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6. g1 ~-NEWTON ‘UPDATES

QUA
Line searches are helpful in preventtng catastroph‘c divergence,

but to achieve fast convergence in an accep cable number of 1 teratlons, some
form of update of the sttffness matrix need be performed. Stnce total
reformu\atlon/factor\zatlon is such an expensive proposit\on, other avenues
have been pursued The techniques currently gatnlng favor are the so-called
quast-Newton updates in whlch modi fications are effected reflecting the
changes of stiffness from iteration to iteration and step toO step. However,
the'modifications do not involve a\teratlons of. the gactorized arvay- There
is a vast 1iterature on these technlques le.g->» 2-4, 7, 1ol, although their
introduction to finite element equation solving was made only quite recently

., 5 6, 8, 91-

‘Broyden Update

To i1lustrate the computatlona\ structure of a'quasi-Newton update, .

in the context of finite element. equatlon solvxng we will conS\der the

.so—ca\\ed inverse Broyden update.’ At first, to simplify matters, We will

take a single jteration update. Let

IS I (i+1) - R
R =R , R =8 S (19} .
g = g, g L) g = 47 8 (20)
LY n n N Y n,
‘\le are interested in computlng Ad(‘+1) from the equation
_oas) - R - |
gag¥) = & , @

where K is to represent an update of the stiffness ﬁ used during the

_previous jteration. We assume the triangular factors of K are known.

Formally, We may wr|te Broyden's update 2s follows:

k' o= (\+&Ad)K‘ . | (22)

A-7
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To obtain Ag(‘+1), however, we execute the following steps:
1. Solve KAZ: - R for Ad
N Y]
Q-3 ]
2. §° (Znd - Ad)/(t\d . (ad - .A_g))

(i+1) . -
ag = ad + (8d ) £

Note that the effect of the changed inverse is entirely accounted

for in Steps 2 and 3, which involve simple vector calculations.

After each iteration an update is performed which amounts to pre-

multiplying by another factor of the type |nd|cated in Equation 22. . If the

number of updates‘accumu\ated at the present stage is N, then the genera!i-

zation of Equation 22 is

1 T T -1 .
K= L RS OA QN AR c.8d)) K - (2b)
(i+1) . ' o .

The steps in coﬁputing Ad are:

1. Solve KAd = R for Ad
N VO n NO
5. Evaluate Bg, = Adk' + (8g) Agk_l) i

Skt
| (&;—AQ (nd |
3. g = PG by 1)/ dAdy s - &)

where k= 1,250025N71

(i+1) _ A7 f '
hooo6g = ady.it 8 pdy-1) Su .
At this po}ni a line search may be pefformed to determine s(‘+1);

et s e e i e A . - .
R At




. ‘.g‘w"l"#i

g

L



T
A
—

jgﬂ& | - | |  m-h000-5082

Remarks

a. In \arge—scale calculations, the pairs of vectors {%k’ Agk} are

generally stored on secondary.storage devices and retrieved as necessary.

b. in practice, 3 fixed number of updates is decided upon, and

the earliest are discarded as new ones are created.

c. \t may be. worthwhile to perfodically reform the stiffness and

begin the update accumulation process anew.

e results in E being nonsymmet- -

dreau has observed that this is of

d. the that the Broyden updat

- pile even when § is symmetric. G.L. Gou
_...1 .
no computatlonal consequence since ﬁ is never formed.

e. The Broyden update is felt to be the most effect:ve procedure

for general systém§. It is uniquely SpeCIfled by the following two conditions:

— kepd = MR (25)

and |
:K/% = &% for all z such thet Z° ad = (26)

Equation 25 is called the qﬁasi-ﬂewton equation and amognts to

insisting that _K satisfy a secant relationshtp in the direction Ad. The-

on emanates from Broyden s argument that there is real\y no

second conditi
' ponnt in updating- K in directions other than Ag-

Other requi rements can be imposed to create other updates. The

quasu—Newton equation appears common to all, however. The references 4,101

present |nterest|ng surveys of work to date.
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‘BFGS.Update

One of the most successful quasi-Newton updates is the so-called BFGS

(Broyden-F\etcher-Go\dfarbehanno) update, which is designed tO be symmetric

and positives

positive-defi

form:

~ where

e<

2z

1 f

o<

w
"N

{n Equations

.

definite whenever the initial stiffness, ﬁ , S symmetric and

nite. The 8FGS update can be written i the following factored

_ 7o 1 () T f

= () K (Wruy) S (27)

: -1 4 , |

= - (ad - AR) od : ) _ _ (28)
N v N . :

- AR+ {  -and -AR (ad - R)"}‘/Z R - (29)

a line search is also employed, X and ¥ 'can.be written as

- - (G(s) - c(o))“" Aé . S (30)

-

=ts§-%- : \s(\A— G(s)/G(O))\Y/Z 'R. . (31)'

~N

30 and 31, . S is the 1accepted vatue' of the search parameter.

The solution of Equation 21 is obtained as follows:

2.

R = R+ (v - R) w
nO n N n N

R for Ad
nO LN

solve K A% =

g *0) = g+ Gy oD |

L Sl SR (1Y caodn e o QI csqra®

- OaFan @O o vV T~ (A2 it LAY Aoy
—w.a., _
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g r3Y be seen again, no alterations of the factors of 5 are necessary.
e more vectors have accumulated, the situation is not unlike that for the

pro¥den update. The formal expression for E;l in this case is given-by

-1 . T) T ) T\ -1 NG v w T
K (&*XN Y -(L*XN-%N—\ SRR SR R A Prw ¥
- T
(“xN X,N) (32)

The steps in the solution of Equation 21 are

1. Evaluate Ek—f ﬁk + (xk . ﬁk ) W fori- )
R=w N-,

- - U !
. where R =R
Ny v
2.. Solve K Ad =R _ for Ad
N0 VO A0
3. Evaluate &d, = Adyoy ¥ (mk . Agk-1) Vi for k =.1,2,...,N
- .
L, Ad(' " = Ad
N . AN

At thfs point.a new pair of vectors, ¥ and W, is calculated
and saved (see'Eqs.v28 and 29). 1f a line search is perfbrmed, Equations 30

and 31 are used in place of Equations 28 and 29, respectively.

wWhatever the update formula being used, when Aﬂ(‘+1) 1is ca\éulated,
it_is subjected to convergence tests .as described under the Newton-Raphson

method.

'Implicit?Explicit Mesh Partitions

‘!n the preceding description of quas i ~Newton updates, it has been
assumed that the stiffness matrix, &, is used as the starting matrix. -~ The
formation and factorization of § are often very expensive propositions.
Since the quasi-Newton updates tend to build up the inverse of the stiffness,
it is natural to considerlother starting matrices that may be formed and

factorized more economically.
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Handout ‘#5
Notes
constitutive equation tangent stiffness matrix
Ao = T, AY +.S A8 - L J}JJL
N el y e . = [ Bl DB, a0, B, = oftxier ol I IR §
aQ bxnds 85 o T o)
4y Pt s Axngy }T-': -z

three dimensions t%&sié?,%ensf plane strain | plane stress
nthk-l 3|6v3 2l4l| 214|| 2.3,'
{ —
,amfowmo() B - 'T
Y robehi % gl . ) B same os B -
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B0 Z:fr) --_--—.-2—-6;- B, = aN,/ox; E_‘z g‘z Bo= No/x, oxézyr'nrg. o [B2 3;‘
______ except bo = * 2
+ B B B, -° '
[B; + B
B, B. B,] B.=(B,-B)/3
B, B - B, B,+B, B, Bs| Bo= Bt
B8’ [Bs_B;_By| Be=(B-B)/3 B, B (Bo-BoY/3f  Some oS same 0s
o Ba Bs Bs| B;= BB Bo_Br| By= BotBo exceypf go B,:0 obove
L[; B, gz Bg= (2:’33)/3 B, Bg| Be.= B/ +Bp
s ° ] = Byt
B, -B, - .
0 . same as some as
Ba [E.l B, -B] [(B. -8] oxisymm. oxisymm,
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- . Eaa - aoo p
- first four rows ond some as
C see (2.28)-(2.32) columns of € oxisymm. where p = €55 Co,
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matrix form of the &;’s is given by

W.K. Liu, Nonlinear finite element analysis of shells: Par,

0 + (oud + b + oubp oidu)/2.

© o o, -0y | -0 0 o '1
o1t o3 _ Os as
0 =5~ 0 -2 3 2
R —03 o2 o3 {03 s 0

C =
haat 7 ) 0 bl 4 7 T4 Ts T¢
- Os o3t o4 o2
os _ o2 ot oy
| 0z 0 3 7 |

. aaditional details of the derivation, see [22].

1. Zero normal-stress projection

Zor application to shell analysis, the
-mal-stress condition. To this end, 64= 033
sstructed, as suggested by (3.18), to remove

D = P'DP,
ere
_ [P P2
P 035 13
1d .
"1 0 0{0 O]
o 1 010 O
o 0 10 0
m=
pi1 P2 P3i Ps

pP:=

0 0 0]
0 0 O
0 0 O
0 pr bps

0 0 O

—

4.9)

D matrix needs to be modified to account for the zero
is set to zero in T and a projection operator is
the row and column of D corresponding to ¥ss,

(4.10)

(4.11)

(4.12)
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ME 235C
Handout #3

PO e S

Homework
e . ME235C ' Stanford University
fJ) Nonlinear Finite Element Methods _ Instructor: T. Hughes
g Fall Quarter 1981 ' .
HOMEWORK #1
Consider the following system
Mi +Kd =0
d m 0 (kq + k) -k
g= l . M= 1 K= 1 2 2
) 0 m Ky ky
A k, =1 k—io" m =1 d 1
ssume k; = - ) = s 1 an my =
"L‘) (a) Determine the natural frequencies w; and imz of this system.

.

(b) Accuracy requirements dictate that, per cycle, no more than 2% amplitude

decay and 5% relative period error be permitted in the fundamental mode.

Based upon stability and accuracy requirementé, determine the maximum
allowable time step for the following algorithms:

1. Central Difference Method (8 = 0,‘ Y= 1/2).

2. Trapezoidal Rule (B = 1/4, y = 1/2) |

3. Damped Newmark Method (B = .3025, vy = .6)

4. oa-method (a = -.3) - T B

5. Wilson 6 method (8 = 1.4)

6. Houbolt method

7. Park method

vl






2)

(c) Consider the initial-value problem for the system above with initial data

given by

1
.dO = )
- 1.1

0
Y ©

Write a computer program to solve this problem employing methods 1-7 above. Run
the program at At = T1/20 over a time interval of [0, 5T1] For trapezoidgl
rule report averaged and unaveraged displacements. TFor the Houbolt aﬁd Park
méthods, use the trapezoidgl rule to establish'starting values. Obtain time-
history plots for the displacements in each case.‘ To facilitate data reduction
use some form of éomputer plotting. Assuming the high-frequency response to be
spﬁrious (as is often the case in finite element systems) comment on the relative

effectiveness of the algorithms.

