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" Wave propagation in plates and rods 439

where now Q '=~2bw_/7702s E = 2b&[m. (8.1.47)

In a similar fashion, for the SV waves we have from (8.1.37) and (8.1.41)

Bb = nr[2 (n=1,2,3.) ©(8.1.48)

where n even and odd géverns, respectively, the symmetric and antisymmetric
SV waves. Using the second of (8.1.23), this may be put in the form

Q2 = (112+Ez)- (n — 1’ 2’ 3, '_.)' . ' (8.1.49)

In order to plot the spectrum, Poisson’s ratio must be specified, since it enters
into (8.1.46) through A% S
The curves for the real branches of the spectrum are seen to be hyperbolas.
The cutoff frequencies, given by €0, are Q = km, n for the P and SV
waves. For Q < km, the wavenumbers become imaginary. Replacing Ebyif.
_in (8.1.46), it is seen that the P wave branches of the spectrum are ellipses.
For Q < n, the wavenumbers of the respective SV waves become imaginary
and, it is seen from (8.1.49), in the form of circles. The resulting spectrum,
plotted for » = 0-31, so that k2 = 1-91, is shown in Fig. 8.5. )

e by
ne~P wave dlated \J‘
06(' R A )

(
1~ SV wave ( b
v =031 ‘ L&?

34 5 6 18
Rel

Fi1c. 8.5. Frequency spectrum for waves in a plate with mixed boundary conditions.
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quencies which fall on the curves m=constant and n=constant, in Figs. 18

and 19, only at the intersections of curves 7 odd with curves z odd. If ¢>0,
sin b =0 and sin Bb=0 are not solutions of (85) since both of (85) cannot
then be satisfied by a single ratio 4/D. Hence, the branches of (85) do not
pass through the intersections of curves m even, n even as long as ¢>0.
The behavior of a branch of (85), as ¢ passes from infinity (mixed boundary
conditions) to zero (traction-free boundaries) is illustrated in Fig. 20 for a

portion of the spectrum. In this portion, the curves m=5, n=13 correspond

to mixed boundary conditions (e=c0). The two dashed curves marked
0<e< oo are for successive values of e, the lower curve corresponding to the

212




Fig. 20. Ef

act
1

on the phase-velocity and

L.
ro
AT

quency spectra cf the antisymmetric
modes of an infinite plate of the development of coupling between dilatational
and equivoluminal overtones, as a result of relavation of boundary constraint.




&\'Jl

Stbpmd, . wewd o )(J-(’:ob Lo, ) 3 j“ d‘lf‘i"‘iﬂ‘" howad  nerde

\ / Rectinae ag EN Z)"L} we. av«é.«,\ have /1—00"("/,((“( vade s
\\ / e, K ‘ ") o Q. r"lw “heday, gona,
/‘/?,»;” et st eve g e /,) o 7;? [ C') o e (,.d.,,u, 4 X

P 20 e

W fxul/ 54l a<f »”w\ Gt
Yarwf (2) 35 ( ,/4 - 1) L A Conp /«oumu A‘JI
%
It ance < 5 Cy <H < s el b don

K/LLLP {"Lr(, e
\IﬁL L\/\!(m/\(‘re (LLt“l’*'-‘ C’E" *&C'i}b Lot Lu';_,w ,b(!‘ oA ‘Sa'év(.»h-‘l"‘d

g

Lﬂ.\ ,KQ cu.\'\digl\ﬂ( 5‘\(“,\ W@f /‘S LA\. (R &,o—ua) lMl éxo(/l ":/\JC }u., 1?)4 $ We- d‘/\ﬂ*. l/\z:.\M‘,,,

‘ "0 34-’"'-’)}\4] f-a& © 4«%\/\ L‘L Mo LU* 0_/ &.7'144,(}1'(& G t‘m;lf)v O (o Yl({)LVL Coor € ﬂ(h

Cone

)}’Pem Al w o & V, ,1)’\& i‘«(l‘um o Tse hud,L& ’ F é s /,u f),éfp/dj o s /?’Z't f//“g,f S Lw/‘,‘)(’ Freeo.

. NWQ()M S“,/nL C‘,,',“» mﬁg:f\« . ). 6‘2{4. 5@ By AY é?\_a.w:) ) /6 éd . 7)? /??"” 2 32 '
| ""Cz Cows L:{L\.«C» S -

M%:() ’
. Uy w2 Ly 2O ) Gy = ( ’
R e Al A e B EO ikl ted Sen et

v g Ry 2O

;r('f’ e UJL(:J-CJ € Uy = (xy 4 ,,éz& © g Lo = 5—) VRN A4 VIR S rWE
RS Q,)(‘ﬁ;a/(? Cd)‘ufrlzl(tiz‘tgr‘ 'vr.‘:-_—,)

a-;/:}/e iX Sttt 7‘ DaR PN

P N P T S
We Canes PLM«P ,5,\(27 /Le‘wzdlylﬂ twoden, (?/ C(// ﬁﬁr\f "-’V(//yv\ & L b ey Vf\ Moaée.a

Zo/ﬁ K2 = 5 a, § g T =20, w% we. bub., keop ¢ k/‘d/’“”"“ﬂ 7 /ic’"""“
| 7 Y |
/(w e ﬁs&ﬁﬁ%wxﬂa‘o Clde-

R
%) //\)Ca fé&v 3‘:{1 Coend.

-(‘.}4,’( Y'C«\\Q\U 1‘\:.?\,() Lo ;‘ t:.:l?;:':jh‘

(1 )"’)N

ot Qe 2 / ) /’/j .



