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Probably the most serious economic problern of complex curvilinear

ckements is the computer time necessary for performing the numericul

integrations. Here some economic limit on the accuracy required in this

integration must obviously be imposed.

/7

B - A

AB. : . - A

Type of element | Vertical Load of A Couple at AA’

-

Max. defl.
at AA’

Max. stress
BB’

Max. defl.
at AA’

Max.stress
BB’

026

019

0-63

0-67

0-67

0-52

099 099 1-00 1-00

1-00 1-00 1-00

LA

CEXACT 1-00 1-00 1-00 1-00

Fig. 9.1 A cantilever in plane stress analysed by various elements. Accuracy

improvement with higher order elements

9.2 Required Accuracy of Numerical Integration

In the previous chapter it has been indicated how the element matrices
san be formed using numerical integration in terms of n Gauss points. The
cffort of thisintegration over plane area is roughly proportional to n>-—the
number of points at which the function has to be found--while in a three-
dimensional situation it is proportional to #*. The determination of an
adequate minimum number of Gauss points is thus of some importance.
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i
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)

" i
)}c‘act averago | Nodal values extrapolated
ear stress ‘from Gauss points - -
/ oA

Gauss point

values

2 X 2 Gauss points

Fig. 11.9 A cantilever beam with four parabblic elements. Stress sampling at

Gauss points and linear extrapolation to nodes

"In Fig. 11.9 we show, for instance an analysis of a cantilever beam
using four quadratic, ‘serendipity”’ type, elements. Whilst the results for
deflections and axial stresses are excellent, the shear stresses show a
parabolic ‘variation’ in each element which provides an extremely poor
representation of the actual stresses. However, the values sampled at
the nodes are an excellent representation of the correct mean shear

stresses. :
Similar improvements can be shown in the context of other elements

and problems, although (fortunately) the discrepancies are not always

so large.
The example just quoted suggests that in quadratic C, elements, .

whether two- or three-dimensional, the stresses (or similar quantities)
should never be calculated at nodes. 1f nodal values are desired, then a
simple bilinear extrapolation from Gauss points should be made. Such
values are again shown to be excellent in Fig. 11.9. Further examples of
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Appendix II ~ Proof of (7.25)

A preliminary lemma.

~ ~

Let A and B be symmetric matrices of dimension n, let B

be positive definite and consider the eigenvalue problem

Au - ){Eu’= 0.

~e (I11)
There are n real eigenvalues’

)\1 S>‘2 < .ee S)‘n, (I12)
and corresponding orthonormal (with respect to B) eigenvectors
Uy oeeen @ The Rayleigh quotient is defined by

- va v : _ : :

Ru) = =z~ , v # 0. (L13)

. vibBy

and the maximum occurs for v = cu s where ¢ is an arbitrary non-
s ~

zero constant.

Proof. Since the eigenvectors Uy coey U form a basis for

~ ~

n
IR, we can expand any vector v as
~e

II-1






and, therefore,

n
XTBV = z Icilz
T, _ 2 2
MESAREEY Mo 17
i=1
For v # 0
n
2 . |
_/\iff)“ilcil ] e mie AnZ Np  Visuze
1= . "
R(v) = < Ay <& ZAN“\‘ Z22x lel”
. X‘ l IZ ’ . \3| 43y
. - S

by (II2). Since R(c’gn) = )\nv, the proof of the lemma is complete.
- Let K and M be global matrices formed by assembling the”

. . e el e.el . .

collections of matrices {k }1 “and {m }1 according to some

connectivity array.

II-2
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Consider the symmetric, block-diagonal matrices

Tx! o ... o |
~ ~ X ~
~ o kX -,
~ r~
K = (114)
o : - . L] . 9 .
0 ... 0 xel
- .
ml 0 ¢ o 0 0
S 0 m® .l
M=1: - . 0. | - (us)
n
'g- e s 'g » m:‘el
" ) o - el
The dimension of % and I\?i is 1 = 'Sﬂne , where n€ denotes the
~ "o €eq ! eq . eq

e=1
number of equations for element e. If neq is the dimension of K

and M then, clearly, ‘7 2 n
~ v eq eq

~ ~

The eigenvalue problems for the K, M and K, M systems.are

(resp.)
(K - AM)g = 0 (116)
and | _ 7
'('Iv,g - M\E)Zx = 0. . - (I17)

CII-3






~

All the matrices involved are assumed symmetric and M and M

are assurned positive-definite. Thus both (II6) and (II7) fit into the

frameviro_rk' of (iIl) and, th»e»refo_re, the lemma holds in each case, viz.

vTKv \ :
= max L : ,’ ' ' (I18)
. )&leq vER neq VTMX ' . _
X#0
'; . XTK'V o :
- = max —_— - v : (119)
)*neq_ . vE IRneq vIfiv : _
vie T e
Let R “eq = {vE ]R e Icomponents of v which correspond
constrained

to the same degree-of- freedom in IR °d under the 1dent1f1ca.t10n of

the connectivity array used in as-gemblmg K and M are to be equal}l

o~ ~

With this» definition it is clear that

VTI'EV ~ : ’ .
A = max ng o adod < ~ - S
Peq Xemcogst. ZTMX L X‘,leq : i o (_I;lO) o
A

II-4






Remarks

1. The equalityin (II10) may'be‘intuitively obvious to some readers.
To make it convincing to those readers who are dubious, consider

the following simple example:

Liet
e e
. kyy  kyp
k= K 3E
21 22
e [
. miy mi2
il I
ma1 22
e = 1, 2
, [ 1 |
ki k2 0
1. 1 2. 2
K =1k;,  (kytkyy) Ky
2 2
| 0 k21 k22
R 1 0 i
mn my2
11, 2 2
M o= lmpy;  (mgpimyp)  my,
o 2 2
| ™21 M2z

II-5






K =l o
R ~,
4x4 Q, 35
% o=|m 9
\—\’—’
4x4 0 m2
01
L ={¢;
P3
)
@ .
P er:
p = const. .
| ©3

The equality in (I[10) is established for the 'VeXaI‘nple' under consideration

by the following calculations:

<P“ T ® ® T o,
ot 1 1 2 2
®2 ®, ®3 ®3
T
= ¢ Ko

II-6 -






T o 1 1
o Mo m'
) @,
T
: e Mo

®2

03

B

b2

The essence of a formal proof may be deduced from the a‘bove cal-

culations.

2.

The inequality in (IIlO) follows dlrectly from’ (II9)

The interested reader may wish to provide the details.

In terms of the element matrlces, the elgenvalue problem (II7)

can be written as

From thls expression it can be seen that the elgenvalues of (II7)

0 ceer 0O

[{=)

2R

-1

(IIll) “

are the same as the totall’cy of e1genvalues of the uncoupled element

problems






(k° - Pm€® = o0, e =
ard "~ ~
Therefore
o _ e
A = max (>‘max ’
eq
where
A"TT :
. v kv
= max p
)‘max vER q XTmeE.
Y£0

Combining (II10) and (I]".lS), we have that

X < max 05 _),
eq . © max

which complefes the proof of the theorem.

1I-8

E

(1112)
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f FINITE ELEMENT NOTES.

1) LINEAR MULTISTERP METHODS Fok FIRST —
ORDER _EQUATION 5 YSTEMS
CONSIDER H SYSTEM OF LINVEAR , ORDINARY D/FFE/\’EA/T/A’A

(:6?&/77‘/0/\/5 | | o
401 f-”/%/ )= G ) Q
WHER & | - |

O ... 15 H GIVEA CONMSTHANT MATRIX

H voo Is B GIVEN VECTOR-VALUEN FUNCTION OF &

DEFINITION 3 A B STEP  LINEAR MULTISTEL. METHOD

FOR (/) IS DEFINED BY
kK

{“"{({L " ¢ n+i- L /B z)(/éz h#«/—a. '") = @ | @

(=0
WHERE THE Op°s AND [BrS HRE &IVEN FARAMETERS

WHICH DEFINE THE METHOD

NOTE 3 THE TERM "UNEAR" IN LINEAR MATISTEP MZ719’OD
: REFERS  TO THE FORM OF (2) NOT TO 7THE
LINEARITY OF £ Hs &IVEN ABOVE |
N FACT (2) HOLD S FOR £ NNINEAR,

CREMHARKS ¢
L) AN LIS METHOD 15 CHLLED EXPLICIT. JE 4=
OTHERIUSE /7 IS checeDd _LMPLCIT.. '
(L) AN LINS METHOD IS CHLLED A_BACKWARD - DIFFERENCE -

, METHOD |F /3/.-_0 FOR HLL <,>1
OIOY )

+ebf £ ( ' ' |
wer F.".Y.m, n-n)"‘“'h"’“ﬂu* - “‘“&‘/w =0 *“‘!’w: ‘5"?“‘“_'" oy $Sm







‘20 ¢ dy! |

N

L) AN EXAMPLE OF A 1-S7eP LMS METHOD IS5 THE
CENERALIZED TRHAPE ZOIDAL. FAMIL Y, FOR wWH/ICH

%"-: _Z Xy = 7 -/60 = — X ':Y. r‘f{ym,{“,,)
, | )
X, =1 B, = A~1 VL ERTE Gyt ) 5o

o po“. REcHLL X =0 = EXRICIT o You 2 8y +8{ (Y, b)
[l L
- =/ =D BHCKWHRD DIFFERENCE Yo =Ll tiudsu

d"‘ h!\,zl P.I"‘

et B CV) THE GREATER THE MOMBER oF sTeps mwvecven (A

THE GREATER THE "HISTORICHL DATH Pool.? whicky MLET

BE STORED =~> H PRACTICAL DISHD UANTAHEE ,y

2) SEMI =~ DISCRETE HEAT EQRUATION AND
EQRUATION OF MOTION IN FIRST- ORDER FORM

IN GRDER TO STUDY LMS METHODS AS HPPLIED 70
THE HEAT EQUMTION AND THE EQUATIEON OF MOTION s WE
NEED 70 FIRST PUT THESE EQUFTIONS NV THE FARM
OF (1), BND THEN STUDY THE SPECTRAL PROPERTIES OF
THE  RESULTING & MATRICES o |

Q) SEMI— DISCRETE HEAT EQRUATION

GIVEN ¢ | Y= Gy ~ thos
"/\/\:l*'fia[:,f A ~,)f‘e'~¢
0@(0) _ l:}g B’_Aq’@‘g 64,94
. | " (AI-G )Y
WHERE D e prblen, ».{«.AA 9.[/\1'6}‘

M ... C/if’/?c /7)/ /V(/Jmlx SY/M/VJ.. POS. DEF,
K e CONDUCTIVITY MATRIX , SYWM. JOS. SEMI-DEF.
. -
F¢t) | & elo, T] . HERT SuppLy VECTOR (PRESC.)

E =
A ... reEmpERATURE vECTOR



vl




... Time (€ perivATIVE 9F o

r~~

Dy... GIVEN ZN/T/IAL 7‘5/1/1,05/? MBTURE .

LETTING % L, wE FIND B
6=-MK | | ()
He) = M'F(¢) o B

THE S F’é:T TRUM OF © /s DETER M/A/ézo F’/?O/Vl THE
FOLLO WNG  EIGEN PROBLEM

(G~ NE)I)Y(e) = Q | : )
SUBSTIIUTING (9) AND MULTIPL s B8Y M YIELDS

(K + M) ge)=¢ ™
COMPARISON WITH PRELIOUS RESULTS (I6) Ay/ﬁz |

Ae) = =] £ o0 B

wee) = ¢ . (9)

THUS /5 THIS CAHSE JHE sPecTRuM OF &_ ( 2@)) RESIPDES
RGN THE NESCHTIVE REAL XIS //V THE COMPYLE X

FaNE , L -
b) SEMI-DISCRETE EQUATIONS OF MOT/oN
: ' let ot=v dzu
Gl 1/5 : :
PIWEN S My CR4KU = £
,\_, C/, C—% /j{g;‘f Q:MF-' M""w t’ U

e
.3
WHERE S | (;,),[“"E 535' ](“ (
M e MASS MATRIX, SYMM, FIS, DEF.
Covns DAMPING MATRIX, SYMM, POS. SEMT=DEE
K ... SI/EENESS MHTRIX, SYMM. POS, SEMNT-DEF.
F=2F0¢) .« o EXTERNAL FORCE VECTOR (FRESC.)

L ... DISPLACEMENT VESTER .

o \
M"'"






d... vecociry vecror Cosriv. oF d wrT z )
A .- » HCCELERATION VECTOR Cz”dog/;’)x/ oF A u/th)

IN THIS CASE WE LET

q4=1¢( - 2z
-, Q:e |
THUS | S
o I o |
G =", - HeE)=4 " )
3 L: A 5%5&’} SR

W (6) | |
%[Q )= 5 (gl THEN THE ENen PROBLEM CA/V BE 63)
~ -Z_ﬂ’z (&) expressep #s

o I awr 2\ [
. T - | )4 e 75
W e e eI | gl (¢
OR EQUIVHLENTLY [ | '
Y, (e)- MA@ ¢ <e) = 2 (5)
..’ had -~ ’
"MK @)~ (i + AL Yle) =0 (6)
COMBINING (IS) AND C16) AND MULTIELIVE BY /M YELWS
A QUADRARTIC EIGENVPROBLEN * | -
2 ’ g—
(B+ %) C + A M) ¢ (¢ =0 an

FROM PREVIOUS WORK WE KNOW THAIT THERE EXIST
A s&7r OF z/gc70/€5 g(?/ SCH TEHETT

1 "‘" ”(’5/ /@/m

2.
-g_uﬂ S,V,m ma% (Mo som )






NOW IF WE HSSIME THAT L 15 DIRGONFL IN rHE
gg PAsSI S  C WHICKH /S THE CHSE FOR RAYLEI/GH DAMPIN G
WHERE C =a M+ b K a,b consTANTS) THEN

M < %,, 25 2% (gm (/VOSaM)

THUS PREMTIPLYNG (17) §Y g/! A0 EX PAI/V,D/A/G ,g_V )
IN TERMS OF THE ,éﬂ g WE FINO

ﬂ((f) + 2 g’w 2(67) + 6% = O (A/oska)‘
DROING THE £ SUB SCR1P7 WE /7/\/0 THE IVDERL y//w,
FORM OF THE ALL) ETGENVPROGBLEM TI BE

A + 28w qce) rwi=o | Us)

THE SOLUTION OF (I8) THKES ON THE [FoLLolwNVeé
CHARHCTERISTIC FORMS

() o= £<1 = UNDER DAMPED. il de] b
);,ZCC” = fwWt [ g _}% 99)

(&) E=1 =2 CRITICALLY DA/MPED

,..06) = —w  povsee Raor) o _zggzo)

@e) E>1 = QVERDHMPED ' V%"‘ |

ﬂ,z(J)w*gw,ﬁcz/]/E -1 ( ' z1)
REMARKS 4

’) NoODAVIPING = g’ 0 ,,(4) = £« (Coméaéﬁfé" A ARY Ro07S )

(L) IV Al CASES | SINCE EAND W 2O THE E/CENLHLLES OF 13
HRE CONEINED TO THE MECHTIVE HHLF ~PLANE o &
INCLUDING THE IMPGINARY AXIS .

L8 ) TN CONSIDERIVG LMS METHODS 1T 1S IMPORTANT To MSERE
WHar 77 5 T7GIL]T Y _REGION W ITHE COMPLEX UANE ENZLOSES
THE SRECTRUM _OF THE MATRIX G FOR THE CHSE N QUESTION,







3) STHB/ITY _OF LMS METHODS

a)BepucT/oN Te AN SDOF. PROBLEM

AS it BREVIOVS ANALYSES THE REQLCTION TO
A MODEL. PROBLEN FUBYS W ESSEN T KOLE o

WE wyite ASSUME THAIT G FPOSSESES LNEIRLY
INDEPENDENT EICENVECTORS. |
NOTATIO/N <

A= ACE) ... E16EN VALUE
W= YY) ... E16ENVECTOR
P= P oo MATRIX OF E/CENVEC TORS
A ENCE) oo DIHOARL AMHTRIX OF E/GEN VALUES

THUS
E == f[j . (/j ]
_’4_3—" 04(,62'3[2,,/?2,, )/I/\/]
4QN
WHERE N IS THE D//Vi 54/5/69/\/ aF &
CTHUS P OAND M. SHTISFY |
e f . . .
PGP =/ | @
DEEINING |
f’f = /’ B ,_ (23)

ENHBLES (S 7O 08 THIN FROp ng////mégmos FRM OF ),
THE Fauoa///(/é CNCOYLED SYSTEM

9 A;"y R eY)

WHICH /S CAWR#CTEA’/%ED BY 7 & CENER /< SchHHR
EQUATION







l

P 23 (2) :l' Z(“« P .:2'“,_' + A&/a‘l om-s )7
s

j=23 ™ e

LIEEWIS E  THE HOMOGCENEDYS FORM OF THE LMNS

HLEOR)THM () ) CAN BE eNecotPLE D
j? .

. . + ~ . V= |
L'Z;o ( ‘ ;m'"(‘ At’g"’*/l' ;inf/-d ) ©
WHICH s CHARACTERIZED BY |
,_é) (x, *at /{/64")9/17'4«-5 ::.0 o )

7O DETERMINE STHBILITY ONE ASSUMES 7THE
SOLLTION OF  THE LINESR DIFFERENTE EGFTIN
27) TO BE OF 7HE FORM

}’h"l"(: _

Pz = €
P )- /° I 5 C oae /7 co/ao;r/m/r

SCRSTITUT/ON INTO (z 7)) YIELPS A /4"“" GA’OF/Q
FOLYNOMIR L INE | THE ROOTS OF WHICH OETERMWNE

THE 5727,8/4/7’)/ OF THE LAMS M&THOD ,

? (0{ +Ai2ﬂ6>\n+l/,:: . (28)

(Aas Rl (o;.m.-»,s.,)s “o(urarp)3=0 = !-[@‘"“""/")“5 “"“"Pﬁ;"

(2¢)

b) CONCELPTS OF STHBILITY * §s0(nmk) o §s
N N oe.ﬂmep,

Mf&u“’ : -L:'—‘i_. l.“rlmt %=
DEFINITION J. o A LMS METHOD oF THE FORM (2 )
15 SHID_ T /:’[ﬂ&QA(/7 er Y STHBLE | EOR M FIXEOSEA

K SArISFy/ weé (29) JIRE SUCH THAT /5/414 .
wplick = fo 240 anq Bl wlldo 5 7 L34 o0

» ~dov
DEFING TION 2. 5 f//é AEGION OF BB IE SIAZ/ILIT Y
OF A LMS MNETHED /5 THE SET OF ACA E € AT
Wz‘//(“/v‘ /7 /S /46’&0/-07627 57/7545 .

IF Al
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REMARK o THE OEFINITION OF #BSOLLTE S TABILITY [S VERY
CLESE 7O THAT OF SPECTRAL STHBILITY GILEN LREVIOUSL Y,
WITH THE EXCEPTION THHT NO SPEC/IHL HecotNT /S GCIVEN
TO MULTILE RCOTS OF N1 MODILLS  WHICKH LOTEAT/IALLY
CIVE RISE TO WERS ZNSTHBILITI/IES . ONE CAN SHol TAHYT
THE ROCTS OF RE) AND 7HE EISENUVMLUES OF A A5S0c/?TED
PMPL) FIERTION MPBTRIX ARE THE SAME RBY CONSTRUCTING

A OME-STEP MULTIVALIE METHOD ERUVHLENT JO THL
GIVEN MS MeTHOD 5, VIZ,

Grer -

: I |
n | | | - ﬂ
== !5 g”"’. | (29)

2)’)*1“/"
L L Tt
kX1 Koy
WHERE | |
| | -
w(xitat 18,)  ~(Xa *ABL) ... ... (o aEA B
(Ko +2EAB) (Ao +atd Bs) | (Ao + 2¢ ] By)
1 | e e 0O o
/,,[\'Z - O 1 ®) . (30}
L O ') - s . L O

DEEINITION 3 4 A LIS METHOD Is f-STHEBLE IF
soLvrrons oF (27) —» O HAs N-»oo wHen Re ] <O.
REMARKS & | |

E) PHISICHLLY SPERKING, A H~STABLE HLGOR]THMN IS ONE
WHICH PRODUCES SOLUTIONS HH/ICH DECAY 70 ZERO |
WHENEVER THE CORRES POND/NG EXHTSOLLIZONS OF
(26) DECAHY TOZERO. CLEARLY 1F AN FLEORITHAN
IS A ~STHBLE THEN TH REGON OF /ngKWES/WE/A/T/
CONTHNE  THE LELT ML~ PANE OF C .

- L) THE coworrvols OF f~STABICITY RUACES ANO Lp/7R77oN
1w Aok O THE S)2E OF ANE, COVSEQUENTLY 17 /S CLOSELY
o tndihen '
on 4t w»« Wafb >0







RELBTED TO WAHT e PREVIOVSL Y TERMED
TUNCONDT] 7oL BPECTIRAL. SIABILIT Y, THE ONLY
"DIFFE, = BEING THAIT SPECTRI. STABILITY BLITWS

5/65/1/ VRLUVES OF N7 JNODOLUS WHICKH [POTENTIHZZY

CopLD CONSERVE M SollTIoN RATHER //7/7/1/ CONTRACT

)77 TO0 ZEEAO.,

TT SHOOLD BE APHRENT THA7 = STHABLE SLEOR ITHMS ARE
IMFORTANT FOR MAN Y PHYSICAL PROBLEM CUHSSES. HOWEVER,
WITHIN THE CIHNSS OF LIS METHODS , THE S8 CLF5S OF

B eSTHBLE NMETHOOS 1S SEVERLY DELIM/TEN ., THISs 76 77E
CONTENT OF A CELBERAIED THEOREAM DUE 7O DB QST

DAHLRUIST 'S THEOREM oi A-STHBLE LIS METHODS

——m ) N EXPLICIT A-STHBLE LINS METHOD DLOES NOT EXIST;
2) B THIRD - ORDER Hocumire /- STHBLE LS |
METHOD Does ANO7 EX/ST
3) THE SECOAD —~ORDER ACCURMATE H—STHBLE LMS
METHOD wi7H THE SMHALLEST ERROR CONS TANT
15 THE fA’ﬁPEz—lD/[)/ﬁ/ ROEE o (RecAse THAT
THE ERROR CONSTANT 15 THE COEFE/C/ENT OF 4 zf/%' "

N THE LOCHL TRINCATIoN ERROR.)
REMARKS : -
' () THE WASHDT OF 7505 THECREI 15 THA7 IF We SErs AN
H=STHELE LINS METHOD WHES /OS5ESSES SOME SFEcug
FEATURE ( SUCH S5 s ~FREQUENE Y NIERIC U DISS) LPHR77EN )

WE NECESSARILY ENTNL SoME LOSS OF SCLRACY
WITH RESPLECT 70 THE TRAPEFHCIDAL RULE .

() SINCE THE SPECTROM OF THE G = MATRIX LOR THE EQUATION
OF MOTION FALUS W/IHAN TAE LEAT=MELE OF THE COMIYEX
TPLANE  AND FOR THE CNVOANPED CAHASE FALLS OV THE
.1/1/1/%//1/;//( VXIS ) Z7 WOLLD BPPELR. TN Tl TR~

S DAL RUCE™ TS THE CANONICH, ST 444_.5_

/Wé///c?[) EOR STRUCT LR DYMALICS . THE WIDESPREM Y
USE OF THE TRBIEBOIDAL RUeE IN THIS COMTEXT™ HPALARS
7O CONVEIRMN THIS CBSERVHTICON .

&r) THERE _ARe HeSrdils . IMS METHORS. OTHER THAY
TRAPEZAN AL RUYLE WHICH FRE USEEUL FoR STRUCT YRS
DY Wi s ( FoR EXAMPLE. PARKS. METHOD )




*



(V) MANY _STRUCTURBL DYMAMICS ALEORITHAMMS PO NOT”
TEALL WITHIA THE CLAsSs OF F/RS7T=ORDER LAS METHDS
CONSIDERED THUs FIR, ( FOR EXA/INPLE THE NEWMARK
FHNILY OF FLEORTTAHIAS ) ‘

REFER ENCES |
(D1) Gu DAKLQUIST, "A spec/aL STABILITY PROBLEM FOR
/) .
| LINEAR MULTISTEP METHEDS | BIT3, 27-43[1963).

61) < w 6€/§’R NOMERICAL _TMITIAL VALLE PROBLENS 1N/

/O

ORD/NARY. p//’/:r/zg/\/mw 5@0/?/‘/0/\/5 FREN TIcE - #/71.& y

ENGLEWOOD CLIFES, Mo, f/¢77/]
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Stanford University
Finite Element Methods

Instructor: T. Hughes

HOMEWORK &;\4&3 i&vy L

Consider the equations of two-dimensional, classical, linear

isotropic, elasticity theory on the domain illustrated in Figure 1

)

{

Figure 1

Assume there is no body force, and the boundary conditions are given

as follows:
(displacement)

up(0,0) = u,(0,0) = 0

ul(O, tc) = 0

(traction)

t)(x,%c) = ty(x,%c) = 0, xG]Q,L[



-t




f" ves e )/t “”/‘/“WIIM‘ / 22X w/wm rmelto ?«»e St ol

Wy(L,0) : tehenl [ruum vo =294.14 [~2¥2.98
“:(%;) Lachuald [ tine

0 /o
¢ //i./wr J = 137>

5”/ = WD / -, 3307
/.0 - 183 / =/9{3

1 0 /o
20 — o |

7 (7,) cohuad /m,.. G Oy e buaf fame

0§ _'/2-79/-92/2 .07 = 34§ /..' 34>

75 1-266 /7300 oy =/ - 320y

(-85 205/ 20 B 2T R L XY YRR Y 1

198 W93 /2553 B2 AT S AR LY )

2X2 ?_ua.d }mlm%g oAt 10 L(,(o,‘«/) £-r020 4. T, 3~ /¢°z.,w. -

I/ 2 zxz/u ?«mJ " na “1(";‘)) F-r0% o G, 3~ND% T,

ve.vgg Uxd A a W/%m—.%m € x> Witrmy

U3 (o) dehua] [ um = 26YY [ 2000

“ (o) ek [
g 0 0/ 0 ,
e - 1317 /,""V“I'
10 - ,;;ay/-.zsl,‘;'
Y “HY3 /-] ,
2-0 oo . S
T (13)  ehuad /rnm T (2y) ‘
0.2 Yug /. 407 L -.3b9 /-.3¢7
PR )6 ] 1aby , _ =3223 /-3 24
(v 2./09 /L.//v ’ -, Wf&ynw

XY | 1-%"3/;.54'7/ - - .027; /ﬁ-,d’:zr?



)x] A

k22N }44*( WW . a,[a)/) oL Z,m B "'Zoﬂ-lo_.,

1% 79.,‘,_‘,' 67% i a,,(l,o) '{«‘g‘ mwuz(aﬁ) WW:« L

etk ot ) g

Cer Ixd W/W

- o . I > ,




QRUAD BISECT CRe% DIAG
. J Mﬂ)»l Vs, 99 20/7 . (M 'I,\Iu +ﬁow )
www“ﬁ vy=.3 200/ vau %99 r0(1° ¥99
4 2p 3 wu | yz.3 2006 | met Geod
WoRSETHW Y7 %94 2063 2X 2
(++) ' Tr2 Roswrepgipm . -
rooe - b Voo #95 2000| Ve 499 2075.| (Bhe Tl o)
St bo Rvglasa Y2 . 3 2004 vy
VG Y2 }‘?7 2wod * Zx2 w/wucova
Same to ¥ |
"“’2‘:*’ .3 2004 | Vs.49§ 2004 | V=499 aovv | |
Loop diop . r
B e YR Geers | Mhekedme | | Wi v
(.H.) MJ,QL . in Oy 4 7, ',Ws"(" +) o
| Ll oveu 20/3 . V=499 202
v qrd oy Y2 3 2006 | 79 -
M"W wl T d““‘&‘f
1000 olate, cluch W/0 dodr.chacle 2015 dote clede.
YO0V
20 »¥

O te




To
Fasom
Susseey:

Davi:  May 6, 1981

Students in Applied Mechanics -
Tom Hughes and Charigs Steele

hpptied Mechanies Industrial Affiliates Dinner

You are invited for cocktails and dinner on Wedpesday evening at

6:00 p.m. at the Stanford Faculty Club you -are strongly urged also to
~attend the presentations on Wednesday and Thursday, May 13, 14, 1987.

Please sign up with Theo, Meom 2524 Durand Bldg. by Friday MAY 8, 1981
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Page Two

tl(’{': y)

!
o

YGJ"C,C[
P, 22 2
t,(L,y) = 57 (c“-y°)

ojf
' P
£)00,y) = 4% |
A Y y€l-c,0fuldo,e [
P,2 2
tZ(OJY) = ""Z'f(c "Y)

where P is a given constant and I = 203/3.

The traction boundary gonditidns are those encountered in simple
bending theory f01: a cantilever beam with robt section at x = 0, that is,
pérabolically varying eﬁd shear and linearly varying bending stress at
the root. The displacement boundary conditions allow the root section

to warp.

[ . .
The exact solution of this problem is easily derived and is given

as follows:

- _ Pxy
2y T
t,. = 0

P 2 2
tlZ = 'Z‘I“(C -y)

6B

7 v1(x ) = ~Y{3(&2~§2) + (2+vl)(y2; ~cz)}

I '
L,y = G- - {4+ 5vh)c? + 3023 E-0) + 3015y

where x =4 ~-x and






Page Three

El vl
plane stress E v
. plane strain E/(l-vz) v/(1-v)

Obtain approximate solutions of the above elasticity problem by

‘using the linear static analysis program "LEARN,*

e Employ the following data in your calculations:
P=-1, £=16, c=2, E=1, v=.3 and .499
(The latter value of Poissons' ratio corresponds tblthe nearly-
incompressible case.)
o The mesh to be used is depicted in Figure 2. .(Only half the
domain need be modeiled since the x-axis is a line of anti-
stmet'ry.) You Will need to compute nédal forces corresponding )

to the traction boundary conditions along x=0 and x = L.
e Assume plane strain conditions.

® Use 4-node quadrilaterals and employ each of the folloiving
quadrature rules: |
(i) 2x2
(i) 2X 2 p-term, 1X1 A-term
(1ii) ZX 2 with ifxcompa;tible modes
Also emp’l?y (iv) the hourglass stiffness ép’cion.
o Use 3-node triangles in the
(v) bisection pattern
tvi) cross-diagonal pattern

(There are twelve cases in all.)
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Page I'ive

- e In each case, compare the computed vertical tip displacement
[i.e. 112(16,0)], the horizontal displacement of the root section
' (i.e. ul(O,y), -y € [-c,c]) and the bending and shear stress
(i.e. o, and Txy’ respectively) for x = 7, v € [-c,c], with the

exact solution,

e Write a brief report summarizing your findings and include an

evaluation of the performance of each element.

‘Instructions for Using HLEARN"

Cénsult the_LEAl;{__Nv_iUser's Manual regarding deck set up.

To save keypunch 1ab§r, use the generation options on coordinaté.
cand element data, ‘ s ‘v

Your first run should be a data check run (i.e., MODE.EQ.0
on thé master control cara).. Run the 2X 2 que_xdratb.re case for
v = .3, Carefully check the output to insure that you havé keypunched
your data correctly. | |

Keep using the data check mode until you are satisfied that. your
input data is correct. Then set MODE.EQ.1 which will cause the

program to execute., The vertical displacement 'u2(16,0) = -220.4,

If you obtain this value, begin i‘unning the other cases. If you don't

obtain the correct value, or if you are having any trouble whatsoever,

see me or the T.A. immediately and bring vour output and deck.
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(ESAR  LEVY \/

ME 235B - Stanford University

Finite Element Methods

Spring Quarter 1981 ' Instructor: T. Hughes

Homework Assignment
(due 1 week after handout)

Instructions: To cut down on compﬁter costs, atternpt to run all the
data sets in problems 2 and 3 in one run.

1. Consider the 8-node isoparametric element shown below

7
4 3
8 . Qé 6
.M
1 5 2

Assume the nodal coordinates are as follows:

a *a Ya

1 -% "% | E"‘(-l,—t)
2 | 3| -z 2 (1,-0)

3 % % -:- (L)

_ N - .‘y, L

5 o | -2  (0,-1)
6 -1% 0 by, (1)0)
7 _ 0 | '}21 .%(0:'), :
g | -2 0 h. (+1,0)

Consider the following body force

. 0 ' " _
f = ; g const,
~ ~-g .






¢'
&oc

4

3
4
s
A

~ ~

PATCOH

1

W N -

Mot

J

/
3
4
5
b
7
/ H
4
b
7

'TEST} &/

PATA TEST # 2
&71-6, & &4‘[—9 2 - 15 M

to!

/ /
/ z
ro 4
/| 5

DAA=0

/"
0.
A

0
@77,7 Cendos Lo.-2F
L

oW L

/;’} — W} 0f.o(a#a,¢&¢_</¢,

%
"
e
1t
190

656
/-0 ‘gb
/0 716
J.0 THé
1.0 bo

i

.

S

NN

i

2~ Zé’ %’:‘1

w,

mdeﬂ

44 - «T
/
!I

J

DUV



i

[
|

{“?"

[y

O

O

Y

O

O

O

O O O O

O

©5 06 T34937E+01

[ 0.6794927E+01

\ii

N

. 0.6709941E+01
. 0.6714940E+01

0.6719939E+01

.0.6724938E+01

0.6729938E+01

0.6739936E+01

0.6744935E+01
. 0.674993GE+01
- 0.6756933E401

0.6759933E+01

0.6764932E+01

0.6769931E+01

0:6774930E+01.

0.6779929E+01
0.6784928E+01
0.6789927E+01

0.6799926E+01
0.6804925E+01
0.6809924E+01
0.6814923E401
0.6819922E+01
0.6824922E+01
0.6829921E+01

0.6834920E+01-

0.6839919E+01
0.6844918E+01
0.65849917E+01

| 0.685G917E+01

0.6859916E+01
0.6864915E401
0.6869914E+01
0.6874913E+01
0.6879912E+01
0.6884912E301
0.6889911E+01
0.6894910E+01
0.6899909E+01
0.6904908E+01

0.6909907E+01
0.6914907E401

0.6919906E+01
0.6924905E+01
0.6929904E+01
0.6934%03E+01
0.6939%902E+01
0.6944901E+01
0:6949901E+01

02 6954900E+01::

0.6959899E+01
0.6964898E+01
0.6969897E+01
0.6974896E401
0.6979896E+01
0.6984895E+01
0.6989894E+01
0.6994893E+01
0.6999892E+01
0.70048G1E+01

C

0.9813573E+00:

0.9814137E+00
0.9814693E+00
0.9815241E+00

0981 578GE+00

0.9816331E+00

.0.9816880E+00

0.9817426E+00
1049817963E+00.
-0.9818500E+00

..0.9819034E+00

0.9819567E+00

+:0.9820101E+00

i

0.9820637E+00
0.9821170E+00

0.9821693E+00
4540982220 9E+00

0.9822721E+00

10.9823236E+00

0.9823753E+00

0.9824267E+00..

