Wb

ater Duarier 041
AR PP? THERNT OF MECHANICAL ENGINEIRIRG
Finitae Flement Methods, RO 2344 B0
The course will be rtauvght over & thres tarm period,  Fach succeeding
term will Build upon provicous work. & tentaiive gutline fs as

Yrsk term:  Emphasts

preonan Lehs ST LN s

on
Finive elemant methods,

and .variational equalfons

gne, b, and thies space

.-
T

and fluid mech o5, and

famllies, cuverioally

2

Penaslty and generalized d

fieid theories such as ¢l
Svokes fiow, ete. Thick &

finlte alemants for conve

iy p{vmwn(n2érm of the

computesr sode for static

ety |

fS5 y of egquations and

recsutts with exacty sdiuti

Hathematical thaory

finmite elgw&nﬁ SDACEs; st

i

- 3 7 . w
Staﬂdar& grror estimates,

b

2 J
[

ard farlow atress polints.

wiitl be primarily exposit
groved oY he requl red.

fe b omant von of hyhb

fundamantoal epts and

LTS

Hethod of w~§u\hmd Fesddua

Linaay eiliptic bourdar

v

dimensions;

appl luations

heat transfer, #ropeernieg

o

Yaments

\E

laplate for app
ausical plate rheoary, inco
nd thin bears, plates and
chtiva/diffusive transport

finite alament nethod.

nrobliems. anpﬂ:* ¢ columa

element voutines. [lompar

NG,

of finix Aporo

ability, consistency, convergenns,

Aubrin~¥itsche theory, ik

restits will be

ary and thuys no serious Fu

rigd, mix

°

techniques of

and equitibriw

Uprimelt

iy,

Gaterkin's mathod,

v value probisws 3

i

in structural, solbid,

of standard olement

reduced integration.

dication to cons &ra!f

o VJ

o
14

mpressible elasticit

$

shells.  PUpwind!

phenomena.

A sheple finlte elemant

noequation solver,

fson of finite slement

ximation properties of

ahtd accuracy.

ch fest, superoonvergante

emphasized, the Treatment

netional analysis bagle

]

H
e

noede






s

3
¥

azions

L¥

boa
P

3;3

[eR e

b

a3

PO

OV

.J

s
S

© e
i

i

TS

oy

5
P

OF

& 5 R
WEGE

aigmsler

Wi

A.\‘:

fe

&

1

WELT

e

i

et

[
il

5y
HEwea s

1]

Lt

e

C

L&

[N

EREPH

i
&

Tue

P

ine

A%

¢

i,

i

inear oll

non

oyt

B

svoh Y ems

bgoeie

&l

e U a .
e tyepe ps

Newho

1% .

&

Sy S e

¥

Nk

Mat

3

AEH

i eache

i

Ll ey

é.‘

SR

(e







“ad

A meripus desive to learn the naterial will suffice in pisce

of any b

ard-tine prevequisties. Ho

wevay, dissirable beckground would inciude

a working koowladge of stendard FORTRAR 3y,

crastloity andfar structurs!
analysis, ilnear algabra, on undersianding of ordinary differential esquations,

and the basic properties of the fundamental <lasses of partial differential

equations {i.e. elliptic, parabolic, snd hyperbolic).






| y

ESmB N3 ME 230
Forthe Elewe # Pedid, \ s Diae d X 7204 5

ey rd
)I! .bl H\/.»‘ .,u .-
{0 ’

No el ‘i“("\.t)\, w.a;. S - Ul |
Gyadan: 1 Heo  Pedlen e e Y 28,
ER VN (ra Cles) TS0 X ( ()
WS | 5
Ontlnn o Hendouls yoo %),

fe
Frm!té b Condeyl er(? f;w'@l(, 1-D B?a Valoe (rol-

FLE M,

155{_;_ Lmuw Shadce ?ro Wi

C[\:}.Plr 1w Towed . Con ﬁ%;&

(0, Preluma @ L wawn  tonatidusnty v}
(1) Vauadowal ;o wtade &mu@,«jw:ﬂ /g BV

() O.NW_ ol o»& weade, %«-.MAJL«\M»—; re FLE. gm

[N
‘fi zw&w el on XC[o)] b le mel padard Filo AT

~r (\q LO Moo {e\,
KLAJ’ Con ﬁlgﬂ(’ M;"- Pavdl ﬁdﬁbﬂt)(ﬁ%g & ,j.é’a,, {25{ IV“/ 3 /2,(,.-;4 7 eyl ) / Cottora € e

Ex - Mxx * ,F(x\ o}
u)(l alao

s s ’\'67‘“ seantetiy

,va% hud) wad dw}ﬂ&wf«/& (fé'efﬁw '

p. Shig, o w,maa Shbtook t Fle BYP

Bes  suppric wt wad  U(1)e X w4
Wi feaddo b 2-PT  BYP
4 (iw'%. .{ (:O 11 D};‘i’ ’u)“x e A4S (é.JL\

%,{«CX fo

(S)Tﬁt ?hh\tg /gﬁw ~2{’ !W)‘M'\» wild be $f :
Fouel M,[o fg >R 23, Uy ‘!»?. =0 o SL= o ]E (m (a,:k)v
(e} and W)= % U, o)= N .

