT e A B WS
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if we make use of (7:8). Similaﬂy,- again using (7 -8), the second of equations (7-7) becomes

(?23(;?)4 oz *“{ ©'(2) +0"(2)}{(2a—5) X(2) + (2+3) a@)). (710)

This equation'may‘be integrated to yield

99 1 $5(2) + (20—9) [fELY (1 + zﬂ'(z) () de] N

~ (et 11) [ @ - 8) B2 O +0/ () ~50), (1)

where A(Z) is an arbitrary function of Z and the additional terms in Z have been inserted to
simplify subsequent expressions. From (7-9) and (7-11) it follows that

SO09) - () + R @) 45 XA D)

3204 8) {Q2) V(@) +7'(2) — 301+ TR 22 (2) +0' ()~ (@)
R+ ) @+ NP MO, -
and hence, by integrat_ibn, '

PHEE) A+ B @) (0T QD)

T (20+3) Ty (z, z)——z[@'(z)]% 1)
where - I‘ (z z) = {zQ"(z )-I—E” @)}z (2) +0'(2) —3Q(2)} -
" | YOI 7R @
{OD :z +9D Bz} aa°¢ g} (713)

and §'(Z) is a further arbltrary function of z. By integration of (7 12) we may obtain an
expression for ¢, but this is not required in apphcatlons of the theory From (7-11) and

(T12)  1D(,2) = §A(2) — 2B/ (2) —(2) — (6T QU T(E)
~}(20+3) Ay(2,2) +H(6a+1) 2D (D)) | |
— ) Q@ -8 [TEFE@E @)
where Als 2) = (0'(2) +9"(2)} 2 () + (z)'—gﬁf(z)}( o
| ~ (0 (2) - (@)} (0 (2) +7'(2) 302}
- (Dz+Dg)D. o L)

An expression for 'A(z, z) in terms of complex potential functions may now be obtained, i
required, by introducing (7-14) and (7-8) into the first of equations (7-7).
For problems which are non-dislocational in character the complex potential functions
Q(z), v(2), A(z) and 8(z) must be chosen so that the stress and displacement functions arc¢
single-valued. ‘It follows that °D, 1D, ...,%, 1A, ..., and all their derivatives with rCSP“'
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to z and Z, and similarly the second and higher order derivatives of %, 14 ..., if they exist,
must be smgle-valued at interior points of the body. Thus from (7-8)

D Ek=0 W@=0 S0@l=3E @ (116)
and similarly from these relations, with (7 12) and (7 14), we may 1nfer that
[A@)]o=0, [125"(2)+(60~7) Oz )Q"(z)]c—o - SR
[5A() 85(2)]c o o s (7-17)

- l(2a+11)f (Q(2)}2dz—(20—5 f Q'(2)3(2) dz+ (6a ) Q(z )’ﬁ'(z)],

c

where in (7-16) and (7-17), [1c denotes the change in value of the function inside the
brackets during a complete circuit of a contour Clying entirely within the deformed body.t
Fer some problems it is convenient to remove the integral terms from (7- 14) Replacing ,

A@2) by AQ2)+ds(2a+11) f Q' (2)}dz and §(z) by &'(2) +}(22—5 f Q(2)0"(2)dz in
(7-12) and (7-14) we obtain . . ,

| -‘L?;(_g’i)':A( RO ) AT E |

+3(2a+3) Ty(2,2) — & (182+19) {0V ()2 |

‘+30(2a+11f{§2’ (2)}*dz+3(20—5) Eﬁ dz, [ (7-18)

1 ‘(Z,Z) 3A(z) —zA'(z )_——3’(2) 15 (60— 7) Q(2) Q '(z)
(143 QP -Hea+3) A(z2). )

The conditions (7 17) for single-valued stress resultants and displacements now, however,

reduce tor T A= 0, [1207(2) + (62—7) () (2 >]c=o,}
[5A(2) —39'(2) ~ 4(62—7) Q(2) ¥ (2)]¢ = 0.

. The corresponding results for complex co-ordinates (¢, 7) in the undeformed body may
readily be obtained by expandlng the argument z in ¢(z,Z), D(z,z) by means of (6-3). If

we express D in the form — &{oD( C,Z }+€2{1D,(§, D3+ R (7-20)

and 1ntroduce this expansion, together w1th (6-3), into (7-1) we obtain

(7-19)

- D=diD(s D y+oD/(s z>‘“’—(€—@9+@'<§,z> VLD .. )

¢
Comparmg (7-20) and (7 21) and maklng use of (7 15) we thus have
on(C C) °D(L ), } A.
ID'(£,0) = DGO+ M (D), (*{ 22)

1 The conditions (10-22) given by Adkins et al. (1953) for plane strain, when the resultant force on the,
contour is zero, are, of course, only true if the integral terms in the preceding equation (10-16) are single-
valued This is the case for the examples considered in that paper.

Vor. 247. A. . . . » 37
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and similarly from (7-5) and (7-13) we may obtain , :

3%(z,2) _9°9(50)

9z ic ‘ |

. | o)
3 19(z,2) _ 3 '9(5,0) .
azz 2~ aZ _rl(Caz)ﬁ

where I'(§, §), A6, 0) are obtained by rep'lacir‘lg'z, Zby ¢, {in (7-13) and (7-15) respectively.
" The first-order stress and displacement functions (¢, 7) and °D'(¢, ) are thus obtained
by replacing z, Z by ¢, {in (7-8). Also, combining the second of equations (7-22) and (7-23)
with (7-12) and (7-14) we obtain S L
: a ! s— At T . : .'_/
LD ng)+ B QD+ (0D AT

+§(20—5) Ty(& ) —4(20+38) (' (0 .
1D(6,0) = $A(0) — (&' (Q) - () —Fa(B—1) AO QO | (1-24)

(60 1) D~ 10 | “Qoprd |

o R
—(2a-5) A6 D1 D@ T O )
and similarly from (7-18) we have the alternative forms |

_ )

DD - A+ QO +4lsa=) UOTD
+ gl(—) {(Za-l— ll)fc [Q'(D)]?d¢— (1844 19) C[ﬁ'(Z)]?}, /