0.9824782E+00
0.9825287E+00

0.9825793E+00 -
£0.9826295E+00-

0.9826795E+00
0.9827298E+00

0.9827802E+00
+10.9828303E+00.:

0.9828795E+00

....0.9829279E+00
0.9829759E+00
0.9830242E+00

0.9830728E+00
0.5831210E+00
0.9831693E+00

0.9832166E+00-

0.9832640E+00
0.9833110E+00

0.9833579E+00
#0.9834050E+00

0.9834521E+00
0,.9834992E+00

0.9835462E+00.
0.9835923E+00:

0.9836375E+00

0.9836822E+00
0.9837274E+00"
0:.9837728E+00

0.9838179E+00

0.9838629E+00
0.9835081E+00
0.9839523E+00"

0.9839965E+00
0.9840403E+00

7 0.9860840E+00
G 009841 279E+00:

0.9861719E+00

'0.9842157E+00

0.3646501E-03
10.3630704E-03

0.3414967E-03

0.3399483E-03

0.3384261E-03

L0:3369192E-03

0.3354033E-03

0.3338847E-03

0.3323767E-03

1:0.3308975E~03

0.3294174E-03

.8.3279494E-03

0.3264886E-03

0.3250251E-03

0.3235594E~03
0.3221023E-03

0.3206749E-03

0.3192709E-03
0.3178790E-03
0.3164795E-03
0.3150804E-03

0.3136885E%03

0.3122971E-03

.0.3109335E-03
0.3095719E-03
+0.3082224E~03

0.3068780E-03
0.3055308E-03

0.3041825E~03
:0.3028410E-03

0.3015287E-03
0.3002407E-03
0.2989622E-03

+0.2976782E-03

0.2963908E-03

0.2951121E-03

0.2938369E-03

0.2925855E-03

0.2913359E-03

...0.2900993E-03
- 0.2888662E-03
2. 0. 2876R99E=03.:

0.2863940E-03

0.2851633E-03
0.2839344E-03

0.2827321E-~03
0.2815569%9E-03

..0.2803903E-03
0.2792166E-03
0.2780380E-03.

0.2768710E-03

..0.2757069E-03

0.2745402E-03

[0.2733995E-03

0.2722619E-03
0.2711355E-03
0.2700135E-03
0.2688873E-03
0.2677594E-03
0.2666409E~03

0.1157379E-01

0.1152086E~01..

0.1146936E-01
0.1141739E-01
0.1136654E-01
0.1131630E-01
0.1126623E-01
0.1121569E-01

0+ 1116514E-01
7 011 1555E-01

0.1106644E-01
0.1101732E-01
0.1096869E-01
0.1092005E~-01
0.1087141E-01
0.1082277E-01
0.1077509E-01

+0.1072836E-01

0.1068163E~-01
0.1063538E-01
0.1058817E-01

:0.1054192E-01

0.1049519E-01
0.1044989E-01
0. 104041 1E-G1
0.1035929E-01
0.1031454E~01

0.1027012E-01

0.1022530E-01
0.1018047E-01
0.1013708E~01
0.10093469E~01
0.1005125E-01
0.1000834E-01
0.9965420E-02
0.9922028E~02
0.9875589E-02
0.9837627E-02
0.97961643E-02
0.9754658E~02
0.9713173E-02
0.9672642E~02
0.9631157E-02
0.5589672E-02
0.554866GE~02

0.9508610E-02 -

0.9469032E-02
0.9430408E-02

©0.9390831E~02

+0.9351254E-02

0.9312153E-02
0.9273529E-02
0.9236428E-02
0.9196281E-02
0.9158134E-02
0.59120464E-02
0.9083271E-02
0.9045124E-02
0.9007454E-02
0.8970261E-02

-

0.2901493E+04

0.2914853E+04.

5.2528285E+04
0.2941622E+04
0.2954854E4+04
0.2968070E+04
0.2981485E+04
0.2995045E+04
0.3508634E+04
0.3022083E+04
0.3035661E+04
0.3049249E+04

1 0.3062893E+04

0.3076685E+04
0.3090622E+04

. 0.3104603E+04
“10.3118422E+04

0.3132135E+04
0.3145850E+0¢4
0.3159760E+04
0.3173791E+04
0.3187874E+04
0.3202078E+04

0.3216120E+04

0.3230266E+04
0.3264610E+04
0.3258623E+04
0.3272991E+04%

0.3287499E+06 -

0.3302062E+04
0.3316432E+04
0.3330660E+04
0.3344902E+04

0.3359332E+04.

0.3373922E+04
0.3388542E+04
0.3403248E+04
0.3417805E+04
0.3432663E+04
0.3447094E+04
0.3461809E+04

0.3476688E+04

0.3491691E+04
0.3506762E+04
0.3521937E+04
0.3536S16E+04
0.3551703E+04
0.3566457E+04
0.3581448E+04%

0.3596628E+0% ..

0.3611788E+0%
0.3627038E+04

0.3642454E+04°

0.3657651E+04
0.3672932E+04
0.3688192E+04
0.3703516E+04
0.3719030E+04
0.3734694E+04
0.3750359E +04

1258
1259
1260
1261

1262
1263
1264
1265

11266

1267
1268
1269
1270
1271
1272

1273

1274
1275
1276
1277
1278
1279.
1280

1281

1282
1283
1284
1285
1286
1287
1288
1289
1290
1291
1292

1294
1295
1296
1297
1298
1299
1300
1301
1302
1303
1304
1305
1386

1307

1308
1309
1310
1311
1312
1313

1314 -
1315

1316
1317

e kb ek wh b kb b wh ol b ok h b ok mh b d ok eh o ek h e e e ok sk ok ok A el b mA ah A b b e ok md ed eh b o A b h wh wh ek b kb md mbh

e

Jou Y

J

Y v S

SRS

U

L

\

o

[SIINY

o



N0 W ST A N

. u;\

57, m{a. Tl kY R Yy S e v
ST Gy Gdo 2o

. 7)’
N7

5. .’Q
S

zeL
87 /ua. Taok ,¢4 o/A/ o0 D2h=XA
§¢-r01 &77 oo 215 | o

02 /
103
Joy
/ol
PTA
{079
f9- 116 |
|
/17
¥~ 131
/3%
/33
)13y
135
136
137
/3 - 144
147
148— (61
by |
/63 3
Y 4
b
7
i

.

NS N

/6%

(6L
167

b3~ 17
7
oy 4
179 1]
Bo 24
‘ V2 3
fA’l- 4’

Pt L 2x2 M

/
©
0

o

2
/.o
0,0
]?4— /5‘ Ea,u_&, O —WV:}

" 58 b

oo w0

0.0
0.0 |
0.0 |
0.0
0.9
0.9

0‘05
0.0
/0]
] O

SHRS




Yy

)

™

o 0O O

O

v ol pmoommum ouu
0. owq»ommm+oo:aco 4576293E-03.
0.9775403E+00  0.4553176E-03
0.9776141E+00 0.4530386E~03.
0.9776886E+00.  0.4507517E-03
0.9777621E+00  0.G4B84S54E-03
0.9778346E+00  0.4462593E-03
02 977906BE+00 . 0.4440576E-03
0.9779782E+00. 0.4418669E-03
{9780501E+00  .0.4356727E-03
0.9781220E+06 0.4374811E-03
... 8.6353262E-03
. 0.4331749E-03
0L6310396E-03
0.4289087E-03
4268032E-03
©0.4247047E-03
0,6226228E-03

0.6414990E+0
0.6419990E+01
...0.6426989E+01
 0.6429988E401
0.6G34987E+01
0.6439986E+01
0,6446985E+01.
. 0.64G9985E+01
+ 0.6454984E+01
0.6459983E401

0.6474980E+01.
0.6479980E+01

0. 0»090qwm+0ﬁ

0.9786824E+00

0.6499976E+01 0.4205445E-03
.0.6504975E+01 . 0.9787517E+00  0.4184663E-03
10.6509974E+0Y ) . 0.4164202E-03
L1 0V6BI49T4EROT 0.4144046E=03..

0.6519973E+01  0.9789554E+00  0.4123796E-03
...0.6526972E+01  0.9790229E+00  0.4103710E~03
. 0.6529971E+01 = 0.9790900E+00  0.4083766E-03
©10.6534970E401  0.9791565E400 - 0.4064050E-03 "
0.6539969E+01  0.9792231E+00  0.4044331E-03
0.656G969E+01  0.9792891E+0C  0.4024825E-03
0.6549968E+01 - 0.9793550E+00  0.4005372E-03
£0 ;655496 7E+01 .. 0.9794213E+00  0.3985846E-03
0.6559966E+01  0.9794865E+00  0.3966666E-03
0.6564965E+01  0.9795516E+00  0.3947557E-03
| 0.6569964E+01 0.9796163E+00  0.3928586E-03
©.0.6574964E+01 0.9 10.3909629E503.
0.6579963E+01  0.9797460E+00  0.3890651E-03

.0 0.6D84962E+01  0.9798099E+00 ~ 0.3872043E-03
. 0.6589961E+01  '0.9798728E+00 « 0.3853738E- 03
:Loﬁmm0bwoom+a%. 0.9799354E+00: | 0.3835538E-03.

0.6599959E+01 0.9799985E+00 0.3817240E-03

.- 0.6604959E+01  0.9800616E+00  0.3798965E-03
© D.6609958E+01 .  0.9801235E+00 0.3781074E-03

L 0.6614957E+01 0L 9801844E+00 : 10.3763479E~03
0.6619956E+01 0.9802451E+00  0.3745994E-03
0.6626955E+01  0,9803063E+00 ~ 0.3728401E-03
0.6629954E+01 0. omouwwom+ooa..o 3710790E-03
0.6634953E+01 1 0980642 75E400. :0.3693614E-03..

0.6639953E+01
0.6646952E+01
. 0.6649951E+01
©.0.6654950E401
0.6659949E+01
.0.666G948E+01
- 0.6669948E+01
| 0.6674947E+01L.
0.6679946E+01
. .0.668G945E+0

0.9504875E+00  0.3676452E-03
..0+9805473E+00  0.3659355E-03
9806069E+00  0.3642347E-03
0.9806667E+00  0.3625322E-03
0.5807265E+00  0.3608309E-03
. 0.9807853E+00 _ 0.3591627E-03
 0.9808431E+00  0.3575238E-03 -
0.9809006E+00  0.3558965E-03
0.9809586E+00  0.3542581E-03
0.9810167E+00  0.3526211E-03
.668994GE+01  0.9810744E+00 - 0.3509966E-03
0.6694943E401 . 0.9811312E400  0.3493996E-03
0.6699943E+01  0.9811873E+00  0.3478257E-03
o.oqopdmnmwoﬁ 0.9812438E+00  0.3462411E-03

-

0.1524019E-01

0.1516438E-01
. 0.1508999E-01
/10 1501465E~01. -

0.14964122E-01

0.1486874E-01
L 0.1479626E-01:
. 0.1472378E-01

0.1465082E-01
0.1458025E-01

0. 1450968601
0.1443863E-01: .

0.1436853E~01

 0.1429987E-01

0 1422977E=01
BTG I61TIE=01

0.1409292E-01

..0.1402378E-01
“0,1395607E-01
0.1388931E-01

0.1382208E-01

. 0.1375532E-01

0.1368952E-01

L0.1362419E-01

0.1355886E-01

D.13694G9E=01

0.1343012E-01

= 01336527E-01

0.1330185E-01
0.1323843E-01

“0.1317545E-01
L 0.1311207E-01

0.1304%913E-01

0. 1286650E-01

0.1280594E-01

0.1274538E-01
10.1268578E-01
0.1262712E-01

0.1256943E-01

 0.1251030E-0%

0:1245213E-01

101239538E=01

0.1233864E-01
0.1228189E-01

L0.1222563E-01
0 1216888E-01

0.i211214E-01

8.1205683E-01

0.1200247E-01

041.196859E=-01 .

0.1189375E~01
0.1183939E-01

0.1178503E-01 .
L 0117316 2E-01

0.1167917E-01
0.1162720E-01

0.1539373E-01
_0.1531601E-01

0:8366176 :
0.2377869E+04
0.2389678E+04

1298761E-G1

0. m_qpoamm+op
©10:21851 74E+04

0.2196268E+04

0.2207317E404

0.2218515E+04

0.2229727E+04

0.2240850E+04

_0.2251959E+04

0.2263125E+04

02274419E+04. .

0.2285813E+04

 0.2297127E+04
"0.2308536E404
10.2319972E404

0.2331498E+04

0.2342999E+04

0.2401420E+04

8.2413100E+04".

0.242G949E+04
0.2436818E+04
0.2448719E+04

. 0.2660599E+04
0.2G672596E406
0.26484580E+04
0.2496647E+04

0.2508877E+04
0.2521009E+04
0.2533212E+04
0.2545445E+04

0.2557786E+04

0.2570263E+04
0.2582615E+0%
0.2594882E+04

0.2607196E+04

3.2619693E+04
0.2632296E+04
0.2644750E+04
0.2657115E+04
€.2669518E+04
£.2682114E+04
§:2694864E+06
2707375E106

0.2720013E406

U.2732721E+04

©G.2765681E404.
0. 2758375E404:

6.2771381E+04
0.2784253E+04

0.2797015E+04

0.2809804E+04
0.2822799E+04
0.2835904E+04

0.2849030E+04%
0.2862051E+04

0.2875002E+04
0.28881645+06

i e19s

1199
1200
1201
1202
1203
1204

1205,

1206

~1207

1208
1209

1210
A

1212

1213,
1214
1215

1216
1217
1218

51249

B T B T T P s S o R L N P I R T GV S P e TP A o A S = P G T 3

)

\

FJ

)

O U YU U U U U U

v

)



)

8]

/ / /) /
/7? Mw@ - 5
18 ek Clock /)«/ : |
’7’-'?7‘) u77, /78 ﬁ))5’7 Fere

200 | / | /
20p-204 ¢
208 Lo QAZZJL /Qum. fv
206-2:2 407' 178 40 187 fune
24 3 ,‘ /' /.
205-209  jeopy 139
Z}q ‘ﬂa»ﬁ

G T R N

X! L d!//X/ A7
I

’/72, 'Kl’\.(——

J

/.0 0,3

0.0

|
|

/x/ lsm( /x//./ ﬁ#-sm

|
0 / {

w/is/vffnm

n
i

) . \.} \}

v Loy

/74% 155

P9 Mﬂ—«f 2/4, %u/we O

!
i
|
i

OGRS R



I
i

G

O

Oy

O

O O

O

.

006115061 E+0 T

0.6130038E+0]

0.6120040E+01
0.6125039E+01

0.6135037E+01

0.6160037E+01

0.6145036E+01...

0.6150035E+01

0.6155034E+01

0.6160033E+01

0.6165032E+01 .

0.6170032E+01

©0.6175031E+01

0.6180030E+01

0.6185029E+01
10.6150028E+01
0.6195027E+01

0.6200027E+01

..0.6205026E+01 .

0.6210025E+01
0.6215024E+01
0.6220023E+01

8.6225022E+01
0.6230021E+01
0.6235021E+01-

0.6240020E+01

....0.6245019E+01

0.6250018E+01

+0.+6255017E+01

0.6260016E+01

...0.6265016E+01

0.6270015E+01

L 0.6275014E+01

0.6280013E+01

0.6285012E+01

0.6290011E+01

. 0.6295011E+01

0.6300010E+01
0.6305009E+01

©8:6310008E+01

©0.6315007E401

0.6320006E+01

~ 0.9758059E+00
0.9758885E+00

0.6325006E+01

0.6330005E+01

0.6335004E+01

0.6340003E+01
0.6345002E+01

¥ 0.6350001E+01

-0.6389995E+01

0.6355000E+01

0.6360000E+01

0.6364959E+01.

0.6369998E+01

08.63764997E+0t

0.6379996E+01
0.6384995E+01

0.6394994E+01
0.6399993E+01
0.6404992E+01

e

' 0.9720769E+00
L0.9721808E+00.

0.9722841E+00
0.9723867E+00

- 0.9724877E+00
0.9725881E+00

0.9726884E+00
0.9727880E+00
0.9728876E+00

“0°5'9729866E+00

0.9730846E+00

.8.9731821E+00

0.9732801E+00

0.9733773E+00.

0.9734742E+00

0.9735706E+00

0.9736662E+00
0.9737611E+00
0.9738554E+00
0.9739492E+00
0.9740423E+00

0.9741356E+00:

0.9742275E+00
0.9743191E+00
0.9744106E+00
0.9745012E+00
0.9745909E+00
0.9746802E+00
0.9747699E+00
0.9748588E+00
0.9745474E+00

8.9750355E+00

0.9751229E+00

0.9752095E+00.:

0.9752956E+00
0.9753821E+00
0.9754679E+00

'0.9755533E+00 -

0.9756383E+00
0.9757224E+00

0.9759721E+00

0.9760547E+00

0.9761370E+00
0.9762187E+00
0.9762997E+00
0.9763801E+00
0.976G6607E+00

~0.9765408E+00

0.9766197E+00

0.9766979E+00

0:9767759E+00

+0.9768541E+00

0.9769315E+00

0.9770087E+00 .
' 0.9770855E+00

0.9771623E+00

0.9772384E+00
0.9773144E+00

. 0L6352291E-03

.6315890E=03
“0.6279999E-03
0.6244357E-03
6.6209309E=03

= 0.6174541E-03 .

0.613%888E-03

0.6105558E-03

0.6071297E-03
0.6037317E-03
0.6003759E-03

..8.5970427E~03
0.5937030E~03
0.5903945E-03 -

0.5871027E-03

.. 0.5838363E-03

0.5806035E-03

0 B77I988E-03 .

0.5742230E-03
0.5710719E-03
0.5679494E-03

0.5648250E-03

0.5617575E-03
.0.BB87034E-03
0.5556559E-03

L0.5526519E=03"

0.549679%E~03
0.5467280E-03
0.5437676E-03

0.5408411E~03"

0.5379280E-03
. 0.5350364E-03

 0.5321763E-03

.0.5293670E-03
0.5265604E-03
0.5237262E-03
0.5209409E-03
0.5181725E-03
0.5154209E-03

0.5127059E-03
0.5100169E-03

0:5073508E~063
0.5046758E-03
0.5020292E-03
0.4993996E-03
0.4967914E~03
0.4942114E-03
0.4916571E-03
0.4890987E-03

-0.4865618E~03
0.4840686E-03
0.4816016E-03

0.4791624E~03 "

0.4766847E-03
0.4742593E-03
0.4718404E-03
0.4694390E-03
0.4670441E-03
0.4646734E-03
0.4623113E-03

et

0.2111387E-01
©0.2099705E-01

0.2088070E-01
0,2076530E-01
0.:2065182E~01
0.2053928E~01
6.20462723E-01
0.2031612E-01
0.2020502E-01

0.2009487E-G1.

0.1998615E-01
0.1987791E-01
0.1976967E-01

- 0.1966238E-01

0.1955509E~-01
0.1944923E-01
0.1934385E-01
0.1923990E-01
0.1913643E-01
0.19033%1E-01
0.1893234E-01

=04 1883030E~01

0.1873064E-01
0.1863098E-01
0.1853180E-71

2 001863357E~01

0.1833677E-01
0.1824045E-01

0.1814365E-01

0.1804829E-01
0.1795292E-01
0.1785851E-01
0.1776505E-01

[0.1767254E-01

0.1758051E-01
0.1748848E-01
0.1739740E-01
0.1730680E~01
0.1721668E-01
0.1712751E-01

~0L.¥763930E-01
- 0.1695204E~01

0.1686430E-01
0.1677752E-01
0.1669121E-01
0.1660538E-01
0.1652098E-01
0.1643705E-01

-0.1635313E~01

0.1626968E-01
0.1618767E-01

.8.1610661E-01

0.1602554E-01
0.1594496E-01
0.1586485E-01
0.1578522E-01

02 1570654E-01
0.1562738E-01

0.15564871E-01
0.1567050E-01

N
0.1574235E+04
0.1583283E404
0.1592357E+04

0.1601446E+04

0.1610485E+04

0. 1619553E+04 .

0.1628694E+04
0.1637852E404
0.1647094E+06
0.1656365E+04
0.1665623E+04
0.1674921E+04
0.1684343E404
0:1693782E+04
0.1703279E+04
0.1712809E+04
0.17223G6E+04
0.1731905E+04
0.1741683E+06
0.1751093E+04
0.1760720E+04
0.1770460E+04%
0.1780127E+04
0.1789858E+04
0.1799662E+04

0.1809457E+04 -

0.1819240E+04
0.1829062E+04
0.1839021E+04
0.1848971E+04
0.1858985E+04
0.1869031E+04
0.1879076E+04

< 0.1889119E+04

0.1899189E+04
0.1909394E+04
0.1919603E+04
0.1929859E+04
0.1940161E+04
0.1950436E+04
0.1960719E+04
0.1971022E+04
0.1981470E+04
0.19391916E+04
0.2002404E+04
0.2012917E+04
0.2023425E+04
0.2033938E+04
0.2044577E+04
0.2055237E+04
6.2065822E+04
0.2076404E+04
0.2087062E+04
0.2097822E+04
0.2108551E+04
0.2119360E+04
0.2130202E+04
0.2141125E+04
0.2152049E+0%
0.2163044E+04

1138
1139
1140
1141
1142
1143
1144
1145
1146

1147

1148
1149
1150
1151

1152°

1153
1154
1155
1156
1157
1158
1159
1160
1161
1162
1163
1164
1165
1166
1167
1168
1169
1170
1171
1172
1173
1174
1175
1176
177
1178
1179
1180
1181
1182

-1183

1184
1185
1186
1187
1188
1189
1150
1191
1192
1193
1196
1195
1196
1197

b A ek b wh eh A mA mA mA A ed ek ek md wh A eh wh ah el b b b b ek eh A ah e ol h h b ol A ek A o b ek b eh b b b weh ek b b imd e o md b ek

()

[O U U RNY)

)

.

I

9

)

)

)

)

D




L

)

W

J

J

5N

oo

)

J

U

)

N,

o



lonms, dnc, d

sre Business

[ATEN

O

O O O O

0

O 0O 0O

O

8

WzQWWWeooWNmWQW
QB8 TBOGTFE+OT

0.5820090E+01

.- 0,5825089E+01
. 0.5330089E:01.
10.5835088E%01

0.5840087E+01

_ 0.5850085E+01
. 0.5855084E+01

0.5860084E+01

...0.5865083E+01
0.5870082E+01
.+ 0.5875081E+01

0.5880080E+01

0.5900077E+01
_0.5905076E+01 .
0.5910075E+01

L. 0.5915074E401

...0.5945069E+01,

. 0.5955068E+01 "

....0.6005059E+01
 0.6010058E+01
©1'0.6015058E+01

0.5920074E+01

.0.5925073E+01
. 0.5930072E+01
510.5935071E+01.

0.5940070E+01

0.5950068E201

0.5960067E+01

0.5965066E+01
.. 0.59
::0/B975064E+01.

65E 01

0.5980063E+01
0.5985063E+01

1 0:5990062E401
£10:5995061E+01

0.6000060E+01

0.6020057E+01
0.6025056E+01
0.6030055E+01

HL0L6035056E+01

0.6040053E+01

..0.6045053E+01
. 0.6050052E+01
. 0.6055051E401

0.6060050E+01
0.6065049E+01

- 0.6078048E%01
104 0,6075047E2 0%

0.6080047E+01
0.6085046E+01
0.6090045E+01

10.60950GGE+01
0.6100043E+01
o.oﬂomowwm+o_

 0.9693718E+0
. 0.9699875E+00

 0.9646033E+00

0.9668976E+00
0.9650435E+00
0. owmdmoom+o°
0.9653339E+00

0.9654775E+00
0.9656199E+00

0. 9657609E+00
0.9659015E+00"

0.9660410E+00

0.9665939E+00

0.9671320E+00
0.9672652E+00

0.9676595E+00

0.9677891E+00

0.9679175E+00

| 0.9680454E400

0.9681721E+00

.0, 9682989E+00
0.9686246E+00
.9685699E+00.

0.9686741E+00

0.9687974E+00
. 0.9689195E+00
1 10.9690410E+00

0.9631613E+00

0.9692808E+00
0. omo&oomm+oow
0..9695188E+00

0.9696375E+00
697547E+0

0.9701038E+00

.0.9702194E+00__
. 0.9703341E+00
. 0.9704480E+00 -

0.9705605E+00

0.9706724E+00
o oqoﬂmp_m+oo.

0.9710053E+00

. 0.9711148E+00
0.9712239E+00
L0 U9TA3334ER00.

0.9714408E+00

...0.9715483E+00
0.9716549E+00.
SVOTATOABERON .
0.9718674E+00
0.9719725E+00

0.9661805E+00
9663188E+00
©9664569E+00..

:9669980E+00:

0. 9673971E+00
.9675288E400.

L :0.9170666E-03
G098 11417E-03:
0.9051857E-03
.0.8993191E-03
©0.8934708E-03
0.887659%9E-03"

0.8819643E-03

0.8762968E-03

- 0,8707053E-03
©+:0.86B1423E-03

0.8596387E~03

. 0.3002739E-01

1 0.2984333E-01

...0.2947807E-01

0.2965975E~01

- 0U2929687E-01
L 0.2911711E-01

0.8541460E-03

Hii0 mkwwooumlou«

0.8379607E-03

GO mNNNNoum|ou,

0.8170852E~03

0081 19694E-03
0.8068776E-03
‘mmOamoumNmdeou?;rasNObuaoamlﬂg.

0.7968273E-03

...0.7918798E-03

0.7869932E-03

+0.7824361E-03

0.7773373E-03

..0.7725458E-03
~ 0.7678100E-03
.0.7630971E~03

0.7586379E-03

00 7D38239E~03

0.7492674E-03

0.7647423E-03

0.7402746E-03

0.7358456E-03
. 0.7314347E-03
1.0.7270572E-03

0.7226928E-03

+:0.7183896E-03

0.7056340E-03

0.6890842E-03
0.6810352E-03

0.6731122E-03

.0.6692007E-03
. 0.6653152E-03
. 0.6614316E-03

0.657613%E-03

..0.6538110E-03
0.6500662E-03
#:006662960E-03 .

0.6425686E-03
0.6388831E-03

0.2893925E-01

0.2858877E-01
.0.2641520E~01

0.2824354E-01

,:2:2807188E-01
0.2790260E-01
.10.2773333E-01

0.2756596E-01

e B0 2740002E-01
g.2723551E<01
0.2707243E=01 .

0.2691078E-01

.. 0.2674913E-01

. 0.2658939E-61

0.2627277E-01

....0.2611685E-01

0.2596235E-01

1020, 2580881E-01

0.2565718E-01
0.2550554E-01

. 0.2535582E-01
:05,2520609E-01

0.250587BE-01
0.2491188E-01

. 10,2676740E-01
10.2462339E-01

0.2448130E-01

.. 0.2636063E-G1
0.2413996E-01

0.2606073E=01 "

0.7014291E-03
. 0.6972684E-03
. 0::6931475E-03

0.2392149E-01
0.2378416E-01

0.2364731E<01
+0.2351189E-01

0.2337646E-01
0.2326200E-01
0.2310596E-01

:0.2297688E-01

..8.6850502E-03

+.0.2195883E-01..

0.2284670E-01

. 0.2271748E-01

0.2258873E-01

| 0.6770543E-03 0.2246094E-01

0.2233410E-01

. 0.2220821E-01

'0.2208376E-01

0.2183580E-01
0.2171326E-01
0.2159214E-01

+0.2147102E-01

0.2135086E-01
0.2123213E-01

0.2876282E-01

.
0.1090433E404
0.1097560E+04
0.1104746E+04

0.1111952E+04%
0.1119230E+04
0.1126520E+04 .

0.1133833E+04

L0.1141166E+04

0.1148494E+04

0.1163279E+04
0.1170760E+04

0,11 78266E+04

0.1185804E+04%
0.1193373E+04

+0.1155879E+04

0.1200962E+04

TT0.1208561E+04

0.1216206E+04
0.1223863E+04
0.1231604E+04

1094

0.1239345E+04

+0.1247155E+0%

0.1254977E104

0.1262818E+04

0.1270655E+04
0.1278550E+04
0.1286441E+04

0.1294421E+04

- 0.1302405E104

0.1310449E+04
0.1318499E+04
0.1326570E+04
0.1334637E+04
0.13G2766E+04
0.1350850E+04
0.1358980E+04
0.1367176E+04

0.1375407E+04

0.1383713E+04

0.1392002E+04

"0.1600363E+06

0.1408728E+04.

0.1417165E+04
0.1425660E+04
0.1434168E+04
0.1442694E104
0.1451201E+04

0.1459747E+04

0.1468353E+04
0. 1476986E+04
0.1485636E+04
0.1494320E+04
0.1503047E+06
0.1511872E+04

. 0.1520649E+04

0.1529493E+04
0.1538352E+04

0.1547278E+04;

0.1556254E+04
0.1565232E+04

1078
1079,

1080
1081
1082

11083

1084

1085

1086
1087
1088
1089

SRR CLEE

1031
1092
1093

1095
1096

1097

1098

1099.

1100

L1101

1102
1103
1104

1105

1106
1107
1108
1109

1110

1111
1112
1113

1114
118

1116

1117

1118

1119

1120
1121
1122
1123
1124
1125
1126

11427

1128
1129
1130
1131
1132
1133
1134

1135

1136
1137
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Compute (by hand) the nodal forces for nodes 1 and 5, i.e.

.

. |
£31 = .[szl‘m'
Qe -

i __ffZNSda,
Qe .

. e ' ~ | e A e.‘ e e
= < < = = =
(Note that fla 0, 1<a=x<§g, and, by'sym_rnetry, f21 fzz f23 f24
e e _.e _ .e : o '
and £55 = f56 = f27 =125 -) g .

The results of this simple computé.tion should be somewhat

surprising. - Comment.

Consider the 'patch' of elements shown below.

The nodal coordinates are:

@ | % | Va
-1 0 0
2 1 0
3 2 0
4 0 1
5 1.1 .8
6 2 1
7 0 2
8 1 2
9 2 2

(2)






Use LEARN to execute the following B :

L -9
displacement boundary value problems (1< a< 4, 6s a<x f:
. test # d la : dZaf e

1 . .1 0

3. %, 0
k3 0 %,
5 Ya 0

6 0 '

Use the following data:
| : e plane strain dpti_on |

e E=1. , v =.3

If the first letter of your last name is

AQ.H‘ | 2 X 2 quad,

, ' 1-pt. A term 5
'L.ﬁ« I-R | use the. (ZX 2 term) element.

~

L

S-Z » |\ incomp. modes

' Based upon the results you obtain, determine whether or not your

element passes the patch test. .
(Consider results "exact', if they are correct to 8, or more,
significant digits. Due to round-off errors, one cannot expect

truly exact results on digital computers.)

The "rank check'" option in the LEARN can
be used to determine the numbevr‘ of zero eigenvalues of the global s
‘stiffness matrix K. That ié,'the diagonal elerﬁents' of the

diagonal matrix D in the factorization

(3)







_Assﬁr_ne the data is the same as in problem 2, and there are ’/ncé).'

K= QTJND U, where g is an upper -trianguiar matrix, are printed.
The number of zerbes m],g equals the number of: z'e,ro. eigenvaiﬁes
of K, which correspéhds to the'nurn.ber of 'ze;r_o-energy modes of.
the structure in ques;tion. _Normally, there are, at most,i‘3 zero; '

energy modes -~ the rigid body modes.

Consider the single elemént shown below

4 3.

1 2
a X, Va
1 0 0
2 1 0
3 1 1
4 0 1

T
boundary conditions. : :

Perform rank check analyses for

(@) the element you used in -problém 2., (el A b'?-XZ/»- _
(b) 1-pt. on A term and l1-pt. on b term elefhen‘t. : l.x-l‘(v >‘.¢/’*;
Comment on yoxir results, R

(4)






‘/‘f; {52} -yjf-?—‘g‘l\faﬁﬂﬂt ,P:/nd (4_4)4-4' Ned =2 «w=y,2 Lags
e iz 0 = Vat ssp f20
@ i ! z
fa 3“2 N de = g(.f IZN“ - % I8y
e -l
2 ol
g (] ey

Ny =% 0-5)0-) [ 1#549] Ne=p (1-5) (1) oo W=l -4 (Nip) ##;2)
N, = -Z’(Ng')(hr)) [ I"§~n7:( Ny = A (/rf)(/»7’) , ? 120,2,3, 4 —
Ny = =y (e5)im) [ 191 Wr= KUE0)) |

T <f»f)(/47>[/+f~n My = 1.0mp5(r5)

wbe =4 f(/ ‘s’}ﬁj[(r g + (- 7)747
(g z,,) « afy- %))) : %,ff' §)-2(§+3)d5 = j(; X 5573)d%
| | | = 52(8 - 73%‘));_,'/3
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N3 peteh teot wao run %-y e X1 A 22 u M M7
a0 Mw E:/,O V=,.3 W‘?;LB ff(f&b;w /ﬁa.(,;._; o?v‘ws\, Mu)dn‘b

&Q

|
(’ TEST 1 D=1 D, =0
M ISELACEDMNENTS

NODE NUMBER DOF 1 DOF2
1.00000000D+00
1. 000000000+00
1.0000000CD+00
1. 600-00000L5+00
1.0000000C0D+00
1. 000:00000B+00
1.000C000CD+0D
1.00000000+00

“1.0004000CD+00

1290290D-19

W0 wd & L NS ws
i
COCOHFTOOOC
S8 0§ s & 8 b & o4

CococooocOO

TEST 2 Dy, =0 Dy, =/
DISPLACEMNENTS

NODE NUFEEE DOF1 DOF2

1 1.00000000D+00
1.00000000D+00
1.00000000D+00
1.00000000D+00
0819582L-17  1.00000000D+00
1.00000000D+00
1.00000000D+00 '
1.00000000D+00
1.00000000D+00

W sdon Ut e WA
OO COwmoTOoO
» 4 8 3§ 8 § ¥ s

Coaovooo

JEST 3 "”'qu—‘-xa "DZo.FO

'in ISELACEMENTS

NCDE NUMBER LOF 1 DGF2
1 0.0 0.0
2 1.00000000D+00 0.0
| 3 2.000:000000400 0.0
| 4 0.0 0.0 ,
| 5 1. 100000000+00 -3.77212872D-17
| 6 2.00000000D+00 0.0
\ 7 0.0 0.0
| 8 1.000C0000D+00 - 0.0
1 9 2.000000000+00 0.0






D I SPLACEMNENTS

| NGDE NUMEEER DOF1

§ ¢ 8 & &

CoCCouvuondol

3889390L~-18

LS LI |

W30 sd N Ut = Lo NS wa
'cczocbdc>0c>c

TEST 5 bh;a.%a

DI SPILIACE®¥ENTS
NOLE NUMBER DOF 1

] 0.0

2 0.0

3 0.0

4 o 1. 00000000L+00
5 £€.0000000CD~-01
6 1. 000:00000D+00
7 2. 000:000CC0D+00
8 . 2.0000600000+00
g

TEST & thad)

D Is

PLACEMNENTS
NODE NUMEEE DOF1
1 0a0
2 0.0
3 0.0
4 0.0
! 5 4.33680869L0-17
i 6 0.0
7 0.0
2 8 0.0
? g 0.0

We aok. thatr He thueit pesed He patch oot w21 M”Mﬁ g

2.000400CC0D+00

o

DOF2
0.0
1.00000000D+00
2.00000000D400
0.0
1.10000000D+00
2.00000000D+00
0.0
1.00000000D+00
2.000000000+00

ZZa:C)

DOF2

0774174p-17

CCCcOoONOCOCO
§ & ] [l ] [ I} ¢
oo ocoroc oo

N
Y
i
b

DOF2

0
0
0

[ I
OO

1.00000000D+00
8.00000000D-~01
1.00000000D+00
2.00000600D+00
2.00000000D+00
2.00060000D+00
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%o %ne,fwf& %7 2 ¢ p wn ot MMM%&W%MW

;X;; o M&w?ﬁt %Wllmms
x _ Aaulis hew
ARRAY D {NEQ) OF FACTORIZATI! YRat Yoo are at ausd Fwr éuuﬁnf
_ mrdeo (ML /0”33 Gzl /00’4‘ l»u?uia’f)
1 £.2884€154D=- 01
2 4.19580420D=01
3 2.88461538D« 01
4 2.88461538D=01
5 2.84900285D~ 01
6 -2.70400564D<33
7 1.11289174D+ (3
8 ~3.97598621D= 14
x4 NER
ARRAY D{NEQ) CF FACTCRIZATI Wt b de & 0 . w
(,w(, tathiin Yot are /0"”) &m%#w
1 4.:32692308D~01
2 2.99145299p= 01 {r‘w«%dm af"M’M went mel weed we 7“‘4"““"
3 % 2.74725275D0<01 2, 9 "
4 ¥ 6.93€89390D= 17 Mralfe . j’wt'*%%f Lae ﬂﬁyuk“ﬂ
5 -1.73472348D=17
6 1.94283029D~ 17 ewturo Hou we pbo e %w&w«?y madts
7 ~2.04836768D=17 J
8 -2.89698820D~ 17 At YL, m,w?(/:w/@ﬁ e eguiplisa ic dago
x4 Ap I |

ABRAY L {(NEQ) OF TFACTORIZATI(

- - -17
ab met Faee A0 tutits (10 4ﬂ 70 )n
5.24267399D-01 _ I VI
4. 14047379D= C1 boad ne Ao debire fﬁdt'SuL&,ﬂkaﬁhuhdbmsb
2.87885767D=01

2.77915633D= 01 1tw7f)w'7‘ﬁ¢ decoddeatnl axd Hat . Fyxr0™”

; 2.74725275D=01 2.
¥ 6.93£89390D~17 2 Hoee
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ME 235b v » _ Stanford, University
Finite Element Methods :

Spring Quarter 1981 . Instructor: T. J. R. Hughes
Midt E. \ e
idterm Exam
,Z/ "‘Z/O -
Time = 1 Hour L \O
Total Points = 100 %

N | — e O
1. (20 points) A series of convergence rate studies on linear elastic boundary-—

value problems is performed. All results indicate that e = gh - u behaves
as follows: '

[lell, = ots®)

Which of the following elements was used in the studies?