‘ )l;\i’lé!"f Led ’F c!
eraek Gbw () = ¢ F (-0 & ()dz dy.
3 % % gx . bl |
.«fyw\t )J rB\)VP . ())U%L/wm.mez{) gr FE,

§2, Wkt paaat m\aQ CON'{)\J@)(}\A)
Tohoduer ‘Zc;&ué&ow a'é &LAL(,,"‘I,.O'M"':; W o e\ﬂwe 15! c‘t(' e QQLJ s

/& . ngefq,t.c,.(‘l,e»‘;‘ (j hlals Cobus = { u l l&(\) :% &q Wa wn\UQé\o o S u,, } dy oo |

. - e W Lo (e, \\‘ (v we |\ > J

bt ey

M'W(Z’) w b ok,

LAs (.ki\'"w‘u, (V?LJ\AJO:,)"LD"»\/))

U = Co@oio\'l;w o'& ‘«)Qt.n‘i-‘\'gt.mt(}\’g AL €
¥ % U)"’\“)U\*‘i) &

[
"e,w Wt ‘l’ !
T Gy c /

weH“}

par-k



(Wy{f‘b weak. glafe ’6 #e Gami’;(?«&m b pladed agt

Gue.. {(‘eaj M% d’iMS Mé/a 2 (VWC’D“ o | \/\’

®) g W,y U, dx = S »{Ddx ~ w(o)h — Verahowad &
° ch*;o k- Ve hued  wede,
- Frwm)&, ;Jum(w(’ ‘fw((xé
el ad {lo w« ,

| Remante 1 1, o oflo.. Wbt %Um»@t ?,WJ Mw Aoa wnh«.«{wéﬂ &\' b a‘/‘gé’
Do (W) 8 Bewd f FE. Ut N

| ﬁ . (§)<M> <W) QQI\A_,LL\&L,MCQ ,Q_, KL 91& {A, C{(S) e gg& 4 j
r:aek o taa SSL Lo 45\( AG\(/L\ PN‘P)‘QL_ =

) ) /{exma‘ﬁu ,?AMS/ wa&,ﬁ AM) ,’H r'u SUbtty [AQWMM& "\g,wm%ﬂ"““dc;" mew (uq, w
’&ma’ \

8 1y )
S ‘JJ(UvaK L3 :r) (‘}\‘1 =0 7 S W u,gg (L\d = wu)x ° o g w’x H. A}(,
o

3 »w(a) {’\, g

\ s !
ey Sowgdx - e\)(o){ - g Wy \,Lmix =0 ¢ Reendd g..@:ﬁwua

Wik ! ‘)f‘

?r-orgw;@!’lém.-«\; Q. L[}:{ b a el o (“5) =y Yn W b 4 Gl o (w

b er.t w b a Ar,’,g-»&, é(v\l) =y . o woa wl oé.(s\‘)

W FMAJQ.' (,’2\'0@& I _— ('T/\&’U"«’Q/Q ) aaﬁ) 'ﬁ-f.!‘vw‘.&h‘ m g“”el'\ ol (‘3 \_ 5:(‘:; . —& WM& %@L( M \l/’ a Q\"Q Z{
' b\),\v‘(n) 2N
Y sdw}m w(t) = % ) (AC/A

. s —
Yol wmald .Qud u)e‘L) d m Q%MC SVt {:o 1& o :’.g (2] [‘*)xx k,r-/
[

[ Wx

S S € L)‘f 4 witye o ‘*‘(Vo W") (0).
: : ‘x
Samet W e‘,fs e U»M(p) N e _ A

w‘tmd\g‘je. bt\ Fm{" : :‘So w))t u)xdx A*(w u"))(.) ’ t

2] b.: mgio’ W;x\imdfﬁ "> b.\'(t)) L\, -+. go (C}—){' e"/ﬂlf/v(ﬁ}/(élmr/a

\ . . /
Sewty, 40“,., wis Sedes 6&@5 ﬁf we U QAM,@ wWidare .»ka wos &,

RT‘; Ghos }) gl g t, “‘u(»a.wjei,\.u,t.flﬁ \/1() -Z'-»m...mdm ¥ €&£'¢<M-»e%,-p g ﬁf«t‘-c-ajm



)

TN
N’

fna

' M(d)zc v,
Mb, U a wld oA (w d .. , ]; ol slge Mt  patey
dv ( ) /;' wA 4 sjt(,h—,/c.w Mq_f—uwmﬁ 2%,_,,\ e heas /‘&
M(I)Q_?,
Ulo) = h

: / / ,
6.'5“/“&);,‘{/" wn l'e. /o w)x M)X "!-’)/ 5&,}‘( 4 L d /d/,v e df,_f[c)) _z';/\) “l/ W e U"“

e zif»b«\ ade d y &ﬁ»/ﬁ'

/ '
L,f;) oy ((,{,)M f))df\ o zu'L{ /c %o w‘“(o}/b

¢

Somees el wWi)-o Vo we tron write,

o= felw‘ (wnse 2 ) dx # 6lo)/a,c(0)h | (##)
Mucot Showr é(m%aw/[fc Hoo% é(.)g{'o).:s. Lo . Ta do fhely oledeny @ ‘}’é( Uy + 79)
W’Q*ﬂ;ﬂw f]{‘(x') S0 X & (o)1) Suwetl 4 q/;(;z) =0 oh Yoo
e wle)e w(t)eo
Move sty hhofe, ot adove (ew) ”/‘fe._;? o = / (475 ( Koy, t u J X+ 0 (aw 4 {) L}/- o
Al R Or by, / a ¥ xe (0,17

Now v Thiisfo eatablil tyn(o)rlt as uéwétmw R VI Y Y e [a, ’j E_(“"»

oy w Hew 0= & + o) Z Wy (g)wﬁ.‘] 3 LAl Wl Apnce wlo) mee web e

T s u b e ) a0 gad b G (/bwu&éi

‘ Eﬁf_ﬁ‘mtﬁfﬁ’ j(; drgot, ;:wa;i?: de és« ,_}‘;;‘_ !?3 ‘S o.mwﬁ
BV ol e ity ity Yo e collectios 7 /Lw (i u(_/);?
Cov w(1)=0 ) Qi edleS tssewtnl b2 %LMUM ,
2z, ACs L()M ?LKA\,@% P A,&/;éccw Sfatomeds y, (;,/) B A w*&coL @t mf/ad-'

57 Sa,h/(foo/’zm mf (-yc) &t tﬁ@@«,,f wafvatl ééo% ddﬁ&/uyta B (/& Ugylo) = zh )

S“’M«M} (Z;) & (S) FEs BEGwNsS M@I.