(\ ' U/M.,LS x»yum v;e@ o‘j <}L,«d'>o %‘/ U”Z‘.A:x,/a,(;é/.y

Ak wlv, 1) = X0 THY)  => ¢ e :X"'f

LT v R
¢ -g. = ....L BN "COZ s s *"éd e le. M
¥ 7
:.> ‘E( }’ T . ]‘f“l'fé P s
"t ' w0 ' w*leo
. -y

Y

X0y s D “"‘ o C/@b“a “JX | /“N Cov QAL m\\u{/lé vkl ?.( .

rT {) s gmw( L'B/u~afi /L\vvq‘.oL ;qu{.:r fad. p,{&,j//p e n//“

S/>€C(;//Lr B
)
v’/ PRy o
. B _4",,,4 p«uﬂcj émx,A/;
/ 4

N/ RS

y‘) ) (o, k) " (ﬂj o

= C=0 U“"‘ - AT
A ) B wiil be 4@\4’“\%&5 Qs & '&:« mé_ ke cop) AA:lﬂm; -

C': )

it Ult) - - X T, (1)

A
< / ’““f (m’hﬁf . é,‘_'\, = o D<o ) mm ® ’)‘3«!—"}:
’ E X e g A
kel o T0 " X
i VLA lllfg "o \“/évb@_d
=0 W= DS =13, 5,
2.0
!5\{&)0;&&07 ('/(A/hﬂlvlg K()()()) jon] L’LO(\‘{:)
%‘% (X)°> = U‘o(x)

) A, L= o 1) \WM&{(@ Sudle. l@,{] fX(«) y “”"-"W"’"' j@ L

A { 5,1, 4

L e 0
)= Zsab X, = 509 -2 |

. - o
[ Vit ) X, 0)ane A

0 1 o B AT
A—

f ‘)/(rﬁ-x

Pl s

W, = wre

/ / p

f o oo

L ,{ (x).u



(., .
P X, dy =7 Uae D E,

o a ,
g : 2 ' 2 [f : |

/
I i Ry o G oy
Wl 4 “’“E‘:)'X noe X " Wy Ln / r.'?{" X r by = f X " X dx
2 - 2 [

2

AT

(1), /»Un

, cp ¢ v
gML» 2k Xm = X o @ 8 - )} 57 d,
fvgt‘wéneM'ﬁ( X re X n ¥ ] d 2 gu ><h XW f-"l’)/ a0 “f - ‘/ ety

L N

1‘;"» CC c@ '2'm> F!mv =

( > W(L C(‘ P ‘() e OA fére?ﬁllf @!ﬂ&k‘i (;/ZLC.&V" falbrp B ¢r‘/"'~'~":'/4 (.;4\ //&{ //I H‘//“ </ Ctlne /‘/"‘{F(
Bl £; . CJ.C ((;M ¢ '_f' .: e Uo /)f/té Aoter / u,,u/t / Q... g‘*

P zf-ei% |- Pe 2. d (’ AP, ) Ay p A b»n s y

2 RN
& & b éAM “ du g =

’ ' , 11/8/7
© Foced Ww'/hrna <d0"tl?’(,‘zu.«d-(§>
('/z u - L o= - EQJJﬁ) ) /%‘f&u‘ f Sotloc.
, rA
Cosune wt Srbe Ao ;/H 1”;4!o /),,,)ﬂéw H Now fef . sl be X (X) (f): W, G0t)
4 u(xja) = 2. X, g “(t) & Zw, b - P/(,A
< 174 = tf
puk b DE ek EI AT - DT = L % ( (0 X,
. , g
e X T (B g )X, @ g« Jxo Ppus
- ’ I/ e ”’_— C‘ . )(” /(7&(
e* X "‘/)( ,f’/_f" s -0, /
FAY4) h



C

” 3

T tan T, =- 8 (4)
Seboe. 'ﬁ-mmncxowmuo Tn&t) A’V\C'(r)wb\l. 4%1« Mwm(f
Podieeton ({) - -4 f 9,,(C) /ey (-T) che
wﬁ

MC:’{;V&,:&JQ; %wu o qu e /&u\/ %x(é« bromd fed w4 /)(/)W(u d%c,,,m? /3 NT R

/ — ‘él: *,« » 73, /ﬁb«- («d_{i
A ! Q) = 2o sl el nnd

_ I Ph RS

u(x)f)-‘ {H Cthk)ht ~- '9.\ 4y, w7

ne ua\é

b 2hsan TNy o

T o e ge o
W T, T B

/ ' . Y o
(’d/’{? c,/;’ar..m fc'i(/\) ﬁw—e' - G'Z%{.;wic-;u-f/ /))47 CV?“J! ;24‘.«»;

o Deuf) = futh

NED el ) 732%’? Cd ‘Dw "({'(1;\ . 7“'({3
» S t ! ;3/ téw';nég b /)¢ggw c) )
- d)a i :}) . "ﬁ ghw‘) TAM
By

L ) Tg ) 4, (g 00+, ()
e el o - g o 2
A C?f'l(?: s flg, + fgl g%

Be = Pl i} o, Dod(u ~~,'P2Dj<’°) A {1 De 6] - 04,0
fa] = fhofng 0 Lyg0 ) - R{UN0] gl

'A“"W Ctan ppt. Cérrrat. HE o e ?56\ o a.uz& ,?«s& At f;/ cu(’//:} clee Lo Nonhan. BC !
: ! p / ¢ .
‘ ) ¢ '
Bty {Z \ .é! (jl- At f/t/\i'z 9. '(‘y”( @ [-f (t . [y QZ(,(,L Wi 1/ ‘0"‘0@ I/IA,A{/L{)MA_C{J(“__/L‘ . %w":&,_, ,

/‘,27-,\.[)‘_; I;‘ (l . , " (,,\)\ B =% Do é' lu\) w |

C) Uo}/ C") =0 : \\'-_,Wﬂ i:g-v\ /\\’di )(‘(’4,;(),@
fo (-7 ‘j;(”) e f | cm//,\ A /%/m /
VETRRE =7 ‘%"‘“&,Uwf—'O B

. (5‘(,\& 5»’6\\! E’X( 4»6‘\474—.



fs'W»sz‘wah)&'\ %‘ > ) };.,\,«{“ S bE
’D‘t)llfw JJLW Cmﬂl.z(dhow’ﬁﬂa

l .

b(.’\f /(1 : P st
frars o g
éﬂmﬂfv‘rﬁw»--,l !
R [‘”
-‘f;'xf/}.fg,_)zr?f!, ey PP0LL
f J

RN -
k¢ ~».\:;\
—_

L
How \H"{“ jp/\( dy = fA(»L’;l 'fKI\er« O:X<ﬁ'

v
¢

s e ),

: 4

how T3, XV %

¢
“ﬁ‘ia‘ '*P,CL’,/}A'L )(y, erzﬂ = g
- [2]
oo - ;wuurvrx,,sx,,/e

‘x t'uu,.;;,( (i> fneel ({ M)

/
n

bt Pos AEX,  Rys ARX
i @ &\,\\.cc,QA @

A ALk Ds RS 1y

o

Tholy Lo ll (XL‘LJf@ a Mon howo DE om i w / &W?