' ,L._.__L RN . I

4 -node . 9-node E 16 -node

 Justify your answer. )
—= . |
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2.

(20 points) To determine if a new finite element for 2-dimensional heat

conduction is convergent, a patch test is performed.
as follows:

interior
node ——-pwe

The results are

d‘(&
- )
Prob. 1 .| Prob. 2 | Prob. 3

0.0 1.0 1
0.0 2.0 1
0.0 3.0 1
1.0 1.0 1
1.2 Ci'ﬁmg“) 1
1.0 3.0 1
3.0 1.0 1
3.0 2.0 ]
3.0 3.0 1
\{a, v

Nodes 1-4 and 6-9 are boundary nodes.

Does the element pass the patch test? Justify your answer.

o, AM'U« xg ’gwm st@m&w 2 #- Y . couvdd oJ wode. 45 ’
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3. (30 points) Consider the Lasfrange quadrllaterals An. two~ dlmensmnal
elasticity. Take the case of the "general" element with n ‘nodes

per side. (Thus the element has ngs nodes) Determine foymulas for
the constraint ratio, assuming

i)> selective reduced integration
ii) exact integration

What conclus1ons may be drawn fﬁm thes -Tes

!
éﬂ ‘ /I{ i e__#.,,v
O - 2 eque/pt # Q o e
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4. (30 points) Consider the following "fractional-step" algorithm for the
model heat equation: :

a v

dn+l/2 T n + A dn = 0
(Av/2) . '

a -a : : ‘ _

n+l g+1/2 + A d, = 0
(at/2)

i) Obtain an expresion for the amplification factor.
ii) ‘Determine the conditions under which the»algorithms is stable.

iii) What is the rate—of—convergence of this algorithm with respect to
solutlons of 4+ A d= :

A Ny dw & >\ A{:/?. don = O

Omsa ‘/ijp,;/i + N A{/_l damiy ® d"‘""yv

Aoy + %5{7.;1«“ —amny)bl:/_bcl,\,\co
dM-h\ (H* %Ab)-,\ 4 l- p) AL’/,L\

L'v)/ A= i~ \A’:/.v

?‘\Qt

<4 e

l,n‘ AéL/ ...... y
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ME 235B ' Stanford University
Finite Element Methods Instructor: T. Hughes

Spring Quarter 1981 \ =
71 &0

o ‘ R S €Y

Sion = 3 Tout « 10
Total Points = 300 s 6O A

Instructions: Open notes and homework are allowed, You may use all
" results previously obtained in the course 1ectures and homework, so be
as brief as possible.

Cesne Levy

Name

1. (60 points) The initial-boundary-value problem for an elaotlc membrane
on a Winkler foundation is stated as follows:

leen/QX]O r[—»m/r X10, T+ IR, /zI/X]O T[>1R, and v,:2 > R,
and wO*Q -+ W; find w:OX[{0, T]»> IR such that .

Wy v oW +ﬂ/ﬂ = W, . on Q xlo, Tf

v =g XE§5 . s t€10, T
W, = XEZ , t&l0, T[

Vo= Wy _ .vXED | s t =0 |
v, = W, *EQ . t =0

where w,n = 3w/3n is the derivative in the direction qf the outward
unit normal vector and a>0 .
Set up Ehe FblloWing‘finite element paraphernalia:
' (a) A weak form of the problem (i.e. "W din whlch the

? -boundary condition is 'matural."

(b). The galerkin form of the problem (i.e. "G").

(¢) The matrix initial-value ordinary differential equation problem. (i.e. '"M").







2. (70 points) The problem under consideration consists of

M

e

t+ Kd = F
a) = 4,

where M and K are symmetric and positive definite matrices
- F = F(t) and SO are given., Consider the following one-parameter

(@) family of predictor-corrector algorithms:

MXn-f—l +_ §3n+1 = En+l
gn-!—l = Sn + Al - Ol),zn
Snr1 T Sppy T Moy,

Assurne oe 10, 17,

(2) Determine an expression for the amplification factor.
(b} Determine under what circumstances the algorithms are stable.
(c) Obtain an expression for the local truncation errar.

(d) Determine the rate of con\}ergence.

Hint The equations may be combined to form

(lj - oAt K)vn+l + 15 (En-

~ o~

= F

Fl il

which is useful in the analysis.







3. Consider the second-order ordinary differential equation

d + wzd = 0 . - (1)

(a) (25 points) The forward Euler method for (1) consists of the following
equations: : '

2
a +wd =0
n n-
n+1 = dn + At vn
vn+l = vn + At an

Set up the 2 x 2 amplification matrix fbr‘this method and determine the
stability behavior. ’

(b) (50 points) The backward Euler method for (1) consists of:

2 ) N
a1 TOdpyn = 0 - ‘
dn+l B dn tAt Yo+l
Vorl = Vo + At a .1

Determine the stability behavior and-order—of—acturacy of this method.



q

&



(35 points) Consider a 4-node bilinear element which is used in an
elastodynamics claculation. Assume that the Jacobian determinant
is constant and equal to A®/4, where A® is the element area. The

quadrature rule used to evaluate the element mass matrix is the "pro-

" duct trapezoidal rule, ' namely .

! & m W,

) .1 -1 ]

2 1 1 ]

3 ] ] 1

4 1 ] 1]

Obtain exact expressions for all entries in the element mass matrix.







(60 points) Consider the 4-node, bilinear, isoparametric quadrilateral

element. Show that ub
i, i

the element. That is, show

at & =1n =0 is the mean value of’ u? over

+1 +1 | ;
0 = f [ (555 G m -u} ) 0 0) 3G mdEdn
' 1 =1 ‘ |
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TECHNIQUES FOR DEVELOPING ‘SPECIAL’ FINITE“

ELEMENT SHAPE FUNCTIONS WITH PARTICULAR'.
. REFERENCE TO SINGULARITIES

s ) " THOMAS LR HUGHES'l'

Dl‘L)lSlOn of Engtneenng and Applted Sctence, Caltforma Insntute of Technology, Pasadena, Caltfornta 91 125 U S A

e . AND

I B. AKINE
Department of Engzneermg Scrence and Meehanzcs, Unwersrty of Tennessee, Knoxvzlle, Tennessee 37916, U. S A.

SUMMARY

A concise and efﬁcxent algorrthm is presented for. der1v1ng ﬁmte element shape functlons from an arbrtrary
set of- 1ndependent functlons Based on special one-dimensional mterpolatory schemes derived via the
algorlthm, a variety of two- and three dimensional mterpolatory schemes are developed which are useful
for modelling singular behavxour The methodology presented is general and may be fruitfully apphed to
the development of ‘special’ finite’ element shape functions for a variety of other situations.

INTRODUCTION

In many areas of finite element analysis, elements with special properties are required to achieve
maximal accuracy As examples we may mention ‘upwind’ finite elements for treating con-
vection operators mﬁmte elements for the representation of spatial domains which extend to
infinity;*> boundary- layer elements;® and ‘singular elements for modelling point and’ line
smgularltles engendered by geometr1c features such as re-entrant corners and cracks.”” Inithis
paper we are concerned with' techniques for developing shape (i.e: 1nterpolat10n) functlons for
special elements in general, but ' with particular emphasis on smgular1t1es '

Geometric features of the spatlal domain may give rise to highly singular response in the
solution of a field problem.'® Eigenfunction analyses are frequently available for purposes of
characterizing the asymptotic strength of the smgulanty However;  the - actual - solution
depends upon the nature of the loading and there are situations when the singularity does not
contribute s1gn1ﬁcantly For this reason it has been suggested that, ideally, singular finite
elements should strike some balance between being able to represent smooth behaviour and
potential singular behaviour. '2 In this way the element will remain effective under all loading
conditions. Translated into analytical terms, the finite element shape functions should be
designed to represent the standard low-order polynomials as well as the singular functions
emanating from asymptotic analysis. To construct shape functions of this type gives rise to an
interpolation problem which involves a system of linear simultaneous equations. In special
¢ircumstances explicit representatlons are available for the solution -of the intérpolation
problern. A most noteworthy example is the Lagrange mterpolatlon formula (see e. g Dav1s13)

t Associate Professor of Structural Mechamcs -
 Professor of Engmeer.mg Selence andvl\‘/lechanlcs‘

0029:5981/80/0515-0733$01.00 e ' 3 Recewed 14 May 1979
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which is the solution of the interpolation problem for polynomials passing through distinct
points. It appears, unfortunately, that no such representation exists when different ‘classes of
functions are merged as seems appropriate for singular elements. Although, in principle, the
mterpolatlon problem could be solved numerlcally for each smgular element during formation,
this ‘would be highly ‘inefficient due to ‘the mcreased number of : icomputations required.
Furthermore, numerical sensitivity may manifest itself in certam ‘configurations. Consequently,
it appears desirable to develop techniques for systematlcally defining shape functions for
singularity modelling (and for developing special elements in general) which circumvent the
interpolation problem. This is further attested to by the fact that very few elements developed so
far achieve the desired propertles delineated above (examples ‘of ones that do i may be found in
References 7 and 14), and those that do have been developed by ad hoc means; thus
generalization to higher order elements, or.more complex situations, is by no means obvious.

In the next section we present a highly concise algorithm for generating shape functions from
an arbitrary starting set of independent functions. A novel feature of the procedure is that rno
coefficient matrix is involved (i.e. no system of simultaneous equations need be solved).

Then we develop some useful one-dimensional interpolatory schemes for modelling
singularities by employifig the "interpolation algorithm. These schemes are the basis for
constructing two- and three-dimensional elements for modellmg pomt ‘and line smgularmes A
number of examples are presented which 1llustrate the methodology. of constructmg multr-
dimensional elements. Several of these examples appear to be new and are of interest in their
own right.

Conclusions are presented in the final section.

PRELIMINARY RESULTS

Let {&]a=1,2,..., n} denote a set of dlstlnct pomts (i.e. nodes ) in the mterval [ 1 1] A
generic pomt in [ 1,1]isdenoted & Letr =r(¢) = (1.+¢)/2 and r, = r(§a) Note that r(¢) €, [0, 1]
for all £e[—1, 1].¥ The physical co-ordinate is denoted x. ... .
In.multi-dimensional applications, we use bold-faced notatlons analogous to the precedmg
ones. For example, in three d1mens1ons § &En O r= (r, s, t), where s=(1+n)/2; t=
(1+{)/2,m{E[ 1,1], andx (x,y,Z) = :

Lagrange mterpolatton formula

. The Lag’ange-polynomials' are deﬁned‘by

e e l(f) ————-—”"“- . (‘1<=1-,2,.'.:7.rz’,.m'=-r3‘ LW
' : l'l(fa—fb')’ I
b;éa

where the fa s are dlstlnct pomts in R It may be seen from (1) that l ( f) is an m- 1st order
polynomial in-f which satisfies ‘the 1nterpolat10n property’ (i.e. L,(fs) =84 the Kronecker
delta). Note that f may be taken to be & 1, 1% or any other conventent frtnctton of &

"t Both ‘r’ and ‘&’ co-ordinate descriptions are commonly used in the formulation of finité-eléement properties. The
former seems preferable in modelling singularities, whereas the latter is often favoured because quadrature rules are
generally tabulated with respect to the interval [—1 1]. In this paper we find it convenient to employ the r-description,
_.Results may be translated to the &-description via change of variables.
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Algorithm for constructing interpolation functions .. . s, - - . -

Consider an n-node finite element. We ‘assumé we aré given a set of ‘preliminary’ shape
functions, N,, a =1, 2, . . .-, n, which satisfy the interpolation property on the first m nodes only;
Viz. Na(xp) = 84p, Where a, b=1,2,...,m< n. The idea is to systematically modrfy the N,’s such
that the interpolation property is satisfied on'all n nodes. The procedure is grven as follows T

m+1(r) Za 1Nm+1(ra)N (l‘)

Step 1 Nyl 2
Step O N ) Loy N ) Natren) @
Step 2 Na(®) < Na(¥) = No (rm+1)Nm+1(r) a=1,2,...,m 3)
Step 3 Ifm+1<n, .replace m by m +1and repeat steps 1-3.

If m+1=n, stop.

kemarks

L. After completing steps 1 and 2, the shape functions satisfy the interpolation property on thé
first m + 1 nodes. Clearly, after. completmg the entrre procedure the desued properties are
achieved. ,

II. In many cases, the algorrthm enables thé expllcrt hand calculatron of shape functions.
However, there is no need to'do thisin practtce, as the algortthm ztself may. be programmed as partof
a shape function subroutine.t

III. The derivatives of shape functions may be constructed in similar fashion. The analogues
of steps 1 and 2 are (respectlvely) :

aNm+l(r)_Z:1”=‘1 Nm+1'(‘ra) aNa(t) o
Nper(Fous) s Novoi €0 Na )

aNm+1(r)<_ (4)

ONL(®) « ONa (1) = Ni(Xs)) 8Nma(®) 5)

In (4) and (5), ‘9’ represents. the.partial differentiation operator-with respect-to any of -the
co-ordinates (e.g. in three diniensions, 8-may represent 8/ar, 3/ds or 8/9t).

IV. Interpolation problems are generally formulated in terms of a system of simultaneous
linear equations. It may be noted that ifm=1, ‘the algorrthm encompassed by steps 1-3 solves
the interpolation problem withoit engendermg any coefficient matrix. Thus no ‘storage’ is
required (beyond that for the N, ’s) in programmirig the procedure. Another nice feature of the
algorithm is that the interpolation property possessed by the preliminary shape functrons is fully
exploited in that only 7 —m passes through steps 1-3 need be performed.

In practice, the Lagrange polynomial formula may be employed to generate a partlal set of
preliminary shape functinns which satisfies the rnterpolatlon property on the first m nodes. This
will be illustrated in the following examples.-

EXAMPLES
1. Consider a one-dimensional three-node element with nodes givenby r; =0, r, = fandr;=1.

We wish to construct shape functions capable of exactly representing'1, 7 and r* (If & = 2, we

+ The arrow, <, reads: ‘is replaced by’.

1By a ‘shape functron subroutine’, we mean a subprogram whlch upon given a value of r, returns the N,’s and/or
derivatives of the N,’s, evaluated atr.
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have the usual three-node quadratic element. Other values of a enable. the modelling: of

singularities.) We begin with the following preliminary shape functions: , ,
SNy(ry=1=2r; - Nu(r)=2r; - "Ns‘(r)—r“ R : (6)

Observe that N (r,,) 6ab, 1< a, b< 2 In terms of our algorlthm m 2 and n= 3 so only one
pass through steps 1 and 2 is required:

N3(r) N3(2)N2(r) v —2(2)’ :

N TN -N@N) T T2 @
: _ P . :
N« M)~ N(DNS() = 1-2r +[—’T%] ®
Na() < Na(t) = Na(DNa(r) =27~ [’—li%] ©
L1kew1se the derlvatlves are given by (in this case 9N is taken:to mean oN/ ar)
- 3Ns(r) —N3(3) aNz(r) ar® T =2(3)" o
N NN 17207 10
aNl(r)eaNl(r) Nl(].) 6N3(r) [“‘1—2(25(2")‘_] i ) . Al . (11)
aNz(r)e-aNz(r) N2(1) 6N3(r) 2— 2[7-2?(2)&] (12)

2. Consrder a one- d1mensronal four node ‘element for which the nodes are given by r; = 0
r2 = 3, ra=3 and ra=1.We wish to construct shape functions capable of exactly representing 1,
r*, r** and r®. The following special cases are of practical importance:

a=1,=3: Lk r “cubic polynomial in r: "
A - .- quadratic polynomial in r plus

o =1, Barbitrary:: L, Pr
SHT - linear polynomlal in r?

a arbitrary, ﬁ = 11:‘ Mli,. r ra,rza 7 flmear polynom1al inr plus o

‘Quadratlc polynom1a1 in r*

3«

o arbltrary, B= 3a 1, r% r_2"‘, r cublc polynomlal in r*

To obtain a startmg set of shape functlons, we may employ the Lagrange 1nterpolat10n formula
with f=r" and m =3, namely

(r '_7’2)(r r3) (3“}‘0“—1)(3«1 av 20‘) T

Ni(Fy=1L(r )= o rz)(l‘1—r3) T .‘:(13)
ey D —r3) 337 -27)

N2(r)‘_12(r )_'(ra_’;zlx‘)(_zfg,_;rg) : (1_2a) (14)

B ) (’1-5)

E=mes-r5) ™ 2%(@2%=1)

It may be verlﬁed that N, (r,,) Sab for all a, b 1 2 3 The last prehmmary shape functlon is
taken tobe : ‘

Ni(r)=r® - (16)
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With regard to the algorithm, m =3 andn = 4 so only:one pass through steps 1 and 2 is needed,
namely v ;L ; - :

Na(r)— zi ' 2N4<ra>'N (n " o
1=y, 2N4<ra)N 1)

SO N(r)<—-N(r) N(1)N4(r) a—-l 2 3 e (18)

N4< e ‘ San

Equatlons (17) and (18) may: be. programmed in‘a shape functlon subroutme along w1th
corresponding expressions for derivatives. .

3., As-afinal one- d1mens10nal example we consider a five-node element for which-the nodes
are givenby r; =0, r2 = 4, ra=3; r4 =3andrs=1.The shape functions are to be capable of exactly
representing 1, %, 2P and rY, The following special cases are of practical importance: i

a=1,8=3,y=4: BN N k'quartlc polynomlal inr

a =1, B =3, y arbitrary: L5 cublc polynomial in r plus
linear polynomial in r”.
8 2p

a =1, g =arbitrary,y=28: 1,r, 2, re quadratic polynomial in »

plus quadratic polynomial

inr
a arbitrary, 8 =3a, y=1: C 1, %%, % linear polynomial in 7 plus
.. cubic polynomial in r*
@ arbltrary, B= 3a, Y= 4a 1, r , r*e, r3°‘, ‘r_4“ - quartlc polynom1al in r

As in the previous example the most approprlate choice for a'set of starting shape functlons is
given by (13)-(16) and

Ns(r)=r" | B o (’19)

This tlme m.= 3 and n=35, so two passes through steps 1 3 are requlred The followmg relatlons
need be executed, in turn, for m =3 and m =4:

Nm+1(r) _Z;"=2 Nm+i(ra)Na(r)
Nm+1(rm+1) _Z;"=2 Nm+1(ra)Na (rm+1)

N Nu) = Nalrs DNt (), @ =1,2,.. ey

Nm+1(r)<— (20)

The above expressions, and thelr counterparts for derlvatlves may be programmed in shape
function subroutines. :

Remarks

V. The preceding one-dimensional examples cover most cases of practical interest. If the
need arises, hlgher order shape functions may be constructed along similar lines. The basic
philosophy is to maximize m so as to minimize calculations in the shape function routines.

VL. For completeness, we wish to mention the: simplest one- -dimensional shape functions
which allow the modelling of singularities; namely the two-node element with r;1 =0, rp=1,
Ni(r)=1—r% and Ny(r)=1r".

VIL Letu(r)=Y._, N.(r)d; where (by construction) d, = u(r,). The function u is capable of
exactly representing the powers of  which were used in deriving the N, ’s. (The d,’s need only be
set accordingly.) In practice, it is usually desired that the same powers of the physxcal
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co-ordinate, x = x(r), be representable: This will be attained if x = x(r) is affine (i.e. of the form
x(r) = c1+czr). There are two ways of achieving this in practice:

The first depends upon 1 and r being present among the powers of r used in deriving the shape
functions. In this case the 1soparametr1c concept may -be -invoked; i.e. we take x(r)=
Za 1 Na(r)x,, and equally space the nodal co-ordinates (i.e. x,’s in x-space).

« The second procedure does not require that 1 and r be present, but involves an additional set
of shape function calculations, so it is less efficient. In this case, we take x(N=X"_, P.(r)xa,
where the P;’s are the standard polynomial shape: functrons, and the x,’s are, agam, equally
spaced ' :

+/To see the'necessity of adopting the'second procedure when 1 and r are absent from the N s,
we need only consider the two-node element of Remark: VI.-If the isoparametric: concept is
adopted, then u varies linearly with x (rather thanix®). To sée this we note that if x, #- x1 then we
can write d, = ¢ + ¢2Xa where the c s are constants. Consequently

Z Nad,

a=1

u

2 L
Y Na(er+caxg)
a=1

. 2
Ch e _—_cl( ) Na)+c2( Y Naxa)
» o /—-C1+sz [ | . (22)

We shall now employ the above results in derrvmg two- drmensronal ﬁmte element shape
functions-for modelling line and point singularities. SRR

Examples

4. Consider the four-node quadrilateral 1llustrated in Figure 1(a). The shape functions may
be constructed from ‘products of linear’ polynomral shape functlons in the s-dlrectlon and the

r

IS
=
w

1]

u:.(a,). S R € r

Flgure 1. (a) Four-node quadnlateral elements (b) Three-node triangular element formed by degeneratmg the
; : ; four-node quadrilateral :
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shape functions of Remark VLin the r-direction, namely

Ni(r, s)=(1=r*)1-s) T (23)

No(r,s)=r*(1-s) . (24)
Ni(r,s)=r"s N V)
Ny(r,s)=(1-r%)s, (26)

Thus u(r, S)/\Z: 1 Nu(r, s)d, is capable of exactly representing a line singularity of order r®
along edge 14. By virtue of Remark VII the standard polynomial shape functions need be
employed to define the geometry. That is x(r, s) Za 1 Pa(r, s)x,, where

Py(r, s) (1 - r)(l s) ) 27
Py(r, s) =r(l—s) 28)
Py(r,s)=1s (29)

Pyr,s)=(1—-r)s (30)

" This element was first proposed by Akm :
5. A three-node triangular element, see Frgure 1(b), may be developed by combining’ the
shape functrons assocrated wrth nodes 3 and 4 in the prevrous example namely

Ni(r, )« Ni(r, )+ Nu(r, s) =1 —r° oo - (31)
Pi(r, s)« Pi(r, )+ Pa(r, s)=1—r ' ' (32)
The shape functions of nodes 2 and 3 remain the same. This element is capable of -exactly

representmg a pornt smgularrty of order r* Srmrlar mterpolatrons were used in References 9 and
16.

* The procedure employed in this example is often’ referred to as element degeneratzon

6. Consider the nine-node Lagrange-type quadrrlateral illustrated in Figure 2(a). The shape
functions shall be constructed from products of the three node one- drmensronal shape functrons

s, o =l

»
R
()] —_——

[

9 _s=1/2

(a) T €-)

Figure 2. (a) Nine-node Lagrange quadrilateral element. Node 9 is omitted for the eight-node serendipity quadrilateral.
(b) Seven-node triangular element formed by degenerating the nine-node Lagrange quadrilateral. In the six-node
triangle, node 9 is omitted
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of Example 1. That is, we define N, (r); a = 1, 2, 3, by (7)—(9); and P,(s) by the same expressions
with r replaced by s and & =2. The two-dimensional shape functions may then be defined as
follows:

Ni(r, ) = Ny(r)Py(s) (33)
Ni(r, s) = N3(r)Py(s) (34)
Na(r, s = N(r)Ps(s) (35)
N4(r,:s)=.N1(r)P;'(s) BETEE '(36)
Nsh)=NaWPi(s) 6D
Ne(r, $) = Na(P)Py(s) (38)
No(r, 5) = Ny(r)Ps(s) (39)
Ni(r, s) = N1(r)Pa(s) (40)
No(r, 5) = Na(r)Px(s) (41)

In this case u(r, s)= Za 1 Na(r, s)d, is capable of exactly representlng a line singularity of order
r* along edge 14. Furthermore the following monomials may be exactly represented: 1, , s, r®,
rs, s, r*s, s°r and r®s>. By virtue of the presence of 1, r and s, either the isoparametric concept
may be employed to define the geometry (i.e. x(r, s) = ):a 1 N,(r, s)X,), or recourse may be
made to the standard Lagrange polynomials (i.e. x(#, s) = Za=1 P,(r, s)x,, where the P,(r, s)’s
may be obtained from (33)—(41) by replacing N,(r) by P.(r), a =1, 2, 3).

Remark

~ VIIL. Serendipity-type nodal patterns for quadrilaterals are the same as Lagrange nodal
patterns, except that all internal nodes are omitted. Our procedure for developing shape
functions for. serendlplty type elements is to first estabhsh shape functions for the non-corner
nodes which satisfy the 1nterpolat10n property (it turns out that this may easily.be done), then
establish a preliminary set of shape functions for the four corner nodes which are systematically
modified to satisfy the interpolation property. For example, suppose the preliminary corner-
node shape functions are given by (23)—(26). Then the necessary modifications may be written

Na(r><—Na(r)—sz N.()N (1),  aeC ' (42)

where B, is the set of non-corner nodes located on the boundary edges which meet at node a,
and C is the set of corner nodes (e. g C={1,2,3, 4} for quadrilaterals).

Examples

7. In this example, we consider the eight-node serendipity quadrilateral in which node 9 of
Figure 2(a) is omitted. The shape functions associated with nodes 5-8 may be deﬁned by

Ns(r, S) No((1=s5) o 43)
Ns(r, 8) =r®Py(s) (44)
N (r, s) = Na(r)s (45)

Nl D=(U-rIPls) L w@e)
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In (43)-(46), N,(r) and P,(s) are defined as in the previous example. The shape functions for
nodes 1-4 may be defined by (42), where the preliminary corner-node shape functions are given
by (23)—(26); explicitly:

Nl(r,.s)«wr,s)—%Ns(r,s>—(1e2%)&;<},s> | j’ @
Nz(r,S)<—Nz(r,S)— Ns(r,s) ;Iéfs(r,Sl (48)
Nag,;,s)‘«z\f3<r,s> AN, )= 55 M(r,s) - W
Nut, ) Nalr 5) - (1—5-;)N7<r,s) e 60

The serendipity shape functions defined above are capable of exactly representmg the same
monomials as the nine- node Lagrange shape functlons of Example 6, except for rs? Wthh is no
longer present """

An alternative deﬁnmon of serendlplty shape functions may be constructed by replacing r® by
rin (23)-(26), (44) and (46). In this case the preliminary corner-node shape functions reduce to
the standard bilinear shape functions and (42) y1elds in place of (47)~(50):

Ni(r, )« Nalr, )~ [Na(r, )+ Ni(r, ))/2 (51)
Na(r, s) < Na(r, ) = [Ns(r, s)+Ne(r, 5)1/2 (52)
Ns(r, s) < Ns(r, s)~[No(r, $) +No(r, $))/2 | (53)
Nat, 5« Na(r, $)~[No(r, 5)+ Na(r, $))/2 (54)

This alternative definition of serendipity shape functions is capable of exactly representing the
same monomials as the nine-node Lagrange shape functions, except for r 52,

This example is typical in that the definition of serendipity shape functions from a given set of
one-dimensional shape functions is non-unique. The choice must be made on the basis of the
appropriateness of the functions for the intended appllcatlon

Again, either the N,(r, 5)’s, or the standard-polynomial serendipity shape functions, may be
used for purposes of defining the geometry. (The polynomial serendipity shape functions may be
obtained from (43)~(46) and (51)-(54) by replacmg Nz(r) by P,(r) in (43) and (45) and by
replacing r“ by r in (44) and (46).)

8. Seven-node and six*node triangular elements, see e.g. Figure 2(b), for modelhng point
s1ngular1t1es, may be obtained from the quadnlaterals of Examples 6 and 7, respectively, by
combining the shape functions associated with-nodes.1, 4 and 8, that is

Ni(r, s) « Na(r, s)+ Na(r, s)+ Ng(r, 5) (55)

(If the standard polynomial shape functions are used to define the geometry, they must be
similarly combined.) The shape functions associated with the remaining nodes are the same as in
Examples 6 and 7. Shape functions N4 and Ng play no further role in the calculatlons, but
typically would be set to zéro in a shape function subroutine. .

9. A 16-node Lagrange quadrilateral, see Figure 3(a), may be formed by takmg products of
the four-node one-dimensional shape functions-of Example 2. In this case, we define N, (r), a =
1,2, 3,4, by (13)-(18); and P,(s) by the same expressions in which & = 1 and 8 =:3. The résults
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ifr.=|l/3 'i;r.=i2/3"- r|=1»:- s
’ R BCEEECR LY ]|
| | |
4 Jeo) 9 3
" 16 15
12 I3 14
5 6 2
(a).

b) et

Flgure 3 (a) 16-node Lagrange quadrilateral element Nodes .13-16 . are omitted. for the - 12- node serendipity
quadrilateral. (b) 13-node trlangular element formed by degenerating the 16-node Lagrange quadrllateral In the
_ nine- node serendlplty triangle, nodes 13- 16 are omltted

are

N )= M(OPA(s)
:""Nz(r, §)= N4(r)P1(s) h
' ‘iNg(r, §)= N4(r)P4(s)

Na(r, )= N1(r)Pa(s)

" Ns(, 5) = Na()Py(s)
Ne(r, )= Ns(OP1(s)

- Ni(r, 5)= Na(r)Py(s)’
N(r, 5) = No(r)Ps(s) o
‘No(r, s) = Ns(r)P4(S)u

4,?;N10(r, S :

Nualr,5) = Ny(r)P5(s)

Niaol, ) =N1()P5(s)
K le(r,~s)'=‘N2(r)P2(S)
- Nia(r, 8) = Ns()P(s)

Nis(n, 'S) = N3(r)Ps(s)

-.‘le(r, s) N2(")P3(s)_‘ ST

The monomlals present this time are 1llustrated in Figure 4 by way of a ‘Pascal trlangle Aslong

(56)
(57)
(58)
(59)
(60)
161
62)

- (63)
(64)
(6%)
(66)
(67
.(68)
69)
(70)
(71)

as either-a’ or B equals -1, the isoparametric concept may-be employed to definé the geometry.
Otherwise; the standard 16-node Lagrange polynomlals may be employed (These may be
obtained from (56)=(71) by replacing N, (r) by P,(r), a : .

=1,2,3,4.)-
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S |ncluded in sixteen-node
".Lagrange element

included in twenty-five
.node Lagrarige
‘element

omitted in twelve and sixfeen
node serendlplty elements

Flgure 4 Pascal triangle for Examples 9, 10 12 and 13

10. A 12-node serendlplty quadrilateral in which nodes 13-16 of F1gure 3(a) are omitted
may be obtained as follows Define the non-corner node shape functions via

' Ns(r, ) =Na(r)(1-s) (72)
L ONs()=Ns((1=s) T @)
CUNa(n ) =r2Pys) . (74)

Ng(r, s) = rPs(s) , (75)
TN =No()s )
N =Na(s )
Nui(r, s) = (1=r*)Ps(s) . (78)
Nulrs)=(1=r)Pols) B '_(79)

In (72)~(79), Na(r), N3(r), Px(s) and Ps(s) are defined as in the prev1ous example The shape
functions associated with nodes 1-4 may be obtained from (42). The monomials present may be
gleaned from Figure 4. :

. Asin Example 7, the one- dlmensmnal shape functlons under consideration may be combmed
differently to form other serendipity-type elements. For example, we may replace r* by r® in
(23)—(26), (74), (75), (78) and (79) In this case, the monomials present may be deduced from
Figure 4 by interchanging r* and r® (the r** terms remain unchanged).

' 11. Triangles, see Figure 3(b), may 11kew1/se be constructed from the results of Examples 9
and 10 by coalescing the nodes along.edge 14. The shape functions need be combined in the
usual way:

Ni(r, S)<—N1(r, S)+N4(r, S)+Nu(r §)+Nua(r, s) (80)

and likewise for the polynomial shape functlons if employed to define the geometry. The
remammg shape functions are as glven in Examples 9 and 10.

Remark

IX At this point, the algorithm for deﬁnmg serendlplty type shape functions should be clear
from Examples 7 and 10. Likewise, the procedures for defining Lagrange-type quadrilaterals,
and for degenerating quadrilaterals into triangles, should also be clear. Consequently, we shall
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r ¥ 3 -
W no. n "
s TooTr T T
| | | [
- | I I
4 13 12 I .3 s=1
14 20 (23 119 0 _25_3/4
5 24 |25 22 4o 52172
6 17 2l I8 g 8 1/4
5 6 7 2 r
(a)

Flgure S. (a) 25-node Lagrange quadrllateral element. Nodes 17-25 are omitted for the 16-node serendipity quadri-
lateral. (b) 21-node triangular element formed by degenerating the 25-node Lagrange quadrilateral. In the 12-node
. serendipity triangle, nodes 17-25.are omitted

present without further elaboration the results for the 25-node Lagrange quadrilateral, 16-node
serendipity quadrilateral, and correspondmg triangular elements (see Figure 5). In these cases,
the one-dimensional shape functions of Example 3 are employed.

Examples

: 12 25-node Lagrange quadrzlateral

S NEH=NPE 8D

Na(r, s) = N5(r)Py(s) B )

, L Nl =NsIPss) (@8
CHE e Nan )= NiPs(s) e S (88
U N =NRGs) T e
No(r,s)=N3(r)Pi(s) - =~ o i (86)

No(r, $) = Na(r)Py(s) 7))

N s)=Ns(OPys) (88)

SN =NsIB) T gy

Nuolr, 5) = Ns(r)Pa(s) (90)

Nis(r, 5) = Nar)Ps(s) o)
CoNaGheNeRG o)

L Nua(ns)=Na(Ps(s) 4 (93)
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Nu(r, $)=Ni(r)Pa(s) - . o o o v o (94)
Nl ) =N(OPs(s) ST (95
Nl )= N1(r)Pz(S)'_ R - 96)
Na(h ) =NaOPas) o@D
: 'ng(r,_s)=N;;k(r)P2(bs) C i.i’-'*-‘ o ST (98)
Nus(r, s) = Na(r)Pa(s) o (99)
Nao(r, §) = No(r)Py(s) ~+(100)
’*)_Nn(r,s) N3(r)P2(s)"" S e 100)
Nalo)=NOPs) (10
Nas(r, s) = N3(r)Pu(s) (103)
Naa(1, $) = Na(r)Ps(s) (104)

" Nas(r, s) = N3(r)Ps(s) (105)

In the above, the N, (r) s are deﬁned by (13)~(16) and (19)—(21); the P,(s)’s are the standard
quartic polynomials, Wthh may be obtamed from the N,(r)’s by replacing r with s, and setting
a=1,8=3and y=4. .