Newt Notation tuhoduel o w{y& Wby 2 Puw ede. bw/d’w\,‘llx b undsludic
Ag M&.}’&Wt«dﬂ(‘&ae‘lme Ma-'at.-hagc,,, g S i /) @m W %//;(x&,a 7/“0 Aitrac /M %M

. b(fl/\uu a ( (J) M’) = f CO, X u) X C{X Q (' ) * ) ; (’;m.nu,'/'bb,(,/ ,ZM:L(L‘}L(?,G‘\"--\/ f)w

(W)H = /ow‘/;{x (*,*)



 Sprehs bbewee g Bloyw) = Qluywr) ) Spuoety progedy
o (/)?(/,w)fk 7 )

leu:.a,w. - ¢ E et by m Lacd. <het- /’e & s .

: ‘&? ) Lo 7 , W ja

, Alcqurc,u,w)= a(euuw)s ale,u; w) = c,a(a,w“) + €, CZ(u—ur)

ateo L (&uye uw) C Gluyr) + C (erw)

N M";’ ()  tan b wz,@/lemﬁa‘@, a ( w) Q) - ( w, F) - o ) /L

f § 4, Geaden fcgc,.:sb«f [:) fgwx Wu,x,,h,a‘m Wetos- 9" e Lo Mfuwe/wé/ /rMM (_ra7 ureldd

‘ ///3/3/

F\;\;«,Q,« Sched  T-10PM Py (Lu,lj toon. w1 It 84;)4 T~1o P4 Twurns 2 PMarels

é 4‘: Gft-éful,jl»,tﬂe,m’ 077&“va L;w:ﬁvﬁ’wwﬂ M&, (’Q
{ adohned (,»fq,,g{,,;.\.,.ﬁl") we w';x;’.(’ Afyint 1 s ate. AM.

L. ;gtf‘ztcﬁ pihre decec. )'mn( (Zoéfrf/éif;fw? ﬂf /hg, L . ! :
Ao g 0 R , . .
7 / 29 dets, & / /y“, A / /r %/ - 2’4&0/ S/ ggﬂ [RIWE Y] I~ h{c_.@.{\, R .
' { Cheraetlos  fon, ‘A / A )

At ase Livea @om..éb,.m.fg,4~,«,_y { A fonedes geb of Ao o Thel andh Loy Gues,
A < /é (")m,e o / e h h = L(Aéﬁ => A(’f) & _’T - “{7\!4.4?4(. (n«./t‘; 8,4.&1? e do u(.’,
U 6 oan ;z);swy' ‘ ¢ ( wele. 2lean trgigvand /wéwé 4 i:'./) »
(ynww ér/ whe (14 ey H'J”A (} wmly o 4 ’(/j o 4+ r@?u(w‘a én»“(l:’ju« Lol Cz;mcf(/u»«\,

@ubfm\r )&Aﬁmﬁ«w Wsc(?w) - Awu st /4 “’ U @ &/wfﬁfm 5 donatrreet /“’ Ao
#(&J W [} Tede, V'A a db/{ wu’ &{, h s L /"/ ’ }"
| (e::/!’ﬂ \Y/& }0“(4
“h(")f‘? L)‘hU) [‘(l = O+ a( 3 wa,ma«
. s o T Lmltkmn M)" th %Qw
\Iﬁ'u-v’b /&l\' T fl»ééz ﬁw K (r &i’ ;0 A l/t"\ e l* r) {
Nouws Tai: (L;g\’;‘\) vady a (m) u) = (‘qp w) e ( o) o
av,(u‘r'“ U«“"‘gx-v k) (Ld"h, (’) - W (p) 8
)
Q(w“‘ "“)%qa Q(uﬂ’\% (u"l"g) -mqu“(o) ex
. bogen s hns
: U",k l/'a Lw\,lw.vr\.\;m. ‘Yﬁe e&ﬁ)—ﬁ Wl té 2 e«t 0...!24"141_)"(4%0 ;},.L.oséé-Q&w; ) U
M? %z,&t,« P( ; %) e\ 'é‘.ﬁlﬁi ufl a,/»( ey fﬁ/ {8 h & ‘(}"h W‘?/e ‘M{ éﬂml(/f‘u«w—' '

CC)l @fw o 4 ) (w"f) %)% CZ(MA f/‘)

N ye
(4{() “ ‘3 LL



Fix

Pavele,
(Pehow) Galnltin Wetbed

Fand ¢ 3 . / ! 2 b =
'”0‘\,\.\»\8\»«{.&«)»\,& LA ﬁ'eq,, Laduls A adrauts 'zujﬂ wr. dod QN0 LJ'h & u A

J, N fe
,&w‘f we Cagn Afﬂ~7 "ﬂ’mlf /s /)IE; /d " 18 Ssx,/ﬁ/‘»ej,
» /»zowaca, b,

£, MATRC EAN’s | (STIFEVESS matee K
o wWewdd aslept Pubwss U@cr\%u;-v=

. 3 e, .
V\(‘,y'\ 4 /2’( Wllthoa to- v\,uLHAA ﬂ.’uim L‘r"g,_ NA /53' _ A = ') '2;). ‘o )w B, I\(Aé‘ [(j) A j
g TQ N ( 4)

/
) ! f LO("C, U h t a w*“ 2 > CaNg Cu s ane Cowolh /g
Np & ca WS pla }z(.