. %W W Can, ae st 1’)«44!74)—“(;‘.»4 {‘L&CJL; e

\ j ety (WJZD triont bau B /\A‘tz\ L_’o’/ 4 Lot 6\:’1 ve, oWl - déi—t?)‘f--i

- / ({w seple.

”f‘&e(fmzle; F= M- ull) : W f%h Xkd" /o

=;p e will b e iy (B’Ci’.
(- ‘ i/ .
By Gnofwehens e pAd 0gx<t P Al
Mo Co o ol =P ML x= ¢ Pas AEX,
TD,«"PA WX, 0<x<d ‘ (,,.)
P - M,y Xz A (e¥)

foe (8

Pt = phon” [Chvode ()

+ Musy X Xy /ﬂl /(E’V“ (H> (‘H)

¢
L/ 1 L
P Xn v = X, jo =~ L Re X, dx "

= R o (*t)

ol (41) ¢ (*1)

L% .e .
fA(wh ""(»U),‘/) £ Xy\ X*,dﬂﬁ o+ M (.(A)"'mwl, )/\/'\ ‘\{,/ (

IO,

- X ( fPX,»c

©
J PXM JX‘

. { L
* Pb'\ Xy( ﬁ( X'/\ 1
EAXy  EAY,

L ¢ i
- P”Xr o + X, f.. +FWX,») - P, 4 - P X4 ) - )“\/{wl
al fro u. nd 3)0 X‘Y’«\f' 0 Xylﬂ::O
6X dfue, end Xn/3 @ X r”/”"‘ ©

m‘ ({to‘\ Wy of e D

0
pA SO XXy A

LMK, \aﬁ’ = O



én ﬁomo . ,uew?’y T ({’) At\éw u)“( l‘.)u o IM(
37 wl W"‘adf Mn Aw 4 P 19‘-“? e, EYI P VO ) (\Lti‘é‘i ‘/ﬁ M(x) ¢ Uel)

T TR (SR T I PR S T

L ‘
SE, Xode v BL)

M%@»&Wwwu(%w%,gkwﬁ Cr #/

- U = M_-_’ nirx o o
Exx %( XE‘ :],L :‘ _C;/_LL e e e K;LCL
/QWZ{ al ‘f‘fc&,;"f.):c{( 5} /c/) / ey ’\—H} (/)()~ 4 (Xp) )
P L o F . o0 (W /)m -/
H / [4' P g Hee T hip tr> UK

n, 3§ n 2L 7.

=1 (>. [,
v P/[\ E‘ N
y b " L P‘/fw

—— e P @ beo” | 7T e
/ pe= c&m LA KEe O

- @ et

Exy
/

U‘z‘./o 4

m_,mg‘{ Czb'w(fné.aﬁ—b&-—a wtgd. (D ‘ldau,ej‘v G/f Alavels L Aot
%:;_;::,;,:;Mf‘;;;;,;,.M;;-:Jl ] -

bt G whlbunbel” y s w@%ww
PE w0

1 e /fc/’/ t=t, "-% _ KE = 0

W/Maw'w- it

‘ CRNER3S s umf« oy

1/ B Tl‘i:i? wa /{nd /L(.A-J\t I;;J 7{ /54/1/ Adﬂ__ . LL"";%"‘“"’ ((/W 7“444“(“;

b Aoty 1Y
R —_—

“"“*d‘””ﬁ‘.f;.‘i;jif{ @ te 3% + b
T

: > ldm."zs\z’r‘" wraa .

(& t=w K/C b—a,\,. U s M/w’k(?()«-*- "’Ctngka‘-»-* @Zfﬂ~~




N

ot L,,Cw-\' = ¢
wwalv A t;i/cl

D (%L b P,

)(/\,LLU\/\_/Q‘Q’I’ il(/&4

‘ LJLH Lot /)“&/uuot/bw MLL/,LL«
bze/\/rc“uu\»’(/**ﬁ"’/

/¥

///,,9/79’

b ol T s ﬁuﬁu Me,m! 'K_u\ ’u MUI%MT u Wt.%u‘

nE
aé\) t a«)&m ,Leaw,
(. Oﬁac\,,,, A S"(fj(\ﬁ(.t«nd

( $‘?’ww\..,p hies wbued x K d? lne, % ha /6‘\&0&#) % ’OZ te

-

Kohoduce ctesph W= u; (« j 2 )t)

Lot Upoy = % N
7 ?wwdr&e Mszuw
let, W
:{‘r.
‘w"

'To AL/\awé, »/KL ,(‘A% o VJ/-ZtZO 'I’L’\‘ 1 (/M?»‘-'-

behweer by 4 b,

Le K -pE = T U
ol= §T--§U

Ve G

&/)Qﬂd@ /Ké 'b)(“/d’ L{q /L(,) 5(,//)’(*40‘)4 ﬁd: % /\L)“M,(J—(.“M.‘.