13. 16-node serendzptty quadrzlateral

Ns(r,9)=Na()(1=s) , -~ (106)
' Ns(:r,s)=N3(r)(1"4'é) (107)
Nalr, $)=Na(r)(1~s) (108)
Ns(r; §)=r*Ps(s) (109)

- No(rs)y=r*Ps(s) (110)
Nio(r, 8) =r®Pa(s) (111)
Nu(r, )= Na(r)s ST (112)
le(f;'g) 5N3("5:9 ) o (113)
Nua(r, ) =Nolrds (114)
Nia(, 8)=(1-r*)Pils) (115)
Nis(r, )= (1=)Ps(s) (116)

'N'l'sf(r;ﬂé(‘14r&)P2'<"’s'5* (117)

Thé N, (r)’s:and:P,(s)’s in-(106)—(117) are the same as used in'the previous example. Equation
(42) may be employed to define Ni(r,s),a.=1;2,3,4. Again we wish:to. point out that
alternative deﬁmtlons of the serendlplty shape functlons may also be constructed (cf. Examples
7 and-10). - : STy oo
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14, 21- and 12-node triangles ' ¥
The shape functions of Examples 12 and 13 are comblned in the usual way

Ni(r, s) < Ny(r, 5) +N4(r, s) +N14(r S)+N15(r, §)+N(r, ) (118)

The remaining functions are defined in Examples 12 and 13. |
' We shall now illustrate, by way of examples, how ‘to use the previously defined two-
dimensional shape functions to develop three-dimensional functions for modelling line
singularities. We shall assume that the singularity lies along the r-axis.

Examples

: 15, Consider the wedge-shaped six- node element in Fxgure6 Let N, (r,s),a=1,2,3,denote
the three node triangle functions deﬁned 1n Example 5 Shape functions for the wedge may be

2

Figure 6. Six-node wedge element

defined as follows: L
Ni(r s, 1) = Nl(r,s)t (119)

Na(r, s, 1) = Nz(r,S)t . (120)
Na(rys, 1) = Ns(r,s)t (121)
Na(r, 8, 1) = Nl(r’s)(l‘—t) o (122)
Ns(r,s,t) Nz(r,s)(l—t) (123)
Nﬁ(r,s,t) Ns(r,s)(1—1) (124)

‘For the geomemc mapping; the N, (r, s)’s'in-(119)~(124) should:be replaced by the standard
polynom1a1 shape functions (i.e. -B,(r, s)’s in Example 5).

'16.-Consider the 18-node wedge illustrated in ‘Figure 7(a). Let N (r, s), 1 2, RIS 6,
denote the shape functions of the six-node triangle which were defined in Example 8, and are
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T sz
3L
5 _s2172
4
. . . ; [ - =
(a)’ 2 o rdz 28870
(b) rE

F_‘igure 7. (a) 18-node wedge element. Nodes 16-18 are omitted for the 15-node wedge. (b) Six-node triangular element

renumbered here for convenience-—see Figure 7(b). Let P,(t),a =1,2,3, be the standard
one-dimensional polynomial shape functions of the three-node element. The three-dimensional
shape functions may be defined as follows:

Ny(r; 5,2) = Ni(r, s)Ps(t) - o (125)

Na(ry s, 8) = No(r, s)Ps(t) ' (126)
Ns(r, s, £) = Ns(r, s)Ps(2) (127)
 Nu(r s, 0)=Ni(r, )Pi(r) - (128)
N5 0=Raln )P (129)
Ne(r, s, )= Ni(r, s)Pi(t) (130)

N (1,5, t) = Na(r, 5)Ps(2). (131)
Nag(r; s, £) = Nis(r, s)Ps(t) (132)
No(r, s, t) = Ne(r, s)Ps(t). (133)
Niolr, s, t) = Na(r, s)Ps(t) ' (134)
Ni1(t, s, £) = Ns(r; )Py(t) : (135)
Cgen o Naalny s, )=Ne(t,;s)Py(t) . .« o . (136)
CNu(sO=Nin9)Pe) T (137)
Nulr s, )=No(h )P0~ - .(138)
Nist s 0=Na(n Pa) S 39)

Nigls s, )= N )Pad) . . (140)
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Nua(r, 5, £) = Ns(r, s)P5(0) (141)

Nis(r, s, 1) = Ne(r, $)Ps (1) L (142)
Remark L

X. From the previous two examples, it should be clear that when the nodal pattern is the same
for each constant-¢ plane (i.e. is of Lagrange type), then the three-dimensional shape functions
are simply products of the two-dimensional shape functions in 7 and s, and the standard
one-dimensional polynom1al shape functions in & Consequently, we shall not consider further
patterns of thls type '

Examples

17. In this example we consider the same nodal pattern as in the previous example; however,
nodes 16 to 18 (i.e. the midsurface nodes) are to be omitted. (This results in a serendipity-type
element.) The shape functions may be defined as follows:

No(r, s, t)=Na(r, s)t (143)
Ne(r, s, )=Ns(r, )¢ ) T (144
No(r, s, 1) = Ne(r, )t (145)
Nio(r, s, )= Na(r, s)(1 1) - (146)
Nuln s, t)=Ns(r,s)1-1) = = C 4
Nua(r, s, )= Ne(r, s)1—0) . (148)
Nis(r, s, t) = Ny(r, $)P,(t) (149)
Nialr, s, ) = Na(r, s)Ps(2) (150)
Nis(r, s, £) = N(r, s)Pa(t) (151)

In the above, the N, (7, s)’s, N, (r, 5)’s and Py(t) arev the same as defined in the previous two
éxamples. A set of preliminary shape functions for the corner nodes are given by

Ni(r, s, £)=Ni(r s)t - (152)
No(r, s, t) =Ny(r, s)t (153)
Ns(r; s, t) = Ni(r s)t (154)
Nalrs s; £) = Ny(r, s)(1— 1) (155)
Ns(r, 55 8) = Na(r, $)(1=1) (156)
Nglr, s, £)=Na(r; s)(1=1) (157)

‘The preceding definitions need to be modified to satisfy the interpolation property. To this end
the N,(r, s, t)’s are used in (42), in which C ={1,2,...6}.

We may again mention that the definition of serendlplty type elements is not unique in the
present context and other possibilities arise.

- 18. Consider the 24-node serendipity-type wedge depicted in Figure 8(a). The three-
dimensional shape functions are to be generated from the two-dimensional ones associated with
the nodal pattern of Figure 8(b) (cf. Example 11). The non-corner shape functions are defined
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Figure 8. (a) 24-node wedge element. (b) Nine-node triangular element

by: 4 o _
o L NGs=Ranse. T ase)
G Nalpsin=Nase S (59
NG =Nelnst L (160)
Niolb s y=No(rys)t = o e (161)

Nu(r, s, ) = Na(r, 5)t (162)

Nl;(f,' 5,1)=No(r, s)t | (163)
CNaesp=Nanoa-n 0 (e
CNuly s )=Nshs)(1=1) e (165)

C Nsts0=Nens)1-n . (166)

Nisr s, )=Nirys)(1—1) v (167)
CNulhs=Nenot-0 T aes)

Nl s, ) =No(r,s)(1—1) 0 w0 0 —(169)

N s0=NiOPs) 70

C Naoln s, D=Na(, P56y o (171)

Noi(r, s, t) = Ns(r, s)Ps(t) 172)

Naalr, 5, )= Ny(r, $)Pa(?) | (173)

C Nslhs =N P 114
CNaaln s, D =Ns(, YPAE) e (175)
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In (158)—(175), the P,(t)’s are the standard cubic polynomial shape functions of the four-node
one-dimensional element, and the N, (r s) s are the shape functions of the three-node triangle
(i.e. Example 5). A preliminary set of corner -node shape functions is defined by

Nir s )=Nilns)t. (176)
No(r, s, vt) = Na(r, s)t e A 177)
NG5, )=Nslmslt (178)
N5, 0=Niln)1-1)  ° (179)
Ns(r,s,0)=No(r,s)(1-1) : (180)
 Ne(r, s, £) = Na(r, -0 . (181)

Modrﬁcatlons to (176) (181) may now be made by recourse to (42).
- The scheme for developing serendipity-type wedge elements should now be clear from
Examples 17 and 18. -

Remark on implementation . ..~

The simplest elements can have their shape functions developed in closed form, as illustrated
in the previous section. The automatic generation of these shape functions is complicated by the
normalizing terms in the denominators of (2) and (4). :

A practical approach is to include one r term in addltlon to the Lagrange family of r* terms
Then the final function would contain the 1, r%,...;r™, r® powers. This would allow for
standard polynomials as well as the common.practical cases cited earlier. Such a procedure
yields more efficient computations and does not overly restrict the application of the procedure.

It may also be mentioned that the ‘variable- number-of-nodes’ concept (see e.g. Reference 17)

may be fruitfully employed to unify the implementation of families of special elements.

CONCLUSIONS

In thls paper we have constructed a concise and eﬂicrent algorithm for generating shape
functions from an arbitrary set of independent functions. The algorithm does not involve a
coeflicient matrix and thus eliminates the burdens of equation solving usually associated with
interpolation problems.

The algorithm has been employed to generate one-dimensional shape functions which serve
as a basis for modelling singularities. A variety of two- and three-dimensional elements have
been constructed, and methodology for developmg more general elements of the type consi-
dered has been described.

The techniques developed herein may also be applied fruitfully to the development of
‘special’ finite element interpolatory schemes for other purposes. Areas which may be
mentioned in this regard are ‘upwind’ elemerits, infinite elements, boundary-layer elements and
other singular situations (e.g. ones requiring higher order continuity.)
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Introduction

This report des,c‘ribes "LEARN, " a simple finite element code for
linear static analysis. For instructional purposes it may be considered a
"first example" in that taping (disk feading and writing) is minimized,
and blocking (segmenting large jobs via taping) and overlay structures
are avoided. Also the class of capabilities--linear static analysis--
is the simplest. Nevertheless many sophisticated procedures are employed
(namely compacted column solution and data structures, element routines,

etc.) which are used in more advanced situations.

LEARN is used in courses Ae/AM108a-c, Finite Element Methods,

and serves the following three purposes:

(1) It is felt that the first step in learning to implement finite
element methods is to add a new element to an existing program. In
this regard, LEARN is written'so that it is very easy to add new elements.
(Instructions are given in the section entitled ""Adding New Elements to
LEARN.") Students in the class are assigned projects, depending on
their interests and level of competence in programming, which usually
involve adding a new element to LEARN. For this reason, only two sets
of element routines are included with the listing so thla.t many standard
element types (e.g. 3D and axisymmetric elasticity elemeﬁts; beam,
plate, and shell elements; heat conduction elements; etc.) are available v
for project assignments. The course lectures provide much additional /

information regarding coding element routines.



(2) LEARN makes available to the student a good, first, finite
element "software package.' The subroutines are efficiently and simply
coded and, as the student becomes more advanced, may be used as a set
of building blocks for more sophisticated applications. With this idea in
mind it was decided to include a very efficient equation solver in LEARN

which employs compacted column storage mode (see Section 2).

(3) The style of coding in LEARN derives heavily from the
'"Berkeley school' of finite element programming which the author
learned by studying the works of E. L. Wilson, R. L. Taylor and many
former colleagues and students, too numerous to mention, in the Division
of Structural Engineering and Structural Mechanics, Department of Civil
Engineering, University of California, Berkeley. As this style of
programming is employed in many large-scale production codes that
are used extensively throughout the world, it is felt to be a very worth-

while style for the student to become familiar with.

The reader of this report is forewarned that the level of documen-
tation is not considered self-sufficient (nor is it intended tobe) for fully
understanding all aspects of the program, but rather as supplementary

to the course lectures.

If any errors are detected in the code or documentation, please

report them to T. Hughes, 221 Thomas Laboratory, x1232.



Description of Coding Techniques Used in LEARN

To understand the workings of a computer program, and in order
to work with a computer program, one must be thoroughly familiar with

its data structure.

Definition. The data structure is the mode of stofage, location and

history of existence of the data employed.

In LEARN all but the element data is stored in core (central

memory) in blank common. The basic features of the data structure are:

e compacted column architecture

This feature is engendered by the method of equation solving
employed. The solver is called variously a 'profile,' "skyline" or
"active cglumn” solver. Since, in large problems, the dominant
portion of storage is that devoted to the stiffness matrix, K,
the storage scheme for K is the most important feature of the

~

storage,

® dynamic storage allocation

Because of the variable sizes of the arrays needed in dif-
ferent problems, it would be very inefficient to ''fix" the dimen-
sioning. In the dynamic storage allocation concept the dimensions

of arrays are set in the program at the time of execution.



o element groups

Many features of finite element computer programs are
the same even though the intended applications may be quite dif-
ferent. To some extent this is also true of the individual finite
element subroutines. However, the data structure and options
available may vary considerably from one element to another.
To accommodate these differences, the elements are read in,
stored and operated upon in groups. The data structure for the
group is set up via dynamic storage allocation in individual ele-

ment subroutines.

Example. Compacted column storage scheme.

Assume the symmetric stiffness matrix K has dimension 8 X 8

~ -

and has zero and nonzero elements indicated by O and X, respectively, in

the figure below.

(X X1o 0 o o o E‘Q“
|
— - — ——— vy }
X xjiolxlo otlo
| | |
——— |
X X X0 o'o
' L__ [
X 0 X,01Xx
K = [K.] = b
~ 4 X X,0,0
Symm. e
X X o
X X
X
- J

The dashed line enveloping the nonzero terms is sometimes called

the "profile' or 'skyline. 1 .
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K is stored in a one-dimensional array, A, column-wise begin-
ning w;th the first nonzero element in each column and ending with the
diagonal term. The locations of the diagonal terms in A are stored
in a one-dimensional integer array IDIAG. The dimension of IDIAG is
NEQ, the number of equations (e.g., for K above NEQ=8). The dimen-
sion of A is NA, the sum of the "column heights.” The column height
is the number of terms in a column beginning with the first nonzero term
and ending with the diagonal term (e.g., for the above matrix 5, column
1 has height 1, column 4 has height 2, column 6 has height 3, etc.) NA
for K is 24, The arrays A and IDIAG corresponding to K are given

~

explicitly as follows:

A1) =K, } col. 1

A(Z):Klz } col, 2
A(3) =K22

A :K23 } col. 3
A(5) =K33

Al =K34 } col. 4
A(7) =K44

A(8) =K, |

A0 :K35 ?col 5
A(10)=K45
A(11)=KL55 )
A(12)=K46 7
A(13)=K56 > col. 6




A.(15)=K67 } L.
col.

A(16)=K.77

- N
A(l?)—K18

A(18)=K28

A(19)=K38

A(20)=K
48 }col. 8

A(21)=K58

A(22)=K68

A (23)=K.78

A(24)=K88 )

IDIAG(1)=1
IDIAG(2)=3
IDIAG(3)=5
IDIAG (4)=7 "
IDIAG(5)=11
IDIAG(6)=14
IDIAG(7)=16
IDIAG(8)=24

The zero terms beneath the skyline must be stored because they become
nonzero during the solution process. All information in the original
matrix K is now contained in the arrays A and IDIAG in compact

fashion. For large finite element stiffness matrices the saving of storage

is considerable.

The heights of the columns in K are determined by subroutine
COLHT from the node numbers on element data cards. The column

e LM




heights are initially stored inIDIAG. When the calculation of columnheights
is completed, subroutine DIAG determines the diagonal addresses and

"over writes' them in IDIAG.

The right-hand side vector in

Kd = F

~

is stored in an array B, of dimension NEQ, in the obvious way:

B(1l) = 1
B(2) = >
B(8) = F8

The elimination scheme employed is based upon the following

theorem.

Theorem. Let K be symmetric. Then there exists a nonsingular upper

triangular matrix U, with unit diagonal entries, and a diagonal matrix

~

D such that

i
e
g
ad

K (factorization)

Furthermore, the number of negative, zero and positive eigenvalues
of K is equal to the number of negative, zero and positive diagonal

entries of D, respectively,



Remarks. 1. Inthe case when K is positive definite, the diagonal

entries of D are all strictly positive. Thus examining the diagonal

~

entries of D enables us to determine the rank of K. This is the pur-

~

pose of the "rank check option' in the program.

2. The matrix U has the same profile as K .  The fact

that U has diagonal entries equal to one allows us to save storage by
- placing the diagonal entries of D in the diagonal entries of the array A,
Thus after factorization the nonzero entries of both U and D are stored

in array A. During the factorization Procedure no auxiliary storage is

needed,

Crout elimination

The procedure used for performing the factorization is called
Crout elimination, a convenient variant of Gauss elimination. In the
Crout algorithm one column at a time is completely factorized, begin-
ning with the first column and not involving subsequent columns. (This
feature proves convenient in nonlinear analysis in which only a small
zone of the entire effective stiffness is nonlinear. The linear portion

can be located in the first columns and factorized once and for all.)

For further information on the Crout elimination algorithm employed

See R. L. Taylor, "Computer Procedures for Finite Element Analysis, "

Chapter 24, in O. C. Zienkiewicz, The Finite Element Method, Third

Edition, McGraw-Hill, London, 1977.



Forward reduction and back substitution

After factorization the solution is carried out in three steps

U'x = F (forward reduction)
Dy = x
Ud = vy (back substitution)

In each step the solution is an explicit process, the coefficient matrix
being triangular or diagonal. The intermediate vectors x and y are
in turn stored in the array B. Thus again no additional storage besides

that for A and B (and IDIAG) is needed to carry out the factorization

and solution process.



Storage in blank common

Except for element group data, which is stored on a disk file and
read in and out of core as needed, all of the main arrays are stored in
blank common, This includes both integer and floating point data.

In the main program and subroutine LEARN, blank common is denoted
by the one-dimensional array A.

The locations and lengths of arrays in blank common are as follows:

Storage in Blank Common - Solution Phase

First Word Array
Nl =1 ID(NDOF, NUMNP)
N2 = Nl + NDOF*NUMNP X(NSD, NUMNP)
N3 = N2 + NSD*NUMNP*IPREC F(NDOF,NUMNP)
4 (:D(NDOF,NUMNP))
>N4 = N3 + NDOF*NUMNP*IPREC IDIAG(NEQ)
N5*= N4 + NEQ ' B(NEQ)
N6 = N5 + NEQ*IPREC - A(NA)
N7 = N6 + NA*IPREC E(MAX)
N8 = N7 + MAX-1 (= total required storage; must be .LT. MTOT

for execution.)
During input phase, N1 to N5 are the same as above and element

group data begins in N5. Individual element routines determine
hecessary storage for element groups.

-
r

10




where

1D (M, N)

X(M,N)

F(M,N)
D(M,N)

IDIAG(N)

B(N)
A(N)

E(N)

NUMNP
NSD
NDOF
NEQ

NA
MAX

als
A

equation number for degree of freedom M,
node N

Mth coordinaté of node N

Mth direction force/displé,cement component
of node N

location of Nth diagonal element in coefficient

&
array A,
Nth force/displacement component

Nth element of coefficient matrix stored in

compacted column form

Nth (single precision) word of element

group array
number of nodes

number of space dimensions
number of degrees of freedom
number of equations

number of terms in A

number of single-precision words in longest

element group data file

This array name is used for the coefficient matrix in various subroutines

and should not be confused with the array A denoting blank commion.

11



1 single-precision floating point data

used throughout program

IPRECT = |
2 double-precision floating point data
used throughout program
%
MTOT = total length of blank common available

The above names are the ones most commonly used in individual
subroutines for the arrays in question. During the input and solution
phases different data than that indicated above may be present in some

of the arrays to conserve storage.

* .
Set in the main program. Some FORTRAN compilers allow MTOT
to be set internally by the program during execution. However, this

is not a feature of standard FORTRAN.

12



Dynamic storage allocation

Examples

In subroutine LEARN (the driving program) storage is allocated
for several of the main arrays. For example, on lines 014 to 016
the "pointers' are determined for the ID and X arrays. The calling

statements

CALL COORD (A(N2),NSD,NUMNP)

and

CALL BC (A(N1),NDOF,NUMNP, NEQ)
and corresponding subroutine statements

SUBROUTINE COORD(X,NSD, NUMNP)

and

SUBROUTINE BC (ID,NDOF,NUMNP, NEQ)

respectively, mean array X begins in address N2 of blank common and

array iD begins in address N1(=1)of blank common.

In COORD and BC, the arrays X and ID are treated as two-dimensional s

as evidenced by the DIMENSION statements, viz.

DIMENSION X (NSD, 1)

and

DIMENSION ID (NDOF, 1),

respectively. (It does not matter that X and ID correspond to portions

of a one-dimensional array in the calling program.) The significance

13



of the dimensioning is as follows: The arrays X and ID are stored in

blank common in consecutively addressed cells (words) by columns.

Consequently the addresses of X(M,N) and ID(M,N) in A are given by

(resp.)
IPREC* (NSD* (N-1)+M-1) + N2

and

NDOF# (N~-1)+M-1 + N1

Thus the only information necessary to determine the appropriate
addresses in A are the starting addresses (i.e. N2 and NI, resp.),
which are provided by the CALL statements, and the number of rows
(i.e. NSD and NDOF, resp.), which are provided by the DIMENSION
statements in the subroutines. This explains why it is not necessary

to define the number of columns of two-dimensional arrays ''passed' to
subroutines. The 1's in the column slots of the DIMENSION statements
could be replaced by any positive integer. This only serves notice that
these arrays are to be regarded as twb—dimensional in the subroutines--

the integer is never used.

In the case of three-dimensional arrays, the first two dimensions

must be precisely defined, whereas the third one may be set to 1,

14



Storage of element group data

The individual element routines determine the data storage for
element groups. A description of the storage for the truss and plane

elements follows:

Storage Requirements of Truss Element (NTYPE=1)

First Word Array

N101 = NF* ' E(NUMAT)
N102 = N101 + NUMAT*IPREC AREA (NUMAT)
N103 = N102 + NUMAT*IPREC WT(NUMAT)
N104 = N103 + NUMAT*IPREC GRAV(3)

N105 = N104 + 3*IPREC MAT (NUMEL)
N106 = N105 + NUMEL IEN(2,NUMEL)
N107 = N106 + 2*NUMEL LM(3, 2, NUMEL)
NL = N107 + 6*NUMEL

LENGTH = NL - NF (=total required storage for element group)

where
E(N) = Young's modulus for material number N

AREA(N) = cross-section area for material number N

3%

NF = N5 during input phase and NF = N7 during solution phase.

15



WT(N)
GRAV(N)

MAT (N)
IEN(M,N)
LM(L,M,N)

NUMAT

1]

weight per unit length for material number N

multiplier of gravity load in Nth coordinate

direction
material number for element number N
Mth node of element number N

equation number for Lth degree of freedom,
Mth node, element N

number of geometric/material property sets

for this group

16
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Storage Requirements of Plane Stress/Strain Element (NTYPE=3)

N101
N102
N103
N104
N105
N106
N107
N108
N109
N110
N1l11

NL

LENGTH = NL - NF (=total required storage for element group)

First Word

NF*
N10l + NUMAT*IPREC
N102 + NUMAT#IPREC
N103 + NUMAT*IPREC
N104 + NUMAT*IPREC
N105 + 2¥IPREC

N106 + NUMEL

N107 + 4*NUMEL
N108 + 8*NUME L
N109 + NUMPR

N110 + NUMPR

N11l + NUMPR*IPREC

Array
E(NUMAT)
POIS(NUMAT)
WT(NUMAT)
TH(NUMAT)
GRAYV(2)

MAT (NUMEL)
IEN (4, NUMEL)
LM(2,4,NUMEL)
IELNO(NUMPR)
ISIDE (NUMPR)

PRES(NUMPR)

The meaning of the arrays here may be deduced from the

description in the section entitled "User's Manual. "

sl
<

"NF = N5 during input phase and NF = N7 during solution phase.

17



Adding an element to the program

Example Suppose we wish to add a shell element to the program.,
Let us call the element routine which sets up element group storage

"SHELL.,"
The steps are as follows:

0. Study and understand thoroughly the subroutines TRUSS,

TRUSSI, PLANE and PLANE1 before beginning,

1. Code a new version of subroutine ELMLIB to include a

call to SHELL, The nec.'essary modifications are

indicated below:

GO TO(1,2, | ), I

1 CALL TRUSS
RETURN

2 CALL BEAM
RETURN

3 CALL PLANE

RETURN

4 CALL SHELL

RETURN
C
END
2, Write a description for the User's Manual to be included in

Section 6.0, ELEMENT DATA. Mimic the style of Sections
6.1 and 6.2, and use the same names of variables as far

as possible.

18
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3. Code SHELL in the style of TRUSS and PLANE. (These are

the routines which set the element dynamic storage allocation.)

4. Code subroutine SHELL] in the style of TRUSS! and PLANE1.

Take care to code attractive and complete output data formats.

5. Code any additional subroutines needed which are not already

provided in the program.

Instructions for debugging*® and running the new element

1. Compile all your new routines separately before including them

in LEARN.
2. After all routines have compiled, run by loading your new

routines with the data for an analysis. You can use the same job control
cards as used in running LEARN. (In this way you will not change or

destroy the program on permanent file.)

3. Initially you should run simple, one-element problems (e.g.
homogeneous deformation states) which are easy to check. Check out
all options (e.g., gravity loads, etc.) on the one element problems.
Next ISroceed to ""patch tests,' which also should be easy to check.
Finally, after you are convinced your element is working properly,
try some interesting test problems for which you have exact analytical,
or reliable experimental, data. Assess the accuracy of the element you

have programmaed.,

Debugging is boring and frustrating. When you are feeling particularly
depressed by this experience, remember everyone who has even program-
med has experienced what you are feeling now. Misery loves company.
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Loop on
element -
groups

\/

¢ Element
group
data

Update
column
heights

Write to
auxiliary
|storage

device no. IEL

Solution ]

phase | /

Determine
bddresses
of diagonals
lin stiffness

\

.Equation

22




Flowchart (cont'd)

Data check

)

Execution

Transfer nod
forces to
right-hand
side vector

al

Lioop on
element

groups

/

\

\

/ elements

¢

Read from
—Jauxiliary
storage
device no. IEL

Lioop on

\

Form and
assemble
element
stiffness

- | A
QLI OUad

23



Flowchart (cont'd)

\/

Factor
stiffness

Rank check

Calculate
displacements

/

Transfer
right-hand
side to
displacement

Lo ¥k ol XN $ 0
P

\V4

Displacements

24

iagonals of
actored
stiffness

L

¥



Flowchart (cont'd)

Loop on
element
groups

-

|

/’Eﬁrﬁi\

ead from
puxiliary
storage

device no. IEL

{ group T
\ data -

NV
Loop on
elements

\

/

Calculate
stresses

Vi

|

.

ljresses

A\

Solution
time log

/"-—

—"

25

100



Data Set-Up

26

%= Two blank
Lt cards follow
last data se:
— Last data
a set )
Dzta set 2
Data set 1



Individual Data Cards

1.0 TITLE CARD (20A4)

Note Columns Variable Description

(1) 1-80 TITLE(20) Job title for heading the
output

Notes/

(1) Each data set begins with a title card. Two blank cards. follow
the last data set,

27



2.0 CONTROL CARD (6I5)
Note Columns Variable Description
1-5 NUMNP Number of nodes; EQ. 0,
program stops
(1) 6-10 NSD Number of spatial dimensions
GE.1 and LE.3 -
(2) 11-15 NDOF Number of degrees of free-
dom at each node; GE.1 and
LE.6
(3) 16-20 NUMEG Number of element groups
(4) 21-25 ICODE Analysis code
EQ. 0, static analysis
EQ. 1, stiffness rank check
(5) 26-30 MODE Execution mode
EQ. 0, data check only
EQ. 1, execution
Notes/

(1) Consult individual element routines in Section 6 for requirements,

(2) In problems for which there are different numbers of degrees of
freedom at different nodes, NDOF should be set equal to the
Consult individual element routines in Section

Superfluous degrees of freedom can then

be eliminated by employing boundary condition codes (see Section
4.0).

maximum number.
6 for requirements,

(3) The elements are read in groups.,

(4) A static analysis consists of solution of the equilibrium equations,
displacement and stress output,

A_rank check consists of factorization of the stiffness matrix,

K= UTDU, and printing the elements of the diagonal matrix D.

The humiBer of zero-energy modes can be deduced from the humber

of zeroes along the diagonal of D.

This option allows for the

checking of elements and meshes suspected of containing spurious
zero-energy modes, such as those arising in so-called

"underintegrated finite elements."

28



2.0 CONTROL CARD, Page 2

Notes Continued:

(5) In the data check mode input data is printed out and storage

requirements are indicated. This mode should be employed prior
to making expensive executions.

29



3.0 COORDINATE DATA (2I5, NSD*F10. 0)

Note Columns Variable Description
(1) 1-5 N Node number; GE.1 and
LE.NUMNP
(2) 6-10 NG Generation increment
(3) 11-20 X(1,N) xl-coordinate of node N
21-30 X(2,N) xz-coordinate of node N
31-40 X(3,N) x3-coordinate of node N
Notes/

(1) The coordinates of each node must be defined, but need not be
read in order. Terminate with a blank card.

(2) Coordinate data can be generated along straight lines by
employing a two card sequence as follows:

Card 1: L, LG,X(1,L),...,X(NSD, L)
Card 2: N, NG, X(1,N), ..., X(NSD, N)

N-L must be an integral multiple of LG. The coordinates of all
nodes

L+LG, L+2*LG, ..., N-LG

are generated by linearly interpolating the coordinates of nodes
L and N. If LG is blank or zero no generation takes place
between L and N,

(3) If more than one coordinate data card for node N is input, the
last one read takes priority.

30




4.0 BOUNDARY CONDITION DATA ((2+NDOF)*I5)

Note Columns Variable Description
(1) 1-5 N Node number; GE.1 and
LE.NUMNP
(2) 6-10 NG Generation increment
(3) 11-15 ID(1, N) Degree of freedom

1 boundary code

16-20 ID(2, N) Degree of freedom
2 boundary code

etc.

ID(NDOF, N) Degree of freedom
NDOF boundary code

i Notes/

(1) Boundary condition data must be input for each node
which has one or more specified displacements. Cards need
not be input in order. Terminate with a blank card,

. (2) Boundary condition data can be generated by employing a two
card sequence as follows:

Card 1: L,LG,ID(1,L),...,ID(NDOF, L)
Card 2: N, NG,ID(1,N),...,ID(NDOF, N)

The boundary codes of all nodes
L+LG, L+2*LG, ..., N-MOD(N-L, LG)

(i.e., less than N) are set equal to those of node L. If LG is
blank or zero no generation takes place between L and N.

(3) Boundary condition codes may be assigned the following values:

1

ID(1, N)

: ‘ : 0 , unspecified displacement
PO ID(L, N)

1, specified displacement

31




4.0 BOUNDARY CONDITION DATA, Page 2

Notes Continued:

where I =1,2,..,,NDOF. Specified displacements are assumed
to be fixed (i.e., have the value 0.0) unless assigned a nonzero
value as described in Section 5.0. If more than one boundary
condition data card for node N is input, the last one read takes
priority,
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5.0 APPLIED NODAL FORCES AND PRESCRIBED DISPLACEMENTS

(215, NDOF*F10, 0)

Note Columns Variable Description
(1) l-5 . N Node number; GE. 1 and
LE.NUMNP
(2) 6-10 NG Generation increment
(3) 11-20 F(l,N) Degree of freedom

1 force or displacement

21-30 F(2,N) Degree of freedom
2 force or displacement

etc, . .

F(NDOF, N) Degree of freedom
NDOF force or displacement

(2)

(3)

for each node subjected to a nonzero applied force or nonzero
prescribed displacement, Cards need not be read in order,
Terminate with a blank card.

Card 1; L, LG, F(1,L),..., F(NDOF, L)
Card 2: N,NG,F(l,N), ..., F(NDOF, N)

N-L must be an integral multiple of LG, .The applied nodal
force and prescribed displacement data of all nodes

I+LG, L+2*Lg, ... » N-LG

are generated by linearly interpolating the data of nodes I and N,
If LG is blank or gzero no generation takes place between L and N,

The elements of the array F(NDOF, NUMNP are initialized to
zero. If more than one dpplied nodal force prescribed displace-
ment data card for node N is input, the last one read takes

priority, 33



6.0 ELEMENT DATA

6.1.0 Three~Dimensional Truss Element

Truss elements connect two points in space and transmit axial
force only. There are three degrees of freedom at each of the two
nodes, i.e. the X1 Xy and X, translations. When employing truss
elements, NSD must be EQ.3 and NDOF must be GE.3 on the master

control card (see Section 1.0). The following sequence of cards is

used to describe truss elements:

6.1.1 Element Group Control Card (3I5)

Note Columns Variable Description
1-5 NPAR(1) The number 1
(=NTYPE)
6-10 NPAR(2) Number of elements in
(=NUMEL) this group; GE.1
(1) - 11-15 NPAR(3) Number of geometric/
(=NUMAT) material sets in this group;

GE.0; if EQ. 0, set
internally to 1

Notes/

(1) Defines number of geometric/material properties cards to be
input in Section 6.1, 2,

34



6.1.2 Geometric/Material Properties Cards (I5,5X, 3F10,0)

Note Columns Variable Description
(1) 1-5 N Material identification
. number
11-20 E(N) Young's modulus
21-30 AREA(N) - Cross-section area
(2) 31-40 WT(N) Weight per unit length
Notes/A

(1) One card is required for each set of elements possessing the
same cross-section and material properties.

(2) The product of weight per unit length and length defines gravity
loads for the truss element.

6.1.3 Gravity Load Multiplier Card (3F10.0)

Note Columns Variable Description
(1) 1-10 GRAV(]) Multiplier of gravity load

' in the x; direction
11-20 GRAYV(2) Multiplier of gravity load

- in the X, direction
21-30 GRAYV(3) Multiplier of gravity load

in the Xq direction

Notes/

(1) Gravity load multipliers may be used to define the components of
the gravity unit vector with respect to the global X1 %5, %, system.,
For example, if the gravity load multipliers are

0.0, 0.0, -1.0,

then the entire gravitational load acts in the -xX3 direction,
(One card for element group.) 35



6.1.4 Element Data Cards (5I5)

Note Columns Variable Description
(1) 1-5 N Element number
6-10 MAT(N) | Geometric/material
properties set number
11-15 IEN(1,N) - Number of lst node
16-20 IEN(2,N) Number of -2nd node
(2) 21-25 NG Generation increment

Notes/

(1) All elements must be input on an element data card or generated,
' Terminate with a blank card.