{ ﬁw ) LJ{«,{M(Z;J 3[ haats f)\,\q/

/4@:\ ) lAﬂA x 0"!" ‘/ud(?!’ W s tv“*u;/% M ?w c"/ A/ o A
(

e wieag, (;&Mg/\f s Ny (et
4?5’3?@?.&& %L}’h ()/fé /;Z!q’_/ /V (‘/)

%NAi " e MVMM:QQ&\ %{";M ! \‘m&‘ L"V-,{g,uw,\ l»u L ’Mﬁ d . ){)«}’ (,an (('1 ) ’Wﬁ:"‘
r N ’:!. J ﬁn ) _Vl

(. ( 2 ocaNs | 2 dgly )m ({ 2 CuMa r) g < 2 CA»A}A,CD));'-‘& + QA ( PRIVA )%NWJ

39} ) By k Azt 4 _ Az Az ! '

pl W8 Uae, Q,.ug,.ﬁmx,am_g_{& ag {2 (' y ') ) C' 5 ')1 {o Zfl/

s A\CA 2. AQ(MA}NB) (NA ff) ~€' NA,(O>$\. o+ a (NAJM”"’.)Q e ()

(L f}\umtf fzc(ﬁt\ \/th‘“ OA t’é?,x v dA‘ ) .
ECAS\ {r0 = { ’%xo Vas,...

A

ﬁﬁ»iﬁ

x s (UNa,Ng) = (M ) - A\D)f'{, Q_(MA.)_N,,,,,__A)E

A \ . '
Fitge e %nm Al e ML A/w'nmg (C"~ ) '

,»{;éy/w’“ (NA {’S - Nq@) f . C?L,(A/AJ/\}W,J&‘

)

Dfis Ky @ (w, A/ﬁ)

Kaw g = Fy o Kl = F
st} e ~
Uy Koy oo Ry
l<. = )/ '1474 N ' ) j
! '
Ky Kpp v Ky
Now  dt At 3?",1 (Ov(?.{p \,\.u,' . <?;’.\,a);"::y:zf‘, b ‘W}tk
C‘ ) o C) H oy [} }‘ . S it .
qew K F O d
\Ji ¥

(M) o

2, J< {/j o L f'\l. L:; a i y/z: A :?A.fﬂf eetetndr

- :‘:’(.-rz . L;,{

1 i 4
" YT Anee "

P



wt

do KTE aodongan K anille

ey

s

--PLMAAJM ¢, ( 6} (s d. ‘E?u:;_e‘&,@ Cost, o Q. So-elled wm,%u-ag Maw&mﬂ e bl -

SV‘ft«w!dA{?{ fjﬂﬂ&%,ﬁl;{g r:;)l\ Qﬂ \7«‘{44 % W‘(l: 3‘ [ ?:' 4 ]
L %29’“%v«ews"‘c‘«z'f:. i (Kx K Ty

o
g, S A £ fh

[————-—

/

E
’a.iv';\ew“ sg Tya. @4 vg i . [4 E éﬁﬁ sntad Tt [x 21, (r;w "
Sk il () (W) 5 ( M) |
. L\Aé‘\ L{( A_\W\ -\(f(‘.l.u.k« fél s «HV‘\!)}( Aé%ﬁ A‘ij Lot ( W ‘ii ((’

ﬁ é » é::({:\.w.«/)cﬁﬁg "»M-U"dl“ew\}‘cd"wﬁ 4 $ ﬁ» Cf“ %"\ A8 s i}f L4 )f’*ﬁ [

whet & pbs by g . d,/\/ 4»(;
N;(l)*@ N (’!} 4 f}mm N;) M?, N4()():: |-X ,‘\/2005 X

Nis g : K, E:c 37‘; gj‘ d‘ P K '(N.)*)i(x e 4 o
Loody = F . ) |
= ( B - N wA - a, Mg
(l»x){&)ix - b4y T (NN, = jo 1y My s 1

MA@ ff/,l\/) 3 Nag (’ %)[/ (r- X)/(x)g/x . /{4(’_/ +X? g~ (/*‘X)ﬁf(l x) (/ x)/;)cv
u ot p | J/m%wa

e
spamnestt
L

! L
@

. /‘M"‘a b)ﬁ(&t/ﬂl’ g\@ow M(X’)‘:‘" 3 o (XW /) ‘ﬁ\‘ =/‘£ / ?\/{\"?)Q/l”/‘:/é’f v v ‘ _
e Ulp J

lae (v) fle)oo - “t)z g0 (o)t

) o= (4"4’
u'(x) ’=; o# ('xw,)‘#’\

. ;//r/z*/
}) f)c) AN xr\qé hfﬁ_m/v@ ()&"\k. 22 - (9(}/?\(4 &“A P22 =Pt gc\ T g{ ",(‘L

e s (6) afuhot) - () ~whfo)h - Gt gt)
Find rhelt . V c’f (k. he above. 1,43“ /xo(’lw



FAN

4 j '
' g’.fﬂ(&.. 't A

n .
-4 <
,;,::({;,,4‘ > Lo ;q::'(‘/; /\/,Q. v/ /% (/) =0 Az /) 2,y

b

= phaob daNy + ?/\/414-/ | /\/M-; {') e/

" ‘
A.':{[-
=> (M) Kdof

/i\,ﬁg = d( A{Q/‘/B)
S (Nﬂ ) /) - NA(D)& - CZ(A{‘“A/“"“)C?