Note: - If you do not have access to plotting routines, the following routines

can be used to produce printer plots:
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' Handout #4
i Homework
l . _ . . '
{‘l . Nonlinear Finite Element Methods Stanford University
k - Fall Quarter 1981 Instructor: T.J.R. Hughes
' |
Homework Assignment No. 2 _
(due-3 weeks after handout) _ =2 X - &=
< A o). ( t)ﬁ'(’
. ) U ZNf* "“%5‘«
Consider the following 2 dof system: At N (c{) ) fu_))x f}(u; x) dy ol s\v;&ﬁ‘_ﬁ{& %,
. . N ol FF bl P
d:o N P “dot QA.L-‘J-.?"
~ d d . I },l ' 2. L p\
1 2 N(@) = F W My o
# d ..04 > —_> .o -~ jNa,x ?( )x)dx»;)x dgk'
I A — ) - a.-a a
L I A — : )2~ [ %1
P n  n , ‘ R U A
, N, (d,,4,) ‘ M
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Assume: h =1, F, =0, F2v = 37.5 ' | A | Z'
) /& £
case 1. N(l) (x) = N(z) (x) = 10(x - x3) : x(1~x¥) Xz My
_ ' | , /;,/
, 7
case 2. N(l) (x) = N(z) (x) = 10(x + x3) L X=e ,l/
Program and attempt to solve the problem for cases 1 and 2 using each 6f the
. b o Caze # 1 _(ase e
A fbllowing algorithms. vk = 1.76649 - 3.£33495 1 8¥a6r0, 268100
NM{V‘-{*L“ (1) Newton-Raphson v ' 29 dew e ﬂ 4_7 ey prag
) TR )/' oo Lk
WY (2) Modified Newton-Raphson ¥ 4 uftn { bbo /’ I M‘““/)
. . A ‘ ,
e N (3) Incremental Newton-Raphson (use 3 equal increments) oI ke Wf-‘ 1Y Con-

¢

(4) Modified/Incremental Newton-Raphson (use 3 equal increments and
update DN only at the beginning of each new incremefit) v~ Sh. up , 74‘&‘»“‘?‘1'

(5) Case (2) with line searches v C A e Gona” z P “f* e

(3%}) ‘IM/\; e \‘S[ L»S: ‘ 6 ;}e'\d ol / (9 ;JW grwty’
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wuLQAanQ (6) Case (4) with line searches v b lern d U“““%g'/‘LAW

(7—)-’Case~"(A2)wi*‘l':h**BJEOYden* updates‘ (_max = 3) arldline'* Sear cheS' )

(8) case (2) with BFGS updates (max-=""3) and line searches |

e SKIP
(9) Caserig)ﬂwith”ﬁ§oyden updates (max = 3) and line searches

it

' ,‘zilﬁileasé~44)wwithmBEGSMupdatesw&max»=M3)*andmlinemsearches«~a~~~~

Assume in each case g(O) = ‘{g} and permit no more than 100 iterations.

Terminate computations when

(i+1) _

(f ™ . do(tl) L /1 dé”l)l) < .0001
T, |
and
F, - N (@] < .0001 6 =1,2.

Report the solutions and the total number of iterations required for each
' o

" - algorithm. Plot the convefgence of the error eél) =.dél) - a_ o=1,2

o 14

Z(In the case of the incremental schemes, plot only thetiteratesﬂbf the last

‘load incremént.) Comment on the asymptotic rate of convergence.
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It is proposed to solve large-scale finite-element equation systems arising in structural and solid
mechanics by way of an element-by-element approximate factorization technique which obviates the
need for a global coefficient matrix. The procedure has considerable operation count and /0
advantages over direct elimination schemes and it is casily implemented. Numerical results demonstrate
the effectiveness of the method and suggest its potential for the analysis of large-scale systems.

1. Introduction

In p{ipciple. the majority of linear and nonlinear structural and solid mechanics problems
faced by engineers can be solved by existing finite element methodology. However, if the finite
element equation system is very large, the storage requirements and computational cost
involved may precilude actual solution. In this paper we present a new approach to finite
element equation s?f)lving #hich, for large systems, enjoys significant advantages over standard

direct-elimination techniques and, in particular, requires no storage of a global array. In its
most primitive form the equation system is solved by way of an approximate factorization
technique in which element arrays are individually factorized. Solution proceeds on an
element-by-element basis.

Approximate factorization schemes have proven to be very effective in finite differences
where multi-dimensional operators are approximately factorized into one-dimensional opera-
tors [3,.22, 25]. Techniques of this kind have been used to calculate three-dimensional,
turbulent, unsteady flows in which 128> mesh points were employed [23]. Unfortunately, these
procedures are inherently restricted to topologically regular meshes. The method proposed
herein imposes no geometrical or topological restriction, thus the full versatility of finite
element modelling is retained. In addition, the splitting into element factors is very easy to
implement within existing finite element code architectures,

The first example of an element-by-element scheme of this kind was presented in [13].
There the main thrust was the development of an implicit, unconditionally stable, second-
order, time-accurate procedure for transient heat conduction. In the present work the
emphasis is on using the element-by-element concept as the essential ingredient in solving
linear algebraic equations. Element factors are computationally convenient to employ and
appear to retain the accuracy characteristics of the global coefficient matrix

v
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Various hardware and software trends suggest the potential of the approach proposed
herein. For example, todays supercomputers, such as the STARs and CRAYS, have significant
CPU-speed advantages for vectorizable operations over previous generations of scientific
computers and also possess considerable increases in available high-speed core. All CPU-
intensive aspects of finite element calculations are amenable to vectorization (i.e., equation
solving, element formation, constitutive function evaluation) [6] thus exploiting this feature.
However, 1/O (i.e., disk file read/write) costs have not dropped significantly and it is /O which
is still the major cost constituent of large-scale, finite-element problem solving. This is due to
the enormous data base requirements of finite element equation systems which still often
exceed core limitations, thus requiring non-sequential matrix assembly algorithms and blocked
out-of-core equation-solving techniques which make heavy I/O demands. It is often not
realized by the practitioner experienced only with small systems how quickly matrix storage
increases for large systems, especially three-dimensional ones. For example, the symmetric,
banded, stiffness matrix of a three-dimensional finite element model of a cube with only 20
nodes along each edge and 3 degrees-of-freedom per node (~24 thousand equations) requires
about 29 million words of storage, far exceeding the core limitations of any machine in
existence. The finite difference calculation described earlier involving 128' mesh points is
clearly outside the realm of consideration of matrix-based techniques. In this case, a non-
symmetric, banded matrix with 4 degrees-of-freedom per node (velocities and pressure) would
require about 11 trillion words of storage!

Until fairly recently, a major impediment to large-scale three-dimensional finite-element
analysis of complex structures was the massive, and often error prone, data preparation
process required to define the model. Advances in the development of three-dimensional
interactive color graphics, finite element pre- and post-processors, and the direct interfacing of
sophisticated CAD systems with finite element programs augers a future in which even the
moet intricate engineering design may be expediently and reliably processed. Thus the only
remaining major impediment is the deficiency of direct equation solving techniques.

It is also believed that techniques of the kind proposed herein will open the way to solving
much larger systems on smaller machines, such as the ubiquitous VAXs and PRIMEs, in
which physical speed/storage limits play the predominant role in restricting problem size. The
ability to solve larger systems directly translates into the ability of obtaining more precise
information about engineering designs within budgetary limitations. All areas of engineering
analysis, research and design should thereby profit from the methods proposed herein.

A description of the remainder of the paper follows. In Section 2 we describe the class of
semi-discrete problems considered. In Section 3 a time-discretization/iterative algorithm is
presented. The procedures are applicable to linear and nonlinear, static and dynamic problems
of structural and solid mechanics in which the tangent operator is symmetric. The linear
algebraic equatioﬁ?’system which needs to be solved during each step/iteration is the focal
point of subsequent developments. In Section 4 a parabolic equation is introduced whose
asymptotic solution is the same as the solution of the linear algebraic equation system. The
solution of the parabolic equation is obtained by way of a standard implicit (pseudo)
time-discretization scheme in Section 5. The coefficient matrix of the implicit scheme is
factorized approximately into element arrays in Section 6. It is shown how to improve the
approximate factors by way of the line search and BFGS update techniques. Numerical results
which indicate the good behavior of the methodology are presented in Section 7 and
conclusions are drawn in Section 8.
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2. Semi-discrete equations of nonlinear mechanics
Consider the following semi-discrete system

Ma=<F 2.1)
where M, a and F represent the (generalized) mass matrix, acceleration vector and force
vector, respectively. Equation (2.1) may be thought of as arising from a finite element
discretization of a solid, fluid, structure or combined system. In general, M, a and F each
depend on time (). Explicit characterization of M, a and F may be given for particular
systems under consideration.

In the present work we are particularly interested in nonlinear structural and solid
mechanics applications in which the Lagrangian kinematical description is adopted. In this
case the important kinematical quantities are d, the material-particle displacement from a
reference configuration; v = d, the particle velocity; and a = ¢ = d, the particle acceleration.

Dots indicate the Lagragian time-derivative in which the material particle is held fixed. The
forces are assumed to take the form

F=F*-N , 2.2)

where F** is the vector of given external forces and N denotes the vector of internal forces, -

which may depend upon d, d and their histories. To make the dependence precise, one need

.introduce equations which define the constitutive (i.e., stress-deformation). behavior of the

materials in question. These equations vary widely in type and complexity. For example, they
may be algebraic equations, differential equations or integro-differential equations. In ad-
dition, in2quality constraints may be present, such as in plasticity theory. ‘

3. Time discretization

To solve the semi-discrete problem. a time-discretization algorithm needs to be introduced.
For this purpose we shall employ the Newmark family of methods [20]. Generalization to
other time integrators, such as the Hilber-Hughes~Taylor algorithm [B,4412] which possesses
improved properties, may be easily facilitated without essential alteration to the following
formulation.

The Newmark ‘predictors’ are given by

dvy=d, + Atv, +30°%(1 - 28)a,, (3.1

Dne1 = 0, + A2(l — v)a, (3.2)

where subscr{pts refer to the step number; At is the time step; d,, v, and a, are the
approximations to d(t,), d(t,) and d(r,), respectively; and 8 and Y are parameters which
govern the accuracy and stability of the method [7.9. 18].

Calculations commence with the given initial data (i.e.. d,

and »,) and a, which may be
calculated from

[e-11]
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A’la() = Fa“ - MJ . (3.3)

If M is diagonal, as is common in structural dynamics, the solution of (3.3) is rendered trivial.
Otherwise, a factorization, forward reduction and back substitution are necessary to obtain ay.
In the sequel we are only interested in members of the Newmark family for which 8 > 0.

In each time step a nonlinear algebraic problem arises which may be solved by Newton-
Rﬁhson and quasi-Newton-type iterative procedures. There are several ways of going about
this. Perhaps the most generally useful implementation for structural dynamics is to form an
‘effective static problem’ in terms of the unknown d,., which is in turn linearized. The
calculations may then be performed as follows:

displacement formulation

i=0 (i is the iteration counter) (3.4)
4%\ = dy.y 3.5)
ok = By (predictor phase) (3.6) .
alh, =0 ' 3.7)
R=F%,-NU, -M% a¥, (residual, or out-of-balance, force) (3.8)
K*= A‘IZB MO+ ﬁ Cl+ K., (effective stiffness) (3.9)
K*Ad=R | (3.10)
diiP=d% +Ad ' 3.11)
? e aliiP=(di-d,. )(Ar) corrector phase)
o8P = By + Atyalit) (3.13)

If additional iterations are to be performed, i is replaced by i + 1, and calculations resume
with (3.8). Either a fixed number of iterations may be performed, or iterating may be
terminated when Ad and/or R satisfy preassigned convergence conditions. When the iterative

phase is completed, the solution at step n + | is defined by the last iterates (viz. d,,, = d¥'1}%

v = 0571 and a,., = aiP). At this point, n is replaced by n + 1, and calculations for the
next time step may begin.

In practice, d,, v, and a, are generally saved during the iterative phase, along with d4}}’;
but v’ and alil}’ may be computed as needed, on the element level.

The matrices C and K are the tangent damping and tangent stiffness matrices, respectively.
These are linearized operators associated with N. For example, if N is an algebraic function of

d and d, then

+ K=0Njod (3.14)
and
C=4Njad. (3.15)
We shall assume that M_K and C are symmetric: M and K are positive-definite; and C is
positive semi-definite. T
2

.
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So-called implicit-explicit mesh partitions [1, 2, 14-17] may be encompassed by the above
formulation simply by excluding explicit element/node contributions from the definitions of C
and K. A totally explicit formulation is attained by ignoring C and K. In these cases it is
necessary to employ a diagonal mass matrix in explicit regions to attain full computational
efficiency.

It may be observed that the preceding devnith oo 1
lincar dynamics and staties,

Nonlinear stancs. 1n this case ignore M and C and set v and a to zero throughout.