. i - 1 z~ B . g , (7‘25)
+(2a—8) (Tu(6 D)+ [ DO 70 a7,

1D/(4,7) = 3A0) — B —F () —H(ea—N QUOQQD)
+5(142—3) (' (D)) —$(22—5) M(40):

The conditions for (7-24) and (7-25) to yield single-valued stress resultant and displacement
‘components now take the forms (7:17) and (7-19) respectively with {, Zfeplacihg z, Z.
Expressions for the stress components, and for the resultant force and _couple acting on
a curve in the deformed body may now be obtained in terms of complex potential functions
by combining the expressions obtained in the present section for %, 14,:°D and 'D with
(7-1), (7+5), (6:17), (6:19) and (6-20). . SR

8. SUCCESSIVE APPROXIMATIONS: COMPRESSIBLE MATERIALS

Approximate solutions of equations (6'13) and (6-14) for compressible materials may be
‘obtained without difficulty in terms of complex potential functions by the methods of the
previous section, Assuming expansions of the forms (7-1) and (7 -2) for D and A, we obtain

from (6:7) and (69) J, =€ O 4+62(1) + oo
DR | J=e() 4y e (8D)
J, = 0(e%), B R |
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‘,;yherc R
t OD o)
o= 2l 2P, |
_ 3D 2D 20D\ @ D\: §9D3D D)D) . 2l
=2 Y+2{(F5) () T Y s, (89
;_(9°D 9D\ gopyop 3°D 3D | :
%= (o) (e g) B

and  JI, d°D 9D
‘ T“l+€(7?+7§“)

9D D (@3°D 3°D\2 §oDJOD 59Dy oD .
2—-—— IRar-weand ——— —— — N .
+‘?{ 0z +,32‘ 4(32 + az.) NI +TZ — }+ (8 3)

Also, since W = W(J,, J,, J,) we may obtain from (8-1)

W _TaWT | T e
o = 3z, v A5z, - |
| : , _ ,
: 02 92w BwW ;
2/1 1 10072 = .

 te { .]l[a*];a*];-:,o+ Jz[a‘]za*]r]o—}_?( J1) [3‘]%3‘]' 0}"‘"'0 (r=1,2,3), (84)
where the suffix 0 indicates that the quantity inside the square brackets is evaluated at
Jy=Jy,=J;=0. It has been pointed out by Murnaghan (1937) that for a material in
- which the stress is zero in the undeformed state, [0W]a], =0, a result which may readily
be obtained by considering the expansion of (6:14) in powers of ¢. Also, by considering the .
first approximation terms in the stress-strain relations, it has been shown by Rivlin (1953)

‘that the Lamé constants A and # of the classical theory of elasticity are given by .

W rew W | .

The Lamé constant 1 in (85) is not used again so it need not be confused with A used
elsewhere in the pa, - . o o
By analogy with §7 we may express ¢ in the form (7-5) where %4 now has the value
—4hy[0W]3J,), so that, from (6'19) we again have H = 9H when ¢ = 0. Introducing (7-1),
(7+2), (7+5) and (81) to (8-4) into (6-13) and (6:14) and equating the coefficients of ¢ in the
resulting equations to zero we obtain '

(%) 1D . SEEY
o T =% |
\ B 92(0 9°D 3Dy - "
2 az(a@+(2c,+1) (ﬁ+——)+2(clf+ 1)°2 =0,

v

dz 9z (8 6)

3 9D 9 oD |
@) (5 ) vari o,

and similarly from the coefficients of ¢2 we have . o g

03! d'D 99D d°D d°D
%—}--az- = Tz{2(cl—cz) 7;—]—(201-202—1) F+2(01——02—c3—|— 1) O/I}', (8:74)

372
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X,
a( ?) + (20, +1) (‘352+"a_27)+2(cl+1) 3 |
30D 39D 30D °D | 39D oD
+(2cl+3cz+204+1)( 2 + a_) (2cl+1)—§£——a:—+(6cl 4¢ _1)757?
| 3°D 3D\ . ) |
200 +ey 200 (g g a~)+(cl+4c2+2c4+1)u) o, (87
1 OD 0
2(¢, +1) (6 D 63_17)4—2511A+(2ol+5cz+c3+264+2) (aaz (—773—_2) '
29D D 59D 3 9D
(cl—l—l) F PR —|—2(3cl—-2c2 203—1—3) 7= 9z
39D 99D
| i) (5 )°A+(c1+2c4) (=0, (879
where we have written - ‘ ' .
[2w] /[aw . rew /[aw 1
7| =% |arard g, =
10Jpdpl LOJg g (8)

L - CUTEL =

Equations (8-6) may be solved in terms of complex potential functions Q(2), v(2) to yield
% (z,) = 2Q(z) +2Q(2) +0(2) +0(2),

0D(z,2) = kQ(z) — 2V (2) — (2), O (89)
o 0A(z,2) = $(k—3) {Q(2) + '@}, :
et T == L

- We may observe that the constant ¢, can be expressed in terms of Poisson’s ratio 7 by the

relation ¢, = —(1—7)/(1—27) so that k = (8—7)/(1+7) and k—3 = —4gy/(1-+-7). Since,
from (8-5), the modulus of rigidity x of the material is contained in the constant °H,
equations (8-9) are equivalent to the usual formulae of the class1ca1 theory of generalized
plane stress. ~

Introducing the expressmns (8 9) into (8+74), and remembering (8:10), we obtain

32(1¢) Qn " B Qr B Qr . : (8'11)
s Ty = @)+ N (z) +BO@),
where we have written for brev1ty : A -

= {13¢,+6— 462——4(01—}-1) 03}/ 3cl~|—2) } o (8:12)

= {5, +2—4c,—4(¢; +1) 03}/(3cl+2)
S1m11ar1y, by ehmmatmg ‘/1 between equations (8:75) and (8- 7c) we have
02(? ¢) (6 1D d 175)
2, 320 —(3¢,+2) 9z += 0z 5 5

0 0
— (80,24 (26, £5) 6 (6, 1) g+ 26} (aazD a&‘z )

0 Da ﬁ 4°Dd °D
(301—}-2) 0> +{13cl+6 402——4((:1—}—1)03} 3_ 2z

(a D aa_:_D) 0) — 2(20162_v_c4) ( ) (8'13)