==z Pt oy

= ”(*)t)

Wbl Runecple . Lo el La WMX%

Coluall Mo broe v Suel Hlat sg Lat =0
¢

FU. SV = dw
W,,‘(l‘( She! 1~""‘"")‘7 \l})r ol e l(,' L} 0
?91 s Lor A ’f""‘-‘d
W = &< Iy Wit B«M ‘/@E
TW = (n.\ Suydh- B4ouidV
Y ’(”‘”L\'I fren [l



I}w-tu.u.z the Lm.cmw/’\auw.,lur M,"I "R.wa W, Ld"mef?Jf 144;“.. /x/ch.. J_,h,».,,é (,'%,;\Q:F(b /ffaﬁ

%M 4f ’)wa*l"bd\a

gxw =~*'Zg_‘z/ - 877"0 ZZ@?CD
' iy% =0 > 4w~ ) Gy =0
'J’
_ww/ 5\/ [ RS 4 (A”w “iY )2 i Ty a0y €y« Llg g
e l'fo e i
5‘/:: g 5\/"A ixi.) dz Afz(»m(fcmu. o 2 4 ¢ (/ to g J: @uf! ??w 5\7 *
” f{ (%MJ%]mx 3 [; ,WJQM )
')l w-.f (,‘\\ ' ﬂ§u,n (g«) A (e
vV s S [m M'SL/’ duw + QA (Sw’- 5“,") dn
) i / o . s v L.
U\Jﬁtg\d@ 0‘)4 y g [M S‘}‘/ - S . % g(I/J de - M S‘/’/Y A J‘/M’/

/
w-¢ LML P G 5 ( k’//) - (X (//) lﬂmmm&v{w q J\ﬁ E,m{,;ﬁ\.v/la,vl)f;mﬂ:/g, QA-'v‘/f’-ruS(\/"_r»wj

a:‘]fiik o ,7;2“ M»{ (8 X'T—“u - ]0 (:(JL‘({ 9«-’“:%« . /O[z 2\15 5(/; o é(,:)'"“]
- ) " , . ",
. S T = Le 7 CI.)LL_] Cl_\_.;\;_ a.%@., A -A\{ E(Mrgtméuwg&, by A d,ek,c.(q\l.,i
Lot ("‘J da = T S“i] 2 A

XT-?J L/?I‘//XV*AMS“(JJC{X

v i L bie
jt.E"TM g P (u ILFS\L e s Ydwdt o bl ot

f[; M (/” ( .Z}Z’ SY ~Aus c%i‘) dedb (_(OQF(I\{;S‘{’ +Al,lrc:5}««f')<4x1<‘r

& H(M'» - ‘ /\AMCLfﬂ-‘« ,(’\( ';'» \,64(4,'.«. b) ‘}(/\«O gt,pu.‘,t,, (D14 (1.{..6.6"4) YA UG.-\[“LA(’I {&Q (1779 L«A:(/:&d ‘l;v
)‘)Lt." % ot tL'G‘L'i) »}-eav.t,:,-m *"&Qm -t {éé, ((,'IM 6,»&:- '*’*(3 q’,h\_,uu__f{i 4;{"‘"{: ’-B (“‘ .

\lwt) (5(}‘/ ﬁy){(&f\,\,‘&o w:«ﬁ“\i.&-) &QOMQ, \"){,’ gj-\(,(){) <M\!Q/\ »\“"""‘Q k_(r-\_:f“,:_,h“:,m s ‘.{ /etu-.gk.c,-) gﬂ"“(,ﬁ'{.,.:s )

e ‘8/.\0/\0'() 5W = g"{’,v\", XLH d<> + g b'l B\LL.\ CQ\I‘
g ? Vi
f:)hu lewcsv 1 Lo Sua }){t, s L -3 () 1Ly

gV—\] R g (Ix b(" ‘{ })M ohlp{?,\ ga[j (S:) ('— x:lgt{ +fil4§)4 A?]CI}(

twd frcty o & thMueQ fa ch(.



W)

3

i s Xy whee X0 X R eY R =2 Rl

f Z‘fzﬂ 28 dy L dz

YERA) S E oo o
}M"“- <§> £« :'Zi dpy = Mg /MM:T el e fo applied b el en frocdry

Pozdidy » M
Gmcé (:[ 53 b ‘w\L ‘\M«t‘ LA a, Luw’ m eyhnderiaf J ® % .
?§> 1[ (Lﬁ fus 6““’!L i [ S B dvdy = &

St a ! '2“5(!/4(5) gkf f ( )/}55( f??)bf)d)( +J‘ XSL{IZSLJ>

C»M’J{ll,(} b - ,4){“* due, ‘ru "“i“”‘
sa Ooda .

o . . X , . t
;)IA./{/ 6*»@() {'&L—’.\L« b‘v\»J\) ‘:gc\.n\wa‘(’?f\’\'ﬁ /};\\'(r;zx(_‘,t?l?‘é(a

b
L " o] e
-:f f (7: I sy pAUSw = M S+ @ Gurr@ S - mg §ly g dw- X d */uu@é)w) dxdt

........

]ana /ﬁm =5 \*/fu\w c,au!}fv Ml ’m,u 1,
o e (R e m% A L A L/ S } M‘/ be ¢ Tc¢
& G Z = ph o dur
f 4 lo &
Naramme. QQ M CZ o) L/ ont tdagum lc\.w; we. gl W rufecad g,;i e 1O (bfu&
»‘f@uw ‘Laﬁ

+ bmgﬁ \/e”\’“"’*’ ‘ S;b\ bl V'(LL.(_,LQJLO Woesy S“LP (S W et QM\,J Q. ? wic., (ANLVJ"(# Md@/z(f ui{/t’

- Tt = ) by 2/1 i‘;)' o whak b vf?e] becime. Lms: Qi //’)m ’%f
: J bim mn_,g} \fé.a\ﬁ” /lbgaé'&f bl A, (7)&4 Gaga. C’A‘} ;éwu«(f/

Bon = (/\4 ?/(,\\ Exy. ’\( &H + 7 'f>
2’771» tp ™ 0}'7”0&& -

A gxy
BEZ RV %
> G AR ) 3 [ (g Ge)
M 3()\4/{«)
Nt }1)({ {/4 ,
i wenew ek whiete dowe sadedly e W*‘U?' s v fyelnso Wt boe besbs we

oy byytEaq KO
Mrpg,l/ J\nuv, M')&,\,‘ (u M {\3 d & {anm vy <3 \'::;Z);? q(fy(/ Ay o O3 htd’ HL 2 A f& 0?@}()\‘