(2) Element data cards may be generated by employing a two card
sequence as follows:

Card 1: L,MAT(L),IEN(1,L),IEN(2,L), LG
Card 2: N, MAT(N),IEN(1,N),IEN(2, L), NG

N must be greater than L. The geometric/material set number
for all elements :

L+1, L+2,...,N-1

is set to MAT(L), and the node numbers are incremented by LG.
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6.2.0 Two-Dimensional Isotropic Elasticity Element

The present element may be used in triangle (3 node) or

quadrilateral (4 node) form for plane strain and plane stress, In

each case the plane of analysis is assumed to be the Xy, X%, plane,
Two displacement degrees of freedom, in the %y and x5 directions,
are assigned to each node. Incompatible modes and selective
numerical integration may be employed to improve element behavior

in various situations. These options should be activated only by

users fully knowledgeable in their use. The nodes of the element

must be input in counterclockvvlse order and NSD must EQ 2 and

NDOF must be GE.2 on the master control card (see Section 1.0).
Stresses/strains in the global coordinate system, and principal

stresses/strains, maximum shear stress/strain and angle of inclina-

tion, in degrees, of principal states '(see Figure 6..2.0. 1) are output

at the element centroid, which is generally the point of optimal

accuracy. All shear strains are reported according to the "engineering"

convention (i.,e. twice the value of the tensor components).

principal
_ di ;
X, A 1rect10n 2

principal
/ direction 1
=
angle
g
*1

Figure 6.2.0.1

The following sequence of cards is used to describe the elements:
37



6.2.1 Element Group Control Card (915)

Note Columns Variable Description
1-5 NPAR(1) ‘The number 3
(=NTYPE)
6-10 NPAR(2) Number of elements in this
' (=NUMEL) group; GE. 1
11-15 NPAR(3) a Number of geometric/
(=NUMAT) material sets in this group;
GE. 0; if EQ, 0, set
internally to 1 .
16-20 NPAR(4) Analysis optioh
(=IOPT) EQ. 0, plane strain
EQ. 1, plane stress
(1) 21-25 NPAR(5) Lambda-term (1)
(=IL) numerical integration code
EQ. 0, two-by-two Gaussian
quadrature
EQ. 1, one-point Gaussian
quadrature
(2) 26-30 NPAR(6) Mhu-~term ()
(=IM) numerical integration code
EQ. 0, two-by~-two Gaussian
quadrature
EQ. 1, one-point Gaussian
quadrature
(3) 31-35 NPAR(7) Incompatible modes code
(=INC) EQ. 0, incompatible modes
neglected
EQ. 1, incompatible modes
added
(4) 36-40 NPAR(8) .Hourglass stiffness code
(=IHOUR) EQ. 0, hourglass stiffness
neglected ’
EQ., 1, hourglass stiffness
added
41-45 NPAR(9) Number of element pressure
(=NUMPR) load cards

38



6.2.1

Notes

(1)

(2)

(3)

Continued

/

In problems involving nearly incompressible materials an effective
approach is to use one-point Gaussian quadrature on the ) term,
and two-by-two Gaussian quadrature on the K term (see T.J.R.,
Hughes, "Equivalence of Finite Elements for Nearly-Incompressible
Elasticity,' LBL 5237, University of California, Berkeley, August
1976, or Journal of Applied Mechanics, Vol. 44, Series E, No. 1, -
p. 181, March 1977.

The ''standard" 4-node quadrilateral employs two-by-two Gaussian
quadrature on both the )\ and K terms. However, it is ineffective
in application to nearly-incompressible materials (see above note)
and also in application to "bending'' situations. One-point Gaussian
quadrature on both terms produces a more accurate, but dangerous
element. The danger is that zero energy modes of deformation,
so-called hourglass or keystone modes, may be present, resulting
in a singular stiffness matrix. If enough displacement boundary
conditions are present these modes may be eliminated. However,
one-point Gaussian quadrature on both terms should only be used

if you know exactly what you are doing.

The presence of incompatible modes produces an element effec-
tive in bending and in application to incompressible materials.
Two-by-two Gaussian quadrature on both the )\ and @& terms
should be employed when using incompatible modes. Much pro and

con has been written about incompatible modes. The present imple-
mentation is based upon R.L. Taylor, P.J. Beresford and E. L.
Wilson, "A Non-Conforming Element for Stress Analysis,'" Inter-
national Journal for Numerical Methods in Engineering, 10 (6)

p. 1211, 1976.

The hourglass stiffness counteracts the zero-energy hourglass
modes when one-point Gaussian quadrature is used on both the

XA and py terms. The implementation is based upon D. Kosloff

and G. A. Frazier, "Treatment of Hourglass Patterns in Low
Order Finite Element Codes," Contribution No. 2895, Diwvision

of Geological and Planetary Sciences, California Institute of
Technology, Pasadena, California,or Numerical and Analytical
Methods in Geomechanics, Vol. 2, 57-72 (1978. The hourglass
stiffness should be added only when one-point Gaussian quadrature
is employed on both the )\ and g terms. :
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6.2.2 Geometric/Material Properties Cards (I5,5X,5F10,0)

Note Columns Variable ' Description
1-5 N Material identification
number
11-20 E(N) Young's modulus
(1) ‘ 21-30 POIS(N) Poisson's ratio
(2) 31-40 - WT(N) Weight density
(3) 41-50 TH(N) Thickness (if 0.0 defaults to
1.0)
Notes/

(1) Poisson's ratio cannot be set equal to 1/2 since it results in
division by zero. A value close to 1/2, say .4999, can be
employed for incompressible applications.

(2) The product of the weight density and element volume is used to
compute gravity loads.

(3) In plane strain the thickﬁess ié automatically assumed to be 1.0,

40

L



oo

6.2.3 Gravity Load Multiplier Cards (2F10.,0)

' Note Columns Variables Description
(1) 1-10 GRAV(1) Multiplier of gravity load
in the Xy direction
11-20 GRAV(2) Multiplier of gravity load

in the X, direction

Notes/

.

(1) Gravity load multipliers are used to define the components of
the gravity vector with respect to the global X;,%X, system.

6.2.4 Element Data Cards (7I5)

Note Columns Variables Description
’
(1) 1-5 N Element number
6-10 MAT (N) Geometric/material properties
- set number
11-15 IEN(1, N) Number of 1lst node
16-20 IEN(2,N) Number of 2nd node
. ' 21-25 IEN(3, N) Number of 3rd node
(2) 26-30 IEN(4, N) Number of 4th node
(3) 31-35 NG Generation increment
/
Notes/
- (1) All elements must be input on an element data card or generated.

. Terminate with a blank card,

« '(2) Node number IEN (4,N) must equal node number IEN(3, N) for
triangular elements. Triangles should not be used for incompressible
or nearly-incompressible materials.

41



6.2.4 Continued

Notes Continued:

(3)

Element data cards may be generated by employing a two card
sequence as follows:

Card 1: L, MAT(L),IEN(1, L),IEN(2, L), IEN(3, L), IEN(4, L), LG
Card 2: N, MAT(N), IEN(1, N),IEN(2, N), IEN(3, N), IEN(4, N), NG

N must be greater than L. The geometric/material set number
for all

L+l, 1+2,...,N-1

is set to MAT(L) and the node numbers are incremented by LG.

6.2.5 Element Pressure Load Cards (215, 10X, F10.0)

Note Columns Variables ' Description

(1) 1-5 IELNO(I) Element number

1.LE.IELNO(I). LE.NUMEL

(2) 6-10 ISIDE(I) -Element side number

1.LE.ISIDE(I). LE. 4

(3) 21-30 PRES(I) Pressure (force/unit area)

Notes/

(1) Each element subjected to a pressure load must be input on an

(2)

element pressure load card. If more than one side of the element
is loaded, one card for each loaded side must be input. The

total number of element pressure load cards must equal NUMPR
read in on the element group control card (see Section 6.2.1).
The index I in the arrays IELNO, ISIDE and PRES corresponds to
the order read in; 1.LE.I,LE.NUMPR. The cards need not be
read in any particular order; terminate with a blank card.

The element side number is deduced as follows: Consider the
element of Figure 6.2.1.1; I,J,K,L indicate the element node
numbers as read in on the element data card (i.e., I is the

42



6.2.5 Continued

Notes Continued:

Figure 6.2.1.1
first node, J the second, etc.). Side 1 connects nodes I and J,
side 2 connects nodes J and K, etc.; see Figure 6.2.1,1,

(3) The pressure is assumed to be positive pointing inward, as
indicated in Figure 6.2.1.2
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Listing
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e

r
Cones

c

" IEL=L

o

cCOoOoOCOCc o000

laNaNeNaNalal

[aNelaleNaNeNaNakel

Cavus

Cenee

MAIN PRCGRAM

CCMMUN/cLEATA/IE 1 [PREC/LENGTH MAX s MTCT o NEG s NF o NL yNPAR(16 ) s NUMEG
CLAMIN/DEVICE/ L1EL, [ INy fOUT

CCMMUN A(500C)

ATul=500C1

[PREC=2

FI=5 - ek in
16UT=6 ©  aukpod o0
CALL LEARN

END

SUBROUTINE LEARN
FA AR LA KR A Ao AR R AR 2R o o o s o ool o o o o ol ok o ok R
LEARN
AALINEAPR STATIC ANALYSIS PRCGRA M
T.HUGHES GCCTUBER 19 76

(LCUBLE PRECISICN VERSTIUND)

3 4r gt 3 3 % H# p

¥
*
*
x
*
*
*
*
*
%

HEFHRE R R A A KRR AR AR R RK R R o ok ok R e R

CUAMGN/LINFL/ ICGOL 4 MLLE ¢ NOCF 3 NSU  NUMNP

CCMMUN/CEVILE/S TELsIINyICUT

CCNMQ(\/F’U“\TS/NLvNva\3vN4va'NbvN7 .
CUMMUN/ZELLATA/ILE DIPRECyLENGTH:MAX'MTCTthGvNFoNLvNPAR(lé)vNUMEG
COMMUN/LABELS/LAGELC(3),)LABELD(G6)

UDIMENSIGiv TINME(S),TITLE(20)

COMMCN A(1)

DEVICE CLOES
LIN= INPUT
[GUT=0LUTPUT
IEL= ELEMENT CATA

MAX=0
t*t********4***&*******************#***#*#***#********************
* *
* C INPUT PHASE ®
ES *

i R e L e VY
PROGRAM CCNTRLL INFGRMATICN

CALL SECCNGITIME(L))

READ(LING1O000)TITLE , NUMNP NSO 4NDOF 4 NUMEG, [CODE, MODE .
[F{NUMNP.EQ.Q) STuLP

WRITE(ILUT,L2000) TITLE ¢ NUMNP ¢NSO ¢ NOOF yNUMEG, I CODE y MUDE

INPUT NOCAL CATA

Nl=L (Y = afm)

N2=N1+NUMNP#ALCLF Xoo ANZ) o
N3=N2+NUMNPENSD®IPREC F /D « A(M3) .
IFIN3.GT.MTGT) CALL ERKOR (N3-MTOT,1) ched S/
CALL CCURD(A(N2)sNSDyNUMNP) Geoeraldn ool pres 7,
CALL BCUAINL) ,NDOF , NUMNP ,NEQ) Geucanfe, £4

INPUT NUDAL APPLIED FLRCE AND PRECRIBED DISPLACEMENT DATA

N4=NI+NUMNPENDUF* IPREC  FDifib= A (M¥) e
[F N4 .GT.MTUT) CALL ERROR(N4=MTQT,2) chec. ?%”43/4Wﬂ~ 4
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Caans

C

(e aNeNoeRaNaWal oWe)

Couns

Covnse

Cevan

10

Casase

20

Cecow

[
CALL FURCE (A(N3),NUOF,NUMNP) Ruﬁwﬁw“h“o”
INPUT ELEMENT VATA

NS=N&4+NEQ A(Nq)

No=N5

N7=N5

[FIN5GTMILT)  CALL ERRUR(W5-4TUT,3)
CALL ICLEAK (A(N4),NEQ)

le=]

CALL kL

CALL SECONDITIME(2))

***#*******#*####***#**#**#********#***#*#**#********#*##****#**t#

* *
o SULUTION PHASE *
*® *

R Ak R M A o sl A OK HOK R R RO KRR R R e ok AR K R R R R R
UETERMINE AULRESSES OF DIAGONALS [N STIFFNESS

CALL CTAGUA{INA) ¢NEQyINA)

NO=NS+NEC*I PREC R o= AN
NT7=N6+NA *[PREC A= A(NG)
N8=NT +MAX -1 E= AlN?)

IF{NBLGTLMTUT) CALL ERROR(NBzMTOT'5)
WRITc EGUATIUN SYSTEM UATA

MH=NA/NEW
WRITE(IGUT,2010) TITLE,NEG)NA,MB,NE

IF DATA (HECK ®MUDL (MGDE.EQ.O) SU3SEQUENT CALCULATICNS ARE [GNORED
[F{MULOE.EQ. L) GLTL 1O

CALL SCCUND (TIME(3))

CALL SeCCNu (TIME(4))

CALL SeCChs (TIME(S5))

oCTG 1C0

ASSEMBLEL STIFFNESS AND LUAD

CALL CLeAR (A(NS5)yNEG+NA)

CALL LCAO(A(NL)vALIN3) JAINS) 4 NDUF yNJMNP )
1E=2 '

CALL ELKEAC(AINT))

CALL SECCND(TIME(3))

FACTUR STIFFNESS MATRIX

‘ A 8 IninG
CALL SCLVE(A(N6)yAINS) A INS) $NEQ 9o TRUE. s o FALSE.)
CALL SELGND (TIME(41})

[F RANK CHECK ANALYSIS (ICUDELEQ.L) SUBSEQUENT CALCULATIONS ARE
1 UNUKEC

[+(ICLDELEG.0) GUTT 20

CALL PRINTP(A(NG) ;AIN4),NEQ)
CALL SECGOND(TIME(5))

GLTO 100

CALCULATICN OF DISPLACEMENTS
Iy & ¥ 1#scs ,
CALL SULVE(A(N6)4A( 5)9A(NG) ¢NEQyo FALSE. y« TRUE. )
CALL D[SPTR(A(NS%;A’N3).A(Nﬁ)qNDOF'NUMNP)
CALL PklNTD(é(NB)'NDCFyNUMNP)

CALCULATICN OF STKESSES
LE=3

CALL ELKEAU(A(NTY))
CALL SECOND(TIME(5))
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LEARN
LEARN
L EARN
LEARN
LEARN
L EARN
LEARN

)



AT

Cevee PRINT SOLUTICN TIMES

LOC TOT=TIME(L1)-TIME(S)
D0 30 1=1,4
3C TIMELLI=TIMELI)=-TAME(I%])

WRITE(ICUT,2020)

C

Ceees REAU NEAT ANALYSIS CASE

C

GGTC 1

C

1000 FURMAT(2044/615)

2300 FURMAT(LHL,20A4///

X' CUNTRCGCL I NFURMAT I ON
X' NUABER OF NCDAL PGINTS o o o & o & o .
X' NUMBER CF SPACE DIMENSIONS « o o o . .
X' NUMBER GF CEGREES CF FREEDGM PER NOGCE
X' NUMBER OF ELEMENT GROUPS o o o o o . .
X' ANALYSIS CCODE o . . * s s s e s .
X! £Q.0y STATIC ANALYSIS
X EQ.ly RANK CHECK
X' SULUTICN MUDE  © o o 4 o o o o o o o o
X! EQe04a DATA CHECK
Xt EQels EXECUTION

2010 FURMATI(LHL,20A4/// :
X' EQUAT I OGN SY ST EM DATA
X' NUMBER OF EQUATIUNS . . . ¢ e e o
X' NUMBER UF TERMS IN STIFFNESS e e e o
X' MEAN HALF BANOWIDTH . o .

X' TOTAL LENGTF OF BLAMNK CUMMGN

€020 FURMAT(LHL,2084///

Xt
'
Xt
X1
X1
X

o

SotLuT

INPUT PHASE o . 4 . o o .

FURMATI Ui

FACTUR STIFFLESS & o & W .
CISPLACEMENT AND STRESS ANALY;IS

TUTaAL

RETURN
END

cCOCOCcon (@]

BLCCK DATA

eses PRLGGRAM TU

LABELS

LABELL(3) =
LABELL(6) =

1 CN TI ME L O

CF STIFFNESS AND LJAD

LI S

Xe v & o

SCLUT I CN T1

CEFINE NGDAL COOKDINATES

CCCRDINATES LABELS
CEGREE CF FREEDUM LABELS

CGMMGN/LAd&LS/LABELL(B)yLABELP(b)
DATA LABELC/' X1 %,% X2 ¢, x3 1y ’
LABELD/«HUUFl,4HDUF2,4HOUF3.wHDCF4,4HO0F5,4HDUF6/

X

END

REQUIRED

LI Y

Me o o &

AND

SUBRULTINE AGDSTF(AB4S+P,IDTAG,LM,NEE)

IMPLICIT REAL*8(A~H,0-2)

TITLE. (TIEME(L) 41=1,4),T0T

' /75X,
[NUMNP ) =%,15//5X,
(NSD ) =*,15//5%,
(NDOF ) =¢,15//5%X,
(NUMEG) =t,15//5X,
(ICODE) =1,15/ 5X,

Yv /75X,
« « (MODE ) =*,15/ 5X,
L / 5X’
' )
Yy /75X,
e o o« [NEQ) =v,15//5X,
e« o o {NA ) =0,15//5X,
e o o (MB ) =',15//5X%,
e« o o (N8 ) =¢,15 )

ONDSY //5%,
o =V F12.2/75%,
o =44 F12.2//75X,
o =Y FL2.2//5X,
- ='yf'12-2//5X'
« =%, F12.2 )

- 8 e 8 . w
e 8 & o o m
« s 8 4«

DEGREE OF FREEDCM QUTPUT

Ceees PROGRAM TU AUC ELEMENT STIFFNESS ANU FORCE TO GLOBKL ARRAYS

Ceowes REMOVE ABUVE CARL FUR SINGLE-PRECISION OPERATION

DIMENSIUN A(l)yﬁ(l)'S(NEE'1)9P(l)'IUIAG(l) LML)
DG lu J=1,NEE
K=LM(J)
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129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
l44
145
146
147
148
149
150
151
152
153
154
155
156

—
OCOV®NOW S WN -

———
W N -

‘O@NO‘\”‘\NNH

—
N-0O

LEARN
L EARN
LEARN
LEARN
LEARN
L EARN
LEARN
LEARN
LEARN
LEARN
LEARN
LEARN
L EARN
L EAKN
LEARN
LEARN
L EAKRN
LEARN
L EARN
L EARN
LEARN
LEARN
LEARN
LEARN
LEARN
L EARN
LEARN
LEARN
L EARN
LEARN
L EARN
LEARN
LEARN
L EARN
LEARN
LEARN
L EARN
LEARN
LEARN
LEARN
LEARN

BLOCK
BLOCK
dLOCK
BLOUCK
BLOCK
BLOCK
BLOCK
8LOCK
8LOCK
BLCCK
8LOCK
B8LOCK
BLOCK

ADDSTF
ADUSTF
ADDS,

ADUSTF
ADDSTF
ADOSTE
ADUSTF
ADDSTF
ACDSTF
ADDSTF
ADUSTF
ADDSTF



IF{K.EQ.0) GGTOD 1O
BUK)=BIK)+P(J)
L=IDIAGIK =K
DC 20 I=1.NEE
M=LM{ 1)
[FIM.6T.KORM.EQ.0) GUTC 20
M=L+M
A{M)=A(M)+S{ 1 ,)
20 CONTINUE
LC CONTINUE

C

RETURN

END

SUBROUTINE BC{IDsNDOF JNUMNP, NEW) ¢
C .
Ceees PRCGRAM FOR READING AND PRINTING 3CUNDARY CONDITION DATA
C AND ESTABLISHING EQUATIOUN NUMBERS
C
c LD INDCFyNUMNP) = BCUNCARY CUNDITION CODES
C EC.0y FREE
C EQely OISPLACEMENT
C

CUMMON/L ABEL S/LABELC (3),LABELD(6)
CCMMUN/UEVICE/IEL, I INy IOUT
DIMENSIUN ID{NDUF,1)

CALL ICLEAR(IL,NDUF#NUMNP)  &tfi i 0
WRITE([GUT,2000) (LABELDUI), [=1,NOUF)
CALL IGEN(IU,NDUF) frecomde, el e
NN=Q
DU 10 N=1,hUMNP '
IF(NNLLEL50) GGTO 20 Fojnaedt
NN=1
WRITE (ILUT,2000) (LABELO(I), =1 4NDGF)
20 DU 30 1=1,NDOF ,
IF(IOULILN)) 4G430,40
3G CCNTINUE
GOTO 10
43 WN=NN+1L
WR[TE(IUU‘]&OLO) Nq( IE‘ I 'N) vl=l|NDDF)
1C CCNTINUE

Ceoeo ESTABLISH EGUATICN NUMBERS
¢
NEG=0
UG 100 N=1,NUMNP
DO L00 [=1,NODCF
TFUIDCIIN)LECLO) GUTO 110
ID{I+N)=0
GOTL luo
110 NEC=NEQ+1
ID(I4+N)=NEQ
1Q0 CONTINUE
RETURN
C
2000 FURMAT(LHL,* N U O A L BOUNDARY
X DE S'// )
X 4Xy ! NLDE NUMEBER * 44X,6(6X4A4)/)
2010 FORMAT(6Xs15410X,0(5X,15))
END

C
SUBRUUTINE CLLHT(LOIAGyLMyNED,NENsNUMEL)
C
Ceeee PROGRAM TU CUMPUTE COLUMN HEIGHTS
C
‘DIMENSION LOLAG(L) s LMUNEDyNEN,L)

48

Ad

C LR
40 Loge, / e w6

i
i

CONDITION

C

0

13

15
16
17
18
19
20
21
22
23
24
25

[« RV IR VU N

voNdowmpPwn -

ADDSTF
ADDSTF
ADDSTF
ADOSTF
ADDSTF
ADDSTF
ADOSTF
ADDSTF
ADDSTF
ADDSTF
ADUSTF
AGOSTF
ADUSTF

COLHT
COLHT
COLHT
COLHT
COLHT
COLHT



w

20

30
10

10

Coave

[aXaNe!

[a]

Conne

C

10

DO 10 K=1,NUMEL
MIN=1C0000
DO 20 I=1,NED
DC 20 J=1,NEN b aliwnt 2q L0
LF(LM(L,J,K) 2€Q.0) GOTU 20 TR 2sch stk £y min ghitel 24 o
MIN=MINO (MIN,LM(T,J,K))
CONT INUE
DC 30 [=1,RED
D0 30 J=1,NEN
HI=LM(T,J4K) , N

Qe > T F 4 \,,.7, N ¥ E ¢ o
;5“1&?: o) ety 30 IV LY j&s e A e, 6 f{“»-t \’rvf‘e‘f-’w»\"-»
IPIMSGTIDIAGIIL)) IDIAGUIIY=M _ypr ) o By b !
CONTINUE [hoi & gy to e J‘ULIMN) i ,@4.1.,!/{“,
CONT INUE : e egcdaqmwzf

i

v

RETURN
END

SUBROUTINE CLEAR(A,M) Y

PRCGRAM TG CLEAR A FLGATING PCINT ARR AY
IMPLICIT RtAL*B(A}H'O—Z)
REMCVE ABLVE CARD FLR SINGLE PRECISION OPERATION

UIMENSIULN A1)
DU 10 I=1,#M
A{[)=0.00

PETURN
END

* ’ o ”*. e £
SUBROULTINE CCCRD(XsNSGyNUMNP ) v P h o, ek Gy

PRCGRAM FOR READING AND PKINTING CODRODINATE DATA
X(NSD.NUMN#) = COCRDINATE ARRAY

IMPLICIT REAL*8({A~H,0-2)

REMUVE ABOVE CARD FCR SINGLE—-PRECISIGN QPERATON

CUMMUN/L 4BELS/LABELC(3) 4 LABELDI(6)
CUMAUN/DEVICE/TEL, L IN,1GUT
DIMENSIUN X(NSDy1)

WRITE(ILUT,2000) (LABELC{I),I=L,NSD)
CALL FGEN(X,NSU} GeuiaadC. X (WED, Wi
NAN=Q '

D0 10 N=1,NUMNP

NN=NN+1 )

F .LE. GT o U s
iN:TN LE.S50) GGTG 1o 7Wng90¢$ﬂq,/%m?Uf/¢AHA,
WRITL(IGUT,2000) (LABELC{I),I=1,NSD)

WRITE (ICUT42010) Ny (XtIsN),I=14NSD)
RETURN ;

2000 FORMAT(LlHLy* N O D A L COQORDINATE E DAT A v///

X 4Xy ' NODE NUMBER ', 10X+3(A4,13X)/)

2010 FORMAT (6X4+15,10Xy3(1PELS 4892X))

END
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COLHT
COLHT
COLHT
COLHT
COLHT
COLHT
COLHT
COLHT
COLHT
COLHT
COLHT
COLHT
CULHT
COLHT
COLHT
COLHT
COLHT
COLHT
CULHT

CLEAR
CLEAR
CLEAR
CLEAR
CLEAR
CLEAR
CLEAR
CLEAR
CLEAR
CLEAR
CLEAR

CLEAR
CLEAR
CLEAR

CLEAR

COCROD
COORD
COORD
COCRD
CQACRD
CCORD
COORD
CQORD
COCRD
COCRD
CUGRD
COORD
CGOKD
COURD
COURD
COORD
CUORD
COURD
COORD

COORO

COORD
COORD
COGRO
COCRD
CUGRD
COURD
CUGRD
COORD
COORD
COORO



10

10

SUBRUUTINE DIAG({IDIAG,NEQ,NA) v
PRGGRAM TQ CGMPUTE DIAGONAL ADDRESSES
OIMENSICN IDIAG(L)

NA=1

LOIAGIL)I=1

[FINEGCEQ.1) KETUKN

D0 1y I=2+NEQ

[IDIAG(I)=1IDIAGII) +ICIAG(I-1)+1
NA=IOTAGINER)

RETURN
END

SUBKUUTINE ULISBLIULsP,SsNEE)

PRCGRAM TO ACJUST LUAD VECTOR FOR PRESCRIBED DISPLACEMENT
BOUNUARY CULNDITIOUNS

IMPLICIT REAL*8 (A-H,0-2)

REMUVE ‘ABUVe CARD FCR SINGLE-PRECISION CPERATICN
DIMENSICN DL (NEE)SP(NEE),SINEE, L)

DO 20 J=1liNEE

IFILL{J) . EQ.C.) GLTU 20

00 10 [=L,NEE

PLII=PLL)=S{L,J)*DLLJ}

CGNTINUE

KETURN
END

SUBRUULTINE OISPTR(B Dy 10 ,NDQF 4 NUMNP)

PROGRAM TC TFRANSFER CCMPUTED NGOAL DISPLACEMENTS INTO D ARRAY

IMFLICIT REAL*B({A-H,G-2)

REMGVE AJOVE CARD FCR SINGLE-PRECISION OPERATION
JIMENSICN BOL) s JINDUF, L) IDINDGF,1)

D3 10 f=1,NUGF

UG LU J=Ll+NUMNP

K=ID(1,J)

[F(KeGTL0) D(I,yJ)=8{(K)

CCONTINUE

KETUKN
END

FUNCTIUN OLT(AsByN)
PRCGRAM TU PERFURM THE OGT PRODUCT GF TWO VECTORS
IMPLICIT REAL*B(A~H,0-2)

REMUGVE ABOVE CARD FGR SINGLE-PREC!ISION OPERATION
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DIAG
DIAG
DIAG
DIAG
OIAG
DIAG
D 1AG
DIAG
DIAG
UIAG
DIAG
DIAG
DIAG
DIAG
DIAG
DIAG

DIssC
DIsacC
DIsSBsC
DISBC
orssec
0ISBC
01SBC
DISacC
DISs8C
DIsBL
DIsacC
Jisac
0188C
DISBC
DISBL
VISBL
DisBC
JISecC
DIs8C
DIsbC

DISPTR
DISPTR
DISPTR
DISPTR
DISPTIR
DISPTR
DISPTR
DISPTR
DISPTR
JISPTR
DISPTR
DISPTR
DISPTR
DISPTR
DISPTR
DISPTR
DISPTR
DISPTR
DIsPTR

e eyt A e e



C
L0
C
C
C
Conce
C
C
Lo
C
1i¢cc
2300
49190
2020
C
C
Ceens
C
C
C
C
C
C
C
o
C
19
30
C
Coawne
C

UIMENSIUN A(Ll)y8(1)
DCT=0.0D0

00 10 I=1,4N
VOT=00T+A(L ) *B( 1)

RETURA
END

SUBROUTINE EL

PROGRAM TO INPUT AND WRITE ELEMENT GRCUP DATA ON DISK

CCMMOGN/UEVICE/IEL s [IN,10UT

CCMMUN/ELDATA/LE vlPRECoLENGTHpMAXvMTCTrNEGyNF:NL:NPAR(16)1NUMEG

COMMON A{1)

REWIND IEL
WRITE (1GUT,2C00)

DC LU NEG=1,NUMEG
IF(NEGWGTal) WRITETICUT,2010)
WRITE (10UT,2020) NEG
READ(IIN,10J0) NPAR

CALL ELMLIB

LENGT H=NL~NF +1
IFILENGThGT «MAX) MAX=LENGTH

WRITE(LEL) LENGTH NPAR, (A{I},I=NF,NL)

RETURN

FURMAT(lolb)

FORMAT(IHLs" E L E M ENT GROUP

FORMAT(LHL)
FORMAT{1HO,* ELEMENT GROUP NUMBER .
END

SUBROUTINE ELGEN (LENMAT,NEN)

PROGRAM TG R EAD ANU GENERATE ELEMENT NUDAL DATA AND

SET NUMBLRS

TENINEN NUNMEL)

MAT {(iNUMEL )~ = ELEMENT MATERIAL SET

NEN = NUMBER UF NUOOJES PER ELEMENT
N = ELEMENT NUMBER

NG = GENERATICN PARAMETER

COMMUN/DEVICE/ LEL,LIN,I0QUT
OIMENSIGN LEN(NENyL),MAT(1)
DIMENSICN TA(32)

L=0
LG=0

REAU(LIN, LOUG) NeMATL,LLACL) 41=1,NEN),NG

[F(N.EG.O) RETURN
MATIN)=MATL

DU 20 I=L1,NEN

[ENCL NI=1A(L)
[F(LG.EQ.0) GLTO 100

GENERATE CATA

Nl=L+1
N2=N-1
0L 20 J=nN14N2
MAT{J)=MAT(L)
Jd=J-1

.

ELEMENT NODE NUMBERS
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10
11
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WA -

NN
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DaT
DoT
DoT
oar
oav
oor
00T
oar
par

ELGEN
ELGEN
ELGEN
ELGEN
ELGEN
ELGEN
ELGEN
ELGEN
ELGEN
ELGEN
ELGEN
ELGEN
ELGEN
ELGEN
ELGEN
ELGEN
ELGEN
ELGEN
ELGEN
ELGEN
ELGEN
ELGEN
ELGEN
ELGEN
ELGEN
ELGEN
ELGEN
ELGEN
ELGEN
ELGEN
ELGEN
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20
C
L0C
C
1000
C
C
Coean
C
C
1
2
3
¢
C
C
Coessr
C
C
c
C
1c
v
C
C
Cocen
C
C
1
2
3
4
5

J0 20 [=1,NEN
LENCE2J)=TEN{14JU)*LG

L=A
LG=NG
GC TO 10

CRMAT(1615)
END

SUBRJUTINE ELMLIB ¥
PROGRAM TQ CALL THE, ELEMENT ROUT{NES
CCMMUN/ELCATA/LE o IPREC,LENGTH,MAX ) MTCT o NEG sNFy NLoNPAR(16) s NUMEG

I=NPARI(1)

GOTO(1,2,3 )yl
CALL TRuUSS

RETURN

CALL BEAM

RETURN

CALL PLANE

RETURN
EnND

v

SUBRULUTINE ELREAC(E)

PRUGRAM TU READ ELEMENT GRUUP UATA FROM AUXILIARY STORAGE DEVICE
NG. [EL

CCMMUN/DEVICE/ LELy T IN,LOQUT

CUMMUN/ELDATA/LE 1 IPREC,LENGTH, MAX s MTCT ¢ NEGoNF s NLyNPAR( 16 ), NUMEG
UDIMENSION E( 1)

REwINL 1EL

DO 10 NEG=1,NUMEG

REAL(IEL) JrNPARJH(E(T)yI=1,4)

CALL ELMLIB

RETURN
END

SUBROLTINWE ERRGR (1,N) v

PROGR AM TU PRINT ERKOR MESSAGES WHEN HIGH~SPEED STORAGE IS EXCEEUELD

COMMUN/UEVILEZ TELTIN,ICUT

WRITE (IQUT,2000) |

GOTU (Ly29344+5 . 1o N
ARITE(IOUT,2010)

STCP ;

WRITE{ICUT,2020)

STUP

WRITEL{ILUT,2030)

STGP

WRITE(LOUT,2040)

STGP

WRITE(ICUT,2050)

“STCP
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@~NO VSN
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ELGEN
ELGEN
ELGEN
ELGEN
ELGEN
cLGEN
ELGLN
ELGEN
ELGEN

ELMLIB
ELMLIB
ELMLIB
ELMLIB
ELMLIB
ELMLIB
ELMLIB
ELALIB
ELMLIB
ELMLEIB
ELMLLB
ELMLIB
ELALLB
ELMLIB
ELMLEIB
ELMLIB
ELMLIB

ELREAD
ELREAD
ELREAD
ELREAD
ELREAD
ELREAD
ELREAD
ELREAD
ELREAD
ELREAU
ELREAD
ELREAD
ELREAD
ELREAD
ELREAD
ELREAD
ELREAD
ELREAD

ERRUR
ERROR
ERROR
ERRUR
ERRCK
ERRUR
ERKUR
ERROR
ERRUR
ERROR
ERRCR
ERRUR
ERRUR
ERRQOR
ERRUR
ERRCR
ERROKR
&RROR
ERROR



¢ 20 ERROR
2000 FORMAT(//' AVAILABLE STURAGE INSUFFICIENT BY ', 110, 21 ERROR
X SINGLE-PRECISION WORDS?) 22 ERROR
2010 FGRAAT(/Y FUR INPUT GF NGODAL CUORDINATE AND BOUNDARY DATAY) 23 ERRCR
2020 FORMAT(/' FUR INPUT OF APPLIED FORCE AND PRESCRIBED DISPLACEMENT D 24 ERRGR
XATAY) 25 ERROR
2030 FURMAT(/* FUR STCRAGE IDIAG ARRAY! ) 26 ERRGR
2040 FORMAT(/' FOR INPUT GF ELEMENT DATAY) 27 ERRUR
2050 FORMAT(/' FUR ASSEMBLY OF STIFFNESS AND LOAD') 28—E-RRER
C 29 ERRUR
RETUKN 30 ERROR
END 31 ERRUR
c ) ey 1 FGEN
SUBKOUTINE FGEN(A,M) 2 FGEN
C 3 FGEN
Caeee PROGRAM TU READ AND GENERATE FLOATING POINT NODAL DATA 4 FGEN
C 5 FGEN
C A = INPUT ARRAY 6 FGEN
o M = NUMBER UF RCWS IN A 7 EGEN
c N = NODE NUMBER 8 FGEN
¢ NG = GENERATIUN INCREMENT 9 FGEN
c - 10 FGEN
IMPLICIT REAL*B{A-H,0-Z) 11 FGEN
¢ 12 FGEN
Ceeee REMUVE ABOVE CARD FGR SINGLE-PRECISION OPERATIUN 13 FGEN
14 FGEN
CLMHGN /DEVICE/ I1EL, LIN, IOUT 15 FGEN
DIMENSIUN A(N,]1) 16 FGEN
DIMENSIULN F(7) 17 FGEN
c 18 FGEN
L=0 19 FGEN
LG=0 20 FGEN
1O REAU(IInN,GL02Q) NyNGy (F(1}yI=1,M) 21 FGEN
IF(N.EW.0) RETURN 22 FGEN
DO 30 I=1l,M 23 FGEN
3G AllsnNd=F1(1) 24 FGEN
[FILG.EQ.Q) GUTG 100 25 FGEN
C 26 FGEN
Ceeee GENERATE CATA 27 FGEN
C 28 FGEN
NI=(N=-L)}/LG 29 FGEN
N1=L+LG 30 FGEN'
N2=N=-LG 31 FGEN
30 20 I=1,M4 32 F3EN
DAa=(A(I N)=A(I,L))/NI 33 FGEN
DU 20 J=NLN2,LG ) 34 F3EN
JJ=4d-LG 35 FGEN
20 AL, J)=A(1JdJ)slA 36 FGEN
C 37 FSEN
100 L=N 38 FGEN
LG=NG 39 FGEN
GU Tu 10 40 FGEN
C 41 FGEN
100 FORMAT(21547(F10.0}) 42 FGEN
END 43 FGEN
C 1l FURCE
SUSBROUTINE FCRCE{F y NDGF y NUMNP ) V/ 2 FORCE
C 3 FORCE
Ceees PRCGKAM FCR READING AND PRINTING APPLIED FGRCE AND PRESCRIBED 4 FORCE
C DISPLACEMENT DATA 5 FORCE
C FANUCF ¢ NUMNP) = APPLIED FURCES AnU PRESCRIBED DISPLACEMENTS 6 FORCE
c 7 FORCE
IMPLICIT REAL#*8(A~H,0~Z) 8 FURCE
C 9 FOKCE
Caeeo REMOVE ABUVE CARU FUR SINGLE-PRECISION GPERATION 10 FORCE
C 11 FORCE
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COMMON/L #BELS/LABELC(3)4LABELD(G) 12 FORCE

CCMMCN/DEVICE/TEL, L IN, IOUT ‘ 13 FURCE
UIMENSIGN F(NDOF,1} - 14 FORCE
CALL CLEAR(F ,NDOF®NUMNP} 15 FORCE
C 16 FORCE
WRITE(IUOUT+20C0) (LABELD(1),I=1,NDOF) 17 FGRCE
CALL FGEN(F, NDUF) 18 FORCE
NN=0 19 FORCE
DO 1O N=1,NUMNP 20 FORCE
[FINN.LE.50)} GUTG 20 21 FORCE
NN=1 22 FORCE
WRITE(IOUT,2000) (LABELOCI), I=1,NOQF) 23 FORCE
20 DC 30 1=1,NDLF 24 FORCE
IFLEUL4N)) 40,30,40 25 FQRCE
30 CONTINUE 26 FORCE
GLTC 10 27 FORCE
40 NN=NN+1 28 FORCE
WRITE(LUUT+2010) Ny (F(I4N),I=1,NOOF) 29 FORCE
10 CUNTINUE : 30 FOKCE
RETURN 31 FORCE
c : 32 FORCE
2000 FURMAT(LHL, N UD AL FGRCES AND DISPLACEHM 33 FURCE
XENTS /77 34 FORCE
X 4Xe" NODE NUMBER® 10Xy 6(A4%y 13X)/) , 35 FORCE
2010 FURMATIOX ¢15 910X ¢6( LPELS<842X)) _ 36 FORCE
END 37 FORCE
¢ . 1 ICLEAR
SUBRCUTINE ICLEAR(IA k) ¥ 2 LCLEAR
“ 3 ICLEAR
Ceeeas PRILGRAM Tu CLEAR AN INTERGER ARRAY 4 [CLEAR
¢ 5 ICLEAR
JIMENSICN TAL(L) 6 ICLEAR
U0 LY I=14M 7 [CLEAR
10 [A(I)=0 8 ICLEAR
< : 9 ICLEAR
RETURN 10 ICLEAR
END 11 ICLEAR
C , y 1 IGEN
SUBROUTINE 1GEN{IA,M} ¥ 2 IGEN
o 3 IGEN
Ceeees PROGRAM TO READ ANU GENERATE INTEGER NOUDAL DATA 4 LGLEN
C ) 5 [GEN
C [A = INPUT ARRAY 6 1GEN
Cc M = NUMBER UF RULWS IN IA 7 IGEN
C N = NODE NUMBER 8 IGEN
C NG = GENERATIGN INCREMENT 9 IGEN
C 10 IGEN
CCMMGN/DEVICE/IEL, LIN, [OUT . 11 IGEN
DIMENS TGN TA(M,L) 12 1GEN
JIMENSION 137(32) 13 IGEN
C - 14 IGEN
L=0 . 15 IGEN
LG=0 ! 16 1GEN
1O READ(IINS1000) NoNGo{IBII)y1=1,M) 17 1GEN
IF(NaEQ.U) REFTURN ) 18 IGEN
00 30 I=1,M . 19 IGEN
30 TALL NI=IB(]) 20 1GEN
[F(LL.EQ.O) GLTU 100 i : 21 IGEN
¢ . 22 1GEN
Caeve GEMERATE CATA 23 IGEN
o : 24 IGEN
N1=L+LG 25 [GEN
N2=N-MCD (N~L ,LG) . 26 [GEN
IFIN2EGeN) N2=N-LG : 27 IGEN
DO 20 [=1,M 28 IGEN
D0 20 J=N1,N2,LG 29 1GEN
20 TA(I4J)=1A(1,L) 30 IGEN
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yw.