e ! o l[ ( ,".w e N, Ny CHY =
. e NiG)=0

a/vavw\wv;nﬁ o () ("LL‘ =l ? + (:X - l) (/)k

Atrtivae, 'f::‘:/p . U = 2’ + (K"' 7>£ - /% </" X 2') ) (}&»«.!f;f-‘-(?‘-""
b iy sl Mh?-' % 'I'(X“I)‘g» s P/Z‘CP’”%)E
) : . aai-m t;.',{,:t.b,f;'.,v i.‘,L.\ b ealee t.
‘H)\lz P«Jaw!la,u '“Pa,t,:’(;’ ol ,Lu(.. wf?,é.u, *}&Q ﬁz?\aw“}b- Cones Lin,

;{ Mﬁ-c'{,‘ A.f /’24) ol A&,.X . '}m(,;c. /’(,, ,duw't Ao t/r/'ﬁ\lv»-x..,/, 4—1,(2,';({/
B E»;!ftvg/‘fj (\m \s‘) f*}

o g(i(x,{zq,\,,kéaw (/1 # \)’;"/;

I
Lyack ad buc, TMAJ

e T

.’{\\:,:,‘f,ﬂ,u, i

. ‘ We LVL.LQJ nele }ﬁr Seeant, g'?;ﬁr’f'zlz‘:.ri.-»n; 2
A Mg . .f @ 5,1 X L_‘ Ay 4;.
w{x ) s e ,6,1 bl o Ei/ls (l«» X i ) ;’)

o rd-‘[t N

tA.k(K.) = ¥ <. ﬁ/g, (‘—x) Q

f I3

{re.e Dend

|
125!314’/& c’vl’ Vlm@ )’30 (:‘v.;-é's )

il

- 1‘ ‘ o]
el ™ "?/2,}( Qach ab ona /3 ot A




Exoples 2D (nr2)
b, ; g & '
whs d,/\/,«-d,,/\/,,v;d/\/g

N,(,l')‘:.NzCl.) =0 f\}g('); |

"'li g}L.{’,&,-e_ "

|
1
Y,

v, ]
3 My, Feoeay ‘ﬂt,;_r(“‘
) | | | b | )w“l 2(5-45)
VR SEENON ! "..;.J,m,,w.,,,.%.v hyt ! : ! (
,'i ; i 2 (dz*&.) e e
8 S 7 /
2‘(“4“(11\ i !
N, = 1('2~><)_ 0 £X LY N'a%'u
_0 ! ,}“X,}, /‘/w = Q
Np=  2x 0 EXEY, Nyw = 2
20-%)  fE xE S
N?;“ o 0 Lx €N NB})(: 0
e A € X £ P

e (e
J<A& o g NA)% ‘ NBJX (3.)( » <§ ) f } ) NA}X NBJ)C A.’K
0
e ff we. X;(z.mé v 4 wende oud ¢ bl

: =\ 2

Foe (1) = NG b~ Qi) g
\
= g'N\.F-clx R So Ny Na,x%d'%

Q /L!\\CIL N'(“)) 2 ! . .

| st S E/M'_M. ce. N')x ‘a '\J%’x b C_)
= ’ . N / ’ B N
Foe SON"*?“ = NpYh = § M Ny g

¥ :

0 ,ﬁ'lm‘tc_, f.J;,(_D\'.:O

5 € “un tacde Apyn.



J
N

N R IR CRP AR A §by
_ (e;\ W) (1=2x) « %e \/&))(274) RE J - -
(g b))% + glex-) xmp |

= R (e ‘"A = U |

N RS i

| | ,. e
ooy foproavk  Fepp-b o[ ;

\,\n e\uw,owa. 1 v b 3/ N?

. «—‘J,;N . {
o N }
‘{)a/u’ e \ ‘,
{ i
!

2 2 !
\ ,
: \\ / . raaﬂ&d".w«-
Y

2. }QDV:“JQ Cs L’:‘.\,ﬁ. (ff?"lif M N y’J ) E}‘/‘-‘/

2}
_,gé,v- LN @01 Qe o) 88,8 1

LA h l:) f’{({c‘ﬁ dt’ A 5%"3 (a(r‘sd\(’ilﬂi )

Jut\ 1l " -
dx Pk



\

LLL" v drach  ad 3})()\-«‘”(“4

deniiatene. Qo 2 )f § Qasgf,

§ 7 Pecemige LNk FE. "30'* N
L Gadgilp o N - At spoee D7
peea Lhpen [b)"jo ‘wh N gub udevels

Om Xy ey ool Xy € Xy = 1

X A\ ang, e lided ‘mwk«.w‘ dw 'u\[*w ’ﬁuwi“i« ) W= Al e A a%ﬁ. Gt ’ﬁfﬂ,‘u,t{, )

-
Na S

" R
A} H ) )
; NA ww { (’;5/,‘@ MA‘"))/L\AH : x,g;r{xg )(A

'éw sy awalede ool at hn»u(’ tf“,"' N g
(.XAM .M N 2
8av Xyq  lae My ‘ 7 s)/h/\ XAE X € xAjM
X ¢ N o elaeisbons
V. Ky WG N : , . :
) oo @ )
Ny(x) = g (Xl(;)/h, Ry g€ vy

e et

3\

Koo Mo N Xaer  Xa

N“""(V) '?{ (X"‘“ X "‘)/hn X“Sq X Ejk‘-ﬂu
. (o) . . dd‘lplémxg

5

R 4 . o s
Ay - W"/ vadieta C’A b velds XA :