LW e wale o Lotabtns Condlihie Hak g@“‘ﬁ ‘02135‘1 dap.e
E /JQ} )) C‘)(]d’

s M gst"z" ¢ ch,u * “’\/ K"W“’?%A by

Qg u {



: ‘ \76\% we. Yol de Cl&md;a ,Ji.;fw(f“\ M;\- ot 110 2}@/’/ 4 Dotes ‘ﬁiunw g(fij /ﬂr{?ﬁ_dﬂe‘l‘w}» s
( , Hetes ,M w - ETY { \

| | how j’ T, el.,d pow B -
e d gdas B Gadi - /. =~
S?Tw Lydr = Q = AG (ul ) Gop e B e nt L dyr |
I i?i?:-ﬂ - M se : + QSw / :‘ | fe el (’;@.euk!lt,e,.l,,hﬂ) we Gk b duy oS
Vst s(ce,c.;&u\ Mer W and @ o s

. /1/27/79
T imotenteo /gcmw - Neveos le§ y

M momge X =p I N

R g+ Z = phur

M= - ET ¥’

K= AG(wtl ¢)

Todtal /@mf;wm b — Eder. Ega,.

y/ s /w‘ﬂvﬁz7 pritatrdy ‘P/MSJ )7/ Zz
f”“» L EHQ&?:C?'_ = —mha-o (s) |
e 2 Q%g = Mleg = pAii = pAlr - Mg 0
= why Wewc, Hanee & mo dhae shave, buk£Q =0, Hewe wle

() . funte Ru M7, (/Vm‘c, B A6 (w-¢) o
Whmh:ﬂ/ EWA hw/z&u\.ﬁ‘\r,o -‘=> é) ts /J/k—%/CJ 14y /:)Aﬂwu--» < 4/ (215 /4’4«/ 0»2 7’3‘—";LG? ;Séa_.

’/), & /_Hll/é)«\_(//”’ 7/(3’““.‘]4 by ten >, Lﬂul,a & o O = G = 60 }' W @05 1ent..
Atn T o, :

M(é,w(
X /1/ - _Z_;[ (/// . E"_'[:M/// d -:M/: _ E‘K ¢ V24
{ —MI/,L/AV'\}.::-?:‘ => E_Zw"’%/pﬁin)\} —74

ol ? =0 e /’V /L% 0 baatys- & WN*‘/‘? =0

44
B &»11/ g’
NOIL_ 4 BC &ﬁ(’ /‘M‘*‘V‘ Alvaes /l(,;-z,\g,\,,b--c,;/ . (zttc)( (0 ‘%/ﬂezn,fc/ M(ID n Qbf
- Mw’ 4 Bw = Erw” oo w’ and
led
PW"‘d

EXw g o ract f
Lt ET =4°

S af WIV-{- W on e
=
r’f' wlhe, b X T

= X T XT -0 =
Hoo

2V
SR
T = ﬂ&r)a)é‘ 4 /’f)} /QC,; 2 [” o



t«fﬁa»& /@3 ,ﬁam /f 7 A’& ,

/: OJZ {’,154@2‘ =il X N'_—‘ ca 4 X =0
e | L
;/.-/é,,.%‘ e/\X: X _:___.> ‘ >\¢’__~ 2)_5! - (’) \ — m (A ,f —’WL)
g‘/
=> X= Qe MX 4 Dpe WX+ £ ek mX 4 F el ’-“lé, G
. Z / ya )
. Wo)=0,3
Covsioley 54 beare: oo 4 Wm0 @ xco L ~~7w\ wlp E=@ 5 ., Gk
TR , : ) /atulsfo,
By 5 CHE = OS Mo
[ne (D) w D)
@xst Dam sl o det = 2 pinim puihm =0
j/vf v homed s.0..
=5 Mn = a7 5&)} ?2] = A 1/77 L/(L2

él[DA‘m - ] AWL\.)‘);):O

Iz

-} o, = n [er! /
P LTy e 2w A
AN T a
i o | !
4 4 / " ‘
Covordans fadileoe s frea s (@ xco oz YW =20 ho dles (‘“‘f °’.r".47‘3*?ft«,(‘tf"-:s->
x=4 w'so w”=0 T e W/ o Gt
Lf Ln) =0 s C\r)' / [’;) 2.0
N’/(o) =0 =5 D+F=0
. . o
" N . L . ) .
( L) = W) U.o-wg é - l'm li v b /) - Ca (Cf')‘:{l'n,,, £ Cosle mn, ) - D, ( LM, E‘(M/LWM,Q 22l

e /o #1
Vo b T4 oo m » Crah, M 5 = e

G
=/ 8

e l/) é"‘ ‘/

h’)’
M.

e 7B8Y

J’)')}

P ;«7/
([ @n Z)h - »
4’ 24'/ /{)}l ¢ A g{’ 3

.:[l (;‘ » @ (T w0

‘/J;- aed ')‘w\»!;t':!\'
9

Wis,o ) =ty -

“'f ()c\ ) O 3

C.V\ (/B-:« Mr) - ﬂ):‘A’ /")ha> "'Z)h ((/‘;3/‘/1/, Ao by 11, > = )

'ILLM-‘G;L% deitdat d?

v

N
N . §
\ ‘ 1
E . . . -3
\\ ) A a3 (”7 -
{(“J g [ K\ o (((—l r‘bf W L j(,‘(‘( PERIES
Lo e (AT

n N . R R s
Sh e Joed e Iy f?,j?;u t«muﬁwfa G, 40, 7 55}/ el

H CJJ/U), 4 /6; §z’<,\
?:/)nx;,

[s] Lt ‘/ 4
A

Kol oy ¢
(¢

M,



| ¢,
S S e X 0""’ B N Sg”‘.”‘,% Kndy
*g ¢ ><,,m S erds

ﬁ;’ ;@xé{z;\ﬁi‘ﬁc‘/, _/4(»&»: . &/?W, 1 L =0 /étzl” o (K)tB = W @M lex e»mw[:

2 N
R B anuk. - é) O AR e l(;; ‘ ,[ 4 Co~ hbat /o éﬂw&‘»«/ ér’ a:_“g_,{m
\ar "
apﬁ " } /77;(/ é@.—t,ﬂ(/\.,, ée’\ﬂ—".f{l* /’)WD .[[*,
1.2 }(4‘\ mad f[ (?‘ 'zi L.:, -5{"-:';(’;92/‘\ :'Y‘:f‘:) e .