C

[aNaNe]

C

OO n

o

C

100

13920

se o

se 00

10

10

31

L=N 32

LG=NG 33

GC TO 10 34

35

FURMAT (1615} 36

END 37

1

SUBROLTINE LCCLRD(IEN Xy XLyNEC,NEN,NSC) 2

3

PRCGRAM TG LGCALIZE CLORCINATE DATA 4

5

XL {NSDyNEN) = ELEMENT NGDAL COORDINATES 6

7

IMPLICIT REAL%E (A-F,G-2) 8

9

REMUVE ABUVE CARD FCR.SINGLE-PRECISION UPERATIUN 10

11

UDIMENSIUN TEN(L)+XUNSDy1l)yXLINSD,1) 12

) 13

CALL CLEAR({XL,NEC) 14

DO 10 J=1 ,NEN 15

K=1ENTJ) 16

DG 10 I=1,NSC 17

XLLTad1=X{1,K) 18

19

RETURN 20

END 21

. 1

SUBROUTINE LEISBCIDL yFy LEN,LMyNDOF s NEE ¢ NEU o NEN) 2

3

PROGRAM TC LGLALIZE PRESCRIBED UISPLACEMENT SOUNDARY CGNODITIUNS 4

. 5

UL (NEUsNENI=ELEMENT PRESCRIBEC DISPLACEMENT ROUNDARY CONDITION 6

ARRAY 7

8

TMPLICIT REAL %8 (A=h,L=Z) 9

: 10

REMOVE ABCVE CARD FUR SINGLE-PRECISION OPERATION 11

12

UIMENSIUN DLANED L) 9 F(NOOF 1) yIENI L) LM{NED, 1) 13

. 14

CALL CLEAR{UL,NEE) 15

16

NG 10 1=1,NED 17

DG 10 J=1,NEA , . 18

[F(LA(L,d)euTa0) GUTC 10 of Pobol  tan Mo, oot nede e dumlie 19

K=1EN(J) : ok . M%ﬂﬂtq frice 20

BL{L4J)=F11,K) bl taan an e . L .21

N Ti b ’ |§ 0//4 bl l na, me Moo noele ,fbw_}, tvabue 0 55
d f%tbﬂfv44$

, 'éw..\ : c&{,{ 5&1,0 Bedt we, K- e (3‘) 23

" RETURN * . . 24

END ’h-d—'l‘»uﬁw 41 .éc uj. ;u..aré W.dl‘m.- 1IN (T) e 1.1) 25

1

SUBROUTIINE LCISP(UL,D41EN,NDGF,NED,NEN) 2

3

PRGGRAM TU LUCALIZE DISPLACEMENTS 4

) 5

DL (NEOsNEN) = ELEMENT DISPLACEMENT ARRAY 6

7

IMPLICIT REAL*8(A=H,(-2) 8

9

10

REMGVE ABOVE CARD FUR SINGLE-PRECISION QPERATION

55

I GEN
1GEN
[GEN
1 GEN
[GEN
IGEN
IGEN

LCOGRD
LCOORD
LCUURD
LCCURD

‘LCOURD

LCOORD
LCUGRD
LCOORD
LCOOKD
LCOORD
LCGGRD
LCOURD
LCOORD
LCGORD
LCOURD
LCOURD
LCULURD
LCCORD
L COORU
LCOCKD
LCCCORD

LDISBC
LDISBC
LDISBC
LDIsBC
LOISBC
LOISBC
Lorsac
LDISBC
LOISBC
LODISBC
LoisscC
LOISBC
LDIsSBC
LoissecC
LoI1s8c
LDISBC
LDIsBC
LDIs8C
LOISBC
LUISBC
LDISBC
LDISBC
LOISBC
LDISBC
LDISBC

LOIsSP
LOISP
LDISP
LDISP
LDISP
LDIsP
LoIsSP
LDISP
LDISP
LDISP



10

Covee

[aXeXal

o

Cevee

10

10

DIMENSION IEN{L),OL(NED,1),D(NDOF,1
DC 10 J=1,NEN

K=1EN(J)

00 10 I=1,NtC

DLITI 4 J)=D{I,K)

RETURN
END

SUBROLTIWNE LCAU(IUF,ByNOUF, NUMNP)
PROGRAM TU TRANSFER NUDAL APPLIED F
8(NEQ) = RIGHT-HAND SIDE VECTGCR

IMPLICIT REAL®8 (A-H,C-2)

}

11
12
13
14

15

© 16

f
~

ORCES INTQO RIGHT HiND SIDE VECTCR

REMOVE ABOVE CARD FOR SINGLE~PRECISIUN UPERATION

DIMENSICN ID(NDUFvl)1F(NCCF11);B(1,

GC 10 I=1+NUCF

DO 10 J=1,NUMNP
K=ID(1,9)

IF(K.GTL0) BIK)=F{I4J)

RETUKN
END

SUBRUUTINE LOCAL{1DyIEN,LM,NDOF,NED

SUBRUUTINE TC LOCALIZE [U ARRAY

DIMENSIUN lD(NDOFpl)ciEN(NENvl)tLM(

DO 10 K=1,NUMEL
0G 10 J=1,NEN.
NASIEN(J K)o ) gubelionda ne s
00 10 [=1,NED

LMOLoJrKIZID (T, NN)

RETURN
END

SUBKOUTINE PACKIS,NP,NU)
PRUSKAM TG PACK AN NU%NU MATRIX INT
IMPLICIT REAL*8(A-H,U-Z)
REMUVE ABOVE CARD FOUK SINGLE PRECIS

JDIMENSIUN S(1)
D0 10 J=1,NP
K=(J=1}*NP
L=(J-1)=NU

DO 10 I=1,NP
K=K+1

L=L+1
S(KI=S(L)

RETURN
END

B Ib(LHM)wkww ?”“’Q

+NEN, NUMEL )

NEDyNEN, 1)

RCVICHANE T3 ?%éﬂ wudt mﬂ.GJ M»KLT) thean vl K

R "é °Lk»°é\,u r& gxn,u};_.._., T
,'f.qf. ai’w()c‘,ﬁ r\xu«igf Y . R

'
vt
i

L1 ll'o\"('\) %“"-‘ ?bﬁ;@ : (‘qu\ "'v'\!' . T‘é é(.tif‘{l\iﬁ GJ 6\“):-“
% mods T q ey K

O AN NP®NP MATRIX

ION OPERATION

56

17
18
19

—
OCVONOCUV L WN -

11

,
—
whN

la

PN o= e =
CLOVmqyO W

VO NCWV S WN

T
SFWN—~O

15

VDO~ U WA

il o N U,
VDN VS WN—O

LDise
LDISP
LDISP
LDIsp
LDISP
LO1isP

LDISP

LDISP

Loise

LOISP

LOAD
LOAD
L0AD
LUAD
LOAD
LUAD -
LOAD
LOAD
L0OAD
LLAD
LOAD
LGAD

"L0AD

LOAD
LGAD
LCAD
LOAU
LUAL

LUAD -

LUAD

LOCAL
LOCAL

LGCAL
"LaOcAL

LCCAL
LGCAL
LOCAL
LUCAL,
LGCAL
LOCAL
LOCAL

"LOCAL

LOCAL
LOCAL
LOCAL

P ACK
PACK
PALK
PACK
PACK
PACK
PACK
PACK
PACK
PACK
PACK
PACK
PACK

"PACK

PACK
PACK
PACK
PACK
PACK
PACK

g
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SUBROUTINE PKEAD{IA,JA A, M}
PRUGGRAM TU READC ELEMENT CONSISTENT LOAD DATA
IMPLICIT REAL*8(A~H,0~Z)
REMGVE ABOVE CARD FOR SINGLE PRECISION OPERATION
A =INPUT ARRAY
[A= ELEMENT NUMBER
JA= ELEMENT FACE/SIDE NUMBER

M NUMBER CGF LUOAOS PEK FACE/SIDE
N LCAD NUMBER

COMMUN/UEVICE/ IEL, 1IN, LOQUT
DIMENSION A(Msl)y1AUL)9JALL),B(6)

N=0

N=N+]

READ (IINy1030) T19JdJds{BUI)gI=1,M)

IF (11.EW.0) RETURN

[A(N)Y=1T ) . . .
JAINY=JJ

DG 20 I=1,Mm

A(L,NY=B(T)

G0 TO Lo

FORMATI(215,10X46FL0.0}
END

SUbRQUTINE‘PRlNC(NySyPl
PRCGRAM TO CCMPUTE PRINCIPAL VALUES OF SYMMETRIC SECOND RANK TENSUR

SYMMETRIC SECOND-RANK TENSOR STORED AS A VECTUR
NUMBER OF LIMENSICNS (2 UR 3)

3
N
P = PRINCIPAL VALLES

THE CUMPUNENTS GF S MUST BE STORED IN THE FOLLGWING ORDERS

2-D PROBLEMS, S11,512,522
3-D PRCBLEMS, 511,512,513,522,523,533

IMPLICIT REAL#*8({A=H,0-2)
REMUVE ApOVE CARD FLR SINGLE PRECISIJUN CPERAT ION

DIMENSIUN S(1),P(1)
DATA RTZ/1.4142135623730999/yPI23/2.0943951023932100/

1F(ha£C.3f GLTO 10
2-D PRCGRAM
A=22.500/UATAN{1.00)

X=0.500*%(S{1)+S(3})
Y=0.500%(35{1)=$(3))

R=DSQRTIY®RY+S(2)%5(2})

P{l)=X+r /
P(2)=Xx=R

PI13)=45.00

TF{Y oNEL QWD WOR LS (21 WNELGLDI ) PU3)=A%CATAN2(S(2),Y)
[F (5(2).EQ.0.00) P(3)=0.00

Pl4)=R

RETURN

3=0 PRUBLEM

57

V@IS WA e

—
COONOWM$ W

P e e et e e e
DNV WA -

19

PREAD
PREAD
PREAD
PREAD
PREAD
PREAD
PREAD
PREAD
PREAD
PREAD
PREAD
PREAD
PREAD
PREAD
PREAD
PREAD
PREAD
PREAD
PREAD
PREAD
PREAD
PREAD
PREAD
PREAD
PREAD
PREAD
PREAU
PREAD
PREAD
PREAD

PRINC
PRINC
PRINC
PRINC
PRINC
PRINC
PRINC
PRINC
PRINC
PRINC
PRINC
PRINC
PRINC
PRINC
PRINC
PRINC
PRINC
PRINC
PRINC

20 4PRINC

21
22
23

PRINC
PRINC
PRINC
PRINC
PRINC
PRINC
PRINC
PRINC
PRINC
PRINC
PRINC
PRINC

. PRINC

PRINC
PRINC
PRINC
PRINC
PRINC
PRINC



1o R=0.00
X={S(1)+5(4)+S(6))/3.C0
Y=SL1)%(S{4) +S{6))+S(4)*5{6)=-S(2)%S5{2)-S(3)%S5(3)=S{5)*5(5)
L=SUL)*5{4)*5(6)+2.LO*S(2)%S {3} #S{5)=S{L)%S{5)*S5(5)
X =S{4)%S(3)%5(3)-5(6)%5(2)%5(2)
T=3.00%X*X~-Y
U=G.uGC

[F(T.EQ.0.D0}) GO TG 20
U=0SQRT(2.00%T/3.00)
A={Z+(T-X%X)*X)%RT2/U%*%3
R=DSQRT(VABS(1.D0~-A*A))
R=uATAN2(R,A}/3 .00

20 P{1l)=X+U*RT2*DCGS(R)
P(2)=X+U*RT2*0CUS(R-P123)
PA3)=X+U%RT2#DCUS(R+PI23)

c
RETURN
END
c
SUBKOUTINE PRINTD( D, NOGF y NUMNP )
c .
Ceass PROGRAM TU PRINT DISPLACEMENTS
c
IMPLICIT REAL#8{A=H,G~2)
c

Covoee REMUGVE AbUVE CARD FOR SINGLE PRECISION OPERATION

ODIMENSIUN UNDOF,1)
CCMAGN/OEVICE/TEL, 1IN, ICUT

CCMMUN/L ZBELS/LABELC(3),LABELD(G)
WRITE(TLUT2G00) {(LABELUL(1),1=1yNOLF)

NA=0

DC 10 N=lyNUMNP
NA=NN+1

IF(NNJ.LE.S0) GLTO LO
NN=1

WRITE(IGUT,2C00) (LABCLD{(1),1=1,NDCF)
10 WRITE(IOUT2010) Ny(O{I4N)Vy1=1yNDUF)

RETURN

2000 FORMAT(LHL,* C Il S P LACEMENTS v///
X 4Xs"NUDE NUMBER!' yLUXy61A4413X)/)

2010 FORMAT(&X¢d5410Xs6(LPELS5.842X))
END

SUBRUUTINE PRINTP(A,ICIAG,NEQ)

Ceess PRGGRAM TG PRINT ARRAY O AFTER FACTURIZATION A=(U)T#D#*y
IMPLICIT REAL*8(A-H,(G~1)

Ceenas REMUVE ABUVE CARL FCR SINGLE PRECISION OPERATION

CCMMON/DEVICE/ZLEL, L IN, IUUT
DIMENSIULN A(1),1U1AGLL)

WRITE (LUUT,2000)
NN=0
DC 10 N=1,NEC
NN=NN+1
[F{NN.LE.S0} GLTO 20
WRITE(IOUT,20001
20 1=IDLAG(N)
NN=0
D=A(1)
10 WRITE{IUUT,2010) N,D
RETURN
58

40
4]
42
43
44
45
45
47
48

50
51
52
53
54
55
56
57

VRNV D WN -

NN RN RN e 0 = e s s g b
CUuLrLNFFOVINOTVPWNEFO

VNN PWN—

PRINC
PRINC
PRINC
PRINC
PRINC
PRINC
PRINC
PRINC
PRINC
PRINC
PRINC
PRINC
PRINC
PRINC
PRINC
PRINC
PRINC
PRINC

PRINTD
PRINTD
PRINTOD
PRINTD
PRINTD
PRINTD
PRINTD
PRINTO

PRINTD -

PRINTD
PRINTD
PRINTD
PRINTOD
PRINTU
PRINTD
PRINTD
PRINTO
PRINTD
PRINTD
PRINTO
PRINTD
PRINTO
PRINTO
PRINTD
PRINTO
PRINTOD

PRINTP
PRINTP
PRINTP
PRINTP
PRINTP
PRINTP
PRINTP
PRINTP
PRINTP
PRINTP
PRINTP
PRINTP
PRINTP
PRINTP
PRINTP
PRINTP
PRINTP
PRINTP
PRINTP
PRINTP
PRINTP
PRINTP
PRINTP

el




Vad

C
2000
2010

C

c

C

Coavee

C

C

C

C

Caaoo

C

C

C

C

C

C

C

C

C

Casas

C

10
20
30
40
50
60

C

Coaeoe

C

24

FORMAT(1HL,' ARRAY U(NEQ) OF FACTORIZATION A= (U)T*0*Ut///) - 25
FGRMAT(LXy154+4%,1PE20.8) 26
27

END 28
v 1

SUBRULTINE SECLND{(T) 2
3

PROGKAM TO DETERMINE TIME 4
5

SUBROUTINE RTIME IS USED GN CAL TECH I8M 370 SYSTEM 6
7

INTEGER RTIME 8
IX=RTIME(ZDUM) 9
T=1X/1000.00 10
11

RETURN 12
END 13

e

S e
sy m,f~->—~-~v T el
SUBRUUTINE ShAPZO(S'r'XfDET'SHINEN'INC'[EN'QUAD’
PRUGRAM TG (UMPUTE SHAPE FUNCTIONS FOR QUADRILATERAL
Sy T = NATURAL CCURDINATES
SHINSO,I) = DERIVATIVES CF SHAPE FUNCTIGNS
SH(3,1) = SHAPE FUNCTIONS
AS{NSDNSC)= JACGBIAN MATRIX X,?
DET = JACCUBIAN DE TERMINANT &

X{NSUsNEN) GLUBAL CULRUINATES

IMPLICIT REAL*8{A-H,U~2)

REMOVE ABOVE CARD FGR SINGLE PRECISION CPERATION
LOGICAL QuAD

CCMMOGN /UEVICE/ LEL, 1IN, ICUT
DIMENSIUN SAL4) s TAL4) ySHI3 L), X(2,1),XS{2,2)

PR e e e e e e
\omuowbul\n—comﬂombumw

DIMENSELN 1EN(L) 20
DATA 5A/=04500704500+04500,=04500/4TA/=0.5004~04+50040 500404500/ 21
DU 10 i=l,4 22
SF(3,11=10.5C0+SA(1)#S)*(0.500+TA(L)*T) NAI%_)Y;[} . 23
SHILy1)=SA(1)%(0.500+TA({ [)%T) Nayy (30, m) ’ 24
SHI2, L}=TALL)*(0.500+SA(L)%S) R ] : 25
[F{QUAD) GCTC 30 For TRiANGLE Nﬂ(‘hqﬂ 26
DO 20 I=1,3 : 27
SHUI ¢3)=SH(L 43V +SH(1,4) : 8
SH(I:4)=O.DD' LNwm/p Mot  THAMN 4 NODE  ELEM. 59
IF(NENSGT44) CALL SHAP2L(S,T¢SH,NEN,IEN) 30
DG 40 I=1,2 31
DC 40 J=1,2 - 5 ; ¢ 32
XS(1,4)=0.00 o al é«:w@‘- ,%'("t,"u)" %N“\?e,j“ldfc\ 33
DC 40 KflchN ] v medsl do fomp 5 Na. Ny E (¢ 34
XSUL9d)=XSUL 9J} #X{1 4 KISSH(J,K) model do beep R, e e 35
FOETEXS(Ly LI¥XSU202)=XSU1120¥XS(2,1) - Coupule én.ub dltgn) TN~y e
D0 50 I=1,2 e 37
DG 50 J=1,2 . - ) 38
XSULyJ)=XSUT4d)/DET = Covapudts tnves, S () 39
DG 60 I=1,NEN _ 40
TEMP=XS{242) %SH{ Lo 1) =XS{2,1)%SH(2,1) Naywe{ izl\v‘&\ . 41
SH(2y 1)==XS{1s2)%SH(L, [)+XS{1, L) %*SH(2,1) Ma,. - 42
SH(L, [)=TEMP & 43
TFUINC.EQLO0) RETUKN 44
45

INCUMPATIBLE MUDES add GG Tarden s 46
47

59

PRINTP
PRINTP
PRINTP
PRINTP
PRINTP

SECUND
SECUND
SECOND
SECUND
SECUND
SECOND
SECLND
SECUND
SECCOND
SECUND
SECUND
SECOND
SECUND

SHAP20
SHAP 20
SHAP20
SHAPZO
SHAP 20
SHAP20
SHAPZQ
SHAP 20
SHAP2Q
SHAP20
SHAP 20
SHAP20
SHAPZ20Q
SHAP 20
SHAP20
SHAP20
SHAP20
SHAP20
SHAP20
SHAP 20
SHAP20
SHAP20
SHAP20
SHAP20
SHAP20
SHAP20
SHAP20
SHAP20
SHAP20Q
SHAP20
SHAP 20
SHAP20
SHAP2Q
SHAP2C
SHAP20
SHAP2Q
SHAP 20
SHAP2D
SHAP20Q
SHAP20
SHAP20
SHAP20
SHAP20 -
SHAP20
SHAP20
SHAP 20
SHAP20



79

8¢

90
C
C
Casne
C
C
C
Cenea
C
10
20
30
40
53
6V
70
C

TF(QUAD) GOTG 80
DG 7u I=1,3

DO 70 J=546

SH{I1,4)=0.00

RETURN

“SH{l¢5)==S=5 N

SH(2,5)=0.D0 X

SHI3,5)=1,00-5%3  Ng

SH(L+6)=0.00

SH{2,6)==T-T Nég

SH(3,6)=1.00=-T#T Ne
XS{LyLl)=042500% (=X{L1 L) #X{Ly2)+X{Ls3)=X(1s4))
XS€192)204250C% (=X 1o L)=X(L,2)+X{143) +X(1,4))
XS(201)1=042500%(=X(2y 1) #X{252)+X(2,3)=X(2,4)) %
XS1292)=0a2500% (=X (251} =X(2p2)+X(2+3)4X(2,4))

D0 90 I=5,6

TEMP=(XS{2,2)19SH(L, I)=XS{2,1)25H{2,1))/DET Neyy,
SHU2y1)=1=XS{1¢2)%SH{1oI)+XS{LyL)%SH(2,1))/DET Ne,y

SH{L, [)1=TE4P

RETURN

END T

e

SUBRJUTINE >HAP21 (S ,yToSHyNENSIEN)

SHAPE FUNCTIJUNS 5 TQ 8 ] %

)

1
PRUGKAM TU (GMPUTE SHAPE FUNCTIUNS FUR QUADRILATERAL ?~~K D
° 4
IMPLICIT REAL*8(A—H,0~Z) e
et §

/
REMLVE ABLVE CARD FUR SINGLE PRECISIUN OPERATION Sen. 1@_?wm9qumﬁb

UIMENSIUN SH{3,L)41EN(L)
$S=(1.D0-$%5)/2.00 o
TT=(1.00-T#T)/2.00  Yade 7. Luibble
oG 10 [=5,8

D0 10 J=1,3

SH{Jy 1)=0.00

[FCIENS) JEQ.0) GLTUL 20
SHIL45)2=3%(1.00~T)
SH{245)==55 . .
SH(345)=S5%(1.00-T) } Nede §
IF(NEN.LT.6) GLTO 50

LF(IEN{6) «EQa0) GLTC 30
SH{L,6)=TT \ )
SH(2,6)==T#(1,00+$) botede 0 4 dewv
SHI346)=TT#(1.00+S) {

[F(4ENGLTZT) GUTO 50

IF{JENIT) LEW.0) GLTO 40

SHILy7)==5%(1.00+T) _ ‘
SH(2:7)=SS fAhd‘ 74 deaw
SHU3,71=55%( 1.DO+T) )
IF(NEN.LT.8) GULTU 50

IFUIENIB) 4EQ.0) GUTG SO

SH{L,8)==T1 ‘ .
SH{Z,8)=-T%(1.00~5) } Nede 83 daast
SH(3,8)=TT*( 1,00-$) /

d d&.\x‘\«f

K=8
DU TO I=1,4

L=l+4

DU 60 u=1,3 S (ot

SHUJ» T1=SH{J s [)=0.500% (SH{J KI+SHIJWL)) «f *mdifuﬁ.ﬂwdﬁ,‘“j o il
K=L 4o vga eicde adddibur- ‘2{ //f/u“’ lq

RETURN
END

60

o
ey e a& oty Uk b ev.-fxnt»mb‘/

SHAP20
SHAP20
SHAP20
SHAP20
SHAP20
SHAP20
SHAP20
SHAP20
SHAP20
SHAP20
SHAP20
SHAP20
SHAP20
SHAP20
SHAP20
SHAP 20
SHAP20
SHAP20
SHAP 20
SHAP20
SHAPZG

SHAP21
SHAPZ21
SHAPZ21
SHAPZ 1
SHAP21
SHAP21
SHAP21
SHAP21
SHAP21
SHAPZ1
SHAP21
SHAP21
SHAP2L
SHAP21
SHAPZ21
SHAP21
SHAP21
SHAP21
SHAP21
SHAP21
SHAPZ1
SHAPZ2L
SHAP21
SHAPZ21
SHAP21
SHApP21
SHAP21
SHAPZ21
SHAP21
SHAP21
SHAP21
SHAP21
SHAPZ1
SHAP21
SHAP21
SHAP21
SHAP21
SHAP21
ShAP21
SHAP21
SHAP21
SHAP21
SHAP21
SHAP21



C
Ceewne

Conen

Cavsne

49
Conne

5
6C

Cacen

70

SUBROUTINE SGLVE (A, By IDIAG,NEQyFACT, BACK)

PROGRAM TUL PELRFORM A ={U)T*CxU FACTORIZATION AND/OR FQORWARD
RELULT [UN/BACKSUBSTITUTIUN OF SYMMETRIC POSITIVE DEFINITE
SYSTEM OF EQUATIUNS

A{NA) = CLEFFICIENT MATRIX STORED IN COUMPACTED COLUMN FGRM
LAFTER FACTORIZATIGN CUNTAINS O AND J)

RIGHT SIDE VECTOR (AFTER BACKSUBSTITUTICN SOLUTIGON
VECTOR),

ADDRESSES UF DIAGCNAL TERMS IN A(NA)

]

b{NEQ)

IDIAGINEQ)

NEWQ = NUMBER OF EQUATIONS
FALT = JIRUE. , FACTUR A(NA)
«FALSE. , DU NGT FACTCR A(NA) .
BACK = «TRUE. 4 FUKWARD REOUCE B(NEQ) AND BACKSUBSTITUTE

«FALSE. 4 UU NGT FORWARD REDUCE B(NEQ) OR
BACK SUBSTITUTE

IMPLICIT REAL*E({A~Hy(=2)
REMUVE ABQVE CARD FGR SINGLE PRECISIUN OPERATION

LCGICAL FACT,RACK
DIMENSION ACL)oBUL),IGIAG(L)

FACTUR A , RELUCE O
JR = 0

DC &0 Jd=Ll,NEC

JU = [ULLAG(Y)

JH = JG - Uk

IS J = JH + 2
[F{UH=-2) 00y30,10
[FCJNCTLFACT) GO 1O 50
[t = J -1

K = JR + 2

[0 = (QIAGIIS - 1)

REPUCE ALL EQUATIUNS EXCEPT DIAGCNAL

DO 20 L=1S,1¢

[R = 1D
[0 = [LWlaG(r1)
LH = MINO(lu—{R=1,1-1S+1)

IFUIHLGTL0) AIK) = A(K) =~ DOT(A(K=-IH) ,A{ID=IH), LH)
K= Ko+ |

REDUCE UIAGUNAL TERM

[FU.NCTLFALT ) GU Ty 50
IR = Jr + |

e = Jb -1

K=J - JC

VL 40 I=IF,lE

[V = IDIAG(K#+])
[FIAUIL) .EG.CLODOY GU TO 4U
U = A(l)

ALD) = A(D)/A(LD)
A(JU) = AlLJDY = U*A(])
CONT INGE

REDUCE RHS

[F{3ACK) B(J) = B(J) =~ DAT (A(UR+1)4RLIS-1)yJH-1)
Jro= Jo
[FUNCTOBACK) KkETURN

VIVIVE BY DIAGUNAL PIVETS

D3 70 I=1,NEG

10 = IDlAG(I)

IFIACTIU).NELC.ODO)Y B(I) = B(I)/A(LD)
CUNTINUE

61

VO~NC N D W~

SOLVE
SOLVE
SOLVE
SOLVE
SOLVE
SOLVE
SOLVE
SOLVE
SOLVE
SOLVE
SOLVE
SOLVE
SOLVE
SOLVE
SOLVE
SULVE
SOLVE
SOLVE
SULVE
SOLVE
SUOLVE
SOLVE
SOLVE
SOLve
SAOLVE
SULVE
SOLVE
SULVE
SOLVE
SGLVE
SULVE
SOLVE
SULVE
SOLVE
SCLVE
SOLVE
SULVE
SULVE
SULVE
SOLVE
SOLVE
SULVE
SULVE
SULVE
SQOLVE
SGLVE
SULVE
SOLVE
SOLVE
SOLVE
SULVE
SULVE
SULVE
SULVE
SOLVE
SULVE
SULVE
SULVE
SUL VE
SOLVE
SULVE
SULVE
SGLVE
SULVE
SULVE
SCLVE
SulLVYE
SULVE
SULVE
SOLVE
SULVE
SULVE
SOLVE



93
L0C

(@}

Coane

10

BACKSUBSTITUTE

J = wEQ

JO = I0lAGWJ)

v = B{Ji

J=J4 -1

[F{JelEa0) RETURN

JR = LLIAG(J)
[FLJC-JR.LELL) GU TG 100

IS = U - J0 + JrR + 2
K= JR - IS + 1

vl 90 I[=1S,4

) = b(l) - A(I+K ) %D

JD = JR
Gu TO 80
END

SUBRGUTINE STACCN (SyPyNyM)

PROGRAM TU STATICALLY CONUENSE SYMMETRIC PUSITIVE DEFINITE MATRIX
> Al VECTUK P

N= ChIGIYAL NUMBER ROWS/COLUMNS IN A AND VECTUR P
M= NUMBER UF RULWS/CULUMNS TL BE CONDENSED

[MPLICIT REAL*8(A-H,0-2)
KEMUVE ABbCVE CARD FUR SINGLE PRECIS[ON OPERAT [ON
CIMEWSTUN S(NyL),P(1)

DU LY f=1,M

[I==1

Jd=l1+1

55=5(J4J+4J)

DL 19 Jdslyti
TT=S(JsdJd)/ss
PLII=PJ)=TT*P(JJ)

DC L0 K=led
SIKeJ)=S{Ked)I=SIKyJUI%RTT
S{JrKI=S(Kyd)

RETUKN
ENC

SUBRULUTINE TRUSS
PRUGRAM TU SET UP STOKAGE FOR TKRUSS ELEMENTS

COGMMON/E LUATA/LE r [PREC, LENGTHy MAX ¢ MT LT ¢ NEGyNFy NLoNPAR( 16) s NUMEG
COMMUN/POTIINT S/NL N2 9 N3 9NG o N5 yNoy NT
CUMMUN A(1)

EQUIVALENCE (NPAR(2) yNUMEL )}, (NPAR( 3}, NUMAT)

[FINUMAT .EQG.0) NUMAT=]
NF=NY

[F(IELGTo1l) AF=NT

W LJL=NF

N=NUMAT=]PREC
NL1O2=NI0OL1+N
NLO3=N102+M
NLO4=N1O3+N
N105=N104+3%[PKEC
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SULVE
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SOLVE
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SOLVE
SOLVE
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STACUN
STACON
STACGN
STACUN
STACON
STACON
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STACUN
STACGN
STACULN
STALCN
STACON
STACCN
STACJN
STACON
STACON
STACUN
STALGON
STACUN
STACUN
STACOUN
STACGN
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STACGN
STACUN
STACUN
STACUN

TRUSS
TRUSS
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TRUSS
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TRUSS
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TRUSS
TRUSS
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a4

C
Caewe

C

o
Covee
o

10

20

HlQe=NhlLS+nJMEL

NLOT=N106+2%NUMEL

NEOB=N1CT+o®ANUMEL

NL=i1C8

TFUIF abd el ANDUNLLGT JMTUT) CALL ERRUR{NL-MTUT,4)

CALL TKUSSI(A(M[)'A(NZ)yA(NB)qA(Nﬂ)'A(NS)'A(Nb’v
XA(NLQL):A(NLC&);A(N103)pQ(NlO4)yA(NiOS)vA(NlOb)vA(NlO7))

RETURN
END

SUBRUUTINE TRUSSL (leXyC,IDIAGyByA,EyAREA,NT.GRAVv

X MAT, [EN,LM)

TRUSS tLeMENT PRUGRAM
[MPLICIT REAL*8 (A-H,0~7}
REMGVE ABUVE CARD FLR SINGLE PRECISION UPERATIGN

CCMMUN/ INFC/ LCUDE s MOCE s NOCF » NSO y NUMNP

COGMMCN/ELDATA/ILE y[PREC,LENGTH'MAX.MTCTyNhG,NFvNLgNPAR(lb)nNUMEG

CCMMUN/DEVICE/IEL, IIN, IOUT

OINMENSILN IU(NDUFyL)yX(NSC,l),D(NOGFpl)yIDIAG(l)'B(l)yA(l)
VDIAENSICN t(l)pARtA(l)'wT(l),GRAV(3)vMAT(l),IEN(Z,I):LM(3'211)
DIMENSLUN Sr(b’|S(616)7P(6,'DL‘3'2):XL(372)