Linear dynamics. In this case M, C and K are constant and

N=Cv+Kd. ' (3.16)

Linear statics. In this case ignore M and C, set v and a to zero throughout, K is constant
and

N=Kd. (3.17)

In implicit time integration and is static cases computational effort associated with the
formulation of K* and solution of (3.10) can be formidable. In large-scale systems the major
storage demands are due to K*. Typically, core storage of even the largest computers is
exceeded, requiring heavy use of disk files, Only small portions of K* may fit in core at one
time necessitating non-sequential-access techniques for assembly and blocked out-of-core
equation-solving procedures. In these circumstances 1/O time tends to dominate CPU time. In
the sequel we describe a procedure to solve (3.10) which does not require formation of K*. To
simplify the subsequent writing we shall adopt the following notations in place of (3.10):

a

Ax=bh, : : (3.18)

Thus during each step, at each itceration, we wish to solve (3.18) in which the coefficient matrix
A is symmetric and positive-definite. Furthermore, A is assembled from element arrays, that is
et

A= 4° , ' (3.19)

e=|

where each A° is symmetric and positive semi-definite, and n., is the number of elements,

4. Parabolic regularization

The first step in developing the element-by-element solution procedure is to replace the
discrete elliptic problem, Ax = b, by an associated parabolic problem. To this end consider
*

dy -
‘Va;'FAy—H(T)b. (4-1)
y(0)=10 4.2)
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where W is a positive-definite diagonal matrix; H(r) is a Heaviside function (i.e.. H(m)= 1 for
>0 and H(r)=0 otherwise): and 7 is a non-dimensional ‘pseudo time’. The asymptotic
solution of (4.1) coincides with the solution of the original problem, that is,

Cx=limy(r). : 4.3)
" Yo
- Several possibilities exist for the selection of W, A simple, but promising, choice isydeﬁne
W to be the diagonal of A:

W= Adiug . (4.4)

S. Discrete algorithm for the parabolic problem

The second step in the development of the element-by-element procedure is to introduce a.
(pseudo-) time discretization scheme. For this purpose we employ the classical generalized
trapezoidal algorithm:

(W + aldtA)y,., = (W= (1 - a)A7A)y, + ATh, ' (5.1)
»=0, BN (5.2)
. oehoovesg®
Because we are interested in the asymptotic solution of (4.1), iths toselect & = 1 (i.e..

the backward-difference method) which maximizes algorithmic dissipation [12]. In this case
(5_.1) becomes

(W+ATA)y = Wy, +A7h. (5.3)
It is well known that (5.3) is unconditionally stable and, for large A7, the solution of (5.3)

converges to the asymptotic solution very quickly,
For future reference it is convenient to rewrite (5.3) as

: Ym+1 = Ym = ATW RYW ™1 2p (5.4)
where ~ ¥
r,.=b- ‘c\y,,. (residual) (5.9)
and
' V=(I+ATW AW 12) (5.6)

in which I is the identity matrix.

6. Elément-by-element algorithms for the parabolic problem

The idea is to approximate V by a product. For example, let

el
V=V, =[] Vi=Vivi... v 6.1

I Lt

)
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where
Vi=V@Ar)= T+ AW '2A°W V3! 6.2)

With V, in place of V in (5.4), calculations may be performed one element at a time thus
obviating the need to form, store and operate upon the global array V.
It may be shown that

T™

That is, V, is a first-order approximation of V. However, accuracy is not the main issue here as
we are only interested in computing the asymptotic solution of (4.1). For this purpose it is
important to take as large a A7 as possible. In this case the approximation of V by V, begins

to deteriorate. A somewhat better conditioned approximation may be attained by a two-pass
formulation in which

V=V,= (ﬁ Vs) ( I V;) 64

where - o
Vi= Ve(GAT). : (6.5)
It may be shown that
_’r .
Va= V+0D) (6.6)

and. in addition. V: is symmetric and positive-definite. Thus it represents a qualitatively more
faithful approximation to V than does V.

REMARKS. (1) The idcas presented in this section emanate from [13]. However, there are
subtle, but important, differences between the algorithms presented in [13] and those des-
cribed herein. In [13], unconditionally stable, second-order time-accurate procedures are
described for both linear and nonlinear problems. Due to the residual framework employed
herein, (5.4), which differs from the formulation of [13], unconditional stability cannot be
guaranteed without further embellishment. This is dealt with shortly.

(2) The notion of a finite element here may be generalized to include a subassembly of
elements (i.e., subdomain model or substructure). In certain applications it may be ad-
vantageous to allow limited assembly.

(3) The potential operation count advantages for large systems may be seen by considering
N X N meshes of four-node quadrilaterals and N X N X N meshes of eight-node bricks. Cost
of the element-by-element procedures is proportional to the product of the number of
clements (i.e., N? and N>, resp.) times number of iterations required (n,). The order of the
operation’ counts is presented in Table 1. The results do not account for the I/O penalty of
direct equation solving techniques.

(4) If fast core is available. the factorized element arrays should be saved for subsequent
iterations. Whether one should use disk tilefto store factorized element arrays. or should
reform/factorize as needed, depends upon the tradeoff between 1/O and CPU costs.
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Table |
Order of number of operations for element-by-element and
direct equation solving procedures

2D 3D
Direct factorization ) O(N* O(N7)
Direct backsubstitution O(N?) O(N%)
Element-by-element O(nisN?) O(1LN?)

(5) In many iterative solution algorithms which do not employ global matrices, such as the

conjugate gradient method, information propagates only to neighb(ﬁring elements during an
iteration. For example, in a one-dimensional mesh of n,, elements subjected to a source at one
end, it takes n,, iterations for the source to influence the opposite end of the mesh. Such an
algorithm is thus seen to possess ‘explicit’ character. On the other hand, the two-pass
element-by-element algorithm has ‘implicit’ character in that a source anywhere influence
every element in the mesh in one iteration.

6.1. Line search

To insure the stability of the approximation scheme, we insist that at each step the new
solution represents an ‘improved’ approximation to the asymptotic solution. To this end we
use the element-by-element algorithm to define a ‘search direction’ Ay. The updating of the
solution is then done in a manner which minimizes the total potential energy in the direction
of Ay. - '

Let

-

Ay = ArW ' 2y,w-12p, 6.7)
where j =1 or 2. Then the (m + 1)st step solution is defined by

Ym+1=Ym + sAy (6.8)
where

s =Ay'r./Ay'AAy (search parameter). (6.9)
Clearly, the value of s defined by (6.9) minimizes the potential:

P(s)= (ym + sAy)' (b —3A(y., + s4y)). ) (6.10)
By substituting (6.7) into (6.9), it can be seen that if V; is positive-definite (which is guaranteed
for j=2), then r,#0 implies s#0, and thus the solution necessarily improves in every
iteration. '

6.2. BFGS update

The search direction can be further improved by use of the BFGS update. This technique is
_a quasi-Newton (i.e., secant) procedure which preserves the symmetry and positive-definite-

7

N\t

)

)
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Table 2
Flowchart of the element-by-element algorithm with line search and BFGS update

1. Initialization
m =0, yo=0
fk =gk = 0 (IOOPI k = 1.2. ey IIBFGs)
Ay =AW RV,W™'%b
2. s=Ay'ralAy' AAy
Y+t = Ym + SA_)'
3. Convergence check
flrmsill <&?
Yes: return, no: continue

4. Relabel BFGS vectors
fi-1= fio Bx-1= g (loop: k=2.3,...,nercs)
5. fonres = (Ayl"m)—lA.V
Brprgs = Im+t ™ (1- sm)"m
6. = Fm+t »
zez+(fiz)gx (loop: k = neras, neros — 1o+ o» 1)
ze=ATW ' RYVW %2
zez+(ghz)fi (loop: k= 1,2.....neFcs)
Ay=2z

7. mem+1, gotostep?2

ness of the approximating matrix [4.5.19]. The implementational aspects are summarized in
Table 2. The number of updates is fixed at nures. The BFGS vectors (.e., fi's and gi’s) are
stored in a revolving data pool in which the oldest pair of vectors (i.e., fi. g)) is discarded as

the latest pair is added. In practice this is simply achieved by redefining pointers.

7. Numerical results

The computed results were obtained on a VAX computer using single precision (32 bits per @
floating point word). Throughout, (dg4) was in force, and A7 = 1. The following methods were °
compared (each is obtained by specialization of the flow chart in Table 2):

(i) Jacobi. The classical Jacobi iteration is obtained by setting V; =1, s = 1, and ignoring the
BFGS vectors (i.e., setting them to zero).

(ii) Jacobi + line search. This is the same as case (i) except the line search is in effect (step 2
of the flowchart).

(iii) Jacobi + line search + BFGS. In this case, the only simplification in Table 2 is that

=1L
(iv) Element-by-element. We employ V; = V2 (see (6.4)), but set s =1 and ignore the BFGS
vectors. . '

(v) Element-by-element + line search. This is the same as case (iv) except the line search is
in effect.

(vi) Element-by-element + line search + BFGS. This case follows the flowchart verbatim
with V; = V..

No limit was set on the number of BEGS vectors (i.e., ‘Nsras = < cf. Table 2).
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tb=Plc-xd)/20 n=.8x10°
I1=2¢%/3 p=.002
c=2
A xa
node A
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9 10 1A} 12 Ak 14 18 16
3> \ 24 3 4 4 [ ] 7 4 » P

Fig. 1. Problem definition and finite element mesh.

The configuration analyzed is shown in Fig. 1. It represents one-half of a plane strain beam
modelled with 32 bilinear quadrilateral elements. A lumped mass matrix was employed. The
loading and boundary conditions are set in accord with an exact. static linear elasticity solution

» (see [24, p. 35-3Y]). However, here the problem is forced dynamically. The beam is assumed
initially at rest and all loads are applied instantaneously at ¢ = 0+ Tn formulating the problem,
the Newmark algorithm is employed with =3 and y= 1 (see Section 3). With these
parameters, unconditional stability is attained and no algorithmic damping is introduced
{7,9, 12]. '

The numerical solution is dominated by response in the fundamental mode. This is
illustrated in Fig. 2. At a time step of Ar = 2.5 107, an essentially exact solution is obtained.
At a larger step of At = 2.5 107%, a very crude approximation of the response is obtained. Itis
interesting to relate the sizes of these steps to the critical time step for explicit integration, ~S
Mer = Nenind Co = Hoinf V(A +2p)/p = 1.336 ¥ l()".sand the approximate period of the fun- \o
damental node. T, =0.0122 (see Table 3). As may be seen. both time steps are far outside the

.range of explicit integration. The larger time step resolves the fundamental mode with only 5
steps, and thus is larger than the maximum feasible for this problem.

In comparing the results of the various methods it is important to keep in mind that all

“methods give identical solulimf.' Consequently, the primary basis of comparison iy the number §/
of iterations needed to attain the solution. It was found that the number of iterations per time
step did not vary significantly from one time step to another for a given method and specific

step size. However it was obseried that-corversenee-was—gencrats chieved-more—upidhin >~

~

-

"The convergence criterion, £ in step 3 of the flowchart, was taken to be 0.01 I16ll.
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Table 4
Number of iterations required for convergence for the problem
illustrated in Fig. 1; LS = line search; EBE = element-by-element

At 2.5x 1074 2.5%x 107

Method ' (= 18.714¢,) ‘ (= 187.1A1)

(i) Jacobi 9 v oot

(ii) Jacobi+LS 38 75
(iii) Jacobi + LS + BFGS 15 21
(iv) EBE 14 16

(v) EBE+LS 9 6
(vi) EBE + LS + BFGS 5 4

*No convergence attained after 150 iterations. o [ PR s

Results for the first time stepwe presented in Table 4. The

following observations may be made. In general the element-by-element results are superior to
Jacobi. Use of line search and BFGS updates accelerate convergence. The best results are
attained by the element-by-element procedure with line search and BFGS updates. We feel
that these results are fairly impressive.

It is somewhat surprising that methods (v) and (vi) converge faster at the larger time step
than at the smaller. At this point we have no explanation for this phenomenon.

Some other numerical experiments that we have run indicated that fixing the root, which S
creates a singularity, slows convergence, but use of other updating procedures represented an
tmprovement over BFGS. This will be reported upon in future work. '

8. Conclusions

In this paper an element-by-element solution procedure has been proposed for finite
element equation systems which arise in the linear and nonlinear, static and dynamic analysis
of solids and structures. The procedure does not entail a global matrix and thus offers
significant operation count and I/O advantages when compared with direct elimination
schemes. The methodology may be simply incorporated in many existing finite element
software systems. Numerical results have demonstrated the effectiveness of the procedure on a
test problem and suggest its considerable potential for large-scale finite element equation
solving,

9. Epilog

We believe it is important for the reader to realize that the element-by-element procedure
proposed herein is essentially an iterative linear-equation solving technique and nor a time
discretizarion algorithm. such as the original element-by-element method proposed in {13]. The
method of [13] achieves unconditional stability and second-order time accuracy, however,
spatial truncation errors are sometimes unacceptably large at time steps at which globally

2
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implicit methods perform reasonably Generalizations of [13] by us to structural dyn.umcal
systems (unpublished) never achieved what we felt to be a satisfactory combination of stability
and accuracy properties. Based on this background, Ortiz et al. [21] proposed an element-by-
element time discretization algorithm for dynamics which achieved unconditional stability. The
approachis novel in that velocities and stresses are considered primary unknowns. However,
the problem of unacceptably large spatial truncation errors remains.