C=

~ie

- ’ "
) }N‘_ "ft'«’*”. (J(L»\-a_tiﬁ,;_tﬁﬂ‘-ﬂ:\"*‘x W Gt Mo Ay e Save wlo prepags fe 5’"’“@"““,/ e 10 [)m(() B
, 1A ! vy h g ‘
! S ;"/‘Al/{t} " " .fﬁ{-&—bj) A% e ?\3'& . @ kv o }\ T 00 e Gy o0
.;fs»\(/é;-m',hz bedon.  Contten, ,"M«au»ﬂ'% 06/ $S Aecn ek ’hn! c"*’“‘f'tl’geﬁ“w"f
fr Tt ol
o Lo
a "Wy e ) (x ) 'b>
] #
/,7 : \Eﬁ(}b‘i" /{ 2 ;:73‘/ R ‘fiﬂ‘yl’ ,';‘& Jf”"’”?" U(// ;é\yh

Lo g‘(/'&rﬁ RS L {ey e, ag Ko e zyz/u,,\.i 2 % = 2 K, (\i(z')

/ ’ -/ 2. - R,
o f /\}4 k/ﬁml.» dl({}; %x,\,! Leerne , T 7+ /e A, (¢ ) /e

w(‘ /A\Q & c» mes Zfi{- ;’;;:’ Ao /[} o /4‘1) @ ‘*’A) / # /;’J e, / : ; .
(: _'/?9 Lo, (ch (ﬁ(’(‘ , ’:’7 ! %
/ @ (c) ‘e ¢, 1 ) 0o eklirono

ll/’ax’,‘/??

) I:h,c.eg \) W'A\ll‘(r\m LY& \,«J;’Q\&, ' /)gﬁt..,w\.g _§/CA~~Q(‘7 S/"&L"!Q, re h\ ' %wﬂ Cer u{ll/un fI/D('m he {/;a A

| \L?smtm %,(xﬂ;y = 2 ) Yor(x) Q. = an ﬁ cix
.‘JA - /,/é oy ’ -
e . ' | SXV\

L
A= Ao '\.fz)é &X: dvr = 1/2.- q(x ‘t> = Whirf S(x C)



2 Qu () = 7 ¥ e Lbj»f P txrr‘

T
Now Ty (k) = :f: j Qn (T) pre-won (b~ ) A

L

3 o A0S .l LLHV (44“. zuf —- AL:J, ¢
Wwint) = et 7 - gt

Wler we | “(/-» wp o)

/ =0 Mo /_o‘udb’/ gzém«’(‘ ) S '/'Ar/qu'- (:h-ulf N ?"f” e '44 af Cﬁ*"‘@/" bevi

’r; (A}J/tuh
gw'l?’flﬁaé. | &!,(’ f&?a,a' L ')/Lw‘{'“ ,/ﬁtﬁ”ﬂ{(’\ b e V{’ l ok meuly ,w"‘/ clo mﬂéw v

P
{«4,.‘.@:%»-4 — -

- replacta To 4o wff’l; év :

Pt 40, 1) = TR K, )
Bty = f va r” Kalhde = P

° S E}’é\a\ia‘ b4

pl el
L

oo ok Y RS
W = T A (et - B e )
o hv) = ﬂﬁfff (é,ﬁ ne | (" ’ e L b Ev{

, ap

)lc;z/u;

”[ o ‘ Ay l,L,,\ “ (bv v o/() . f? W }) a0 b R scndsn, List. Mw 7S ’3 7] " M.@J/
¢ - ’ gy
[AY NG ‘ML ‘,‘M,;ew r}; PG g f}‘\(e_«gf‘(‘% Y g l.'f 3"{'1#’7«"‘-‘” bl 4‘&’!"*&\ ag bt f oncliligns

.‘,{.‘d'v Jm,.-b e )\x wli O
!

iE J:L,Lf{" v, 6f, whe Wee | =Y Wmee o U gl whee UB% | e Wiy w0 ((maieapost loe )
L \
Contile of fort mate e18), e Sz 7 I

Y AR OO /.S G s ﬁ“f . .' b )
/ M ' L*’"
!

o,

———

R LA

/gm";(i:‘luvck, J[Lc. b Al = W ! Inds C//f’\ = C/(’ ! Uv/ LA &) £l

W M/c)f J!ﬁr’(”’

/,’(7(5 /‘; b g{?p— M, = Ul s A - lTé S L S ////3 138 /511

e R
g



I3

\ ey )
‘/‘ " A{)” /:( # ”‘ t h ( ‘/0 A ‘:. (j; Lo /’:\ tL -'.»-’i ""] “‘//(5‘ ﬁff"”‘ A éé\} V\Lﬁ“'/t"«’.{f‘ w] 1a/io

dh =0 ( whew 4 foc r) food whawe Ao meg > = Lh Tlwpup o Wdes #

iy
e Vi3

oy’
D Crs g w les ﬁﬂe T o 2py ot /5/4‘,
o= _2alr
a=o Ao "'!/‘%3
e f A = A(/b) <-'-“‘-—> é.2 é:/{,/% 5 Nt 'd'}/ /9:1 /‘ é‘;lﬂ" A:: 1'76['3
' ay

?L&u e (} ‘/?Q.:u,m'[f' ba . ‘)"dsawc‘.g ‘fﬁ.{ Z/gr(_%gjaﬂw,ﬂ,/A.,N( 0" C’,.q,dﬁ‘“(’{ ‘?/ e

o 70 k 8 \ $

b L 0
==Y O{Q..ng,,«,&-z,w tfc,énm:.(m\ = .é, "

[PATRES

} ,gzmw'm'f,, 4 fand Q‘G‘““”‘! N ! beon

1
‘i) Lz%ﬁ b Ll ,'7 S) e S mé-d‘v‘ﬂa ,U{:avmﬂ
\ 1oL 5w
Foncers N{g on el "'/‘-‘Wm Honk gae mok (‘ft(voh WL dﬂ(«\(}f& widt, » | [Fow df

et ) J - kel ({ [m’ L wndey whiel Al fouod (A {f/, P T
)