J

- —2{(- 4_)'527*‘51"3 264}
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| ,.,ol', making use Of(8>‘9),.(8'10) and (8-12)

Y

2(1 1 ¥2)
(K*”%ﬁa@"(aazp +aazD ) | '
=B (2) + 0! (2}HzQ"(2) +3" (D)} - BAQX AP+ [X (2)]3 2B, (2) W' (2), (8:14)
where | e . ' o vl A
B, = {(3c1+2) (13614166, +4) +4[3¢, (3, +4) ¢~ 331 +1) 63— 2¢,]}H/(3¢, +2)", } (815)
- By =—{(3¢,42) (19¢} +16¢, +4) —4[3¢, (3¢, +4) ¢, —8¢cf(e;+1) ¢5—2¢,]}/(3¢,+2)3.)
- It will be observed that (8-11) and (8:14) are similar in form to the corfesponﬂing equations
(7-10) and (7-9) for an incompressible material, and an analogous procedure may therefore
be adopted to obtain expressions for 3'¢/3Z and 'D in terms of complex potential functions.
Thus : S ' '

2D = A0+ E @ 5@ +BAA T+ Dy e - Be@

0z
and i , . . o :
‘ 1D(z,2)!=KA(Z)-—ZK'(Z)——3’(2)—B3Q(;)ﬁ’(2).—;%1\2(z,z) - p(816)

B @B, [T @00 a2 B, @@ s

VR B = BB = Bl 141900 ) el (3et2), |
 By=B,—2B,/(x+1) AR
= {(8¢,+2) (3963 +34¢, +8) —dc,(2162 4 26¢, +4)
- do5(ey+1) (93+ 1do, +4) -+ 8e,}{2 (26, +1) (3¢, +2)2),
 B—iB-B, o
= {(3¢,-+2) (5363 +48¢, -+ 12) — do, (2723 + 36¢, +4)
U —deg(ey1) (3634 126+ 4) + 166,}{2(30,+-2)2),
Dy(z2) = (:0'(2) +3"(DHEQ(2) +0'(5) —i(Z)} |
HQ (@) +Q' @)} (2) +3' (2) —xQ(z)}
| g0z %Y,
and As(z,2) = (20" (2) +0"(2)}HZQ (2) +0'(2) —<Q(2)}
— Q' (2) ~ O @}V (2) +7 () —£Q(2)}
— {OD %”Da_az} oD, J

" Anexpression for !A(z, Z) in terms of complex potential functions may now be obtained from
(8:7), (8-9) and (8:16). From (8:9) and (8:16) the conditions for single-valued stress
resultant and displacement coniponents become : : ’ :

v

(8:17)

(8-18)

[Q@le=0, ["@]o=0, kQA)-F@]c=0, (s19)
[A(2)]le=0, [¢"(2)+B,Q(z) Q'(2)]. = 0o, | ' e
[kA(z) ~'(2)], = [34 f Qt))2dz—B, f Q@) "(2) dz+ B, Q(2) ﬁ'(z):lc.} (8-20)

-37-3






- where - By =B,—B,Jx
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- . The ihtcgral terms may, if required, be removed from the second of equations (8:16) by

a process similar.to f:hét employed in §7. Thus, réplacing A(z) by A(z) + (B4/K)fz{.Q'(z)}2 dz

and &' (z) by & (2) + B} zQ’(z " (z) dz we obtain

9 1¢a(zz, 2) _ A(z) +2zA'(Z) +5'(2) %Bsﬂ(Z)‘ﬁ’@

. ’ = l ) \ ) ’
. +K_i1_1 Fz(z,‘z)—-B?z{ﬁ’(Z)}z—{-B; f zﬁ’(z)a"‘z) §Z+€é f Q@ (=) dz, V' (8-21)

\D(2,2) = k() ~ 8 (2) —F(2) ~ B2 B (2) — 2 Mae) +Ber@ Y,

= {(8¢,+2) (7¢,+2) (11¢;+6) —4c,(3c3— 46, +4)
—dcg(6,+ 1) (2763 +20¢, +4) —16¢,}/{2(6¢,+2) (36, +2)%h |
By = B{—ByJx | | R
= {(3¢,+2) (51c3+ 420, +8) — 4¢,(9¢} + 6¢, +4)
—dey(c,+1) (21634 18¢,-+4) —86,}/{(56, +2) (36, +2)2):
The conditions (8:20) for single-valued stress resultants and displaéeihents now, however, -
reduce to ' C

(8-22)

(@]e= 0, ['(2)+B,0E (2] = o)
AT = B X (@)

To obtain the corresponding results for complex co-ordinates ({, Z) in the undeformed

- (8-23)

‘body we may again assume an expansion of the form (7-20) for D, and the formulae (7-22),
* (7-23) may then be applied with (¢, 0), Ay(& ) replacing Ty(8), Ay(E ) respectively.

The first approximation stress and displacement functions are thus given by (8-9) with {,{
replacing z, Z, and for the second-order terms we have from (8-16) ‘

0953 _ p(g) 1+ () +3D + BN B D+ 35 T DB L@ O, |
D/(4,7) = A ~ B DT D - BAOXQ) - | (s20)

B Ao+ B QP+ B BT Q&8 @ Opa

Alternative expressions for 3'¢(z,z)/9Z and 'D'((, {) may be obtained from (2‘3;21). The
conditions for single-valued stress resultants and displacements are again given by (8:19),

(8-20) and (8-28) with {, { replacing z, Z. The stress resultants and the resultant force and

couple across a curve in the deformed body may now be obtained in terms of comples
potential functions by combining the expressions obtained for ¢ and D with (6:17 ), (619)
and (6-20). , :

By considering the uniform dilatation of a compressible material under a finite pressurty
Rivlin (1953) has shown that an incompressible material may be regarded as the limiting

case of a compressible material obtained by lettipg [aiW/aJ 2], and [62 w(aJ,dJ;)o tend 1©
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‘infinity in such a manner that their difference remains finite. Comparison of the form of

W for a compressible material with that for an ‘incomprcssible material as far as the terms
 of the third order of smallness then yields™ : —

S w1 | .
I b e R L R R (5:25)
where Cy, C, are the Mooney constants defined for equation (7-4). Thus, in the results of the

present section the passage to the incompressible case may be achieved by inserting the
conditions L

C,+2C,
Ci+GC, _ o
For example, by introducing (8:26) into (8:16) we obtain (7-12) and (7-14), and the
alternative equations for an incompressible material may be obtained from the corre-
sponding relations for a compressible material in a similar manner.