The element-by-element algorithm proposed herein circumvents questions of accuracy and
stability entirely. These properties are inherited without alteration from the chosen globally
implicit method. The only question here is the speed at which the element-by-element
algorithm is able to obtain the globally implicit solution. Based upon the results presented and
work in progress we are very encouraged by the performance of our method so far and its
potential for further improvement.
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§2. Incompressible Elasticity and Stokes Flow

Many problems of physical importance involve motions which essentially
preservé volumes locally. That is, after deformation each small portion of

the medium has the same volume as before deformatiomn. Media thatvbehave in

this fashion are termed incompressible. Rubber is often modelled as an incom-

pressible elastic material and many fluid flows are assumed incompressible.

In isotropic linear elasticity the condiﬁion of incompressibility may -
be expressed in terms of Poisson's ratio V . As V approaches % resis—
tance to volume change is greatly increased whereas resistance to shearing
remains constant. Tﬁis may be seen by calculating the ratio of bulk mbdulus;
B , to shearing moduius, u (Soholnikoff [1], p. 71) :

B _ 20 +vVv) s :
u 3(1 - zv)'( . )

Clearly, as v+ % ghe ratio approaches infinify. The value Vv = % thus
reéresents incompressibility. |

This limit creates problems in the equations of (compfessible) elasti-
city. Récail that the constitutive eqﬁation in the isbtropic case may be

o = .o + . ' ' -'

where

A = 2w/l -2v) 3

Thus the Lamé parameter, A , also becomes unbounded in the incompressible

limit and an alternative formulation of the theory is therefore necessary.

R T T ey T
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In this formulation the constitutive equation is written as

95 = - P Y

where p = p(x) is the hydrostatic pressure. The pressure must be deter—

mined as part of the solution to the boundary-value problem and ﬁhus

represents an additionalvunknown. The additional equation which needs

‘to be introduced is the kinematic condition of incompressibility, namely

divg = vy =0 N &)

The boundary-value problem may then be stated as follows:

incoﬁpressible isotropic e1asticity

Given /; s & and gii(as in Chapter 2,>§6), find the displacement,

u; o, and pressure, p , such that

4,3t A =0 L ®
¢ in Q

ui,i = 0 N

oijnj = “éi on 241 . €))

where 'oij- is given by (4).

Remark
In the case of the diSplacément boundary~value problem, in which
'=T and F/ = # , a consistency condition on g~ follows from
& e, i X

i
incompressibility:

-j— 2u %(4,3) | 4)
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9]

= J/;ini dr - (divergence theorem, eq. 11, §1, Chapter 2)
T '

= i ﬁini‘ dar (by eq. 8) ’ : (r0y
7 A : A ' :

The given #; must satisfy (10) or else no solution to the boundary-value
problem can exist. In. the displagément boundary-value problem the pressure

is determinable only up to an arbitrary constant.

'EﬁStokes flow

~ The eégations of Stqkes-flow'ére identical té the équationé‘of isotropic

':incompressi£le elasticity. Only’the physical interpretation of the variébles

is diffefené. In Stokes flow g' ié the velocity of fhe fluid anﬁ bu is thé
dynamic viscosity; Stokes flow governs highly viscous phenomena, qftep

referred to as "creeping flow'".

Exercise Use (3), above, and (35) of §6, Chapter 2 to show that the coeffi-
cients of the isotropic plane stress constitutive equation remain bounded as
v+ . Thus a special formulation is not required for the incompressible

plane stress case.
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§2.1 Prelude to mixed and penalty methods

The‘squect of finite element approximations to incompressible elas—
ticity problems is replete with so—called ;mixed"'and "penalty” formulations.
In order to introduce the gssential aspects of these methods in a context->
which is as simple as possible we shall considef the example of appending a
constraint to.a linear algebraié system. ‘Suppose we wish to solve our

standard matrix problem
~Kd = F , 1)

where as usual K is symmetric and positive-definite, subject to a constraint

on one of the degrees-of-freedom, namely
Q =7 | - (12)

where the subscript Q represents the equétion number in the global'otder;

ing and ¥ is a given constant. Physically, we can think of (12) as péxﬁaps

a modification to an original design. For example, the position of a bound—
ary node may be altered tq/stiffen a structure for some purposé.' The modi-

fied problem consisting of (11) and (12) may be formulated as a so-called

constrained variational problem. The essential characfer of mixed methods

is exhibited in this framework. To. develop this idea, it is helpful to think

of K d = F as arising from the minimization of a'functibn:
. _ aTe P LS 13
F@ = d'Kd/2 - dF (13)

which is called the total potential energy function. The vector which miﬁi—

. mizes F satisfies (11). This can be seen as follows:
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Let € be a real parameter. Form the one-parameter family of displace--

ment vectors

d + ge , as)

~ ~

e _
where ¢ is arbitrary. & is minimized by d if

0 = '(de Fd+ e C))a—o . - (15)

for all wvectors c¢ . This calculation is carried out as follows:

~

(di: ((d + € c) K(d + € c)/2 - (d +€c) F))e—o

d Sy
(& #areg)

= oIk /2 ch/ 2 - olF

= ST(E d - g) (symm. of 5). N 116)

Thus we see that (16) must be zero for arbitrary ¢ which implies
Kd = F . Thus we have equivalent alternative characterizations of d
It is the solution of problem (11) and also the minimizer of function (13).

The fact that d minimizes & (i.e., solves a "variational problem")

- allows us to introduce standard calculus of variations methodology in

order to formulate the modified problem consisting of (11) and (12). For

this purpose it is convenient to rephrase (12) as

0= 6@ = 11d-g an

~Q

where

M
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il = <0...010...0) ’ (18)

5 e

The brackets"<,};>: signify a row vector. Clearly (17) is equivalent to (12). .

Qth term

Lagrange-ﬁultiplier method

Consider the following funation:

o m) -F @ +m %) . (19)

where m is a scalar parameter called the Lagrange multlpller. Rendering'

. (19) "stationary" is equlvalent to satisfaction of the constrained problem

(i.e. eqs. 11 and 17). The condition of stationarity is that

0 =(.§Ex(§+es s m+€2))€=b_ N : : » (2~0)' 'A

for all values of the vector ¢ and scalar £ . The multiplier m. plays
the role of the force which maintains the constraint (12). It is an addi-
tional unknown corresponding to the additional equation which must be

satisfied, namely (12). Let us'carry out the calculation indicated in (20):

d (. s
0 = (_ci—e_<g(c~l + € S) + (m + ¢ 2)9(9 + € S))) £=0
_ T : . T
= c(Kd—F)+2.€9(d)+lec
. . . L ] ’
= ET(ISd+le—_F)+2,(lgd—y) ‘ (21)
( ) Due to the arbitrariness of ¢ and & » (21) implies
N : ~
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Kd + m 1Q = F (22)
and - »
1%d =2 (23)
~Q~ |
or, equivalently,
K ai: |
: = ’ 24)
T .
1
e d

This is the equétion system.which determines d and m , the solution of
the modified'problem. Note that to account for the constraint, the origi-

nal system, (11), needed to be modified (see eq. 22). This is physicallj

- reasonable.

The equation system (24) is a prototype of a mixéd:method, that is,

one in which there are both displacements and forces as unknowns. Its

importance in regard to problems of incompressibility--a constraint--is

that we have from the outset both displacements and pressures--the force-like

variable--as unknowns. Consequently, we may ultimately anticipaté algebraic
" systems having features in common with (24). Note that the coefficient
matrix in (24) is symmetric, but not positive-definite. Symmetry follows

from the definition of a transposed partitioned matrix:

A AT L _
' = |- - (25)
c ~T pT

Failure of the positive-definiteness condition (see (ii) of the definition

in §8, Chapter 1) follows from:
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T A T
; - 1.
91 K Lyf [9 1q .
= = 0 (26)
T .
1 1 1
1 0 0

penalty methodi

The penalty method of formulatlng the constrained problem may be viewed _
as an approx1mat10n to the Lagrange-multipller method In the penalty formu-

latlon the Lagrange multlpller is approximated as fOllOWS'

N om k@ | L (27)

where k is a large positlve number having the physical interpretation of.
a stiff spring constant. Note that k is not an unknown. With this appro- -

ximation we may define a new function

D - F@+E g | 8

whose minimum defines an approximate solution to the constrained problem.

Calculating, as before,

o
]

d |
(ngézﬂg + € 5))s=0'

(a‘% (Fa+eo +Eo e 5)2))é=0
T

= S®I-D + kB

N VHT - f”'I el L 3 ) ’ -' 2 ;
It + 1 11ha e 41 ) (29)

~which implies
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&+ k L1d = E+kgly &Y
Explicating (30) yields
—0 L ] 0-‘ i",;(.‘.
F 0 ,

K, + . k . d=F+< kg.> - (31)
’ * R 10 S

0 ... 0}, i D

ok T4 go;,%

: : . \.', -

k appears in.the. kg appears in

Qth diagonal entry.-  the Qth row

Thus it is clear the as k> , d + & (i.e. the constraint is satisfied)

Q

and thus (27) is an approximation to the constraining force (Lagrange

‘multiplier). The larger k, the better the approximation. This formulation -

is suggestive of general ways of approximating constrained problems. In the

context of elasticity, onme would interpret ideas like this as approximating

the incompressible case by a slightly compressible formulation. That is one:

for which the ratio B/pW , or equivalently A/u , is very large (see egs.

1 and 3).
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§3 A Mixed Formuiation of Compressible Elasticity Capable of Representing
the Incompressible Limit »

It is desirable to have a formulationxof isotropic elasticity which is
valid for both compressible and incoﬁpressible behavior. To this end we may

introduce a pair of constitutive equations

Og = TP Oy F WUy n

0 = uy 4 + pl/A R 2

'whefe the pressure parameter, P , is viewed as.an‘independent unknown.
"If v=1%, (2) becomes thé.incompressibility.condition and p 1is the

. hydrostatic pressure as in the previous section. If v <%, p may be
eliminated from (1) by way of (2) to obtain the constiﬁutive equation ;f_

the compressible case, namely . . : Q )

959 = Mg Sq3 B U4, . (3)

Thus we see that (l) and (2) are valid in both thé-tompressible and

- incompressible cases.

Remark
Note that p may be interpreted as the hydrostatic pressure only in

the incompressible case. In general, the hydrostatic pressure is —'OiiIB .

Thus in the compressible case, (3) yields

™ 6443 B w “11 ' (%)

\ B
whereas (2) gives :

p = -—Augy | (5) )

H
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)

If “Uu <<.A (nearly incompressible case), (5) is a-good approximation to 4).

On the other hand, in the incompressible limit

P = ~-0./3 | | (6)

follows directly from (1).

§3.1 Strong form

f%: With /2', 5& and éi given as before, we wish to find uy and p
such that - A
95,5 A =0 ) | - (D
. : o pin @ ' o
N u, = g on T (9
.4 g1 |
Oy5fy = 4, on Ty (10)

\ where Gij is defined by (1).

Remark
The formulation presented in this section was first proposed by
Herrmann [1]. Generalizations to anisotropic cases were proposed by

Taylor, Pister and Herrmamn [2]. and Key [3]. The subject of anisotropy

andAincompressibilityvis taken up in §6.

)



(<

Section 4.3
Page 3

§3.2 Weak form

The weak formulation of the problem is similar to the one for compres-—

sible elasticity (see Chapter 2, §6, eq. 11) except we need to introduce a

term which implies satisfaction of (8). 1In addition to the displacément

weighting and trial_solution spaces (”I/'i and '?i s resbectivel'y) ‘a“sgaée'.'of' .

pressures; &, 1is required. The ft_mctiéns in 9 are required to be

‘square—':fntegrable (i.e., v12-functions,"” cf. Aﬁpendix I, Chapter 1). Be-—

cause there are no explicit boundary conditions on the pressures, & suf-
fices as both a trial solution space and a weighting function space.’

The weak formulation may then be stated as:

Given 4,’ (9:1, and Al > as before, find ‘-"1 6.9;_ and p €.2, su_ch‘-'

that for all wl € 7)(1 and q €& (pr_essui:e v}eighting function)
' gl a2 - fqluy g+ = .
,Q[ ¥(1,1)%1 ¢ Qf vy, g+ PV

. sd o .
fwi/i aae + Z f .wilz'li_ ar - ' : o (11)
- i=1 T. T '

Q 4 o

i 8

where Gij is given by (1).

