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Relatiuns betwecen the elastic constants of an isotropic body,
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ME 238A Theory of Elasticity
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DIVISION OF APPLIED MECHANICS
DEPARTMENT OF MECHANICAL ENGINEERING

Autumn 1978

Final Examination
At a point the components of stress are:

ozx = oyz = 0 ; Oxx = 2Pa ; Oyy = 4Pa ; ©

a) Determine the principal components of stress.

= -2Pa ; o__ = 2/2Pa

zZz Xy

b) Determine the unit vector in the direction of the largest principal
components of stress. -

 Consider the following stress field in a simply-connected medium with

no body forces present:

= a(w? - o2y .
Oy = alx y) ;5 ¢

2 + cyz';lczz = d(x2 + y2

i
o
Y

vy )

°xy = exy ;j 0Oy, = oyz = 0 tee. Egucl 4 Bethvoua n'\(cir«.!,«u
Determine conditions upon the constants a, b, ¢, 4, and e so that
this stress field represents an acceptable elasticity solution.

The following state of strain exists in a simply-connected body:

i uad b !m( 3

Cxx T ?yy = €,y = Tx,y,2) i Exy © 8yz = €y = O
Show that if this strain field is to correspond to a single-valued
displacement field, T(x,y,z) is at most a linear function of X,y and z.

Consider a bar with constant cross-section A , length L , mass density
p , Young's modulus E , and Poisson's ratio v . It is hung in the
vertical position and the upper end is appropriately fixed, while the
lower end is free. The bar is subjected to a weight W hung a distance
a from the upper end, as well as gravity. Neglect local effects near

the point where the weight W is attached. Solve this elasticity prob-
lem as follows: .

“a) Assume a state of stress.

~b) Verify the satisfaction of equilibrium equations.

c) Verify the satisfaction of the boundary conditions.
d) Verify the satisfaction of the compatibility equations.
e) Calculate the components of strain.

f) Find the components of displacement by integrating the components
- of strain. : :

An elastic rod (Young's modulus E , Poisson's ratio v) of length L
and constant cross-sectional area A is placed in a tightly fitting,

absolutely rigid tube, and it is compressed by an evenly distributed
force F on the ends.
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a) Determine the shortening AL of the rod.

b) Assuming. 0 < v < % » what is the range of AL ?

¢) Determine the lengthening of the rod if the force F is tensile.

An elastic body is placed in a rigid container with lubricated walls
A, B, C, D, E, F and is subjected to some body forces (not specified
in detail). Write down the boundary conditions along the portion DE
in terms of components of displacement referred to the coordinate
_8ystem Oxy shown. Consider quantities in the xynplane.only,
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DIVISION OF APPLIED MECHANICS
| DEPARTMENT ©F MECHANLCAL ENGINEERING
- t
2382 Theory of Blasticity ) Autumn 1978

Midterm Exam

1. Consider a state of stress in a body foxr which Oppge = 3 ; o, = ~A

" Oy * Ty = Yyu T Tuy = 0 apnd whers A > 0 . Determine

, .

(157 ° a) The maximum normal stress A
(5) MF,@W
(131 © b} “Yhe shear comp@n@gt of traction in the -2 plane i:wf o oua T
(207 ¢) The tvaction across a plane egually inclined to the positive

¥~ and z-axes and containing the y-axls.

2. Consider the displacement field

' w2 hd v on &
(2) Yy By 3 uy Yy 0

. . . o
(251 betermine the relative elongation (stretch) at 4% to hoth the x-
and y-anes.
3. Consider a state of straln in a simply-connected bddy given by

2z 2
kl(m ¥}

&

CMX

s = k.
€ yy . dixy

Exy = kzxy

All other &,, = 0
[2#) i3

(251For thiz strain field to be assoclated with a single~valued displace-
ment Ffield, what relation(s) wust be satisfied among the coefficlents

kl P kg ¢ k3 ?
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Problem Set No..' 1

DEFINITIONS

1. Kronecker Delta: J " ,’(’ "."'*'J.
| o e i ixJ |
- 2. ldemfactor (ldentity Dyadic): I= Cff‘,(f?l re e +€3@ .:_.d?‘ &;
~where 6? ﬁ? and 6’_;. are mutually orthogonal unit vectors.
3. Direct Product of Two Dyadlcs If = =ab and Y= <1~6’{ » then C‘fb ‘H”—Uﬁl 6)(f
L. Double Dot Product of Two Dyadlcs 1f qp = -alo and (ff} ffj :
| heu bt W =(@-&)(lo- .
'VERIFY THESE EXPRESSIONS FOR YOURSELF (Don' 't hand in)
1. Ve C\V([)) =y CI)'"C{:’ ( (P a scalar)
. VXV b)= O

) dJ
L. @L o (f}t:c};J | where fl?,/ ‘@;_/ @3 are mutually orthogonal unit vectors.
5' ‘u' = ():;' @o' eJ ' .
6 arb=a b e & AT GELA Cijic € ailby
| PROBLEMS RENE o |

;"' l ‘Leili.j = E €

a. Show that i« = i | b. Show that L-if =1
2. Let P = Lt’ e e S |
~a. Show that ‘#" L= b. Show that L~ =
3. ‘Show that ﬁ?«[( Q.a; =0 . |
b show that -@.. [( ek =~ & .
5. Let “F ﬁ» e; H o ?
a. Show that \;7‘34 Yr = LP@J' i C’k €, t?b~ Show that W X\VLF{, " e‘{ 6’ &