€= 00, ¢y—> 00, Gfep—~>1,)
03=

= }(3—a). L (8._26)

PLANE STRAIN _
9. APPROXIMATE,THEORY FOR COMPRESSIBLE MATERIALS - -

“In the theory of finite plane strain developed by Adkins e al. (1953), the application of
‘approximation methods was confined to deformations of incompressible materials. In the
- present section, the corresponding results will be obtained for compressible materials prior to

ageneral formulation of the second-order theory of elasticity for two-dimensional problems.
Employing the notation of §2, we suppose the elastic body to be deformed by a uniform
finite extension parallel to the xy-axis with constant extension ratio A, and that sub-

sequently the body receives a finite plane strain parallel to the (,,x,) plane. Thus if we
choose the moving curvilinear co-ordinate 0y so that f; = y, then -

_ X3 = Ys[Ag = Oa/Ap, ' }
and . ' Xy = %,(0), 02)s Yo = Yo(015 05, 2).

. Comparing (9-1) with '(3-1) and (5-1), we see that equations (3:2) and (3+3) again apply, and
that the analysis given in § 5 for compressible materials in plane stress may be repeated, with
appropriate modifications, in the present instance. Thus, equations (5-2) to (5+6) are now

satisfied exactly, provided we replace A by 4, throughout. Also, from (5-6), (2'5), (5-15)
_and (5:16) we obtain o '

o)

.

2 OW. W AWy L 2 LW awy
aff — 2 2_ (12 af 3 2__ @,
= Tl o 5y 0 1) o7, e+ 5 G+ 1) 5 4, o
2 (L IW. - W SR 7 '
A0 SR CARE DL LN (S (h+1=4)+ ot Rl 7).

The stress components may be expressed in terms of an Airy stress.function ¢ by relations
analogous to (4:5) and (4-6) so that we may write B ’

¢ “ocﬂ :‘,—‘Weayeﬂ\;‘z’r&p = (A/d) (Oea'y) (Ogﬂp) e, -’ (93)

and the relations (4-8) to (4:12) may also be employed if F and M now denote the force and .

Couple respectively across the arc AP of the plane y; = 0 in the deformed body, measured
- Per unit length of the yy-axis. ' s
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~.The complex co-ordinate systems ({, {) and (z,Z) may now be defined as in § 6 and it is

ato once evident that the relations (6-1) to (6 9) and (6-18) to (6-21) are again satisfied, with
A replaced throughout by A,. Moreover the equations of equilibrium may be expressed in
forms analogous to (6-13). Thus we have

TR LW s oW IW|aD 9D\
2. {aJJ““O“ 25— M- 1>?a‘ff}7z“(az 1)

0 _ LW E o NW ety (Wh )WL .
203 AO{aJ, (/1 +A5- )aJJF(A .)(0 )0J> o, o
2. /I, (3W oW oW\aDiD |
e {aJJ“(AZ”)‘&T (%5 1)0J}6z =)

and these equatlons are sufficient for the determination of ¢, DandD. In applymg approxi-
mation methods we shall confine our attention to plane strain for which 4, =1, and
equauons (9-4) then reduce to ‘

2% - 0 (-2 2),
az¢ W (aW aW) dDaD |

(9:5)
220z af“w )8J+2“/() |

aJ, a7,

0z 3z'

~ We now suppose the stress and dlsplacement functions ¢ and D to be expanded in the

" forms (7-5) and (7-1), and we shall choose the constant °H to have the value —2[0W[oJ,],

From (8-25) wesee that this choice is consistent with the value 2(C; -+ C;) employed by Adkins
et al. in dealing with incompressible materials. From (6+9), with A = 1, it is readily seen that-
J; = 0 and that the strain invariants J; and J, may be expanded in the forms (8 1) but now

have . _
R
9D 4D (3 °D)2 _l_((? °ﬁ> 20D D . 3°Dd 017}

.. (9:6) .

1 —

JI“Q{ it ) W) Y wm P
2°D 3°D\: ,0°DI°D .

1 —_ . . N

/2 (0z+3z) 4 0z 0z D ‘ )

Also, (8:3) and (8:4) again apply w1th A=1.The relatlons for the determmatlon of °4, ¢,

process ylelds  20%¢) 3D

022 P 0,

RV

’ 32(°¢) + (20, +1)(aoD aOD) ;0,':

7773
and 2('¢) alﬁ_am{z'( L))

022 - dz 0z

0z

1—C5) T+(2cl—20

iz Tz )

%0,
d°D 9°D

921 d1D 91D
2209) 1 (o 1+1)( s )+(2cl+302—|—2c4+1)(a 102

99D 9 D
~(@at1) S (6

d°Dy°D _

—te—1) 5 Tz

0D and !D may be obtained by a procedure analogous to that employed in §§7 and 8. This

(97

)

e

r
—

@
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-

\,\’c may observe that these relations could have been obtained directly from the corre-
sponding equations of (8:6) and (8-7) by putting 4, = 4, = 0. Moreover, since c, is absent
from (9'8), we may infer from (8:25) that the stress'and displacement functions for an

mcompresmblc material can only involve € and C, in the form (Cl +Cy), a result obtained

independently by Adkins et al. .