To see what equations are implied by satisfaction of (11), we need to

integrate (11) by parts (we assume all functions are smooth) :

13

N
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N
b

0 = [foioy s+ e
f ~—— .

'équiiibrium'

+ fq(uii+P/A)dQ

Ceq. . (8)
N I o o
> / M (Ay - oggmpdl L (12)
A . I AT
R | traction boundar
qondition

The usual arguments enable us to establish that the terms in parentheses in
(12) vanish identically‘on their respective domains of definition (see'A,
< ) : Chapter 2, §6, for detailed arguments of this type).

The variational equation (11) may be written in the abstract form:

:-?(‘1_, u) - (divwg,vp) - (aq, divg+p/>~)li'
=W h + Gy S 13

where «(+, ¢) is the symmetric bilinear form defined by

in which
cijkg,_ = u(cS-iijz + Gizdjk) ~ (15)

),

4
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continuous bilinear displacements (*)
and discontinuous constant pressure

continuous bilinear displacements:
and pressure » ‘

continuous biquadratic displace- .
ments and discontinuous linear
pressure

I /\\
y i
N’

continiious biquadratic displace-
ments and. discontinuous bilinear
pressure

continuous biquadratic displace-
ments and continuous bilinear -

pressure ‘
Key: o displacements

(:) pressure ' : &w)

Figure 1. Examples of possible displacement and pressure interpolation in
two dimensions. Warning: Not all are effective in practice.

5
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Exercises

1. Verify that (11) and (13) are equiyalent.

2. Show that .@(+, *) satisfies the definition of a symmetric bilinear
form (see Chapter 1, §3, egs. 11 and 13). ’ '

3. Sﬁow‘that if uw>0, then
cijkl b4 13 Yy K4 >0 | ‘A (16)
for all éjmmetric Wij' aﬁd furthermore

Tigee Vi Y = O - .oan

1if and only if 4Tij = 0 (positive definiteness, see Chapter 2, §6, egs.

5 and 6).
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§3.3 Galerkin formulation

Recall that _;?h and fh a‘re the finite-dimensional approximations to

,? and 77, respectively. Likewise, let g’h be the finite-dimensional

space which approximates 9 The Galerkin.formulation may then be stated as:

h h

Given /‘, & and A , as in (W), find u =v + {hegh and
‘ ph eP". such that for all yh'e j/h and qh'e.,ﬁ?’h_
wah, vh) - (div“wh, ph) - (qh, div vh + ph/l) = (wh, /3
- - . - . .o Tr
= ¥ : . “heov — h- . . h H : e
A + (yh, "-é’)I" - .‘@(vgh, ,~h) + (g, div gh) _ . _ (18)

8§3.4 Matrix Problem

In order to develop the matrix form of the problem we need to introduce
h just needs to be squaire—infe-—_~
grable, it may be discontinuous across el‘em'eﬁt.boundaries. (Note that no
derivatives of ph sy oOT qh » appear in the variational equation; sée eq.
15.) Thus a wider range of interpolations are i)efmissible for pressure than

for displacements. Possible combinations are illustrated in Figure 1. It

must however be emphasized that arbitrary combinations of interpolations may

lead to poor numerical performance and even nonconvergence. It is difficult
to give intuitive guidelines because seemingly "natural” combinations may

fail in practice. The subject of appropriate combinations is dealt with m §5.

17
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) \
/”\

Let us denote the pressure interpolation by'

P = Ty ey
pes S N ¢ 3))
where_ n ~is the set of pressure node numbers, ﬁg is the pressure shape .
function associatéd with pressure node number A , and p; 1s the value

of pressure at node number A .

Similarly, the pressure‘WeightingifunctiOn'may:be‘expresSgd*as

Cq (%) - =-~*~,_,Z;,-‘=NK x)az B : (20)
, peR R i, , e
Substitution of (19) and. (20), along with the expressions for Yh;, 'gh

and “yh (see eqs. 4-10, §7, Chapter 2),“into (18)'iead to the.glob31 métrix

~r

\.) equation which can be written in the following partitioned form:

segregated d, p-form of the matrix equation

X GI (4 (F) .
e Yyt - (21)

The arrays in (21) and correspondiné terms in the variational équations are

identified in Table 1.

)
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Table 1
Global array Terﬁ in Géierkin eqﬁation f;om which global array
: .emanates
X | At o
G - (div WP, P
¢' - (q", div ¥
M iy N
B @ A+ P - TG, AN
H (éh,'div Zh)A

The matrix G is the discrete gradient operator, GT is the discrete

idivergence operator, K and M are both symmetric, ¥ is positive definite,'>

~

-~

whereas 'g is negaﬁive definite, except in the case V = % in thch MvQYQ .
‘There are several possible ways of solfing equation (21). Some of these

procedures are described below:

Procedure 1

~

If M# 0 (compressible case) them p can be éliminated by expanding (21),

Ed4 + gp = I | @

)

g'l."\d»+ Mp = H , : , - (23)

~

solving (23) for p and substituting into (22):

~

/9
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®- ¢ 13—1 Na = F - g‘M-.-l i . |
= —— (25)
K | E

Equation (25) has the usual format. Observe that K 1is symmetric and

positive definite. After solving (25) for d , 2. may be calculated .- =i

from (24).

Procedure 2

If M=0 (incompressible case) the preceding elimination cannot be

- performed. However, the following'procedufe may be employed. " Solve (22); .

for d , premultiply by GT‘, ~and employ (23) . to éﬁtain the discrete

Poisson equation for pressure:

— —_ ] —
¢ Tlop = F@RTT-m
S : — o €26)

-~

After p is obtained by solving (26), (22) may be used to obtain. d .

"Exercise 4.

Generalize (26) to the cése in which M ¢ 0.

Procedure 3

Both of the above solution procedures are-giobal in nature and afe '
ﬁalid WhetherA ph is continuous or discontinuous. If éressure is disconti-
nuous betﬁeen elements then, in the compréésible case, the pressuré dégrees—
of-freedonm may be eliminated on the(element level. Thé element arrays which

correspond to the globél arrays are notationally defined in Table 2.

20
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Global array | * Corresponding element array

3|
awl

=
zBm

v
IH%‘

3=+
ti=y
()

In this case we may write the globél system in the usual way as an assembly

of element arfays, that dis

Kd = F
where
Rag o
k= A &9
=1 .
ne% o
Fo= A D
e=]
and
- F - w6
f"e = .Ee- _ §e(tge)_-l Ee

(28)

(29)

(305

(31)

Note that (30) and (31) are the element analogs of the-arrays which.appear

in (25). The above although equivalent to Procedure 1 is much more convenient

2/
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from a practical standpoint in that only operations on the element level .are

involved. Likewise, the element vector of nodal pressures,

e
P » can be
calculated from the element nodal displacenents once the latter are determined

This can be written as

ge = (Ele)"'l (g.e)T ge (32)

where de is the element displacement vector. Recall that de' includes

specified dlsplacement degrees-of-freedom (see Chapter 2, §8, eqs. 10-13)

This is the reason why no: h ~-term appears (cf.. the global counterpart of

(32), i.e., (23)). By consulting Table 1, the rationale behind (32) may be .

- verified.

22
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83.5 Definition of Element Arrays

The components of the element arrays introduced in the previous section

are given in this section:

—e —e
E =. L Pq] ? l<pq < Pee (33)
— _ Twe -
kpq = &4 lf.'ab SJ 4 1<a, b= Ben (34)
P = ngla-1) +41 , q = ngg (b-1)+]j . €35)
—e T — ' ' ' . .
€, - J 5o, @ o)
_Qe . . . . . , . .
?e = {5} , | , (31)

P .
e .
fp LNa/idQ+fNa-‘idr— Z %oq yq | R
3 PA. _ ,
i

The preceding formulas are close analogs of those given for elasticity in
Chapter 2. The oﬁly difference involves the appearance of the matrix D
instead of D . From (15), it may be concluded that D is the part of D

in which A-terms are omitted. Therefore we have (see e.g., eq. 34 of §6,

Chapter 2):

three dimensions

ol
1
=

1 o _ | (39)

23
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plane strain

H N
1
©
)

(40)

axiszggetrz

255 -,Au; ;f: V ;i' ' ' | (41)
‘ k _ »»' ZJ '

All omitted terms in (39)4(41) are'zero.

In (33)-(38) the indexing pertains to dlsplacement degree—of—freedom

only. We assume that.the element in question possesses Ben pressure

nodes and that 1 < a, b f-ﬁen’ where a and . b are- element pressure

node numbers.: With these we may,write

® = [nfy) (42)
e ~ . l - - R .

miy = f ANy N dR | | (43)

\_1'.‘.'.‘9e i . A

g® = [83';] L O (4h)
e _ . . . " ~ - . |

gpa =~ ’S{; div (N, e,) N3 d2 , | | B (45).
h® = {nd} | | | . (46)
b ~ |

24
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h~ = - g~
a o=l pa’/p
In (12), div(Né gi) is given by:

three dimensions and plane strain

'div(Na gi) ='Na,i
axiszggéfgy (see §11, Chapter 2)

Na,l f Na/r K i=1

div(Na,si)

Na,Z

The stress "vector" in an element may be computed from the formula

(cf. eq. 14, §8, Chapter 2)

n n
en

B (x)de
~ ~a*w~a

| By L
gt = - (2 Nz(pQV + D)
’ a=1
where V is defined by

f’lfw

1

1 : :
vV = ﬁ L - three dimensions .

0
0

0

vV = 1 plane strain

25

(47)

(48)

(49)

(50)

(51)

(52)

e

)
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axisymmetr : (53)

H O R

Remark .

In practical computing, the segregated g,.g-form of the global
matrix eqhation,_(Zl), is rarely employed. The reason for this is that the.
band-profile structure of the coefficient matrix is lost unless the displace-

ment and pressure degrees-of—freedom associated with an element are grouped.

.together in the overall equation number ordering. The following exercises

are useful in understanding the data processing aspects of the preceding

formulation.

Exercises .

3. Cons1der the mesh shown in Flgure 1 of Chapter 2, §9. Assume that
the present mlxed formulatlon of elasticity is belng employed and that both-
dlsplacement and pressure are interpolated in contlnuous bilinear fashion
over each element. Thus there are three degrees—of—freedom per node, less
displacement bounderyvconditions. Assume the pressure degree-of—freedom at

a node directly follows the displacement degrees-of-freedom. Set ‘up the ID,

IEN and LM arrays.

Sketch the bandfprofile.structure of the gloBal coefficient'matrix.
Calculate the half-band width (see Figure 1, 88, Chapter 1)..‘Reorder the
rews and columns of the coefficient matrix so. that the pressure degrees—of-
freedom come 1astf This erdering puts the'coefficient matrix into the |

segregated d, p-form, equation (21). Calculate the new half-band width

26
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and compare the result wifh the previous ordefing.

6. Repeat the preceding exercise, but assume that pressure is
piecewise constant on eacﬁ element. Again aésume three degrees—-of-freedom
per node and associate the.single'elément pressure degree-of-freedom with
the last node of thé elemeﬁt»in the iocal ordering. The third degree-of-
freedom at each of the fifst‘threé element nodes is a dummy degree-of-freedom
and may be eliminated as if it were "prescribed" (i.e., set a zéro in the

appropriate .position of the ID array).

Remark

It is important to realize that the matrix equation pf the preseﬁt'formu-
lation is somewhat diffefent than‘thé form cénsideréd.heretofore; The present
éoefficient matrix is symmetric, but not positive definite. It possesses both
positive and negativé_eigenvalues, In fact, in the incompressible case, im;
proper interpolatorj éombinations may.also lead to spurious zero eigenvalues
in which case the coéfficiént matrix'is rendéred'singular'and solﬁtion,is;'
impossible. These are frequently referred to as "pressure modes" in théA"
literature. (Equal-order interpolatioms, such'as in Exercise 5, generally
create this pathology. The interpolations of Exercise 6 dé too undgr'certain

»

circumstances! See 85 for elaboration.)