(22

W= P

2[4 /24

/}‘/)'.)Le,u//rda e (/‘/{;\ I e 2in :ﬁ.,gah ) \/‘/”, "

/> f!-g:’.‘ e A V,‘,/' -y Agaral /241 e ?' ‘/ .,/n éf"‘m,f}/’[’ /(/‘ 5 .(’{".,df/h e ,.-“ ?/ . (’/%,/ " (}‘ l

\ /’ | \‘ o ’Tg )’\ ke .;& i (_/.»’"fjf" ' £ Aoy /,/ w7 /, g J
Lf a : L - ,:{ f‘"\ s /\ k “ A ) /’ {f;-(f-dd.,; .
lf' 91&24) Al 2 :‘ilm- /'L{L—U.JJ Pl b éd, /L_I,z . k‘_“%/ L o, el Mteaf, b (1‘[‘” ﬁ((‘ re v/(;1((/

Joy !
bt Ao

G fe

w e &/‘ ’ e = W O
Ao (p) (/ Bepw € e (e ) —= {3 N ( : >/)
L ,

oy ww RS :',.;t,a:"i’»—'(v’!‘,(‘,.‘.\‘_-f'(?‘,.'_”{(:;; p% >< (//:'//Q ; (W/» L//>(.:/f?:,') \.f‘" - (/

¢ v
/44' Ko, ((‘f PR /c / .M:\ W Aae (/{lu ~~~~~

.

- { \S C: ;
! . P ‘ W e G
) o at oot /_,;Be_ P ,y (_)J“ ,,,,, ‘_(,,5.& eo font. Adatiee (,ﬁ, o p /[47,,



4.0

£ ()

3.0

2.5

20

1.5

6.5 -

o)

ad .
A et e sy oun o

T N N
Vs
/
‘ /
. /
Tivnoshamho theery /
- - El.t\:n(ehu, tkecrts // '
Swaserecains aef“ous\;sﬁu\gf *"nl&?s}/
”
Vs
//
M”

L4
I G

/ N /Q/)(L‘M/«.f

moele,

CRAItAnRa , v
e (Bre6at)

) G N | 1]6/
¢ Q=
o9 B A

g

£ Yeetneao

0.0 0.5 "o Ly 2.0

@ (37%\&3.\ Wurl AMebtss

B (reat)



| ?.5 FLEXURAL MODE



Awy.@m\, F\A.&Wrcog m\wﬁvh%;{\»

(E) THICKNESS - SHEAR MODE /%



& agy
. - \ e
We 2' Z h/m Thpt
}a'u :)‘

P EVINIEY,

/OV ?}{/sﬁﬂw 2 Wl Chane %“‘—1"{,« -ZNLJ"[;Q?Q_ I A‘;if,ff‘n :

). - e f) =2 o
m.)‘: 2 f (i’ \/ ‘4) y) Z{f; \/ g

/C{ e (l«() o , ‘ .“’y{(? Si;»t' LJ%:

EAS po W x.‘a‘ Bao W

v
2.

o)

Al f::::t L Utk W o 2 W glwt 5’? & = b

'v'r W\@‘}’[ ot VL' . \/ Wa b d iﬂg {- 0",‘ (W .

;?, B, "é?«v tavlepey Areo. K

b8 Yol ens aza,: b

* nmn ¥ \

&A= /,C(;J A ) /{}1} 4 5‘474(({4&(’

)b

7 LA ¢ u?
S W W ¥ tf-’f'.vy_g:f" g 5 4y
' 2 -

=]
7]
© PN s'_\ [EER! v‘ot;l‘/

N ‘enfr,-r;ly-n)

bR A ) i

w')é w \/\7 LO‘ s i (o ?L«-\ i

) R 2 - 2

z  Ap WL oowl L
]

o

1 ) PR
- L"v’:“-" ot c28L g ‘ol W L

w o~ 4T {ET

s

‘llﬂe% w@m Ace w totewswl f\ﬁ};g . «}"ﬁ:’:;& 287 4 %/w,z" 4 l’(j/:\ ks (”A

1°

vk

whe WEL ..

Ap &Y

3’7"("6«&’ r% & \5
L’l

IS

¢ -



—

-

j"\ éi&wt 4 ‘\:«'-s Gﬂ}e\ AV C'v’a’(j 2

u 1 g1
S,Ma;»;s Cone o ha f"(‘u;‘:mx E D’fgﬁiﬂﬂr% bt <p . (%’m'f? "(:l’/fw)

B + ! A M g8 Ay pa £ ‘ﬁ,‘,w
[ S"'“’“‘* 4 ladee S\le; L‘ur a '3{‘-‘ 39 kLA honfue
o
3 + -
i\ ) Shuaa Q{L7'blfif1‘.'t.-t gw'\) ek dhuid \ il Canae @ (743\5 ety ’-“‘t‘ )
e (

Cod i / ifat,...vr)/ Wenve.y Vibe ol )‘(2)

i"‘L,U

ey

. - . W o a [Ty, O
B m_-U;” ,ﬁxy,“u “‘Y,_T, T e Uxa =82 G 7/ /

;r' _J:,,i‘, & he ' i»'»“ w ‘/:; K = Ut

Eaet: 53\!‘éT -2, it /
X A
b ddug m.’c; tnghea /9 w) '

IR

o
>

3 Vet

1 ,'1 5 ¢ de l»‘-\'\ l Lo wf, A3 b,
y 1. & -
/\ " o “ 4 92‘/‘ = }%
EYA BHW <;|7,. at’?
? &
. i\ ;f‘g \,, . a ,}']3 " \(» !/3‘, o O \ H ‘.»
/ ez e R C e {l 3