Expressions for the stress and dlsplacement functions in terms of the complex potential
functions ((z), & (z) A(z) and 8( ) may be obtained from (9-7) and (9-8) by a process similar
to that employed for the corresponding equations in §§7 and 8. Thus from (9 7) we have

%(z,2) — 20(2)+ (2) + <>+w(>}- 09
D(z,2) = kz)— ¥ (2)—7 (), _
where . k= 324_} 3—47. S (e10)

This definition of « is commonly used in the classical 1nﬁn1t631mal theory of plane strain.
By combining (9:9) with (9:8) we may express the equations for the determination of 1¢ and

1D in the forms (8:11) and (8:14), in wh1ch « now has the value (9-10), and the other

constants are given by - .
. B = (651_4"2—1)/(201+1)
= (26, —4¢,—1)/(26,+1),
Bz ’=‘,{<‘2_cl+1> (46} —8) —4(8c,+20,)} (26, +1)3,
Boy=—{(26,+1) (46} +3) +4(3c,+2¢,)}/ (26, +1)%.
The solution may then be completed as in §8 and the formulae there derived for the stress

' (9-11)

- and displacement functions, from (8-16) onwards, now apply, provided we employ (9:10)

and (9-11) to evaluate the remaining constants. Thus in'(8 16) (8-19) to (8-21), (8-23) and
(8:24) we now have - :

B =(14(:1——1202—3)/{2(201—[—1)}, | o )
- By={(26,+1) (83 —2¢,+3) — 402(402—}—201—3)+8c4}/{2cl(2cl+1)}

B, ={(2¢,+1) (1263 + 5} — dc,y(463 + 4¢; — ) +16¢,3/{2(2¢, +1)3}, F (9-12)

v {(2"1+1.) (26— 3) (66, +1) —dey(4c2 —de, +3) — 16¢,}/{2(2¢, +1)? (2¢,— 1)}s

B = {(2c,-+1) (8¢} —10c, — 1) —4c,(4c3— 26, +1) — 8¢,}/{(26; +1)2 (201—1)}, )
and in (8-18) the constant « is given by (9 10).

The relations obtained by Adkins et al. (1953) for incompressible materials in plane

strain may again be derived as 11m1t1ng cases of these results by introduction of the con-

ditions (8-26).

-

SECOND-ORDER THEORY FOR TWO-DIMENSIONAL PROBLEMS

s

10.. GENERAL FORMULATION

The s1m11ar1ty of the results obtained in 8§87 to 9 suggests that the second- order theory for
- two-dimensional elasticity may be expressed in a more general form suitable for application
' problems either in plane stress or plane strain. This has already been achieved to some
extent for compressible materials in §§8 and 9. Thus the first two of equations (8-9), (81 1),

$8:14), (8-16), (8:18) to (8-21), (8-28) and (8-24) apply for compressible materials in plane

e i AR T 7 s
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) dD. a°D(... - .. 3D 3D oy
Q%%L__J? - 7;{2(/:—@-—1) 7+(2/c_202—‘37) 2k~ cy—cy) oa}, »
21 @D D . ' (2°D 2D\2|
2/5’%}(’3%2."‘ (215";/7) (—az—'i"Tz) = {2k +f+(26+5) ¢+ (6+1) C3+2¢,} (_37'*‘_32—) (10:3)
- S 0D D T 30D D ,
B S HEk R T 4(p41) o} =

—2{(p— ) eat e (12 T DESCY S o)

where we have written ¢,+1 =£ to simplify the form of subsequent expressions. From

(10-2) and (10-3) we may, by putting # = k—1 = ¢, obtain (8-9), (8-74) and (8-13) which

are appropriate to the case of plane stress, while the value B = —1yields the corresponding

equations (9-9) and (9-8) for plane strain. By introducing (10-2) into (10-3) and comparing

the resulting equations with (8:11) and (8-14) we may thus express the constants Bj, Bj,
Bj, B, in terms of the parameter §. To evaluate the remaining constants which occur in the

expressions for the stress and displacement functions we may observe from (817) and

Bi=Bi+1B,, By=B,—2B)l(x+1), B,~iB|—B))
By = B, —B, [k, By = BilfB4/K- o J

(8-22) that - :
(104)
Remembering.theJdeﬁhition of y we thus obtain

k= (2k+30)/(2k+p), . -
By = {6k T4, 4(A+ 1) e}/ (2k +5),

B = {2k+3f—4c,—4(f+1) ¢}/ (2k+ ), D (10-5)

By = {(26-+-5) [4(k-+$)?— 3871+ 128(3f+4) ¢, — 1262(B+ 1) ¢4 — 8¢} (2% +8)5,
By = —{(2k+B) [4(k-+5)2+ 32 — 126(35+ 4) ¢o+126%(f+-1) ¢+ 86}/ (2K + )3,

By = {14k + 17— 126, 12(f+1) c;}/{2(2k+ )}, |
By = {(2k+) (8K 18kB+1347) — 4[4k2 1 6(k + 2) f+ 1142 c,
= 4(B+1) (4824 6k — ) 63+ 8e}{2(k+P) (2k-+5)3,
By = {(26-+5) (1264 24kF+ 174%) — 4[4R2+ 4(k -+ 6) f+ 1947] o,
4B 1) (4R 4 4kf— B2 ¢y + 1 6¢,}/{2(2k+5)3),

By = {(2%-+£) (2k+56) (6k-+56) — 4[4k + 12(k —2) f— 1347 ¢,
4B 1) (442 1260+ 114%) ¢y — 16c,}/{2(2h-+ )2 (2% +38)),

Bs = {(2k+P) (8k*+ 2648+ 1762) — 4[4k2 -+ 2(5k — 6) f— 567] o,
~4(F+1) (487 + 10KB+T4%) o5~ 8e }/{(2k+5)? (2k+38)},

~

(104)

(10)

Y= k3 0k 4B —doy— 4 (F 1) Y4k +A), - (108)

:""hel'C, in (10-8), v = 0 for co-ordinates in the undeformed body and v = 1 for ¢o-ordinates
in the deformed body. The constants for the incompressible case may be determined from

10:5) to (10-8) in any particular instance by proceeding to the limit, using (8-26), after the
*PPropriate values of £ and v have been inserted. :
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The contribution of one author (G.C.N.) to this paper was made while holding a

scholarship awarded by the British Rubber Producers Research Association.