In well-set cases, in which there are no spuriéus pressure modes, typi-
cal symmetric band-profile equation solvers are also capable of solving‘
systems of the present type. Hohever, some precautions must Be ﬁaken. qu
example, an equation with a zero diagonal element must not appear first in

the global ordering. . Because the global ordering is arbitrary this can always

27

ﬁ\\
N—

N

W,



Section 4.3
Page 18

bg'accomplished. Due to the fact that some eigenvalues will be negétive;

equation solving techniques which take square roots are inapplicable (e.g.

the Cholesky decomposition). Alternatives which do not take .square roots,
such as the Crout aigorithm, are however acceptable (see R. L. Taylor's

chapter on computing in [4]).

29
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§3.6 Illustration qf‘g;Fundamental Difficulty

'Wé have already given éome forewarning that arbitrary combinatibns.of
displacement and pressure interpolations ﬁay pfove ineffective in incon-
compressible cases. An example of one of thé difficul;ies is illustrated
by the mesh in Figure 2.. Suppose linear displacement--constant pressure
triangular elements are being employed. Furtgermore, assume the left-hand
side and bottom edges of the mesh are fixed (i.e., the displacements are‘
identically zero).

It may be céncluded from the Galerkin equation, (18),'tha£ the condi-

tion of incompréssibility is

_ (¢", div gh) = 0 ' (54)
Because
: ot ' : :
h . h h . h :
(q~, dl.V u) = Z '/;‘ q divu dSZI (55)

e=]l "Q

and qh is an arbitrary constant on each triangle, we infer from (54) and

(55) that incompreésibility is satisfied in the mean, that is

fdivghdﬂ'= o , 1<e<n (56)

— - - el
Qe

Thus the area of each triangle must necessarily remain constant. (Due to

the fact that gh is a linear polynomial over each triangle and thus

div Eh is constant, (56) actually implies the stronger point-wise conditiom -

-div‘gh = 0 (57)

e .
on each Q~ . However, this result is not needed to illustrate the present

29
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difficulty.)

Let us examine what conditions equation (55) enforces on the kinematics:
of the mesh in Figure 2. Consider élement’I; ‘We see from Figure 2a:tha£
constant-volume prevents the diSpléc;ment at node A, gA , from having a
nonzero vertical component. Now considér elemenﬁfII, For this element the
constant volume condition.precludes hofizontal motion of node A (see Figure
2b). Taken together, QA-.must be‘identically zero. We can now repe#t_thé_
‘argument for eleménts III and IV to éoﬁclude gB must also be zero. In
fact, identical reasoning may be used to conglude that every node in the
‘entire mesh must have zero displacement. Thus the only possible incompressi-
ble displacemenﬁ is Eh = 9 .l This result holds no matter how many elements
are present in each direction. Clearly, tﬁis ﬁype of mesh offérs no approxi-
mation power whatsoever. This phenomenon’is often‘referred to as mesh "iock—
ing". .It is but one of the difficulties afflicting problemé of incompres-
sibility. |

In the nearly—inéompressible case, the same phenomenon occurs oﬁiy this
time ghze 0 . Thus introducing'slight incompressibility does not make the
problem go a&ay. To'varyiﬁg degrees, a tendency to lock afflicts maﬁy
standard elements.

It is desirable to have a simplé proceduré for assessing whether or not

an element will lock. For'this purpose the method of constraint counting

proves quite effective [5-71].

Constraint counts

This method is an heuristic approach for determining the ability of an

element to perform well in incompressible and nearly incompressible

3/
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appiications. It should be emphasized that this is not a precise matﬁe-
matical methoq for aséessing elements, but rathéf a quick and simple tool’
for'obtainiﬁg an indication of element potential. However, it does seem tob
be able to predict a propensity for locking. There ére, of course, other

issues which need to be considered in an overall evaluation of element per-— -

formance.

Let us introduce a standard mesh which for two-dimensional problems

is illustrated in Figure 3. Let n represent the total number of dis-

eq
placemgnt equations after Bouﬁdary‘conditions have been imposedv(i.e. the
length of the vector d in eq. le.and let n, represept the total

nunber of.incompressibiliﬁy constraiﬁts. Aé'long as the pressure equations
are linearly independent, nc-will equal. ﬁeq”’ the number 6f pressure
equations (i.e. length of the vector VE “is eq. 21). We shall define tﬁe

constraint ratio, r , by

Reg/me - - (58)

H
it

We are interested in values of r as the number of elements per side,

D,y > approaches infinity. The conjecture is that r  should mimic the

behavior of the number of equilibrium equations divided by the number of

incompressibility conditions for the governing system of partial differen-

tial equations. These are nsd., the number of space dimensions, and 1, -
respectively. So in two dimensions, the ideal value of r would be 2.

A value of r less than 2‘woui§ indicate a tendency.td.lock, If r<1
there are more constréints on g Vthan tﬁere'are displacement.degrees—of; ‘

freedom available and thus severe locking would be énticipated, such as

’

3
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n -
> es

T TS

..

O\

displacement = 0

Figure 3. Standard mesh
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was seen for the linear displacements--constant pressure triangle. A value
of r much greater than 2 indicates that not enough incompressibility
conditions are present, so the incompressibility condition may ‘be poorly:

approximated in some problems. An imprecise summary of these ideas follow:

r > 2, too few incompressibility constraints
r = 2, optimal
r < 2, too many incompressibility constraints

r < 1, locking

We shall begin by calculating r for some two-dimensional elements
in which pressure is discontinuous. In this case r is constant as a func-

tion of n, SO0 r may be determined by considering a single element

(n

es 1) . (The reader may wish to verify this statement for some of the

cases considered).

Example 1
Consider the case of the bilinear displacements--constant pressure tri--

angle. See Figure 4a. 1In this case

which is consistent with the behavior previously deduced. This element was

first studied by Hughes and Allik [8].
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Example 2°

Consider the bilinear displacements-—conStant'pressure element (see
Figure 4b). For this element, incompressibility is achieved in the mean,

that is
fdlvg d2 =0 (59)

This may be shown by way of the same reasoning which lead to (56). In this

case we have

r = neq/nc = neq/neqi= 2/1 =

Optimal behavior is indicated and this element is widely used. This element

was first proposed by Hughes and Allik tS]f
_ From E};ercise 7 of Chapterv 3, éll ,' we recall that thevm.ean value of
&iQ Eh- occurs at the origin of the isoparametric coordinate 5ystem (i.e,
g = n= 0). This is the.0p1y point in the element at which incompressibilit&

is identically satisfied. The mean-value . point shifts somewhat for the case

of the axisymmetric version of this element.

Example 3
Consider the bilinear displacements—-linear pressure element shown in

Figure 4c. In this case,

T = neq/n = neqfﬁeq =72/3

which indicates severe locking.

Although no improvement could be expected by increasing the pressufe
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interpolatibn.to bilinear, we wish to consider this element (see Figure 44d)
since it illustrates a point. In this case¥*
f ¢ . aivular =0 (60)
——s

ae S
bilinear linear

Thus there are more pressure weighting functions, and consequently incomr
pressibility conditions, than there are independent monomials in div uh .

As a result the four incompressibility conditions are linearly dependent

and so

r=n, q/nc_.= Ryl (g = 1) = 2/(4-1) = 2/3

as for the preceding case. Increasing»the order of pressure intetrpolation .
further does not change r , but increases the order of singularlty of the
matrix system. Clearly an approximatlon of this kind is useless since the
global matrix could not be inverted in the inconpressible case.
‘ Singularities of this type affect many elements in incompressible epnli-
cations. It is not always obvious that this can occur for an element. For
example, the bilinear displacements--constant pressnre elemenfs exhibits a
singularity in the global pressure equations for the mesh shown in Figure

es

5a as long as n__ .is even. This pathology is referred to as the "checker-

board mode" since the pressure degrees—of-freedom of the eigenvector of the'

*For the standard mesh we can write & = £(x) and n = n(y) where each
of these functions is linear. Thus a bilinear expansion in E and n can
also be written as a bilinear expansion in x and y . For example, u? =
ogi + 014 E+ Gog N+ ogg EN=Bgs + Brg x*+ Byy ¥ + B3i xy where the a.s
-and’ B's “are parameters which depend on the nodal values of uh The
B's also depend on the lengths of the element edges.  Clearly, dlv uh =
(Bll + 822) + 632 x + 83 y which is 1dentically zero pointwise if and only if

0= B%l + Byy = B3y = B3y , that is,?there are three independent constraints
on uf ., ‘

37
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global equations corresponding to the zero eigenvalue takes the form +1 on (ﬁ)
the red squares and -1 on the black squares (Figure 5b). When;we come to
the "penalty method", we.willAshow that this mode can be removéd.resulting
in an effective formﬁlation for this element.
In a sense all elemenfs are subject to the problem of singularity in

the incompressible limit. This can easily be seen from (21). If enough

displaéeﬁent degree-of-freedom have been specified such that n__ < n

eq eq *
then the matrix must be singular at least to degree Eeq~_ neq .
Exanmple 4

Consider the 8-node serendipity displ;acel_nent——bilinear pressure quadri-
lateral shown in Figure 4e. A calculation of div gh» reveals that it‘can
be expressed as a full quadratic polynomial in x and y and thus involyes
six independent coefficie#ts which must vanish for incompressibility to be
.satisfied pointwise. ‘For a bilinear pressure expansion; we have the incom-
pressibility condition takes the form
_/e' " >d‘iv u an = 0 3 (61)

bilinear quadratic

and thus four conditions emanate from (61). The constraint ratio is therefore
= : n =:n ~ = 6 = 3/2
r=n_/ | “eq/neq -i/4 | /
This indicates that their tends to be too many incompressibility constraints.

Some ostensible improvement can be made by reducing the pressure inter-

polation to linear, see Figure 4f. In this case

),
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the optimal value. However, neither of thése elements (i.e. Figures 4e and

f) is currently favored.

Example 5
Consider the biquadratic displacements--bilinear pressure quadrilateral

element shown in Figure 4g for which

Thus from a constraint rétio point of.view this element appears idéal; Ho§-~- 
ever, it also givés risé to a pressure mode sﬁch as that for the bilinear |
displacements--constant pfessure element.

Reducing the pfeséure interpolation to linear (Fig. 4h) removes this
pressure.mode and the constiaint ratio increases to r = 8/3 = 22)5 . This

element is currently felt to be one of the most effective elements for incom~—

pressible analysis.

Example 6

Consider the quadratic displacements--linear pressure triangle shown in

- Figure 4i. The constraint ratio is

/i

r=n /n = n
. eq

eq/ c neq = 8/6 = 4/3 .

Thus this element possesses too.many incompressibility constraints. (Observe
that pointwise satisfaction of the inicompressibility constraint is attained.)

To reduce the number of incompressibility constraints, constant pressure
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may be employed (see Fig. 4j) resulting in incompressibility in the mean and

a relatively high constraint ratio of r = 8/2 =4 . This element is never-

theless favored by some analysts' [9] because it does not possess pressure modes

of the kind described previousiy. The drawback, however, is;the crude appro-
ximation of incompressibility (i.e. piecewise constant) relative to displace-
ments (il.e. piecewise quadratic) which results in sub-optimal convergence.
(For optimal rate-of-convergeﬁce,-the comp;ete pblynomiallin the pressure
field should be one order lower than the complete polynomial in thé displace-
ménts.) _ | B -

A more balgnced approximation egployiﬁg constant pressure is shown in
Figure 4k [10]. Each quadrilateral "macfo-elément" is composed of linear

displacement-—constant pressure triangles in which quadratic displacement

modes are added along the diagonal edge. The constraint ratio is r = 4/2 =2 ,

which is optimal. .Additionally, this element exhibits no spurious pressure
modes.

The remaining examples involve continuous pressure fields. The fi:st to
study continousbpressure~field elements were Hughes and Allik [8]. In these

cases r varies.with n,, . However, it'ﬁay be argued that

lim =

> o
Deg

may be obtained by again considering the single corner element of the stan-.
dard mesh and ignoring all degrees-of-freedom--pressure in addition to dis-.
placement--on the left and bottom boundaries. (The reader may wish to verify

this statement as an exercise for some of the following elements.)

4
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Example 7
Consider the bilinear displacements-(continuous!) bilinear pressure

quadrilateral shown in Figure 6a. The constraint ratio is

lim r = 2
n +>o
es
which is optimal. However, the convergence 1is from below and this element

may exhibit spurious pressure modes. This appears to be a general fact

for typical elementsvposséssing identical displacement and pressure inter-

polations (see e.g. Fig. 6b).