R A e \//

| | » /g Y /- //;,
jé f*‘?)) ’V)‘l ;,, ':::'\'} E‘ 54 {rlﬁv’ (él«t‘ “ i\‘rbl \

NG U?‘-}’/ﬁ‘ﬂ, P (5\,?1.?4 2”'? ’) (7,3 ;,X PR Hi\ , /
g Onn) e -2,
(,‘//,‘ fo’g""(”*/”‘)’*xﬁ/

d.,q B 6 y f\ﬁ f‘é - D d 14 -

s % Sy <H - ;) P X'y 4”‘ g )
Gy 2 sl ) My

for seprsoniictons o [(x% (‘g’! ‘E!‘/)\
i g Gpy)

w0

/
Pder i/f?)\ X W, M

1
Y pleaet 9 e,

A
td

me’t'{.:: ‘[ ltr’\.bd. ) ‘ .



by,
{2 y it
chs b s ) " I4,.M> /P T VR .
C’>“ ﬁ/)))ﬁ) v G} 7/: P &&(Wt / LJ.?,;’?,.“ .,vﬁa . t‘S -prt/ {a /:’E/ ,} (k‘) ;Um,c,,/'fi'ﬂw ] {f/f)/\. “'/

e f;{\\eﬁ %pgwﬂﬂk

9
b o / w o P AW s
ddan f(.‘ 3( (fam(’/% ./)3 N/ e C‘y/ L6 gf;‘j“‘ e )
Lt .. Ae ¢ Hlwt ) »ﬁabf- T i b W) Bea |
Hy= Be’ f”'d g i) P( "y (g, }, Bouikp, T
| W/ o)’ kP /511*‘** whe w® sldoe o A P ‘%{A{})&V

& ¥ @y (

B(k)

fé[ ) /*

o P
M
RU) = (Rup)) " 4b 5 1%

i b

,'5? 2’;(’34”») ) Wwbs haut. f’“ﬂv ?@.,L Gdote Wawda Y MOGML L / ot da&e.«‘bgs ﬁﬁé
blewo tepp 4 wa {.ﬁwazg,/ 4 k«w&u] ot o Panigl M(f"w‘%‘ﬁaﬂe« '

L - ' : ' )
f(} 2 b /q v sy P 5\31) 3 P\m», WA /) {:;%éfi_\,gf,\,ﬁd (:."-;,&Q@) FIRY /4_,,4\ .

‘&



DIVIBION OF APPLIYED MECHANICE
DEPARTMENT OF MECHANICAYL ENGINEERING
STARFORD UWIVERS (TY
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DIVISION OF APPLIED MECHANICS
DEPARTMENT OF MECHANICAL ENGINEERING
STANFORD UNIVERSITY

ME 236A Waves and Vibrations Autumn 1979

Problem Set No. 3

Consider a uniform cantilever beam of length & . Sketch the first
three modes of free vibration with reasonable accuracy.

One end of a uniform beam is clamped and the other is subjected to

a periodic displacement of the form W = wo sin wt . Qetermine the
steady-state motion.

W
Calculate the phase velocities of the two free harmonic kaves in an

infinite Timoshenko beam. Construct the plot of phase velocity versus

wave number and discuss the limiting values for very large and very
small wave numbers. Also construct the plot of frequencies versus
wave number.

A beam of length & 'is resting on an elastic foundation (modulus n).

Determine the lowest mode of free vibration if both ends are free.
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BIVISION OF APPLIED MECHANICS
DEPARTMENT OF MECHANICAL FHGIHEERIHG
STAHFQRD UMIVERSITY
ME 236A Waves and Vibrations Autumn 1979

Midterm Examination

X . . . A & B
b Consider 2 elastic half-spaces (with properties w , P and wuv
/Jca. /77 Do / oy
B . : . . . .
o respectively) bonded at the plane interface. Consider an incident on Sza,qu?7
SHewave and determine the amplitude ratios of the transmitted and reflected

waves with respect to the incident wave. Also, determine the angle of

incidence at which there will be no reflected, but only a transmitied wave.

2. fonsidar a very long, elastic cylinder éf rectangular cross-section
(eég@ fength a and b). It is welded to a fixed outer housing along all
four faces. Determine the frequancies of free axial vibration by con~
sidering the displacement in the axial direction to be independent of the
axial coordinate, while the displacement components normal to the axis

vanish (antiplane strain}.
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DIVISION OF APPLIED MECHANICS
DEPARTMENT OF MECHANICAL ENGINEERIMNG
STAHFORD UNIVERSITY

ME 236A Waves and Vibrations Autumn 1979

U1

Final Examination

For the Rayleigh-Lamb problem, assume displacement potentials of the form

fax
e

—iaxz)ei(kx1

- wt)

= 2
b (A1 + A

- wt)

ibx -ibxz)ei(kx1

P = (A3e 2 + Aqe

where a = (wz/cﬁ - kz)}5 , b= Quz/c% - kz)l/2 , and find the dispersion equa-
~_tion in terms of the roots of a 4 x 4 determinant. Bgymeans of simple row
and column operations on the determinant, show that it may be factored into
the product of two 2 x 2 determinants. Evaluate the two determinants, and
show that they correspond to the symmetric and antisymmetric cases discussed
in class.
An elastic rod of elastic modulus E , mass density p and cross-sectional
area A is embedded in another elastic medium, whose effect on the rod can
be approximated by postulating that the axial force (per unit length) exerted
by the medium on the rod is proportional to the axial displacement (constant n).
Derive the equation of motion for tHe,rod as an extension of the.elementary
theory and calculate (and sketch) the frequency as. a functioh éf the wave
number. CZE%”%qu '
Consider a very long beam which is resting on an elastic foundation and use
elementary theory (stiffness EI! , cross-sectional area A , mass density o ,
foundation modulus k). Calculate, sketch and discuss the dependence of phase
velocity, group velocity and frequency on wave number for free harmonic waves.
Determine the frequency equation of free flexural motions of a uniform elastic
beam of length & , whose one end is clamped and the othéf supported by a ﬂ"‘"”}
spring of stiffness Kk . Consider limiting cases of k =0 and k =« and i

Call 4 ol ol bl Sundq -

also the relationships for high frequencies. ?

et

A cantilever beam of length % and stiffness El carries a concentrated
mass M at the free end. Choose a reasonable deflection curve and use Ray-
leigh's method to find an approximate value of the lowest natural frequency

of bending vibration. 4 o
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