Note added n [)roof (14 October 1954). The conditions (8-20) are simplified if, remember-
ing (8'9), we replace -B;Q(z) Q' (z) by ‘B, (2){°D(z,2) +2Q'(Z) +@'(2)}/x and &(Z) by

| 8 (Z) — (B,/x) Q' (2) @' (Z). The terms B3 Q(z z) Q' (Z) —B,z{Q'(z)}? and

o —B;Q(2) Q' (2) + Bz {Q( )}2
in the ﬁrst and second. equatlons of (8:16) are then replaced by
| (BT D2 B @)
and ‘ (BT (2) D(z,7) ~ By2{Q (2))? |
rcspectwely, where B3 = B3//< — B, and Bj = B /x— Bj. The conditions (8-20) then reduce to

B /O A () PR _,
[kA(z) — 8 (Z [B f (Y (2))2dz— B, f 027 (r]

A similar remark applies to (7-12), (7 14),-— (7-18), (7-24), (7-25), (8:21), (10-1) and the
associated conditions for single-valuedness. ’ SR
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'},Intr-u'ductiunj

: AMONG various theories of nonlinear elasticity, a
well-known one is presented comprehensively by Green and
Zerna [2]. The framework of this theory is based on the Cauchy-
Green type of tensorial strain measure and the constitutive rela-
tion expressed by a strain-energy density function which is a
function of the strain invariants. A special case of the theory is
for the incompressible materials, ) D -

On the basis of this special case, the axially symmetrical « o

deformations in the plane of a thin rubber sheet are reformulated
in’ this paper in terms of a second-order nonlinear differential

equation governing the deformation. The solutions are obtained

for three types of boundary conditions which correspond to the
problems of a circular imperfection (a hole or a rigid inclusion) in
the rubber sheet under outward radial stretching, and the problem
of a circular sheet fixed along the outer boundary under inward
radial stretching by forces applied along the boundary.of a center
hole, as shown in Fig. 1 (g, b, ¢). The results reveal some interest-
ing features of stress concentration under large elastic deforma-
tions, : - ST

Rivlin and Thomas [1] have analyzed the strain distribution -

around a hole in a sheet under axially symmetrical deformation
but have given no results on stress concentration. Their numeri-
cal solution is obtained by a forward integration method. The
results in their paper have been computed for the sheet with radius
three times greater than the radius of the hole in the undeformed
state. In order to obtain the solution of an infinitely large sheet
{or & very small hole in a large sheet), the range of integration is
from the radius of the hole to a large value. Their method seems
inefficient and possibly error-accumulating when a numerical
integration over a large range is required. ComEro e

There are definite advantages to introducing the combined
single differential equation for the deformation function. By
changing the dependent and the independent variables in the dif-
ferential equation to a new set of variables, namely, the principal
stretch ratios in the radial and circumferential directions, the
equation- reduces to two decoupled first-order differential equa-
tions. One of them has the two stretch ratios as the dependent

! Numbers in brackets designate References at end of paper.

Contributed by the Applied Mechanics Division for presentation
at the Winter Annual Meeting, Pittsburgh, Pu., November 12-17,
1967, of THE AMERICAN SOCIETY OF MEecEANICAL ENGINEERS.

Discussion of this paper should be addressed to the Editorial De-
partment, ASME, United Engineering Center, 345 East 47th Street,
New York, N. Y. 10017, and will be dccepted until January 15, 1968.
Discussion received after the closing date will be returned. Manu-
seript received by ASME Applied Mechanics Division, December 28,
1966; final revision, June 14, 1967, Paper No. 67—WA/APM-15.
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| Stress Concentration in Ruhhef. Sheet
Under Aially Symmetric Stretching

4 class of axially symmetric problems, concerning a highly elastic, circular rubber sheet
with (@) a centered circular hole, (b) a. rigid circular inclusion under outward radig]
loading at outer boundary, and (c) @ rigid outer boundary and a concentric hole unde,
inward radial loading around the hole, is solved. The solution of (@) has been obtainey
by Rivlin and Thomas [I]! by solving simultaneously a set of differential equations
numerically. In this paper, their equations oive reduced to o single second-order dif-
ferential equation governing the deformation function p(r). - This is further reduced lo
two decoupled first-order equations after introducing the phase plane (M — N plane),
The solutions are obtained conventently in the phase plane by Picard’s method and by
straightforward numerical integration. Ly e RN

. " e . [ . Lo
HOLE RIGID INGLUSION - BONDED SHEET

. Fig. I Three cu#es of plane stretching of circular rubber sheet

and the independent variables. Bince the stretch ratios are

‘bounded, the integration of the differential equation is over a finite

region. even for an infinitely large sheet. In the plane of the
principal stretch ratios, the regions of solution for various
problems of interest are clearly defined. In this plane, the direc-
tion of integration can.be chosen such that the independent
variable either increases or decreases. Furthermore, the de-
pendent and the independent variables can be interchanged
arbitrarily. The foregoing observations provide the advantage
of starting the integratiqn from either the inner or the outer
boundary. : I .

The numerical solutions are presented for all thres types of
problems with the strain-energy density function, suggested by
Mooney [3], which has the form e

W, L) = G — 3)+ CoI> - 3) a

- = Cilth = 3) + a(l, - 3)]
where I, I; are strain invariants and Cy, C; are material constants
with dimension of force per unit area and a = C,/C). Various
quantities of interest are presented graphically. S

The neo-Hookean material is a special case when « isfeqhal to

zero. For this material, the differential equation is in a simpler
form. Several .closed-form approximate solutions are ohtained
for various regions in the sheet by solving the nonlinear integral
equation developed in the later section, Approximate Solutions.

Awalysis. - e e Lo

.. 'For a thin sheet with dimensions of the hole or irclusion much
greater than its thickness, the plane-stress ‘assumption should
lead to a good approximation. By symmetry of the problem, the

‘cylindrical coordinate with origin at the center of the hole or in-

clusion is employed. The deformations under consideration are

described by the mapping [1] SR G

- Transactions of the ASME

whi
for1
the

and

sinc

jnt

the

whe
The
libxi
equ
fore

Jon



PO

3 .
r < . :
= S
R B .
s >
-~ e
7y em o=
e P
= I
= :
i ©
-
- e, .
< o
e T y
EFEN o ; z v . ]
* v v N
) . o L -
- 3. . . ‘ . ,
h B ' : o
N ; : N
i : z < ot
: . B ) g e ’
- - . : : .
g “ ) ,. : |
: EN D . 5




lk'l Jvét"f’
d radsy
I Undes
Bhlatmeg
PG H RN
der &if

duced 3,
- plane;

and 4y

Y

shest

i BrY
A fitste
od Yo
AR
RS
rulest
T
Langed
intags

- gaiglea

S
gaf bg

i}

RESR
LS4 X1

350 41
KB
el
AR

el

it

: ] v R . .
SRV g / Py
L - R SR .