Example 8
The deficiencies noted in the previous example can be corrected by
lowéring the pressure interpolation. Figures 6c and d depict elements of

this type. For both these elements

3im r = 8

n_ > o
es *

which is very high (i.e. there are too few incSﬁpressibility constraints).

Although no pressure modes are exhibited by these elements, and the conver-—

gence rate is theoretically optimal, very poor approximations of the incom-

ressibility condition are frequently noted. Nevertheless these elements are

widely used in .incompressible analysis.
The constraint ratio can be reduced somewhat by removing internal dis-
placement degrees-of-freedom as, for example, in Figure 6e. For this element,

lim r= 6 s

-
nes.
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- which is still rather high. This element has also been widely used in

incompressible analysis.

Remark

It is an empirical observation that all elements which are "effective"
in incompressible analysis possess constraint ratios greater than or equal
o n g . We wish to reiterate, however, that these elements may give rise
to so-called "pressure modes" 11 e. singularities in the global equations).
Thus the: analysis of 1ncompre531ble media is 3. delicate matter and care

must be exercised. We consider the matter further in subsequent sections.
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§4 Penalty Formulation: Reduced and Selective Integration Techniques; .

Equivalence with Mixed Methods

Let us reéall the formulations we introduced previouslyvfor modelling

a single constraint (§2). These were the Lagrange multiplier method and

the penalty function formulation. In the context of the'iﬁcompressibility

constraint, the mixed formulation of §3 is a Lagrange multiplier type of
formulation in which the pressure field plays the role of the Lagrangé

multiplier.

We also recall from §2 that in the penalty formulation we simply appro-

ximated the single constraint by introducing a stiff elastic Spring. In

the context of incompressibility this amounts to allowing for slight com-—

~ pressibility. That is, A is taken finite, but 1afge with respect to u &

nearly-incompressible case

Mu > 1 . , : (1)

This can be ea811y done within the framework of §3 and has some advantages.
For example, in the case of discontinuous pressure fields, the pressure
degrees—of—freedom can be eliminated on the elementAlevel. The idea is

to select ) sufficiently large so that compressibility errors are negli~
glble, but not so 1arge that numerical problems arise. The ratio A |
thus depends on the floating-point word length of the computer belng uti-
lized. 1In our experience with words of length 60-64 bits, we have found

that the range

100 2 Au £ 10
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is effgctivé. As hoﬁéd in §3;iallowing for slight compressibility‘dogs noﬁ
chéﬁge the situation wi;h'regafd‘to elements. One must employ only those
elements which afe'also.éffeqéive in the incompressible limit as slight
compressibility does not‘elimiﬂate‘the fundamenﬁal difficulties.

Once we are williﬁg to inﬁfoduée some compressibility, the thgory of
Chapter 2 is also applicablef'vThé question ﬁaturélly arises then as to the
performance of ﬁhe stéﬁdardiﬁdiéplacement - only" eleméﬁts of Chapter 3 in
these circumstances.* The ansﬁéf,'as might bé-énticiéated, is that these
elements tend to perform poorly in nearly ~Aincompfessible’applications,

~ frequently exhibiting.a tehdency to "lock". .However,ba slight modificatipﬁ
of the usual formulation enables tﬁe construction Qf elements which are iden-

tical to many of.the discontinuous pressure field elements generated by.thé

”) : mixed formulation. The basic tools in this process are reduced and selective

-

integration procedures which are described aé follows:

Reduced and selective integration

The expression for element étiffness in the displacement formulation

- is given by (we omit the element number superscript, e , for simplicity):

k = [kpq]" 5 1<p,qin, ” (3)
= of _
k'p_ql = & 1-S.a.b gj o B . (4
P = ngla-1+1 ,  ‘q=n_b-1) +] (5)
k. = [ BLp3 dn | - (6)
~ab ~3 ~ ~b : . »
Qe
{ *The finite element methodology of Chabters 2 and 3 is generaliy referred to
g

as the "displacement formulation".

Yo
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The material properties matrix Q may be written as

ot

AE=

13+]]

+ N
where D is the "ﬁ - part" of D, defined in §3, and =§ , the

remainder, is the "\ - parﬁ". The reader ﬁay easily verify the follow-

ing formulas:

plane strain

1 1 0
T-r| 1 0 - , . (8)
symm. 0

axisymmetry
1 1 0 1l
- i 0 1
B = A )
symm. 0 0
L 1
three dimensions
1 0 0 O
1 0 0 0
- 0 0 0 '
symm. 0o o
L 0_|]
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-Employing'(7) in (6) enables us to write

vlf,'ab = :‘l.sab + kab an
where

E -"fBTDB eh) (12)

~ab ne ~a b

. - [ sTTs a @)

~ab _ Qe ~a ~ b )

Note that E;b- is the'péft'pf thé'étiffness which #156 appears iﬁ the
mixed formulation (seév§3). Due to the f#ct.thatb AMu >> 1, and =§

is prcportional.tov»k <&Hereas:'§ is proﬁoffional fo U-,- the nﬁmérical
value of terms in =? tend to be very large compared witﬁ those of"g .
The ?ﬁ,term ismthevpart of the stiffness which attempts'to maintain the
‘volumetrically Stiff behavior. ,heéauSevtyéical finite elements ténd to
lock (i.e. there are'prdportionally too many_incompressibility—type con-

ditions), speciai treatment of is required to alleviate this tendency.

S

One simple and praétically important,wéy of going about this is to reduce
the order of numerical quadrature:employed to evaluate :i below that
which is "normally" used. The basic idea is illustrated in the following

example:

Examéie 1

‘Consider the 4-node bilinear_displacemeﬁt element in plané strain.
"Normal" quadrature for this element is considered to be the 2 X 2 Gauss.
rule. The stiffness matrix turns out-to be identical to that obtained

in the mixed formulation for bilinear displacements and (discontinuous)

7
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linear.préssgres in which the pressure degrees-df;freedom are eliminated on
the element level as indicated in (30) of.§3. This fact is known ffom an
"equivalence" theorem due to Malkus and Hughes [1].. The constraint ratip
of this element was calculated to be 2/3 in §3 and thus locking-type beha~-
vior would be anticipated. |
- Recall also from §3 that by employing constant pressure over each

eleﬁén;; tﬁe'bilinear elément.affainé an 6ptima1 cons;réiﬁt ratiﬁ of 2 .
vThe equivalent displacement model-[l], may'be obtained by'reducing the
- 'quadrétureA6n'the Elterm to- 1<point Gauss. Thus, as- A/u + @ ;1incom~
pressibility in the mean is-é;tained.

The performance of this element is illustrated.b& the féllqwing numeri-
cal example.

Consider the.equations of ;wo—dimensional 1ineér isotropic elasticity
theory on the domgin illustrated in Figurell. The boundary conditions are

g%yen as follows:
(displacement)
| ul(0,0) = uz(0,0) = 0
u; (0, #¢) = 0

{traction)

ﬁl(xl, +c) = _Az(xi, +c) =. o , xl_e Jo,L[
ﬁl(L,xz) = 0
o x2 E]-C,C[
) .
AzﬁL,xz) = 2 (c” - xg)

49
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_ 2
Al(oxxz) = .—I_ .
. xz' ]-C,O[ U ]O,C[
» _ P .2 2
I Y FAGHEE )

where P is a given constant and I= 2c3/3

The tractlon boundary condltlons are those encountered in simple bend-

ing theory for a: cantilever- beam with root section at x =0 ; that is, para-

bollcally varying end shear and 1inearly varying bending stress at the root.

‘The dlsplacement boundary condltions allow the root section to warp.

The following data were employed in the numerical calculations:
L = 16, .¢ = 2

‘The mesh used is depicted in Figure 2. (Only half the domain need be

modelled since the xl-axls is a line of antisymmetry.)

Plain strain conditions were assumed and 4-node quadrilateral elements

were employed.

Vertical tip displacements [i.e.,bu2(16,0)] are compared in Table 1.

Both the "standard" 2 x 2 Gauss quadrature element and the selective/reduced

element provide adequate results for Vv = 0.3. However, for the nearly-

incompressible case, the standard quadrllateral degenerates, whereas the

selective/reduced element retains accuracy.
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Figure 1.

Domain for plane strain elasticity problem.
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~Table 1
Normalized vertical tip displacements of
plain strain beam
. . L 1 1 X1 Gaﬁsg volume term
vooo 2% 2 G?‘?s’f' : : 2 X 2 Gauss remainder
3 .90 S P
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Definitions

Selective reduced-integration'refers,to_the case in which reduced

integration is used only on the A-term, whereas normal integration is used

on the y-term. - Uniform reduced integration refers to the case when both
terms are integrated with a reduced rule.
The ostensible advantage of uniform reduced integration is the economy

of elemént formulation. The disadvantage is that the rank of the element

' stiffness may be reduced, resulting in- s1ngu1ar1ty of the global matrix.

Selective 1ntegration retalns the correct rank of the element stiffness and -
therefore the global stiffness also possesses correct rank. - This follows
from the fact that @(e, *) is positive definite. (The .@(-, *) temm may

be entirely ignored withnut affecting rank.)

Equivalence theorem

The general theorem presented in Malkus and Hughes [1] established the
equivalence of many-mixed and reduced/selective integration elements. Some
examples are presented in Fignre 3. It may thus be concludedfthat the re-
duced/selective integration proeedure is a nery simple way of attaining the
performance of the mixed formulation without engendering'the additional
complications.

| The equivalence theorem states that the element stiffnesses, and conse*
quently the displacements, are:identical. At the Gauss points of the reduced

integration rule,

P o= - Adivu ' (14)

sS4
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mixed elément selective integration element
e N N N
la ; ) — ~
displacement pressure . normal Gaussian. reduced Gaussian
interpolation interpolation quadrature* quadrature
- () (k)
bilinear constant 2 %X 2 1 - point
q{/ (:) linear  constant 1 - point 1 - point
&—Q—
1O
serendipity bilinear 3 x3 2 x2
biquadratic . bilinear 3 x3 2 x2
trilinear constant 2 x2x2 1 - point

%#also used on all terms of mixed formulation

Figure 3. Some equivalent elements
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agrees with the pressure field of the mixed method. Elsewhere in the.element,
the pressure may be determined from the displacements by interpolating the
values of (14) with the pressure shape functions. The equlvalence theorem
thus provides the interpretation rule by which the pressure should be de~
fined within the reduced/selective integration approach.

For example, in the case of the seleetively integrated.4—node biiinear
element, the constsnt element pressure of the mixed method agrees with the
value computed.from (14) at the origin of isoparametric coordinates (i.e.,
E=n=20). Asa second example, consider the selectlvely 1ntegrated 9-node

element. In this case, the values of (14) computed at ‘the 2 X 2 Gauss p01nts

need to be 1nterpolated via bilinear shape functions. ‘The resulting formula

is
. . S
P, = 2 N3(E, mpg Sy
' a=1 o
where
P~ = - Aldiv u®)E., 71.) o (16)
a ~ a’ a’ .

and4‘§~ R ﬁ~ are the coordinates of the -ch Gauss point. The shape
» ;a a ‘

functions in (15) are defined by

Ni(E, M = 9+ & D)+ fiy £)/16 an

Exercises

1. Verify that (17) satlsfles the interpolation property at the

reduced Gauss p01nts, that is
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Ny, i = & (18)

2. Describe how to program the reduced/selective integration pro-

3. Show that for the isotropic casé,.the symmetric bilinear form

a(+, *) can .be written as
a(w, v) = a(w, w) + @(w, W | (19)
vhere

a(w, u) = (divyw, A div u) N ¢10)]

This resul£ shou1d reinforcelthe assertion that it is the ?;stiffness:'

which is responsible for enforcing the volumetrically stiff behavior.