N
! 1y

. ‘ I

PN Wl . . . U

o

AN Ca Caul

(

4

L i
”J;;

V&W‘MQ MA(X@;) v 5/.\3 - {



e

) J( ' .
w‘ )’VUL;{ C KA) I/ ]16:4 e t{’?%“ N (2 /1[.% e /{ s %LJ

el n

o h 4 4 1Y) 3
A LT & /1 LT oy Na ¢ A/ .
(/ y RO A / Net
/ ‘ / o f
f ; ‘» ! | ¢}
i N i Fan i Lo !
. o
!

e B

s ’ N ; 4
o A N VI
4y dy Co o dan e
; : : | ‘ : i i
! o l ‘1,
. ’ e
? ) ‘
! ’ Al A A Wl M o

ot (maz-wm L
* i

faers Eoo { B awete A

' . t .

1L \" [EETa

7N

Y . PR
e Kow g

s -
e ( Ky K, O+ -0 | } ¥
L47Y Koy '("2.?, O-- .0

.

K o= | |
. | T S A [ -

m—(f—‘:’ :]/Mi’} l 3 Ny 4 & 2 bc’mu) WL(HQ e 3 ek s

/ ! i w /”j:? é}d‘.&uﬁj t LzJ ﬂa\ % 2&«6’4'L0§

Av)

)
/ D Q e K“ '<mx 7 P

. A
N PRI (;“ ; AN mh LA A e ,q,\'re ;ﬁl.vé..d,g,twk&‘@ ”»g
v .
Loehe e Ve
2, (A C‘ = 0 ;ﬁ (‘, o CD
/\ l‘ 'l@t ' (’w}fx\} ’cj' f- A g o5 Ve 4%4 ﬁ
S el d ot AAL § 1 X. 25 _— e

. "
W)M,&DAHL{LU_'_, :_4 14 ;i‘ht»fw! A ewt‘(‘

e Kpye A-(Na,Np) L ? E (f“‘ Mo Bleby G SL(“A.?

1, 2 I
MI '\@ \E:) LRy

. ) t o :_‘
‘bef(’fbl\‘f-e” g\,())a‘sﬁ Lo ! £ (’ G ") i
(A Az

CA M'A'ﬁ (’ﬁ = CA (2 (N,}JI\/ILB >ﬂ£3 B ( (‘A }\JA ,; C‘B /\J@)

o e ¢
- TRy
= Qa (ét)‘)w‘ //‘ﬂ‘o’ex, Yy > 20

(Q/Mu/w-e/ C( / { ¢ =@ 7;12% e“/ {P@u\, (f / R f / ( ,U») t\ x)l(f}ﬁ( )
2}



. ’ }
. = W 1; y B = A()’h; d;c.a.«:,eawz»c;u dww/m;:/i Sk w"!’"‘“’: ¢ Ij s 44)”'4(:/) 2O , m
o UJ“h"O ")w,,“,yo XN *;»:3 Y eh O auu/w@ws my C"AI\!A 2 ) R
At /\/A Cf*m\ a. A“"”’“ -zi %’)zu\ s CA s ) V/A

| ~ 1 refer
Aestives & ebvt:.t‘afn.;a.,@g, ,
we it hot qu‘/ 7 and 2 J’{‘n mg‘}//mef

). WP fyaed M aro- Aty

s wht A pe W’ [ bt

3. wh w el

fevmu«zw LISTEN
K (7‘ ) 27;’511'}11-‘_".\\@:')!\ A, ‘ )
~ AN } t? / { .0[‘ .
L2} /b)d,.:h,b ¢t ()»@,,A,,L{w»g,f(f S

( %'1') ﬁm_;y}q,»\ £, @ltﬁe Bt Fg
Il
W

(A)"A e ;3: G '\jﬁ. L”Uh M,k w 2M “’1/\ /\JA + 4
c/}- ) ﬂﬁ:)g f(;fbt-» Mﬂ-r 4‘“&1:’(-4- 4. 'T.)'ﬂ-".--é".-‘ucir;;‘

g
1] Ay /A '
ANy / \”A Al 2
i AuA A}: ST e '

5 . Md;“fwndwja‘mé Pralesrs
Reatt o neseust BVP
(S)  Upe- / O w/ Zy [0)6? Uis)e
N wfl’ai“ b e J/\N;g ;_Z #vwetfm’w S 7:9 Ao Ve /(‘hf g /9 d
and Lot f g Aerte p&éfﬁ"'(fx at (’[& /) 7
tott He soln B8 W st o frd My 5{f co M, €p)e0

& '?ebéfé / 5 P f/)( U(J) ' @’ Qo ﬂ»l&u‘muﬁ'i‘

q QMJMH 4;5. u ?3

Mamuﬁnl %md(ﬁ | <‘><"a.> & {
=y XEy

”ﬁmm,fo u,@QC. 5\,\ o é%/ (4 w 3> = H (J{ - })
( r_mxmmmm ,

B e —



B 1()3 ;\ ch‘a)

' Joos . . . ,‘ 8 ¢ A /"
,‘\[[}u‘« 'P \gf,'é:!r :/’ /&5 - gi“)(” ,} ‘) - o3 L ;‘(\l " / L,S G e Caltperp ,/\ (;,/,/7( B