il mogi A o=rgNg(r) ni e et Baninido s

& o . ; Thee e
% here (P ©, 7). and (r,;. 0, 2) are deformed and unde-
% jymed coordinates, respectively. The principal stretch ratios in
1 e radial and circumferential directions are, respectively,
F: [} IR 3

M=pl=—m ) Ly
A Nppp @

' wd the stretoh ratio in the z-direction is :

- 4 P

Tzt

AT ppt iy e

1t e,

.The nonzero stress companents, measured per unit deformed’
T wea, are given by [1] _ . -

‘o= 2()“2 - )\82) (M + A2 b_W)
o o ool

oh T
TR ST - W ()]
L . )
- 2 2 — _—
ty = 2(N\g ?\s ) (ah + M2 bIz)

1 the radial and circumferential directions, respectivély.

the circumference in the respective directions, are

e W W
CT = 2BAa(MZ — Ng?) [ — 4 A2t
Ty .= 2kN(N a)(blx + Ae aIz)‘,.
N T 7Y AN
Ty = 2BN(N2 — N?) [ — 2— ).
2 " a( 2 3?) (bIl :l- M blz>
§ where & is the thicknesé of the sheet in the undeformed state.
+ These stress resultants must satisfy the equations of . equi-
. %rium. Two of the equations are automatically satisfied. The
. tuation in the radial djrection, without the presence of body
;. Wtees, takes the form

{

)

% gnce, for incompressible materials, we must satisfy MAghs =1

B T S T TS

The resultants of these stresses, measured per unit length along -

‘in‘the deformed coordinate.  Expressing it in terms of the unde-
formed 'cooydmate r, equation (8) becomes o e

e fte

‘@

ERESIV D ST VRS DR S i

d : oA %
T (p?fl,)‘ = p'T,

e R L IR S N N SRR P
-+ Substituting equations (7), (4), (3), and (1) into equation 9),
the .diﬂerential,equatiqn governing p(r) is obtained as follows

S e . S . oot R FERE
LB e g S
oot — L - — A SRR T A
.e;:wpzp"’.f pp’ +.;’i'fp?p'»‘ o
Rl . S 7 e e
+a{T-p—,3+F+T -—74-;3 =0(10)

~

N 5 By the use of équation (3), the. differential eqﬁation is reduced
~to one of the first order ‘ : : o - .

N M3+ MR 4 oM+ M Ay Atht)

— = = : 11
The strain invariants are » o f'*d)\z o i Ag e n B N NE (32 + 2}1‘)\24) _ ()
. e r el L PN e e e L ST
S Iy = N A A2 A _ .With.the companion equation CT gt e
R A B Fne i . . 5!
h M Tl- -}2 + .)\3' RN N R Y et ',(E:) SUE ) v gl I . d)_\2 ._=.-£i—r T s = (12)
. :Ia = 1 L R A (08 | Al — )2 r . » T

The ‘éduat‘ioﬁ:sr (11) and ‘(12) are two decoupled first-order dif-

‘ferential equations. = After solving equation (11), for a given -
‘boundary condition, the solution of the form o
e A= M) » (13)

can be used for the integration of equation' (12), giving the rela~
tion of A\ and ." Thus the relation of p and r is determined, which

. is the solution to equation (10).

Equation (11) has no singularity. It can be integrated easily
by any numerical procedure for initial value problems in ordinary
differential equations. A well-known technique is the Runge-'
Kutta method [4]. The error of this procedure is of 0(3*) where §

. is the increment of integration.

Since A, and A, are nonnegative, the solution of eéluation (11)

lies in the first quadrant of Ay — Ay plane. There are four special

curves in this quadrant representing the solutions: (1) On the
boundary of the hole; (2) at infinity; (3) on the boundary of the
rigid inclusion and a fixed boundary; (4) on a circle in the rubber
sheet where ¢ vanishes. These curves are shown in Fig. 2 and
labeled accordingly.

The condition at the hole is ¢,

v = 0 which gives the curve (1),
)\1 = )\2_1 2

At infinity Ay = X, which is the curve (2). Fora

fixed boundary, p = r which gives the curve (3), A2 = 1. The

2 ©T) = T, K (8) functiont; = 0yields \; = A\;~2 which is the curve (4). . The solu-
i ; dp oo i tions, in the region between curves (1) and (2), describe the
¢ .’ H 70h
- 50—
“ol- ) :
. ) i i
.
’\, JOTI
SIS IR
i 20—
r 1”. i . . 1 M P
.
aek ‘ h
) Ui a .
. o - . 1
1 A - 1 | [
R 00 10 20 10 3.0 50 60 10 A
.".:‘_ JERR oy . Ay : S
! Fig. 2 Numerical solutions of the form Moo= M) fore = 0.3 P T R
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problem of a hole in the sheet ‘undex" outward stretching. The
solutions, in the region between curves (2) and (3), describe the

problem of a rigid inclusion in the sheet under outward stretching.

Between curves (3) and (4), there exist solutions of a circular
sheet with fixed outer boundary under inward stretching forces
applied around a center hole. This can be done also by consider-
ing a circular sheet with fixed outer boundary, being pulled down-
ward at the center, through a frictionless small ring, as shown in
Tig. 4. The solutions on the left side of curve (4), where M <
A\:.~2, give negative ;. Since a thin rubber sheet has practically
no resistance to in-plane compression, the plane stress formula-
tion ceases to describe this phenomenon. Physically, the sheet is
wrinkled in such a region. Therefore, the curve (4) also gives
the boundaries of the wrinkled zone.

The integration bf equation (11) can start from any point in
the first quadrant of Ay — A; plane; however, the starting point is
usually on one (except £, = 0) of the four curves where boundary
conditions are given. The integration can be made in either

" direction (increasing or decreasing direction of A;). If a check on

the accuracy is desired, a round-trip integration can be made.
The results, shown in Fig. 2, have been obtained in this manner.
The error introduced after a round-tnp integration with incre-
ment 6 = 0.01 is of the order 0(10‘3) The solutions are prac-
tically exact.

The solutions of equation (11) already provide the information
of stress and strain concentrations for all the problems considered.
For information on the deformations, further integration of equa~
t1en (12) is required.