Remafks

1. Constraint ratios may bé detefmined fdf reduced/selective inte-
gration elements as foilows: Consider the expression which leads to =§ R
namely (20). The maximum numbér of coﬁstraipts possible is given by the.
number of independént monomials in div gh:. Likewise, the maximum can be
no greater than the numbef of quadrature points used to eva1uate (20)f
" Thus

n, = min {number of independent monomials present in

div gﬁ; number of quadrature points used to
evaluate (20)} |

As an example, consider the 4-node bilinear element. Normal quadrature

results in n, = 3 (i.e., the number of independent monomials in div uh)

W,
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and so r = 2/3, On the otﬁer'hand -if reduced 1?point Quadrgture is used
on (20), n, = 1 (14e., number of quadrature points) and so r =2 .,

These values of the constraint ratlo agree’ with those computed for the

equivalent mixed elements.
2. Fried [3] argued in a somewhat different way in favor of reducing
the integration rule of the A-term. Consider the case in which A and u

are constants and let

KE=wg @y
K = AISZ‘. _ (22)
" Then
F = Kd
= ®+Dd
= WK +1K)d o @)

Fried noted that for typical elements 52 tended to have too great a
rank (i.e., too many incompressibility'constraints). In fact, in some

situations KZ is non-singular and therefore for A/u >> 1

[¥="
1

-1
(WK +AK)F

% 15;1 F | ' (24)

ne

From (24), it can besseen that as: A = o s d >0 . This éituation may

~ ~

be seen to be equivalent to the locking phenomenon noted in the example of

S8
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Figure 2, §3. Thus Fried argued that for a formulation to be successful ink.

nearly—incompréssible appiicétions, 52 ‘must be singular so that (24) does
not hold. TFried further argued that one way of achieving this éﬁd was to
reduce the order of quadrature on the element contributions to -g .

‘3. The linear triangular displacement elemenE; which is equivalent to
the.linear disPiacemént - cénstant pressure ﬁriangular mixed eiement (Hughes
and Allik [(&]), eihibits patholbgiéal_locking'én the standard mesh (Figure 2,
§3) . However, Nagtegaal et al. [S]Ifoundgthat iq.the cross—-diagonal pattern
(seg Figure 45) this eléﬁenﬁ_improves. Ostéﬁsiﬁly, the constraint ratio for
this patterﬁ is still 1. However,ﬁwhaﬁ occurs is that the indompressibility'
conditidns exhibit a linear dependency énd>thu§ ﬁhere are only Fhfee incom-
pressibility constraints per quadriiateral macro-element. Tﬁus T ;,4/3 .

Mercier [6] providea an elegant argﬁment which established similar
imprbvement for quadratic tfiangles'in the cross—-diagonal patterﬁ (see Figﬁ:e
4b). | |

At this_point, howéver,.there appear to be several dis;dvantages in
adopting the macro-element approach. first of all, since there is a necéssity
of assembling into quadrilateral macro-elements, no additionallflexibility
is gained by the use of the triangular eleﬁents over standard quadrilateral
elements. Second, Whén compared to the selectively integrated Lagrange qua-
.drilaterals of equal interpolatory order, less accﬁracy is attained by the
triangular macro-elements despitelthe fact that appréximately two times as
many unknowﬁs are involved.

On the other.hand, a potential advéntage of the trianguiar macro-elements
is that in the plane strain case, if the edges are straight, pointwise incom-

pressibility may be obtained. Inc0mpréssibility, in general, only occurs at

59
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(a) ' - )

Figure 4. Quadri]atera] macro-elements formed from trianglés in the
- cross-diagonal pattern.
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the quadrature points of the reduced integration rule for the selectively

integrated Lagrange elemeﬁts.‘

Exercise 4

Con31der the Lagrange family of quadrilaterals and bricks in which
normal 1ntegration is used for the entire stlffness. Determine expressions
_for the constraint ratie as functions of the number of nodes per element.
Deduce that the constraint ratio is poorer for lower-order members of the
family than for hlgher-erder members. Show that as nen Rl ; r +‘nsd
A(optimal) (ThlS result is consistent with the observation that fully

integrated higher—order elements are more successful in nearly—incompre531ble

‘applications than fully integrated’lowar—order elements. )

bl
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"Some historical remarks on mixed and reduced/selective integration methods.

Mixed finite element formulations were first discussed by Fraeijs
de Veubeke [7] and Herrﬁann [8]. Herrmann developed a reduced form of
Reissner's variational principlé particulariy suited to problems of incom- |
pressible and nearly-incoppreséible elasticity and, based upon this prin-
ciple,‘eétablished the first-effective finite.elements for such.cases. This
is the formulation giveﬁ in 53,' ?rio;.to this &evélopment.many'displaéement
models were applied to these ﬁroblems and-pbbr Behavior was typicaliy ob-
served. ,Thé‘feasdhé for tﬁis were noﬁ undé?stbod at the time.”.Certaiﬁ ele-
ments dérivéd'from-Hefrménn's fofmﬁlatioﬁ35156 failed. Hughes and Allikv[é]-~
traced this failure t§ a corrésﬁondence between miged and displacement models,
contained ﬁithin Fraeijs de Véubeke's "limitation.pfinciple"‘[7].

fhe first example of a unifo%m reduced intégfation.element was apparently
the plate/shell element presented.by'Zienkiewicé,.Taylor and Toé [9]. This
element, among others, is discussed in,Cﬁapter 5. The same concept was
employed in other areas by Ziénkieﬁicz'and colieégues. In particular, Naylor
[10] and Zienkiewicz and. Godbole [ll]'advocated the use of the 8-node seren-
dipity element in probiéms involving incompréssibility. Thé procedure, how-
ever, was viewed by many as more a "trick" than a:method énd subsequently“>
some bad experiences were noted for the serendipity element.

The concept of'selective integration was first employed by Doherty,
Wilson and Taylor [12] to obtain improved bending behavior in-simple 4—nodé
elasticity elemeﬁts. One-point Gauss quad?ature was used on the shear-strain
term, and.Z'X'Z Gauss quadrature'waé used to integrafe the reméining-terms.

Although improved behavior was noted in some configurations, lack of invariance

2
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opened the.approaCh to criticism.-

Studies performed by Fried'[3];.Nagtegaa1'et al. [5], and Argyris et
al. [13] provided fresh insightS'-int.:o why the displacement approach failed
in constrained problems; Malkﬁs [14, 15] proved the équivalence of a class
of mixed modeié with reduced/gelective integration single-field elements
in linear elasticity theory. The equivalence results af Malkus and Hughes
[1] elévatgd the reduced and‘éelective:ihtégrétionAapproach from the realm
of "tricks" t6 a 1egitim5te'methodology. Coﬁsi&erable research on the:
behaviér'of'mixed and reduced/selective integration éleménfs hés taken place
in recent years.” A summafy of more recent develéﬁmengs is éontainéd in the -

following sectiomns.

63
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Nonlinear Finite Element Analysis
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Name -

1. (30 points) Consider the follbwing eigenvalue problem

K-2M)d =0 5  X=o,
-whers
my 0
M .=
t 0 wm,
E (l\l'!—ltz) —kz
I:S = . .

Assume ky = li2= 1, my=2 m,=1.
(2a). ( 5 points)  Calculate the frequencies (i.e., wl,mz) and mode

shapes (i..e. ‘,v Q(l).,g(z)). :

) ( SY points)  Assuming that the fundamental mode load pattern

is given approximately by

estimate




e T it



(c) (10 points) Use the Irons-Guyan procedure to reduce the
problem to one degree of freedom. Pick the degree of freedom
to be retained according to the criterion presented in class.

Determine the approximate fundamental frequency and mode shape.

(d) ( 10 points) Use the subspace iteration procedure to.calculate
the fundamental ijeq;.lency and mode shape. Initialize the com-~

putations with the load pattern

Employ 2 iterations,

v

(35 points) Consider the following nonlinear equation:

d ,du du
S a+r @O N + /=0 o a=1]0, 1l @)
A boundary-value problem for (1) consists of finding a function

u:Q - IR satisfying (1) and the boundary conditions

' u(O) 4

o

g (= 2 given constant)

u(l)

1

0
(i) (15 peints) Set up a weak formulztion of the problem. -

(ii) (20 points) Use the result of part (i) to derive the elemental

contributions of a Newton~Raphson solution algorithm:

_DN(4 - A = E - N

[ acd

(that is, definerge; Be( de), and DnS(d Yy .







AL d

(35 points) Consider the first order system of linear ordinary differential

equations

-~

y = Gy + H(® | @

and the following two-step LMS method ("leap-frog method")

Tnel T ¥n-1 T 2ht (G g, + ) ' (2)

-~

Assume that (1) and (2) may be reduced to SDOF model equationé.
(a) (15 points) Determine an expression for the local truncation error.

v

What is the order-—of-accuracy of this method.

(b) (10 points) Assuming (1) represents the semi-discrete hea£ equation,

describe the stability characteristics of (2).

.(¢) (10 points) Assuming (1) represents the undamped equation of motion,

describe the stability characteristics‘of (2).
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THE STANFORD UNIVERSITY HONOR CODE
A. The Honor Code is an undertaking of B. The faculty on its part manifests its

the students, individually and collec-
tively:
(1) that they will not give or receive aid

in examinations; that they will not

give or receive unpermitted aid in
class work, in the preparation of
reports, or in any other work that is
to be used by the instructor as the
basis of grading;

(2) that they will do their share and
take an active part in seeing to it
that others as well as themselves
uphold the spirit and letter of the
Honor Code.

confidence in the honor of its students
by refraining from proctoring examina-
tions and from taking unusual and un-
reasonable precautions to prevent the
forms of dishonesty mentioned above.
The faculty will also avoid, as far as
practicable, academic procedures that
create temptations to violate the Honor
Code.

. While the faculty alone has the right

and obligation to set academic require-
ments, the students and faculty will
work together to establish optimal con-
ditions for honorable academic work.

I acknowledge and accept the Honor Code.

(Signed)

Interpretations and applications o

e Honor Code

appear on the back cover of this examination book.
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"ME 235C : Stanford University

Finite Element Methods _ Instructor: T.J.R. Hiughes
Fall Quarter 1981 '

Final Exam
Time = 3 hours .
'Total Points = 300

Open notes and homework allowed

C ESAR Levy

Name

(60 points) Consider the following ordinary differential equation:
| | P% 496 1w 1 sr f{amg sut
L0 ?Lvltm on pg &8s

d+a+@+ada=o (1)

A predictor—correctof algorithm for (1) is given by

. . . . ~2 ~ .
gy FVpy H L F dn+l)dn+l =0

and equations.(2)—(5) on pages 80 anhd 81 of Handout #1.
Determine an expression for the critical time step by performing a

linéarized stability analysis of the algorithm.







2)

- 1
ymA Lk«

2. (90 points) Consider the following nonlinear equation v

2

. ot

2 (BN)2)sr-0Z

An initial/boundary-value pfoblem for (2) consists of finding a function

u satisfying (2) and the initial and boundary conditions:

u(k,O) L= uo(x)‘ (Icy
_'u(o,t) = f(t) ' SR
, (BC's)
u(l,t) = 0 )

(1) Set up a weak formulation of the problem.

(ii) Define the elemental contribuﬁions to the arrays in the equation

‘M* A2 = rY)
" where
S a2 ,s
M* = M+ BAt DN {d)
R‘l)5£ ‘Fo- M 2 o ey

(That is define ge ,i ée(g(l)) ’ ge and Dge(g(l)).) o o
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3. (90 points) Consider the central difference method for the second-ordexr

wave equation:

unal(m) - 2un(m) + un+l(m)

- = o [u (m-1) - 20, m) + u, () ] | @

where Cr =. cAt/h is the Courant number, h = X 1 fykm~= X = ¥, and.
'un(m) = u(xm, tn),Qetc.” Perform a von Neumann sfability énalyéis.of‘(B).
Compare the stability condition obtained with that,obtainéd.by other means
(see dynamicé notes, eq. (129), p. 54);
Consider;the genéfalizgd tiapezoidal method for:thé firsthFAer wave.

equation in which central differencing is used for the space derivative:

ult = ¢ u,X ‘
G @ - m = Q- [y e D - am - )]
+ oy o m+) —w o m=-Dl (4

Perform a von Neumann stability analysis of (4). Show that (a) if Yy =0,
the algorithm is unconditionally unstable; (b) if ~y > 1/2, the\aigorithm

"is unconditionally stable.
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/ Lntagey QW'““Q d\Q‘%o 1)8 ml,:
4. (60 points) Solution of the matrix problem

Kd = F

.

where. K is positive definite, may be viewed equlvalently as a mlnlmlzatlon

problem; namely, find c such that

g‘(c) = %cTKc - T p

~

is minimized. Suppose we wish to impose thevfoll'owing linear constraint:

ad + bd = o . f ()

where a ., b and .C¢ are given constants, and P , Q G{l 2,...,n Use -

eq } .
the Lagrange multiplier method to obta:Ln a modlfled matrlx problem in Whlch

(5) is satisfied.
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