6. Let CH) = q)‘&i‘% (‘mc{ QP = LPkLp f?ke,
d , ‘
a. Show that  (P-Y=P Y € & b. Show that (s Y= d W
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Problem Set No. 2 - bfﬂ- //\/uu,“)(

1. The components of stress at a point in a body referred to a rectangular

Cartesian system of coordinates are given by

o =5x106Pa o =5x106Pa
XX Xy

o _ =0 : g ='—7.5x106Pa
Yy vz

g = =3 x_lO6 Pa o = 8 x lO6 Pa

2z ZX

Show that the magnifude of traction acting across a plane{whose normal
has direction qosiﬁes 1/2, 1/2, l/\ﬁf with respect to the x, y, z axes,
réspectively} is 11.2.x 106 Pa énd that the normal and tahgential com—"
ponents of tréction across the same plane have the magnitudes of 2.65 x

106'Pa and 10.9 x 106APa, respectively.

- 2. At'a.point of a body located on the boundary whose directilon cosines

are &, m and n, with respect to a rectangular Cartesian coordinate
system X, y, z, the surface traction is known to have a magnitude a

and be parallel to x. Furthermore, it is known that o =0 =0 =
v _ . Xy Xz zz

Show that the remaining components of stress at that point are

Oy ™ 0, gy = 0, G, e =_a/2 .

V/'3_ Verify the expressions for the three invariants of stress in terms of

components of stress using inddcial tensor notation.
4. Show ;hat if the.traction at a polnt across any three planes[whose
. normalsg are mnot coplana;]is in eacﬁ case perpendicular to the plane,
then the stress is hydrostatic (1.e., isotropic). Write the equation

of motion for such a state of stress in indicizal notation.

0.



-
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In several applications of analysis of stress at a'pbint, it is showm

that a special role is playéd by traction acting across planes which

have like orientation with respect to all three principal directions.

There are 8 such planes and they form an octahedron. The normal and

shear components of traction across these planes are referred to as

the octahedral normal stress o

and octahedral shear stress =

o oct oct
Show that

1 ' :

0oct 3 (01 + o2 *03)
1 .
3 (cXx + Oyy + ozz)
.1 -

T = —‘,;V.(dl - 62)2 + (02 - 03)2 + (’3—3 - Q’l)z

oct

D 7

(oyy

1
= ":»:‘[(“x

- 2 - 2 g )2 2 4 2 " "é
o + )~ + +
X yy)_ 0zz) (Ozz Oxx) 6wxy * Uyz * sz”)

where o3 , 0y , o3 are the principal components of stress.

It is sometimes>usefu1 to decompose the stress tenéor iﬁto4i£s isot?opic
(6r épherical)_aﬁd its deviatoric (or.disfortional) compoﬁenté. The
iéotropic cémponent is define& as having a matrixlwhosé 3 terms on the

~main diagonal are all equal and Qhose terms off.the:diagonal all vaniéh@“

_Sho& that the in&ariants of tﬁe stress deViator' Io s IIo ;\IIIO aré

expressed in terms of the invariants I , II , IIT of the éomplete'

stress tensor as

I =0
(o]
- 1.
IIO—.I.I 3L
_ _1 _ 2 oy
ITI = IIT 31(11 91)
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DEPARTMENT OF APPLIED MECHANICS
_ STANFORD UNIVERSITY
238A Theory of Elasticity B : Autumn 1978
2 Ney 78 . Problem Set No._3

1. Consider the displacement vector
Ul = (dx + 6y + 5z) éx
+ (ax + ey + 3z) éy
+ (bx + cy + fz) ¢Z
and determine the constants a , b, ¢, d , e and £ such that Ul
represents a rigid body rotation only. , B
2. Assume that the components of‘strain Eij are expressed in terms of

a single function ¢(x,y) as follows:

2
- E - —a—-—.(—b- Al .
XX 2 € = 0
. oy Z2Z
. 2 '
£ = u ) € = 0
vy ax2 vz .
2 . . o
Y 3x3Y 2 :

Can the function ¢ be considered arbitrary or does it have to sat-

igsfy some conditions to insure single-valuedness of displacenent?

- 3. Consider the doubly connected plane region and assume the componénts
of strain to be ‘ o -

£ = kx k cos ¢
YZ o g2.y2 T :
All other €ij = 0
eéx - —ky'2 - _ k sin ¢
X7ty X

‘Determine the conditions for single’valued‘displacements and deter-

mine k for single-valued displacements, for the special case of

the inner boundary being a circle of radius a .
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DIVISION OF APPLIED MECHANICS

@EPARTMENT OF HECHANICAL ENGINEERING

ME 238A Th&@ry of Elasticity ' : Autumn 1979

Consider & cubic cry%%&i with three elastic constants

Problem Set No. &

@@tﬂwmﬁne the transformat ion veiatian& of componsnts of straln

if th@ yz-plane ls rotated sbout the x-axis through an angle & .

“1 0 Fre

and Sy - Determine. the relation between these constants if the

stress-strain relations are to remain unchanged for a rotation of

the ky°piane ahéut the z-axis through an angle y .

a} Exprass Lamé’s constant A In terms of the shear modulus and
the bulk modulus.

b) Express Polisson’s ratio In terms of Young's modulus and Lamé's

constant p .
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