EQUIVALENCE (APAR(L),NTYPEJr(NPAR(Z);NUMEL):(NPAR(3);NUMAT)

NEN=3
NEN=2
MNEE=SH
NEC=5

GCTU (142,43 }elE
REAL ANu PRINT ELEMENT DATA

WRITE(IGUT,20C0) NTYPE,NUMEL

ARITE (LGUT,2C10) NUMAT
WRITE(ICUT,2020)

DC 10 N=1,NUMAT

REAU(LINyLLQC) NoE(N) JAREAIN) ywT { V)
WRITE(IUUT,2C030) NeEIN) JAREA (N y WT (N)
REAO(IIN,1010) GRAV '
WRITE(ILUT,2GC40). GRAV

CALL ELGEN{IEN,MAT,NEN)

ARITE (IUUT,2050)

NN=0

DC 29 N=1,NuMEL

NA=RN+ L

[F{NN.LE.50) GCTG 20

NA=]

ARITE(1UUT2050)

WRITE(ICUT,2060) NeMATIND o {TENLE¢N) oL =1,NEN}

CALL LCLAL(IL 11tN'LM'NDCF1NEI)1NEN”\UMEL)
CALL CCLHT(ICIAGvLMvNEDvNENvNUMEL)

RETURN
FORKM STIFFNESS MATRIX AND CONSISTENT LJAD VECTOR
DO 100 N=1,NULMEL

A=MAT (N)
CALL LCLURD(IEN(I-N)oXyXLyNEC'NEN,NSD)
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Y=0.00
DL 110 [=1,3
STEI)=xL(LlsL)=XL{1,2)
110 Y=Y+ST () *%2
Y=DSQRT(Y)
DG 120 [=1+3
ST{IY=STL1)/Y
120 ST{I+3}==ST(1)
FOR=WT (M) %Y/ 2.00
00 13C I=1,3
P{I)=FOR%GRAV(L)
13C P{I+3)=P(I])
Y=E(M)*AREA(M)/Y
00 140 L=1+6
2=ST(1)*Y
DC 140 J=1,1
S{I,d)=ST(J)*2
140 30Je1)=SC1,J)
CALL LDISBC(DL,DsIEN{LyN)oLM{LyL N)oyNDOF NEEsNEDyNEN)
" CALL DISBC(OL.P,SyNEE)
10C CALL ADUSTF(A,BsSePy ILIAGyLM{Lly LoN)oNEE)

RETURN
Ceese STRZSS CUMPUTATIGN

3 NA=0
WRITE(TGUT20LT0) NEG
DC 200 N=lyoNUMEL
M=MAT (V)
CALL LCUURDULIEN(L N) ¢XoXLyNEC,NENyNSD)
Y=0.00
DL 210 [=ls3 :
STLL)=XL (T Ll)=XLII,2)

210 Y=Y+ST([)*%2
Y=DSQRT{Y)
CALL LDISP(ULyDy LENL LyN) 4NDOFyNED,NEN)
2=0.00
DO 220 [=1+3
STUII=STLII+DL(L,yL)=-DL(T,2)
220 1=2#ST{1)#%2
I=05QRTI(Z)
STR=E (M) % (L=Y)/Y
FLR=STR*ARLA(M)
NN=NN+1
IF(NNCLELS0) GOTO 200
RN=1 :
‘ WRITE(ILUT,2C70) NEG
200 WRITE(ICUT,2C80) NySTR,FCR
RETURN
c
1000 FORMAT(15,5Xy3F10.0)
1010 FORMAT(3F10.0)
200C FURMAT(1HO.,
X* TRUSS ELEMENTS 1,/7/5X%,
X' ELEMENT TYPE NUMBER « o ¢ ¢ o o ¢ o o o o (NTYPE) =9,[5//5X,
X* NUMBER CF ELEMENTS o o o o o o o o o o o « o (NUMEL) =',15//)
2010 FURMATI(1HO, ‘
X* M ATERTIAL SET DATA Yy //5Xy
X' NUMBER OF MATERIAL SETS o ¢ « o o o o o o« » (NUMAT) =',15//)
¢020 FURMAT(LHO, )
X 5Xe'SET?"yLOXy'YOUNGS"y 10X, *CROSS=SECTION® 48Xy *WEIGHT/UNIT"4/,
X 4Xe ' NUMBER® 48X, " MOUULUS "9 14Xs* AREAY, 16Xy "LENGTH?/)
2030 FORMAT(3X,15,2X+3(1PE20.8))
2040 FORMAT(1HO,

Xt GRAVI TY L CAD MULTIPLIERS Y9/ 75X,
XY X1=DIRECTIGN o o o o o o ¢ s o s o s s o o s o o o » =%,
X1PE20.8//5Xy

X X2=DIRECTICN « ¢ o« o ¢ ¢« o s @ o » o @« o ¢ @ o o o o =,
X1PE20.8//5Xs

X' X3~DIRECTIGN o o o o o » o @« o o ¢ o o s » 2 o« o o o =0y
X1PE20.8//) :
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TRUSS1
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TRUSSL
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TRUSS1L
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2050 FORMAT({L1HL,
X' ELEMENT D AT A',//5X%,
X' ELEMENT MATERIAL NCDE 1 NGDE 2'/5X,
X! NUMBER NUMBER * /)
206C FORMAT(6X41543(5x415))
207C FUGRMAT(LHI,
X' TRUSS ELEMENT STRESSES ‘e //5X,
X' ELEMENT GRLOUP NUMBER v o o 4 4 o o o o o 4 (NEG) =*,15//5X,
X' ELEMENT! , 7X, * STRESSY 49X 4 * FORCE? 4 /5X,
Xt NUMBER'/ /)
2U8C FCRMAATI(6X+15,2(1PE20.8))
END -

SUBRUUTINE BEAM
IMPLICIT REAL*8 (A=h,0=1)

RETURN
END

SUBRUULTINE PLANE

Ceeve PROGRANM T SET UP STURAGE FUR 4=-NUDE QUAURILATERAL ISCTRUPIC
C PLANE STRESS/STRAIN ELEMENTS

CCNMUR/PCINTS/N11N27N31N41N5,N61N7
CUMMUN/ELUATA/IE ylPREC1LENGTHvMAX:MTOTvNEGvNFoNL'NPAR(16)'NUMEG
COMMUN A(L)

CQUIVALLKCE (NPARLZT yNUMEL ), (NPAR(3) yNUMAT )4 (NPAR(9} 4NUMPR)

IF {NUMAT.EQ.0) NUMAT=1
NF =5

IF{LELGTSLl) NF=NT
NLOL=NF
N=NUMAT* | PKE C
NLO2=N1GL+N
N1O3=N102+N
NLO4=N103+N
NLOS=N1O4+N
NLQ6=NLOS+2% IPREC
N1O7=N106+NUMEL
N1O8=N10T+4%NUMEL
NL1CO=NLI8+8% NUMEL
NL10=N109+NJMPR
NLLL=N11O+NUMPK
NL=NLL1L+NUMPR* I PREC

TFUIE.EWel JANDWNL.GT MTOT) CALL ERROR(NL-MTOT,4)

CALL PLANELUA{NLY jA(N2) yAIN3)JAING) A(NS) s A(NG) AINLOL),
XA(NLO2)sA(NLC3) JA(NLO4) sA(NLOS) »AINLOS) sA(NLOT),A(NLOB),
XAINLOG) y ALMLLIOY yAINLLL))

RETUKN
END

SUBRUUTINE PLANEL(IL ¢XyD9IUIAGyBsAsE,POIS,WT,TH,GRAV,
XAAT s TENs LMy L ELNUy ISIDE,PRES)
C
Ceeee 4-NUJE QUAURILATERAL [SGTRUPIC PLANE STRESS/STRAIN EL EMENT
C
Ciess CPTIUNS
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139
140
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N W N —

TRUSS1
TRUSS1L
TRUSS1
TRUSS!
TRUSS1
TRUSS1
TRUSSL
TRUSS!
TRUSS1
TRUSS1
TRUSS1
TRUSS1

8EAM
BEAM
dEAM
BEAM
BEAM
S EAM
BEAM

PLANE
PLANE
PLANE
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PLANE
PLANE
PLANE
PLANE
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PLANE
PLANE
PLANE
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PLANE
PLANE
PLANE
PLANE
PLANE
PLANE
PLANE
PLANE
PLANE
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PLANE
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OO ONOO0N0MNAa0

c
C

Covne

10

[JP v

uan

IL

it g

M

INC

{HOUR

REPITILN OF LAS

- O

0
1

T

PLANE STRAIN
PLANE STRESS

TWC BY ThO‘QUADRATURE ON LAMBDA TERM
UNE=PUINT QUADRATURE ON LAMBDA TERM

Twl BY TWO QUADRATURE ON MHU TERM
UNE-PLINT GQUAURATURE UN MHU TERM

INCCMPATIBLE MOCES NEGLECTED
INCCMPATIBLE MUDES ADDED

HOURGLASS STIFFNESS NEGLECTED
HUURGLASS STIFFNESS AUDED

TWG NCUES PRODUCES CUNSTANT STRESS/STRAIN TRIANGLE

IMPLICIT REAL*8(A-H,(-2)

LOGICAL QuAs

Ceese REMOVE ABOVE CARD FOR SINGLE PRECISION OPERATION

CCMMUN/INFG/ ICODE yMGDE S NDCF ¢ NSO NUMNP
CCMMUN/ELUAT A/IE 1 LPREC ¢ LENGTHy MAX s MTOT g NEGyNF o NL, NPAR{ 16 ) y NUMEG
CCMMUN/UEVICE/LEL,TIN, [CUT

UIMENSIL N TLONDUF o L) o XINSCo L) o BOHNDUF, 1), IDIAGIL) +80L) JA(L)
DIMENSIUN ECLY»PLESUL) 9w T(L) o THOL) 9GRAV(2) yMAT( L),

XTENC4 L) o LM( 204y L1, TELNO(L) 2 ISIDE(L) ) PRES{L)

JIMENSICH SU12012) 9P (12)4BLUI294) 9 XL(2404)456(4)sTG(4),
XSH{2346) yEEL3) 45TU3) PS4 ,PE(4)

DIMENSICN S1(4,4)452(2,2)

IATA SG/=LelUsl LUyl eluy=1e0u/

DATA TG/~1.UCy=1.00,1.00,1.00/

FRQUIVALENCE (NPQR(l)oNTYPE)’(NPAR(Z).NUMEL)p(NPAR(B)oNUMAT)v
X(NPAR(Q)'IUPT)p(NPAR(ﬁl,lL)'(NPAR(b)fIM)v(NPAR(?)'INC)'
X{NPAR (9) 4 NUMPR )y (NPAR{8) 4 [HOUR)

NED=2
NEN=4
NEE=8
NEC=3
NENL=INEN
NEEL=NEL

IFUINC.EQeu) GULTU 5

NENL=6 .
NEEL=12
CONTINUE

3ITQ (le2y3

by IE

REAC AND PRINT ELEMENT DATA

WRITE(ILUT,2000) NTYPEJNUMEL 9 IOPT 1L, [, INC, [HOUR ,NUMPR

WRITE (ILUT,¢OLO0
WRITE(TUUT,2¢C20
DG 10 N=1,NUMAT

)
)

NUMAT

REAU(TIN,1CIT) NeE(N)YsPOISIN)sWT (N)oTH(N)

[F{TH(N) <EQ4D.D0)

TH{N)=1.00

WRITELIOUT,2030) Ny (NI PGISIN) s WT{N) 9 TH(N)
GRAV

READ(CIINSLIOLY)
WRITE({ILUT2C40

)

GRAV

CALL ELGENCLLNYHMATONEN) ~ oo it bt pl il e ol

WRITE{ILUT,2C50
NN=0

DO 20 N=1yNUNMEL
NN=NN+1

)

[FINN.LEL.50) GULTU 20
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”~

20

C

o
30

C

C
Ceene

C
2

C
Coane

C

C
Cevane

C

C
L10
L2¢

C
Coees

C

NN=1 77
WRITE(ILUT,2050) 78
WRITE(ILUT 2060) Ny MATIND » CTENCToN Do I=1,NEN) ) gg
CALL LGCALCIC,IEN,LM,NDUF4NED,NEN, NUMEL ) fﬁmiagf He 19 atiseg o LY 81

cALL COLHT (1 CIAGs LM, NEDsNEN s NUMEL }
nodt et L

e ?Mlcé(n'ff-*é R ,& dodn, ehaamb 82

LF(NUMPR.EC.O) RETURN 94
CALL PREAU(IELNGy1SIDE,PRES, 1) 85
WRITE(LOUT,2070) 86
MN=0 a7
DU 30 N=1,NJMPR a8
NN=NN+ ] 89
IF{NN.LEL5C) GCTG 30 90
NN=1 91
WRITE(IUOUT,2¢70) 92
WRITE(IGUT 20801 TELNOIND}, ISIOE(N) 4PRES(N) 32
RETUKI, 32
FCRM STIFFNL S MATRIX ANU GRAVITY LUAD VECTOR gg
D0 LU0 W=1,NUMEL 99
M=MAT (N) tg?
QUAU=, TRUE. .
TFUTEN(3 NS EGC. IENT4,N) ) GUAB=.FALSE.  Clenle i A 102
SALL CLESROLIENILIND1XoXLyNEC,NENyNSD) bt © eanselof thiaseni N, i 2, (458, 1)) 03
v (] Al E
CALL CLEAR(P,12) 24 105
. Xe(4,8) = x, 106
SET MATERIAL CUNSTANTS Xt(20)ey, LC7
. &/ ’ SR e 108
AM=E (#)/{1e0U+PUTS(M)) Y LR T , 109
AL=AM%PULIS(A)/(LoGU~2,CO%PLISIM) ) S 5, P 110
AM=U ., 500%AM (l-%v\” (A 111
[FOLUFT EGLL) AL=LLLU*AL#AM/ (AL +2.00%AM) _ /&y.e;ﬁ( A 112
A \'*}: o
N Pewt phugs 2ap
B 113
LAMRUA TERM CUNTRIBUTILH TG STIFFNESS (GRAVITY LGAD CUMPUTED 1IN 114
THES SEGAENT) 5 iiz
VINT=4 . . Fﬂﬁ”rﬁ i
w=1,00 : ﬁ Ce 118
521.U0/USERT (3.00) 2R2 fuad S 119
[F(ILetq.0) GCTU L10 120
NINT=1 121
w=4,00 ] 1X1ﬂu»5‘ 122
G=0.00 | ' 123
D0 126 L=1,NINT € Mg t 124
CALL SHAPZQ(su(L)*u.rc<L)fG.XL.oer.su,N&N,Iwc,xewq1.N),QUA0) 125
C =DL T#wkAL¥ TH( M) S AP RR IRV 126
SRAVI=CeT*n&nT{M)%TH(M) O i 127
SRAVZZGRAVIFGRAV(2) = yu wbo(t 1), X =ty 123
GRAVLI=GRAVLI*GRAV(]) - . . St
D0 120 J=1,nENt N S”Gg“‘% = fNeg X ‘!?‘?:\. \ 130
DBLi=C #SH{L,U) = WNapx gu Moo bie) . R 131
0312=C *SK(2,4) = Meyy gt 2o, ey oETy "W\i uf + Loy 132
IF(Joliat) P2%J=1)=P{2%J=1) +GRAVL*SH (3, J) MNQmJ AR 133
IF{JalLa4) PU2%J )=P(2%J  }+GRAVZ%SH(3,]) N e 134
DO 120 1=1,4 ' 135
SU2%L=1y2%d=1)=5(2%1~1,2%J=1 ) +S4 (1, ) %0811 ) ot 13¢
SU2%L -1, 2%y 1=35(2%[=1,2%0 )JeSH(L,[) %0812 Spp 2 byt By DR 137
SU2%L 123J-1)=S(2%] 4 2%J=11+SH(2,1) %0811 a A fo 138
SU2%L 42%J  )=S(2%1  ,2%J  J+SH{2,1)%UBL2 S a%gﬁwnﬁé~% Rkbnml%;zg
AHU CUNTRIBUTICON TO STIFFAESS i:é
NINT=4 - 143
W=1.00 gvxy,qnqa’ 144
6=1.00/DSQKT (3.00) | = 145
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[F(IM.EQ.0) GUTL L3O 146 PLANEL

NINT=1 . 147 P E

w=4 400 1 1. e

no4e0y 4 ﬁdu.J ) 148 PLANEL

130 96 140 L=Ll,NINT %;: I

CALL SHAP2U (SGILI*G,TGILI*G,XL,DET = i PLANEL

P S ’ 3 o i sSHyNEN, INCy TEN{ 1y N),QUAD) 151 PLANEL

C2=2.00%C : _ 152 PLANF]

dU 14C Jd=lynNEn] ’ {02 PLANEL

Dll= C2%SH(1l,d) Lo pLand

08222 C2%SH{ZyeJd) 1oe pUANEl

UR3L= L %SH{2,J) ' 125 pLantl

N332= € #SH{1,J) ' Log DLanEl

DU 140 I=1,4 - ' %28 pranet

S(2%[=1,e%d=1)=5(2% =1 ,2%J- 1)+5H(L,1)vuu11+5H(z 1)*033 o o pranel

S(2%[=1,2%d )=S(c¥l~1,%d }#SH(Z2,1) %0332 ’ : ' }6? i,

SU2%1  ,2%4-1)=S(2%1 ,2%J-L)+SA{Ll,[)*uB3]l : ' Igé ﬁtﬁ:;i

R > . = . '€

: 149 S{2%1 ,2%J )=S{e®] ,2%J )+sn(z,l)*uazz+snﬁt'x)*neaz 163 PLANE]

IF(IHOUREWsUelRe o NLT<QUAU) GO TO 149 e faiiefons [am el ap 1o 149 loa bLanil

CALL FUFMSU{XL,S1) 2 ; I TRPIPLL ! / ) -{ T6a PLANEL

CALL FLFMS2UXL,0ET,52) R {66 Nh

IFCEUPT EQe 0) C24.UC0%AMR(AM+AL)/ (AL +2 L0D0%AM) ‘ en pLanEL

IFUIUPT JBua 11 C=&(M) ) 16o pranc)
C=C/012.UC*UET) 130 DLANEL

S2(Ly1)=C*¥52(1,1) ' 170 poAnEL

S201,2)=C*S2(Ly2) : ' [75 PLANEL

S2{2421=0%*52(2,2) (72 pLanl

UG 145 J=1,i0EN LT3 RLANTL

DG 145 I=1,J 118 DLANEL

C=SL01+d)%S2(1,2) ' ;;5 PLanil

SH2%[~Lyc%d=1)=S(2%1=1o2%d=L)+51{L,d)% NS

SU2%L =104y )—S(z*l-l:Z*J )+ rrEsaiely i7a pLANEL

Lo S(2%1 4 2%4-1)=S(¢®] ,2%j=1 )+( i;g gtAhEI

45 S(2%1  42%)  )=5(2%1 & ; ' S pianes

. ' | 12%d Y+SLIT44)%52(2,2) 180 PLANEL

Covee SYMETRIZE THE STIFFNE 193 pLantl

¢ SS 182 PLAMNEL

149 0C 150 1=2,nkt} [o2 pLaNE

o5 129tz 184 PLANE]

L5C S(1,J)=S(J,1) : Ine BLantl

[FOINCCQal o ANLWQUAL) CALL STACUN Loy PoANEL

CaLL e Ll AN (S4Py12,44) {27 PLANEY

CALL LUISBCLOL OrlENI(LoN) LM (Lo Ly 5 ANl

CoLL SutsscioL p,§ ENLL s LyN) o NCOFyNEE y NED,NER) ‘ 189 PLANEL

100 CALL ADUSTF(A,BsSoPy ILIAG, LS ; 1oy PLAREL

C ) ’ * ’ 1 GvLﬁ(ly LvN)vNEE) 191 pLﬁKEI

LFONUMPFR W €Q.C) RETURN ' Ry 45 197 PLANED

C : i ) 193 PLANEL

Cevaw PRE>SUKC LUALS “\\ﬁ””‘ Tas pUANED

¢ ‘r?r 0 195 PLANEL

DO Lo0 K=1,inUMPR Lo l95 pranEl

NEIELNCIK) . elevc T mo. : oy PLANEL

1=MAT (N) - CX"t TYRTITeN | 198 PLANE]

CALL LUJORUCTENCLIND yXg XLy NEC,NENyNSD) Joatin “”“"““‘ VN 200 bLANEL

2L Lok » XLy ' ' uk1${A<a o HA‘M“H,qu_UIM,( N 200 PLANEL

o Tk e ek 201 PLANE}

[F(J.E4.5) J=1 202 pLantl

EE(L) =(XL{2,y1)=XKLI2+J))®*PRES (K} ¥TH(M) /2.D0 | oo : AN

h D0 = fd\c« Fande ua A deas

EELZ)=(XL{Lyd)=XL( L, [}) %Pk : e Ty - 2oe Pl

SElrstxil, Ly ES(KIRTHIMI /2,00 ¥ foue /5ide Gy e 205 PLANE]

LI=t4(LyfaN) ~ 4 L9 ap de madt. T ol elew b M 200 PLANEL

' JJ=Lmi{LledyN) -~ (l U D,:I}( d»{{ L: mode, Tud  of pdeob M 207 PLANEL

,w?ix(lk(ll NELO) B(LI)=B{III+EE(L) \ ' 206 bLaRel

A LR (U aNEL ) B(JUI=BIJI)+EEAL ) [ & 4 fret roct ol 200 PLANED

170 CCNTINUE ! v : : 210 pLAnEL

160 CONT INuc ' 213 sLANEl

CONT LN ‘ 212 PLANEL

, : 213 PLANE)
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c

Cesue STRESS CUMPUTATIONS (AT CENTRGIV)

o

3 NN=0

21d

233

109¢
1J1¢C

WRITE(IQUT+2C90) NEG

DC 200 N=1,NUMEL

A=MAT (N)

cALL LCUuRU(IEN(l,N)1XyXLvNECvNEN1NSD)
CALL LUlSP(ULrU:ILN(lvh)'NDGFoNEU'NEN)
JUAD= . TRUE.,

lF(lEN(31h).EQnIhN(4fh)) QUAC=,FALSE.
CaALL SHAPZC(O.U0.0.LO.XL'LET'SH.NEN,OyIEN(l,N)-QUAD)
EE(1)=0.0L0

EE{2)=0.00

EE(3)=0.00

XX=0G.00

YY=0.00 .
ANM=E(M}/ (L OU®PGISIM))
AL=AM*PDX5(M)/(l.DQ-Z-DO*PClS(M))
AM=0,500%AM

[F{IUPT.EQ.L) AL=2.LO*AL*AM/(AL*Z.OO*AM)

AL2=AL+2.D0%AM ) u“: chqﬂa 8)(73 EQIMM(‘.‘)Y

0L 210 I=1,iEN . 4. Wy 2 ‘&AGIM“‘ 40{(‘"\&
EE(L) SEE (L) #SHILy [} %0L(L,1) o gy
EC(2)=EE(2) #SR(2, 1) #DL(L,1)+SHI1,1)%00L(2,() Z,;Jq? Magys agllayn '
EE(3)=Ec(3)4Sh (2, 1)%DL(2,1) an ' !

XX=XX+SH{3,[)*XL(1,1)
YY=YY+SHI3, 0 beXL(2,1)

CSTUL) =ALR2*EL (L) +AL*EE(3)
ST(2)=AM%Ce( 2)
ST(3)=AL*EE({ L) +AL2*FE(3)
FE(2)=uSCUXEL(2)

CALL PRINCINSGCsST4PS)

CALL PRINC(NSD,EE,PE)

EE(2) =c WU%IE(2)

NN=MNN+]

TE(NNJLELS) GLTU 200

A=

wRITE(ILUT,2090) NEG i
ARITELIOUT,2100) NeMy XXy YYySTyEE,PSHPE

RETUFN
FURMAT (155X 44F10.0)
FOURMAT(2F 1U. 0}

2080 FORMAT(LlHO,

X' P L ANE STRESS/STRATIN ELEMENTS1//5X,
X ELEMENT TYPE NUMBER o o o o o o . * o s o o [NTYPE) =1,]5//5X,
Kt NJAJER GF ELEMENTS . . o & . . * s o o o o INUMEL) =',15//5X,
A'UANALYSLS UPTION o o o 4 o o o o . e o o o o (IOPT ) =9,15//5X,
Xt EQ.0y PLANE STKAIN Y9 /5X%

X Ewels PLANE STKESS 9//5X,

X' LAMBUA TERM INTEGRATIUN CODE . . s e o o o (IL b=, 057 5X,
X! EQ.Oy 2X2 GAUSSIAN QUADRATURE v/ 5X,
x! EQ.1ly 1-PUGINT GAUSSIAN QUADRATURE Yy /75X,
XK' MHJ TERM INTEGRATICN CCUE o . . e e o o 4« {IM ) =, 15/ 5%,
X! EQ.0y 242 GUASSIAN QUAORATURE v/ 5X,
Xt Euedy L=PUINT GAUSSIAN JUADRATURE v /75X,
X' INCOMPATIBLE MGUES CUDE . . o o . » e o o o UINC ) =7,05/ 5%
X! EWa0y INULMPATIBLE MUDES NEGLECTED s 7/ 5X,
X! EGels INCLMPATIBLE MCOES AUDEC ) Yy //5X%,
X' HUUKGLASS STIFFNESS CUUEe o o o . » o o o « [IHOUR) =1,15/ 5Xx,
X! EQ.Uy HUUKGLASS STIFFNESS NESLECTED 'y 7 5X,
X Eiely ACURGLASS STIFFNESS AJDED ’ v /75X,
A' NUMSBEP OF ELEMENT PRESSURE LGAD. CARGS » & « [(NUMPR) =',15//)

201C FCRMAT (LML, '
X' M A TERTT AL SET g AT A Y /75X,
X' NUMGER OF MATERIAL SETS o o o o . . » e o o [NUMAT) =¢,15//)

2320 FURMATI(1HO,

203¢

X 5X.'SET'ylle'YUUNGS'yLBX.'PDISSONS'yLOvaNE[GHT/UNIT',lOXy
X*THICKNESS'y L1X 4/

X 4X"NUMBER';9Xy‘MCDULUS'yl4X,'RATIO'.lQX"VOLUME'y33Xp/l
FURMAT(3X+15+42X44(LPE20.8))
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214
215
216
217
218
219
220
221
222
223
224
225
226
227
228
229
230
231
232
233
234
235
236
237
238
239
240
241
242
243
244
245
246
247
249
246
250
251
252
253
254
255
256
257
258
259
2690
261
262
263
2¢4
265
266
267
268

27¢
27%
272
2713
274
275
27¢
2717
278
279
280
281
82
283
284
285

PLANEL
PLANE]
PLANEL
PLANE]L
PLANEL
PLANE]
PLANE]L
PLANEL
PLANE]
PLANE]
PLANEL
PLANE]
PLANFL
PLANEL
PLANE]
PLANEL
PLANEL
PLANFL
PLENEL
PLANFL
PLANEL
PLANEL
PLANE]L
PLANEL
PLANE]L
PLANEL
PLANEL
PLANEL
PLANE]
PLANE]
PLANE]
PLANEL
PLANE]
PLANEL
PLANEL
PL2ANEL
PLANE]
PLANEL
PLANEL
PLANE]
PLANEL
PLANFY
PLANEL
PLANEL
PLANEL
PLANEL
PLANEYL
PLANE]
PLANEL
PLANF1
PLANE]
PLANEY
PLANE]
PLANE]
PLANEG]
PLANEL
PLANEL
PLANE]
PLANEL
PLANZ]
PLANESL
PLAANE]
OLANE]
PLANEL
PLANCY
PLANE]
PLANEL
PLANE]
PLANEL
PLANEY
PLANEL
PLANE]



204C FORMAT(1HO,

Xt GRAVITY L O0AD MULTIPLIERS Yy //5X,
X' XL~CIRECTILN o e-a o o o o s o o ¢ o o o o o =V 1PE20.8//5X,
X' X2=UIRECTICN v o o o o 5 o ¢ o o o o o o o o =',1PE20.8//)

2350 FORMAT(iHL,
X* ELE MENT U AT A'W/ /5%,
X' ELEMENT MATERIAL NODE L NODE 2 NGDE 3 NUDE 4'/5X,
X' NJMBER NUMBER' /)

2060 FLRMAT(EXe15,45(5X,15))

2070 FORMAT(LlHL,
X' PRES S URE LUAD O AT A'W//5X,
Xt ELEMENT SIVE' ¢ LOX¢* PRESSURE?,//5X,
X' NUMBER NUMBER ', /)

2080 FORMATIOX[5+4X¢[5,1PE20.8)

209C FURMAT(1HL,

Xt P L ANE ELEMENT STRESSES Yy [/5X,
X' ELEMENT GRLUP NUMBER Y91577)
2100 FORMAT(1HO,
XV ELEMENT MATERILAL CCGORDINATE COUOURDINATE STRESS STRE
XSS STRESSY +3( 06X STRAINY) ¢/ *y2Xy *NUMBER"5X,

XTNUMBERY 98Xy *X1%y LOXe"X2' 10Xt 110 10X,"'12%,10X,%22%,1CX, '11?,
X LOA» 12 gl0A9%22%//72X915+6X91594X91PBEL2.39/ /124X,

X' STRESS 1 STRESS 2 ANGLE SHEAR STRAIN 1',3X,
Xt STRAIN 2 ANGLE SHEAR' // 422X+ 1PBEL2.3,/)
£NJ

SUBRUUTINE FCRMSLI(X,S1)

Cevoee PRGGRAM TU CCMPUTE ARRAY S1 FUR HUURGLASS STIFFNESS FORMULATIUN

(9]

IMPLICIT ReAL*8 (A-H,0-2)
eeee REMUVE ABULVE CARU FLR SINGLE ‘PRECISIUN OPERATION
ODIMENSICN X(291)eSLlilasl)sr(4)

T23=X{192)1%X42y3)=X(1s3)%X(2,2)
TL3=X{La LI%R{2430=X{1y3)%x{2y1)
TL22X(1a1)®X(242)=K(1,2)%X(2,1)
T43=X{Lea )X {293)=X{193)%X{2,4%)
T42=X {114 1%X{292)=-X{1+2)%X(2,44)
TLazX(Llyl1¥X{244)=X(1,4)%X{2,41)

TEMP=T23-T1o+Tl¢

A(L)=(=T234T43=T42)/TEMP
Al2)=(-T43+T13-T14)/ TEMP
Al3)==(1.00+A(1)+a(2))

, Al41=1.000

TEMP= ((A{L)%*2+A(2)%%2+A(3)%%2+1.000) ¥%0.500) /2 .0D0

G0 10 I=l44
1O A(I)=A([)/TCNMP

JL 2V J=1,4

DU 20 [=1,4

SLIT,J)=A(1)*xA(J)
2L SL(usy D)=S11L 4 )

RETUKN
END
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286
287
288
289
290
251
292
292
264
295
296
297
298
299
300
301
302
303
304
305
306
3¢7
303
309
310
311

-

E N R R N N N

PLANE]L
PLANEL
PLANE]
PLANEL
PLANE]L
PLANF]
PLANEL
PLANEL
PLANE]
PLANE]
PLANE]
PLAANE]L
PLANEL
PLANF1
PLANEL
PLANFL
PLANFL
PLAKNE1
PLANEL
PLANEL
PLANE]
PLANEYL
PLANF]
PLANF]
PLANEL
PLANF]

FOPMS]
FQONS]
FrRMS]
FORMS]
FORNS1
FOPMS]
cepvel
FOavsl
Fnopsy
FORMEL
FIRMESY
FORMS1
FORNMS]
FORNSL
FARNMSY
FORMS |
FORNMSY
FNRNMS1
FORNMS 1
FNRMSL
FORMS]
FORNS]
FORMS]
FORMST
FORMS]
FoaMs]
FORMSL
FORNMSL
FNRNMS]
FORMSL
FCRMS1
FORNMS1
FORMS]
FORPNMS]
FORMS 1
FORMS1
FORMS]

™




O

10

SUBROULTINE FLRMS2(X,0ET,52)

PROGKAM TO CCMPUTE ARRAY $2 FUR HOURGLASS STIFFNESS FORMULATIGN
[MPLICIT RLAL*8 (A-H,L=2}

REMUVE AuCVe CAKL FUR SINGLE PRECISIUN OPERATIUN

JIMENSICw XE€2911952029L0)9XS50252)4A(2,4)
DATA A/-O.SOO.—O.bOO,G.SDO.—C.SDOyC-SD0,0.SDO,-O.SD0.0.SDO/

vG LY I=1,2

DU 10 J=1,2

XS(Isdl=uetbe

DG 10 K=1,4
XSULedI=XSUIy ) +X U KI$A{JyK)

DET=XSELlyLI®XSI2,2)=XS{Ls2)%XS(2,1)
S2{lsl)=XS(L L)%+ XS(2,2) %42
52(112)=-XS(l.ll*XS(Z.l)—XS(1;2)*XS(2;2)
5202,1)=582(1,2)
S20¢92)=XSUL L) #%24X5{1,2)%%2

RETUKN
END
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NN NN N NN = e bt g
NOVMPFPWNEDIIDNO W

FORNMS2
FORMS2
FORNS2
FCRWE2
FORMS2
FORMEZ
FCRNS2
£QeNS:
FORNMS2
FORMS2
FORME2
FORNS?2
FORNS2
FORMS2
FOPMS2
FORNMS2
FORMS2
FORNE2
FORMS2
FORMS2
FORNME2
FO?MS2
FORNMSZ
FORNMS2
FORMS2
FORNS2
FORME2



Solved Problems
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ol

TRUSS PKOBLEM

CONTRU
NUMBER
NUMBER
NUMBER

NUMBER

L

F.

(@]

OF

JF

OF

I NF CR

NUDAL

SPACE

DEGREES UF FREEDUM

m AT
POINTS .« &

DIMENSIUNS

ELEMENT GRUUPS

ANALYSIS CUDE

EQ.0y STATIC ANALYSIS
EQ.ly RANK CHECK
SCLUTICN MODE v e e o
EQd.0y DATA CHECK
EQe.ly EXECUTIUN
NU DAL CCIUOROIWNATE
NOUE NUMBER X1
L 0.0
2 6.0UJ000UGD
3 1.200600000
4 1.80000000D
5 2.40U0000C00
6 3.0090900000
7 34693000000
'8 44239000000
9 4.800000000
10 5.490000000
11 6.C0UQGUGOD
12 6.600000000
13 7.200000000
14 7.80300000D
15 3.00200000D
16 9.00300000D
17 1.500000000
18 2.100000C0D
/ 19 2.70200C0C0OD
: 20 3.3000060000
21 3.90000000D
22 4.5000u0u0D
23 5.100000000
24 5.702000000
25 64300000000
26 6.90000000D
27 7.50000000D

[

01
G2
02
52
¢2
02
c2
2
02
02
02
02
02
01
01
c2
02
02
02
02
02
2
02
02
02
02

73

PER NODE . . .

U AT A

X2

(@]
.