"The results for various quantities of interest are shown in the
}i-ter section, Numerical Results. :

fprmumate Solutions N ,

For neo-Hookean materlal (a = 0), equatlon (11) reduces to
the simpler form . .

. AN ‘ "‘}‘ >\1 7\2 S
™ xz B4 M m" Moo
This differential equatlon can be changed toa nonlmear 1ntegral
fquatlon of the form -

N

0w = M) + J F[w),sldr 5

where N is a constant value of A, in the domam of solutlons dis-
cussed in the previous section.

The solutions of equation (15) can be obtained by the method
of successive apprommatmns,

gL

)\1(”'“)()\2) = )\1("’()\0) + f F[)\l(”)(g'), f]df n=01, 2

(16)

The convergence conditions for this process are given by Tricomi

[5]. The function F in equation (15) satisfies those conditions.
In principle, uniformly valid solutions can be obtained by succes-
sive approximations. For higher-order approximations, how-
ever, the integrations involve algebraic complications.

If we can choose a zeroth-order approximation, close to the

exact solution in some region, then the first-order approximation

will be accurate at least in that region. The spproximate solu- .

tions are obtained in this manner for reglons near the boundaries
of the three types of problems.

For the region near the hole, the zeroth—order apprommatlon 1s
chosen as v

>u<°>(>\z) —G= e ()

\/

The ﬁrstrorder«app'ro:dma;tion LY e ‘i(‘

FHEES B9
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n (>\") =3

1
('\/N \/xh) MMy

is obtained from equation (16), where N, is a value of As on the
boundary of the hole.

In the region, corresponding to the large value of 7, & zeroy},.
order approx1mat10n can be chosen as

h MNOM) = Xy
The first-order approximation ig _
_ ANO,). = 2 — s (20}

where A is avalue of heatr = =,

The curves (3) and (4) in Fig. 2 have large slopes. Theref(m
on a fixed boundary or'a boundary of the wrinkle zone, the valye
of N is sensitive to the variation of As. It is desirable to inter.
change the dependent and independent variables in equation (14
This leads t0 the integral equation

(193

MO = MW + f ‘1[5‘, Mr)]d; 1)

where Mohereisa constant value of )\1 ‘
For the region near a fixed boundary, a zeroth-order ap.
proximation is taken as o

MO =1 @)
‘which gives the first-order approximationv

3+ A2\
3+>\/)

X E+ M- sz I >"°’}
) k+kf kz—k)\l-i-)\l .
| '\/ 3 kv — )\j) @
.  — B\ Ap) 2)\1)\,
Where A, is a value of A; on the fixed boundary and k = 3"/

For the region near the boundary of wrinkle zone, a zerothe
order approximation is chosen as

>\2(1)()\1) = 1 + )x, - )\1 +1In {)\ (
1

+ k- Yt tan '1

S )\2«»()\1 S S ‘_ ¢ )
ke T - B : .

i R EDE N U » \/ o

The first-order epprommatlon sl Bt

BEIQ
2 1
)\2(1)()\1) = )‘w - )\1 + b — e =10
vVno VN

+8'1 b4, [ —k>\1+x1¥>'
k+)\1 k2 — EN, + A2
O W BRM=N)
+ 8'\/—3 tan™? 2 kv + M) + Zhhe

“is obtained where N, isa value of A on the boundary of wrinki
zone.

These approximate solutions are plotted in Fig. 3 with e
accurate numerical solutions. The results show that regiont
validity, for the approximate solutions, are quite large. .

The classical elasticity solutions are contained in & small reg?*
where M1, A= 1 The solutlon in the \; — A plane i8

N0 = 2o — N, (2¥

Substltutmg equation (26) into equatlon (12) and mfﬁgmw“"
‘the deformation function . -

P(T) Aer 4= —(;1 ’ A i
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Fig. 8 Stress and sirain-conceniration factors around the hole and the rigid inclusion;

{ = 0.1)

for classical elasticity is recovered where C is a constant of integra-
tion. - :

I3

Numerical Results

The numerical solutions are presented in this section for a hole
.or a rigid inclusion of radius ¢ in the rubber sheet under outward
stretching at infinity. Three values of stretch ratios at infinity
.are taken as A, = 1.25, 1.7, and 2.1. ‘

The deformations are shown in Fig. 4(a, b). The solutions are
.also extended to the problem of a.circular sheet of radius ¢ with
fixed outer boundary under inward stretching. The solutions for
this problem are terminated at an envelope where £, changed sign
-from positive to negative. e

The strain invariants Iy(r) and I(r) are shown in Fig. 5 and
Fig. 6, respectively. The strain-energy density function W(r) is
.shown in Fig: 7. : )

For the case of the hole, the results shown are in good agree-

ment | for1 < 2 < 3 } with the numerical solutions obtained by

‘Rivlin and Thomas [1]. The results for larger values of » are . -
-verified by the experiments of Chu [6]. Forverylarge valueof r,

the results approach the exact solution for a sheet without im-
-perfection, :

The stress-concentration factors at the boundaries of the hole
.and the rigid inelusion are defined as

i

KO = tla)/ty(=) -

: (28)
K® = ta)/t(=)

‘respectively. The corresponding strain-concentration factors are
defined as
K = Dal@) = 11/Pe — 1]
K® = [N@) = 1]/Ne — 1]

“These factors are plotted in Fig. 8(a, b) as funetions of applied
Stress or stretch ratio at infinity.

(29)

]
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Gonclusion

Under the nonlinear elasticity theory, the stress and strain
concentration factors in the plane-stretching problems depen
not only on the type of the imperfections and material propertie
but the magnitude of the loading as well. The nonlinear be
havior of the stress and strain concentration is also contribute
from the effect of large change in geometry. The thickneéss chang
alone under large deformation is quite significant. It requires th
caleulation of redistribution of stresses over the deformed aresa

- In the case of asymmetric stretching, other geometry change

(such as a circular hole, deforming to a noncircular shape) wil

- further complicate the analysis. .

From the results, shown in this paper, the stress and strain.
concentration factors increase with increasing load for the
Mooney material. The dependence of these factors on the value
of « can be seen by comparison of the solutions in Fig. 2 and Fig,
3. The differences between the cases & = 0 and o = 0.1 are
more marked when either higher-stretch ratio or load is prescribed
at infinity, o
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