[eNeoNoNo]

[ ] * L] * o [ ] L [ . L » . L[] *

cCOO0ODDOO0OOCOOO0OC
CoOooCooccCcooo

00000000
6.0G0300000
6.0CC000000
6.00C000C0D
6.00000000D
6.0CC00000D
€.0CC000000
6.00000000D
6.00090000D
6.00000CC0D
6.00000000D
6.000000000
6.00C0C000D

{NUMNP)
(NSD )
{(NDOF )
(NUMEG)
{ICODE)
(MODE )
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
3.0
0.0
0.0
0.0
0.0
01 0.0
01 0.0
01 0.0
01 0.0
01 0.0
01 0.0
01 0.0
01 0.0
01 0.0
0l 0.0
01 0.0
01 0.0
01 0.0

27

X3



NO DAL B CUNDARY CCNDITI OGN COOJES

NCDE NUMBER DGF1 DUF2 DOF3

—

8 ¢
oc:o<3c>o<3c;ocscno<:r-o<:c>o<3c:oc:c;c<:c>~
o<3czoc>c>o<3c:c<3c>0r—c>o<:c>o<3c>o<yc>c;br—
v—-»-v—-r-r-r-'t—f-—r-‘p-r—rdr-'—v-‘r-r—o-r-.—t—r—r-r—o—o-db-

NODAL FORCES AND DI SPLACE®M ENTS

NGDE NUMBER DCF1 DOF 2 DOF3
21 0.0 =-1.00000000D0 03 0.0

ELEMENT GROUP D ATA

ELEMENT GRUUP NUMBER . . . (NEG)

]
—

TRUS S ELEMENTS
ELEMENT TYPE NUMBER v 4 & & o o . e o o o {NTYPE} = 1

NUMBER OF ELEMENTS v o & o o . . R (NUMEL) = 51

74



-

MATERTIAL

S

U ATA

NUMBER OF MATERIAL SETS

SET YCUNGS
NUMBER MODULUS

1 3.00CC00C0L 07
GRAVITY LCAD

X1-CIRECTICN

X2-DIRECTICN

X3=CIRECTICN

ELEMENT

ELEMENT
NULMEER

VO NOCOVPWN

UNNNNNNNNNNF—'HF‘F‘HN!—IH.-—F-

D AT A

MATERTAL
NUMBER

1
1
1
1
1
i
1
1
1
1
1
1
1
1
l
1
1
1
1
1
1l
1
1
l
1
1l
1
1
1
1

MULTIPLIERS

NODE 1

C OO L WN

PO NN N = e s e e e
\.n.bbJNo—-OGm\lomwa—O

[\
Vi wpeo

.

CRUSS-SECTICN
AREA

1.000000000 01

75

NGDE 2

—~
COV®~NGC VL WR

11
12
13
14
16
17
18
19
20
21
22
23
24
25
26
27
15
lo
17
18
19

WEIGHT/UNIT
LENGTH

0.0

0.0



31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50

ELEMENT

ELEMENT M
NUMBER

S1

1 6
1 7
1 8
1 9
1 10
1 11
1 12
1 13
1 2
1 3
1 4
1 5
1 6
1 7
1l 8
1 9
i 10
1 11
1 12
1 13
U ATA

ATERIAL NCGLE 1
NUMBER

1 14

TRUSS PROBLEM

EQUATTIGON
NUMBER OF E
NUMBER OF T
MEAN HALF 8

TCTAL LENGT

CI SPLACE

NOLDE NUMBER
1

2
3
4
5

SYSTEM O A
QUATIUONS o & o o
ERMS IN STIFFNESS .

ANDWIDTH o o o o &

20
21
22
23
24
25
26
27
15
16
17
18
19
20
21
22
23
24
25
26

NUDE 2

27

H OF BLANK CUMMGN REQUIRED .

MENTS /

DUF 1
0.0
-2.769230770-C4
~4.53846154D0-C4
-5.30769231D-C4
-5.07692308D-04

76

0.0
=2.517970040-03
=5.16286315D0-03
-7.734679340-03
-1.0C3341860-02

DOF2

(NE
{NA
(M8

{N8

Q)
)
]
)

O0C OO
® & & s o
[eNeNoNoNo)

"
¥ ]
o

791

15

2609

DaOF3




T

R

Uuss
ELEMENT

ELEMENT
NUMBER

VO~NCWEWN -

NN PN e e s s s et s s s e
WNHRODOO~NO VPN~ O

~-3.84615385D-04

-1.€1538462D0-C4
1.61538462D-04
3.84615385D-04
5.07692308D0-04
5.30769231D-04
4.538461540-C4
2.769230770-C4
QaU
2.103C00C0D~C3

© 2.000000000-03

1.800000000-03
1.50000000D-03
1.100000000-03
6.000G0000D-04
-2.005774020-18
-6.000000000-04
-1.109000000~-03
=1.500000000-03
-1.80200000D-03
-2.000000C0D-03
=-2.,103000C0D-03

-1.18590809D-02
—-1.30116664D-02
~1.301166640-02
-1.18590809D~02
-1.00334186D-02
=7.734679340-03
-5.162863150~03
=2.517970C40-03
0.0
-1.189754250-03
—-3.79618582D-03
-642954047D-03
-6.889818200~-03
-1.097701900-02
-1.249114290~-02
-1.323218%8D-02
=1.24911429D-02
=-1.097701900-02
-8.889818200-03
~0.429540470-03
-3.796185820-03
-1.18675425D-03

ELEMENT
GROUP NUMBER .

STRESS

-1.384351218
-8.843239060
-3.84339791D
l. 156047900
6.15523492D
1.11543997D
l. 615384620
1.115439970
6.15523492D
1.156047900D
—-3.84339791D
—-8.843239060D
-1.38435121D
~4.957169380
~9.96711059D
-1.455741790
~1.999818480D
—2+499904480
~2.99997712D
—=2.999977120
=2+¢499504430D
~-1.99G818480D
-1.49974779D

STRESSES

02
QL
01
01
01
02
02

Ol
0l
0l
0l
02
Ol
ol
02
02
u2
Cc2
02
02
02
02
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FORCE

~1.384351210
—-84843239060
~3.84339791D
1.15604790D
6.15523492D
1.115439970
1.61538462D
1.11543997D
6.15523492D
1.156047900D
-3.84339791D
-8.843239060
-1.38435121D
~4.957169380D
=3.997110590
=1.49974773D
~1.99981848D
~2+49990448D
=2.59967712D
—2.99997712D
—=2.499904480D
-1.999818480D
= 1.4997477SD

g3
02
02
02
02
03
03
a3
02
g2
g2
02
Q3
02
J2
03
03

{NEG)

03

03
03
03
03
03

[eNoNoNoNe]
® 5 o 6 & ¢ b ¢ 2 6 4 s 8 o

[eRejojojeNoloRoNoNoNoNoloNoNoRo N e

® & 0 » ¢ s o

1



=9.99711059D 02

24 -9.997110590 01

25 -4.9S7169380D 01 —4.99716938D 02
26 -5.58823331D 01 -5.58823331D 02
27 -5.58790241D 0C1 =5.58790241D 02
28 -5.5€8794705D 01 -5.58794705D0 02
29 ~5.58835569D 01 ~5.588355690 02
30 -5.,589016800 01 -5.53901680D 02
31 -5.5€971883D0 01 —-5.589718830 02
32 -5.590150240 01 =-5.590150240 02
33 5.59C44836D 01 5.590448360 02
34 5.59115877D 01 5.59115877D 02
35 5.59194428D 01 5591944280 02
386 '5.,59254335D 01 54592543350 02
37 5.592794450 01 5.59279445D 02
38 54562636040 01 5.592636040 02
39 2.59263604D 01 5.59263604D 02
40 5.592794450C 01 54592794450 02
41 5.592543350 01 54592543350 02
42 5.591944280 01 5591944280 02
43 5.558115877D 01 5.591158770 02
44 5+590448360 U1 5.59044836D 02
45 -5.59015024D 01 -5.590150240 02
46 =-5.569718683D 01 -5.589718830 02
47 =5.58901680D0 0l ~5.5890L6800 02
48 —5.5883556GD 01 -5.588355690 02
49 =5.587947050 01 —52.587947050 02
50 -5.587902410 01 ~5.587902410 02

TR USS ELEPNMENT STRESS ES

‘CLEMEPIT GPUUP NUMSER L] . L3 . L) . L . . . L (NEG)
ELEMENT STRESS FURCE
NUMBER
51 ~5.58823331D vl -5.588233310 02
TRUSS PRUBLEM
SOLUTION T I ME L O0G I N

SECUND S

INPUT PHASE .

-

FCRMATION OF STIFFNESS AND LCAD o & o o

FACTOR STIFFNESS o o o o

- . L - L) L]

OUISPLACEMENT AND STRESS ANALYSIS o o o

TOTAL

SCLUTIGUN

TIMES..

78



PLANE STRA|

CUNTEK UL

N P.R.=C.300

1X1

L' NF CRMAT

NUMBEK oF NLCAL POINTS . .
NUMBER OF SPACE DIMENSILNS .
NJMBER UF CEGREES CF FREECOM
NUMBEF Gt ELEMENT GRUUPS .
ANALYSLS CUUE & & . . . .
EQ.0y STATIC ANALYSIS
EQ.ly RANK CHECK
SULUTICN MGDE  , o . . . .
EQ.0y LATA CHECK
Edele EXECUTIGN
NO DAL CCUORDINATE
NCDE NUMBER X1
3 0.0
2 2.009C00CCL
3 4.00000900u
4 6.000C0U0GC0
5 8.000C03000
o 1 .20000000D
7 1.20J4C00000
3 1.40J0G0000D
S 1.600000000
10 J.0
1l 2.000002¢00
12 4+ 00ULLVULD
13 6.C030C0V00D
14 8..00J3000C0OD
L5 1 .CuJuV0QUD
L6 1.203000000
17 1402000000
18 1l .60000UV0D
19 0.0
20 2.00U0000G0D
21 4.0000000G6D
22 6.6J000100D
23 8.000002000
24 1.0coCcou0oD
25 1.200000000
26 Ll «40dCuud0D
27 1.600G0000D
28 0.0
29 2.000000C00
30 4.00000060D
31 6.C0000000D
32 8.00000000D
33 1.000000000
34 1.20000000D
35 1.40000u00D
36 1.6038006000D
37 0.0
38 2.00J900¢CCD
39 44003000000
40 6.C0000000D
41 8.000000000
42 1.000000000D
43 1.200000000
44 1.400000000
45 1.6V0000000

79

it

]

MHU TEKM , LXL LAM3DA TERM
C N
¢ e e s s s s o [NUMNP)
* * & s < o o o {(NSD )
PER NODE . . . {NODDF )
* s s e s s & s [NUMEG)
¢ s s e e e o & {ICODE)
¢ o o ¢ o o 2 o {MUDE )
DAT A
X2
0.0
G 0.0
1¥} Jel
ceC 0.0
(o] Ue0
Gl JaU
cl1 0.0
Ci 0.0
ol 0.0
5.000000000-01
(§]V 5.000000000-01
00 54 GulU000CV-~01
0o 5.000000¢Cc00-01
30 5.306000000-01
al 5.0089060J00-)1
Gl 5.000000000-01
c1 5.0C0030000~-01
g1 5.0000UV00D-01
L.Q00u0000b 00
na 10000920000 00
a0 1.000000000 00
Ga 1.300000000 00
Q0 1 .u0000000D Q0
01 1.000000000 0v
01 1.300000000 00
cl 1.00000000V 00
01 1.000010000 00
1.5C0000000 00
U 1.5000000C00 00
co 1.50000000D0 00
J0 1.5€3000¢C0D 00
Ju 1.500000000 VO
01 1.500000000 00
01 1.5C00C02C0D 00
(031 1.500000000 00
a1 1.50000000D 00
2.J30C002C00 00
co 2.0G30030000 00
[]¥] 2.000000000 00
30 2.00000000D0 VO
CGC 2.00000000D 00
Ccl 2.00000000D 00
a1 2.000030000 00
al 2.000000000 00
o1 2.00000000u 00

L

HOURGL ASS ACDED

45



o~

NODAL BOUNDARY CCNDITIUN CODES

NGDE NUMBER OOF 1 DOF2
1 1 i
2 1 0
3 1l 0
4 1 Q
5 1 0
6 1 0
7 1 0
8 1 J
9 1 0

37 L 0

NGO AL FCRCES AND DI SPLACEMM ENTS

NGDE wUMBER DuFl OGF2
9 0.0 —9.280000000-02
10 =7.50200000D-01 1.738300000~01
18 0.0 -1.736300000~01
19 -1.50300000D0 uo 1.386700000~-01
27 J.0 =1.386700000-01
28 -2.25Q0C000CCD 00 8.008000000-02
36 0.0 -8.0880092000-02
37 0.0 1 +465000000-02
45 7.0 =1.465002000-02

ELEMENT 3 ROUP DATA

ELEMENT GKCUP NUMBER . . . (NEG) = 1

PLANLE STRESS/STRATILIN ELEMENTS
ELEMENMT TYPE NUMBER 4 o o o o o o o e« o o o« (NTYPE}
NUMBER. OF ELEMENTS v 4 o o o o o o o o « « [NUAMEL)
ANALYSIS GPTICN o 4 v 4 v 4 4 o o o o . « « {I0PT )

EC.0y PLANE STRAIN
EQ.ly PLANE STRESS

LAMBDA TERM INTEGRATICN CODE . o+ . . « 2 o (IL )
EQ.0y 2X2 GAUSSIAN QUADRATURE
EQ.ly LI-PUINT GAUSSIAN QUACKRATURE

MHU TERM INTEGRATICN CGUL & o o o o o . o o (IM )
EQ.0y 2X2 GUASSIAN QUADRATURE
EQ.ly L-PUINT GAUSSIAN QUALCRATURE

INCCMPATIBLE MCUES COBE o v & & o o o o « o (INC )
EQ .0, INCOGMPATIBLE MUDES NEGLECTEU
EQely INCUMPATIBLE MUGDES AUCED

HUUKGLASS STIFFNESS CUDEs o v o o o o o & (IHOUR)
EQ.0y HUOURGLASS STIFFNESS NEGLECTES
EQ.ly HCURGLASS STIFFNESS AUUED

NUMBER UF ELEMENT PRESSURE LGAD CARDS + + o« {NUMPR)

80

32



»y

o

MATERTIAL SET DAT

NUMBER UF MATERIAL SETS . .

SET YCUNGS
NUMBER MLDULUS
i 1.200020000 00

GRAVITY L cac MU L
X1=CIKLCTIChN o o o o o o &

X2=UIRECTICN o« o o o o o .

ELEMENT UL ATA

ELEMENT  MATERIAL NGDE 1
NUMB ER NUMBER

L 1 L
2 1 2
3 1 3
4 L 4
5 1 5
6 L <]
7 1 7
8 1 8
9 3 10
10 i il
11 L L2
12 1 L3
13 1 14
14 L L5
15 1 Lo
16 1 17
17 L 19
13 1 29
1o 1 21
20 1 2
21 1 23
22 L 24
23 1 25
24 1 26
25 1 28
26 1 29
27 1 30
28 1 31
29 1 32
30 1 33
31 1 34
32 L 35

PLANE STRAIN P,R.=0.300 LX1L

EQUATION SYSTEM J
NUMBER SF EQUATIGNS . . .
NUMBEK OF TERMS IN STIFFNESS
MEAN HALF BANDWIOTH ., o . .

(TUTAL LENGTH GF BLANK CUMMGN

PUISSONS

RATIU

(NUMAT) =

3.000000000-01

I PLIERS

NODE 2

Mhd TERM

REQUIRED

11
12
13

NODE 3

WEIGHT/UNIT

0.0

THICKNESS

VOLUME

1.0C000000D0 GG

NODE 4

Lx1l LAM3DA TE

81

(NE
{NA
(M8

(N8

Q)
)
)
)

R

i

s+ HUOURGLASS AUDED

79
1401
17

3918



CISPLACE

hHodk NUMBER

HOE

N T 3

VUFl

3 8 6 & 8 o 6 s @
[ejoReloNaoNoNoNoNal

2.41941536D
44641170700
6.51750530D
3.05291% 560
7247064650
1.0l015115D
1.06058664380
1.07835548D

=2.203307990~

4.891882 76D
94334055470
L.308650520
1.615785270
1.85468833D
2.02547361D
2.127285910
2.162085190

=l.547C7610C-

7.47)01262D
1.413016260
1.975846000
2.43674078D
2.794897 140
3.051411730
3.204158010
3.25670870D
DU

1.020510420
1.937307040
24653879540
3.272970020
3.750943217D
4.091945C6D
4.296688660
4+368313C6D

82

+369540190~

Ui
Qu
co
Jo
2
JC
0l
vl
gl
01
Ju
Ja
91
gl
Jli
Gl
cl
Cci
ul
a9
cl
Jd1
ClL
ol
ol
0l
cl

Cl
01
ClL
Ccl
ol
gl
01
ol

OCF2
0.0
~Ce 474653820
~2.252313030
~44 675671700
-7. 781646640
-le143365390
~1.549511C50
-1.583012320
=2.429982530

00
o1
91
0l
02
02
02
a2

~l.423141500-01

=6.603561€650
=24263235260
=4.684804140
~7.738959550
=1l.143914730
-1.54%87¢45)
=1.68313>5790
=2.430022C60

0u

=5.¢85737110-01

~6+990453230)
~2.25618179%0
~4.71220SC60
-7.810698260
-1.145562010D
~1.550974670
~1.983704190
=2.430143460
=-1.279149380D
=7.635725700
=2.35064285D
-4, 757915320
~T7.84746337D
=-1.148304200
-1.552811740
=-1.984563S50
-2.430354650
~Z2427141970D0
-8.536198150
-2.427535330
-4.821952140
-T7.8%8654130
-1.152138%90
=1+55539067D
-1.985767190
=2.43067C370

Qu
01
a1
J1
02
02
02
02
00
00
ol
0l
01
Q2
va
02
02
uu
90
01
o1
01
02
92
02
02



3]

PLANE

ELE

b

N T

ELEMENT GRUUP AUMBER

CLEMEWT
NUMBER

L

ELEMENT
MUMALK

2

ELEMENT
NUMBER

3

ELEMENT
NUMBER

P

ELEMEINT
NUMBER

PL ANE

MATeEnEAL
NUMBER

1

MATER [AL
HUMBEX

1

MATERTAL
NUMJER

1

AATER T AL
NUMGER

1

AATERLTAL
NUMBER

i

CLURUINATE
X1

L.Cudl Go
STRESS 1

BebUcw=ul

CLORUIwATE

2.C30V OV
STRESS 1
7.83506=-u1t
CLURJINATE
X1
5.0CU0 0u
STRESS L
7.0600=-ul
CLCRuinATE
X1
T.C000 U2
>IRESS> L

b6.3450-01

CLURUINATE

9.CU0V 00
STRESS L

S.e630-01

FLeEMFNT ST

ELEMENT GRLUP NUMBER

ELEMENT
NUMBER

&

ELLMENT
NUMBER

7

ELEMENT
NUMBEK

8

AATEKTAL
NUMJER

1

MATEK [AL
NUMBER

1

MATERTAL
NUMBER

L

CUURBINATE
A

l.10u0 Ol
STRESS 1
5.0323L-01L
CuURUINATE
X1l
1e390u 0L
STRESS |
4.4570=01
CLURDINATE
X1
L.500D 0l
STRESS 1

3.8820-01

STRESSES

COURUINATE
X2

2.500C-01
STRESS 2
-1.5280-01
COGROINATE
X2
2.9000-01
STRESS 2
~le742u=-04
CUCKDINATE
A2
245000-01
STRESS 2

=1.9050-01
CULRDINATE
X2
2.5000-01
STRESS 2
=2.1260~-01
CUUrU I NATE
X2
2.5000-01
STALESS 2

=2.,3820-01

LSS ES

CGURD INATE
Y4

245000~01
STRESS 2

=2.6770-01
CGURDINATE
X2

2.5000~-01
STRESS 2
~3.0490-01
LUCKUINATE
X2
245000-01
STRESS 2

~344560-01

STRESS
Y

7 40390-01
ANGLE
=2.313u 0l
STRESS
Lt
6.1000-01
ANGLE
~245490 ul
STRESS
&1
5.1550-01
ANGLE
=2.7450 01
STRESS
1t
442130-01
AnGLE
=3.007D) V1L
STRESS
11
3.2820-01
ANGLE

=3.2960 J1

STRESS
11

243460-01
ANGLE
~3.6130 901
STRESS
11
1.,4000-01
ANGLE
=-3.9660 01
STRESS
11
4.6160-02

ANGLE

~4.3060 01

STRESS
12

=3.0600-01
SHEAR
5.0650-01
STRESS
12
=3.6880-01
SHEAR
4.7880-01
STRESS
12
=3.6670-01
SHEAR
4.4820-01
STRESS
12
=3.,673D0-01
SHEAR
4.2350-01
STRESS
12
-3.6730-01
SHEAR

4.0230-0¢

STRESS
12

=3.6670-01
SHEAR
3.8500-01
STRESS
12
-3.,6880-01
SHEAR
3.7530~-01
STRESS
12
~3.6600-01
SHEAR

3.6690-01

83

STRESS
22

3.606D-03
STRAIN 1
8.424D-01
STRESS
22
-7.8730~04
STRAIN 1
7.8090-01
STRESS
22
~1.4500-05
STRAIN 1
7.1670-01
STRESS
22
74369005
STRAIN 1
6. 6030-01
STRESS
22
-7.3720-05
STRAIN 1

6.0830-01

STRESS
22

1.248D-05
STRAIN |
5+ 6150-01
STRESS
22
7.9690~04
STRAIN 1

i/zqso-ox
'STRESS
22
-3,6140~03
STRAIN 1

4.8800-01

STRAIN
11

6.3510-01
STRAIN 2
~4.7450-01
STRAIN
11
5.5540-01
STRAIN 2
~4e041D-01
STRAIN
11
4+6910-01
STRAIN 2
~4.4870-~01
STRAIN
i1
3.839C-01
STRAIN 2
-4.4050-01
STRAIN
1t
2.9870-01
STRAIN 2

~4.3770-01

STRAIN
11

2.1350-01
STRAIN 2
=4¢3950-01
STRAIN
i1
1.2710-01
STRAIN 2
-4.513C0-01
STRAIN
11
4.3410-02
STR;IN 2

=4.6590-01

STRAIN
12

~9.51l6u-01
ANGLE
~2.3130 01
STRAIN
12
~9.5890-01
ANGLE
-2.5190 01
STRAIN
12
~9.5350-01
ANGLE
=2.745D 01
STRAIN
12
=9.5490-01
ANGLE
=3.0070 01
STRAIN
12
~9.549u-01
ANGLE

=3.2960 01

STRAIN
12

=9.5350-01
ANGLE
—3.?130 ol
STRAIN
12
~9.5890-01
ANGLE
~3.9660 01
STRAIN
12
~3.5170-01
ANGLE

=4.3060 01

STRAIN
22

-2.7120-01
SHEAR
6.5840-01
STRAIN
22
~2+3860-01
SHEAR
642250-01
STRAIN
22
=2.0100-01
SHEAR
5.8270=-01
STRAIN
22
~1.6450-01
SHEAR
5435000-01
STRAIN
22
~1.281D-01
SHEAR

5.2300-01

STRAIN
22

=9.1470~02
SHE AR
5.0050-01
STRAIN
22
~5.3880-02
SHEAR
4.87T90~-01
STRAIN
22
-2.1290-02
SHE AR

4.7700-01



ELEMENT
NUMBER

9

ELEMENT
NUMBER

10

PLANTE

MATERI AL
NUMBER

1

MATER AL
NUMBER

L

COURDINATE
X1l

L. G000 Ou
STRESS 1
2.1590 00
CuULRUINATE
X1
3.C0C00 0V
STRESS 1

l. 8840 Wy

ELENENT ST

ELEMENT GPCUP NUMAEP

ELEMENT
NUMBER

[ 3%

ELEMENT
BWJMBER

193

ELEMENT
- NUALER

13

ELEMENT
NUMHBER

14

ELEMENT
HUMBEK

15

PLANE

MATERTAL
NUMBER

L

MATERT AL
NUMUER

1

MATERIAL
HUMCER

1

1ATER L AL
NUMBER

1

AATEKT AL
NUMBER

1

ELEME

CCORUINATE
Xt

5. 0000 0V
STRESS 1
L.6100 00
CUURCINATE
xi
f.uUL GY
STRESS 1
la3420 Qu
CLLRUINATE
Al
Y. COUL 30
STRESS 1
l.C8uu vu
COURDINATE
Al
L. 1000 0L
STRESS 1

$e274L-01
wouRLINATL
X1

1.3000 Ol
STRESS )

5.646C-C1L

N T S T

ELEMENT GRUJP NUMBER

ELEMENT
NUMBER

o

WATERL AL
NUMuER

1

CLURUINATE
xi

L. 5000 Ut
STRESS L

3.9230~01

COURVINAT E
X2

T<5000~01
STRESS 2

-3.0730-C2
CUURDINATE
T X2

7.5000-~01
STRESS 2

=5.7150-0¢

ESS ES

COORJINATE
X2

7.5000-01
STRESS 2
=6.3490-02
CLURDINATE
£2
7.900u-ul
STRESS ¢
~7.6320-02
COLRDINATE
Xe¢
7.50¢0-01

STReSS 2

-9.5¢60-02

CUORNINATE
A2

7.5090~01
STRESS 2
=1.2380-01
CULRUINATE
Xz
7.5C00~01
STRESS 2

~l.716U~01

£S5 35 E S

LULRUINATE
Xz

7.5000-0L
STRESS 2

=2.0460-01

STRESS
11

2.1110 Q0
ANGLE
=3.4680 00
STRESS
11
1.8300 00
ANGLE

=9 .6580 J0

STRESS
11

L.5%60 00
ANGLE
-1l.1240 01
STRES>
9}
l.2060 06
ANGLE
=1.343D0 01
STRESS
il
9.3450~01
ANSLE
~1.6530 J1
STRESS
L1
7.0370-01
ANGLE
=2.1140 J1
STRESS
1t
4.205C=-01
ANGLE

-Z.8670 01

STRESS
Ll

l.3860~0L
ANGLE

=3.8420 01

STRESS
12

=3.1980-01
SHEAR

1L.0980 00
STRESS
12
=3,2110~01

SHEAR

9.7070-01

STRESS
12

=3,2000-01
SHEAR
8.3680-01
STRESS
12
-3.2040-01
SHEAR
7.0%20-01
STRESS
12
=3.2040-01
SHEAR
5.8740-01
STRESS
12
~3.2000-01
SHEAR
4«7560-01
STRESS
12
=3.2110-01
SHEAR

3.8310-01

STRESS
12

~3.1990-01

SHEAR

3.285D-01

84

STRESS
22

1.088D0-02
STRAIN 1
1.9790 0o
STRESS
22
~245100-03
STRAIN 1

1.7370 00

STRESS
22

1.0270-04
STRAIN 1
1.4900 0O
STRESS
22
1.8550~04
STRAIN L
l.2510 0O
STRESS
22
=1.8500-04
STRAIN 1
1.0200 0O
STRESS
22
=1.0900-04
STRAIN 1
8.0130-01
STRESS
22
245360-03
STRAIN 1

6.0800-01L

STRESS
22

=1.0900~-02
STRAIN 1

4.6020~-01

STRAIN
11

1.9170 00
STRAIN 2
-8.7540-01
STRAIN
il
L.66¢C 00
STRAIN 2

-7.8690-01

STRAIN
1l

1.4C70 00

STRAIN 2

-6.857C-01
STRAIN
11
1.1520 00
STRAIN 2
~5.9290-01
STRAIN
11
8.959C-01
STRAIN 2
=5.0770-ul
STRAIN
11
6.4C4C-01
STRAIN 2
=4e3540-01
STRAIN
11
3.81¢60-01
STRAIN 2

-3.8800-01

STRAIN
11

l.36406-01
STRAIN 2

-3.93€0-01

STRAIN
12

~8.3150-01
ANGLE
-8.4680 00
STRAIN
12
-8.3480-01
ANGLE

-%.6580 00

STRAIN
12

=8+3190-01
ANGLE
~le1240 01
STRALH
12
~84331lL-01
ANGLE
~1l.3430 01
STRAIN
12
—8.3310~01
ANGLE
~146530 01
STRALN
12
~3+3190-01
ANGLE
=2e.1l4v 01
STRAIN
12
~843440-01
ANGLE

~2.3470 01

STRALN
12

=8.31l6U~ul
ANGL E

-3.8420 0t

STRAIN
22

~8.1360-01
SHEAR
1.4270 ou
STRAIN
22
~7.1590-01
SHEAR

1.2620 00

STRAIN
22

-6.0300-01
SHEAR
1L.0880 00
STRAIN
22
~449340-01
SHEAR
9.2200~01
STRAIN
22
=3.3410-01
SHEAR
7.6350-01
STRAIN
22
~2.7450-01
SHEAR
2.1830-01
STRAIN
22
~i.6170-01
SHE AR

4.9800-01

STRAIN
22

“043990-92
SHEAR

4.2700-01

B



LR

@

ELEMENT
NUMBER

17

ELLEMENT
AUNBLR

1R

CLEMENT
NUMBER

19

ELEMENT
NUHMBER

20

PLANE

ELEMENT GRLUP

ELEAENT
NUMBER

21

ELEMENT
NUMUEK

22

ELEMENT
NUMBER

23

ELEMENT
NUMBER

24

ELEMENT
NUMBER

25

MATERT AL
NUMEER

i

AATERTAL
NUMBER

1

AATER AL
NUMBLER

L

MATER (AL
KUMBER

L

CUORDINATE
Al

£.0000 uu
STRESS L
349330 04
CGIRULKATE
XL
3edudb v
STRESS |

3,.,0050 30
CUulURUINATE
xl

53,0000 Ou
STRE>S 1}

245970 QU
CUJRUINATE
Xl

T.6€0ud Qu
SIRESS 1

deldau w0

Lz MENT ST

NUMAE
AATCRIAL  CUGRCINATE
NCMBER XL
L 9.0000 VY
STRESS 1L
L.671D 0o
AATERIAL  CLURUINATE
NUMoFER X1
1 L. 100U vl
STRESS 1
1.215D 00
MATERIAL  COURDINATE
NUMGER x1
1 1.3000 01
STRESS 1
7.688u-01
MATERLAL  CLURDINATE
NUMBER Xl
L 1.50u0 01
STRESS 1
3.6640-ulL
MATERIAL  CUORDINATE
NUMBEPR Xl
1 1.0000 00
STRESS 1
449220 00

CUOKUINATE
X2

L.2500 00
STRESS 2
3.4330-03
COORDINATE
X2
L.2500 00
STReSS 2

~2.1110-02
CULRDLWATE
X2

1.2500 00
STRESS 2
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X2

L.2500 00
STRESS 2
=3.9940~02
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x2
1.2500 0o
STRESS 2
-4.2870~-02
CLURDINATE
Xe
1.2500 00
STRESS 2
-6+2130~-02
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X2
1.250C co
STRESS 2

-1.5250~01
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A2

L.7500 o0
STRESS 2
2.3870-02

STRESS
il

3.5130 c¢C
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STRESS
11
3.349) 0
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~4.207) 00
STRESS
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=4.9900 Q0
STRESS
L1
2.1LuD V0
ANGLE

-2.0610 00

STRESS
il

L6400 0V
ANGLE
-7.7210 00
STRESS
11l
1.1730 00
ANGLE
-1.057D0 01
STRESS
1l
7.9210-91
ANGLE
-1.6560 0l
STRESS
11
2.3220-01
ANGLE
—3.6570 gl
STRESS
11
4.9200. 00
ANGLE

-1.0180 00

STReSS
12

~2.272D~01
SHEAR
L7650 0OV
STRESS
12
~2.258D-01
SHEAR
1.5430 00

STRESS
12

=2.2610-01
SHEAR
1.3080 00
STRESS
12
~24266D-01
SHE AR

1.0790 00

STRESS
12

=242660-01
SHEAR

8.5090-01
STRESS
12

~2.2670-01
SHEAR
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STRESS
12
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SHEAR
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STRESS
12
=2.2720-01
SHEAR
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STRESS
12
-8.7030-02
SHEAR

2.4490 00
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3.21530 oo
STRESS
22
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2.7970 00
STRESS
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2.3710 vo
STRESS
22
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STRESS
é2
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STRAIN 1
1.5330 ov

STRESS
22
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STRAIN 1
1.122D 00

STRESS
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STRESS
22
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STRESS
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%4e 4690 00

STRAIN
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STRAIN 2
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2.776C 00
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1L
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1.4930 00
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L.067C 00
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STRAIN
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12
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=3.5990 VO
STRAIN
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=5.8910=01
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~5.89Lb-01
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12
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12
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SHE AR
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-1.005) 00
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© PLANE ELEYENT STRESSES - .
ELEMENT GRLUP AUMBER T 1 ) . ) ¥
) 4
ELEAL ST MATER[AL  COLRDINATE CLGLROINATE , STRESS STRESS STRESS . STRAIN STRAIN STRALN
NUMGER HUMOER X1 X2 1t 12 22 11 12 22
26" 1 JeLLO 00 1.7506 0 4.2040 00 -8.4410-02 =-6.9070=03 3.883D0 00 =2.1950-01 ~—1.6090 90
STKE>S 1 STRESS 2 ANGLE SHEAR STRAIN L STRALN 2 ANGLE SHEAR

442600 00 -8,5750-03 -1.1320 00 2.1370 00 3.8850 00 =-1.6720 00 =-1.1320 Ou 2. 7790 Q0

ELEMENT AATERT AL CLURUINATE  CUOLRUINATE STRESS STRESS STRESS STRAIN STRAIN STRAIN
MUMHBER UMt R X1 x2 11 12 22 | 98 12 22
21 1 2. 0LUD OV L7500 v 3.6L00 VO -8.663D-02 1.9610-03 342850 0U -2.,2520-01 ~-1.4060 00
STRESS 1 STRESS 2 ANGLE | SHEAR . STRAIN 1 STRAIN 2 ANGLE SHEAR

3.0130 G -1.1720-04 =1.3740 w0 1.306L 00 342870 00 -1.4G9C 00 =-1.3740 00 2.348u 00

ELEAENT AATERTAL CLURULINATE  CLURDINATE STRESS STRESS STRESS STRAIN STRAIN STRAIN
NUMZER NUMEER x1 Xe 11 12 22 11 12 22 ¢
. 28 L 7.C00L Q0 1.7500 00 249530 00 -8.5770=02 <-b.81t0=-04 246870 00 =2.2390-U1 =1.1520 00
STRESS L STHRESS 2 ANGLE SHEAR STRAIN 1 STRAIN 2 ANGLE SHEAR
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ELUMENT MATERTAL COORDINATE COURU INATE STRES> STRESS STRESS STRAIN STRAIN STRAIN
MIMBER NUMBER X1 x2 i 12 22 11 . 12 22 Yoo
29 1 2. C00U 00 1.7500 Gu 242970 V0 -8.5780-02 6.8180-904 2.'090[2 0 =-2.2300-01 =-8.9530-01 '
STRESS L STRESS 2 LRTIR SHEAR STRAIN | STRAIN 2 ANGLE SHEAR
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t
ELEMENT MATELLAL  CCORDINATE  CUUKDINATE STRESS STRESS STRESS STRAIN STRALN STRAIN |
NUMBER NUMBER X1 X2 11 L2 22 11 12 22 i
31 t L1e3090 01 L7500 00  9.3590-01 =8.4450-02 &.9050-03 Be9450-01 -Z.196L-0L =3,7820-01 m

STRESS | STRESS 2 ANGLE SHEAR STRAIN 1 STRAIN 2 ANGLE SHEAR B
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INPUT PHASE + v o 4 4 v 4 o 4 e s 4 oo o a0 o o = 0.55 ’ ¥

FURPATICN GF STIEFNESS ANG LGAD o o o o o o 4 o o = 0.50 ,
FACTOR STIFFNESS "o s o o o o o sia o s s o o o o = 0,040 _ : ' e
UISPLACEMENT ANU STRESS ANALYSIS o o o s o o o o = 0.82 ) : ‘ ‘

TOTAL SCLUTIGN TIME..'....% 2.26°