,cv'j\ f’
; f‘/ﬁ?"‘, dv = I ":)x 4/) A L

/ oy
‘o o ,
'f s H § 0 ( 3 g !
) " v dx ® Q/“ - P f ! } #) ol DR g /";{, y
) ades f}%\§ 4 58’ w6 Jk L”AJ{’C&) ade, sty @4 Lo L
Y A ' TR T ) .
;};j} ¥ L M !é/ o c,' 20 _;;(,.4...1,;«\.,(3 ‘2{\‘;‘{, /J’ @ { (J} .12/ £l (}g‘) .‘ g_(,}> 4 (:‘1 e 1:;: L-’ w ()

g o y y .
s c»‘i)(;() B \@ y N LA/\; = \"" [T ':\, o WY e 2 ] tff Py #4’ ‘\111’
[ 5
g L } A
b \"“\ “ ! 2 9 ) ¢ / ’
- . ‘ ! o v ! y) b
»{(‘_S 4 \’(T\‘\ ; ’I ~ U['“ /8""" { [ o l‘,” W | ) 1] /)I‘,, ¢ A}’,ﬁ
. 5 j
! \E ' ):I_f e ! tan s 1; iy ,()
Al

Wi e S A5 SR

r* v 4— N ; A P ! ) 7 y ¢
(Y/»“ g, A G i 9{ fl’«"l o f()1 ’,f w8 / /"pr( [7 SR ITI {,,/rm .

o 4 a(wyu) . ,Z mmﬂa
W “{,

(%) weik A/v &’ﬂ | "t ’
‘ ) wedh, /mmu,t Q(m j_j (uj ) V we (f Aad ((ufjv)g/;g /"Mv

A ‘“)xea)'w».»{ a/?{,g:,{fg, ﬂ,m,, Lr ‘H}ud ' t!,, L( QJ’ %.) A}{ < e tj‘m 1 M:-»-:;; W l;: (‘lt)'w{*g'«vn,M,d«l,i;r»,

vy
l{)\wud 5o Nettawres,

bovweany oL ,&7&4@@ Vet ans 2 ‘(Aﬂ) @ ﬁf a 3 \/‘Z A
He. 5;‘1’1{)& ({i wibd fe dpas f}’-:{n&-} S“ Az, N ‘

fegrne 1 A (wh w-uh) =0 ¥ wh e U

thest.. |
Y Take (w) (fra Wt w) (w,rf) w Wio) R Vwe
Pl whz Uhe u ouhe mplace o by or
A (whe )= (wh 71) wite) ko
‘fiﬂﬂ wh e Q(w‘ uh) (LU‘ 4 /) - "(0 ,{z s g,umg ﬂ?t f, S Al Shie
P ( e A { t) & Z wh U /i) = &) ; bg,, MLL.,M«M_J,.')
| e?{(w?\ 0. ,,M @) AAED o

R y £ ’
M“ “‘€‘ yau o bout e eAvn w Hhe eféu){'vﬁit,m o b @P/ff wa iy 'é}? fe s ceesird

b



fem s 2 ef aA) « uhf (7) = A( u»»z,,ef‘A /ef ~rh ) oy e

wig) - whiy) & [ (eu) Sty)dx. = - (-’
gl Stm e, d/ wh ﬁ/ﬁf“ ﬁ:‘yé o A LA 6/3 N i /t.d/

haug” M(ﬁ L(l‘(,yn q Mh)' A<1)’m [e, RN (1 U‘ (/h £t »f)/ g s

c.;._/.x;ml.t} _(M) M‘j NIYTRRTINTL é“’ W wz )= ”)
Q»(uwu"\ ' ) 3 (a wh z)
ka ‘v-&.,‘uje,@ya:_,é@? a,( U u’? ,/a.') L ") C? / it l‘ y }J) Q ( by é{"“ L’) _
;ec,,f’. ﬁ 2007 h A % £ A A, /? 'i“l i, 7T
S e < ( dleft, w ) éi? /ur Lo b4 &) a{,m /, ey u/ L4t .

é?(’au") Hewh) = é‘?_/é{m—-z-(,"‘/. /:%)z (u-u" S) x ~/ - (/)

o et ‘g Yo o e 0”

( | S
/:\/3»444,-%4,!,:' % X e f)’ UV by, pan by U'f s A, , A

h! s ks
H(XA (:/(, ( A~> (ﬂt 4{[ 3 %ldh} o \/ I i {J 7 lj/){,, .le_,%[
Rl A 93 EI il e n'\ ) Ul 12 ¢?é ./;{?4;7/?{2%'61'. f'»‘:,'_(; //6\1» &(7 Qév-ﬁao;,alze..eei /

A%de?,{d of [)’1/1«4 mr*’ ('é’ 2

g“;{t -( we el nae. Lptedreas ad auwdes 4 fide. iy f{z';;n}/ FLLasd o, ;f/»m
R Y N PR O . , o
don tidy (i/“’ 5 ‘f 9 fat e Cof "./Lf e Cont o &:w(«/&'.;«,,z.r'/w PEIE L
. Iaw, d o, ; 1 f " o A -’l’ o, ce y ;?’u .
. (‘w . ({&’?{ & p J ftu. ,‘_f { (j % © C,;{’gj) |
o . . . . S . h g’h"}
[5) e {lyh (MJ %fj
:\{ZLQ "“;"{‘{{“!‘;Q;?f} d‘-gca((""fw'b' R ("{ (‘ Ca ! ) [%3 ‘.:«:! (?_xﬁ'u.‘é’b-—;l Iﬁgu . iw( a“ Ffbtb M’/U »()A(‘é’\' L»'l;hlgﬁv.‘l,(vm‘(j B

i el oA =3 I l\} ) . 2w, !L , 5(1:56&%»-4%%

'} 'a( ( ot ol b {‘“,,,’,ﬂ 28 WUL( 1o & G --> LLH(X) U (% )+ (X“X }CWXM p

o ’(,_M;’\ ; (}( H (){A ”) »« L( 1("{1\)
A | hy

t



\((:

Aol & . We Al al awdes - U‘h (:V) = U 7\ Ay ) W ( 3 s Coate -(-d_,.,.‘jf'; < & )
. MLl J’g«;‘; IR

‘q 1&“\ U h(«"‘\) = )

' N,

g,;-" atan Volue Thon ., (f“"ﬁéa»e.c_,‘ L "é’ef”"' 'f XA fﬁ‘ J LYY J’f" b } S {;WM"
. i (!

m) Meaan d2lie B

hA

4

ff il }
& 4 ¥ { 2;‘) A\ 1 f ‘fg ! } L 1{ ﬂ] ) 14 } v gty /r?u/{
: b
ha -
A4 . ; ) ! oy
o {, ¢ ?é L by \‘, 3715“ ‘,{v‘_“;“.f“&‘ & fl . ;.‘“,".,- Sk )“)U t \I»I/ £ /({( {ae \’(’ Letan c Q{rz‘,]) )

| }ZJ '311«{}'9 /f{, ‘9# y’z m() uIl [mmzﬁ "’aqu }bumlqm A s L}/Cé/ }Iau\ad u?’ré f/z, dfﬁu/)(w(
h\ b)b“\f ,\e?m\aé ws/t' ’f ("Wla,,/ )"tftlh Lt WJZ/ éei}*h%‘ ) :

L\e.;@ . :M« Laans, oy (U/) /N) .'7é de C’:) (0() «' “’H (ﬁ‘x) NG[MA,’%@.\}
ft !Z(’mm;ag, TR g, é” Waén LAV (S(A!/M,‘)/Z

‘%
€,y () (% _w)uéw () Ag’ {O‘/‘“'ﬂ) (€0 ™ (S )%x,wzy’

ar/ eyt € e (A 1y XA

- | El?ﬁ{?: €, () = U )f; “ Uy (0 e B Ou e M) (V)
o) | HA
. *‘)"“g.’-c‘*mé :"’(‘\"fm\ doliy) ;,’ s H Isriie s ane Wiy s ( Xa) / ’“%A (’4 uef .,%wa Hgm
et “;’nfw 10300 ) Uy () G )+ e ) (3g00 ) ) (e
t)do S S 4 £y ) adout &, . X _ &*:{

J’) \+e\tu I’J«%, Al das 'LHHQt \s’ wé. 4 Ji/" F" »‘A"‘y} At fg) /\l/\t‘g(

//;V &¢
Lot Feme, 4/3[))0(1-5 =0 ‘ - ,
Ryplo)s0  p wacd o phos Lo, TE e (S) uli(x, )= u(xa)
Al)=0
Ao F oyt @ Otpua) 2. W= ()

AC&(M—C«/[ of Dads A o & (M X0,) W,/ J¢ € (X, Xar) X = xﬂci::’iﬁf;)
(W= w)| = (%) u () + L L(KM, S G (a2 )t ()
X 34 ha ;
Rarte,  $00) b pddd Ao be O(x2) ) it LA L cmatat
T X0 % &

U | Gloo presdh he ’Mf‘% Un ) M)C’ M& e, He lollon wg : ’»f ' e)x(o()' ; < O (g"tt)
Hew UM () Wkt ndey c’u(/um abe ., Or Sk o He susler aj Cooigeace,
I

aﬁ /)\:L(va\, /DL;%(L ‘g L\ak & & hk‘"‘ . M{, L‘M/%‘Lf/ ‘,l()\‘g lt’a iiaé St e‘éa' o ﬂe Lhhr &y
Thevo we Addigr. R 4o Large. do pz»,,a.g,uﬁ’r( Los



. %
@)}: (N) = <XA:_;%1:| = Xa u)xx(xﬂ)'}‘ B.L’:hA[‘(XAH*XA) Lj’xrm

Fro & poud &—b X,

' 2
} %-‘.é "&xx (xa) -+ ’é", h Uy (€1)

EROIEN )]+ & Wl )]
A
5 g:ﬁl )KV‘ + ’:!glh }'\:‘:i ,“/xsw, < O("\) - ,::K;;‘"J::)xxx‘w”"yd
Hore st modal printc| £ 16, 00)] 1 O(h). \
D(~>Awab.2

A(A/vt» O(RS? ‘ ‘}ﬁbw (e,x(f); = 5_..’Lh [(’9%:";{)3 M)x“v(c')' +"(xp€ui)3u);m;(cﬂ]
’ A

g, D00+ By )]
] L |
€ g g e o
¢ !
2 welo] oo | )

L (e w0

b =t 5

fal.uo )? z,é Madw"wmﬁéu) Ateannte, Wir. t

oQA,tfd d«“'wb-a ‘

a,\\;t \:(‘ va Mu Q{;')’Z!MA.Q S(A,“,,d,,ﬁr:f Fam;" : J/\, d.{,&xif :‘AJW@ . FB(!«\.I’A”M A I()Q-s f!!\-ar("_ ja e % 6{&44‘&(‘,.6,

r ' .~ ’ . ) [ //
e ALeehtiomn l, downtl  du Al littlg  CALLL, Dokl @ Tibest oty
Hee tedval poucks  and Sruart lde§ N Poados ot I3
"‘*zhéa,wu M{Lc)‘ deny c\l Ml Loy we\m»ae., /3/' |L27%) }i‘):ﬁx,’\'@.ﬁ; p

W e Ax—eBx-e(L‘ ‘
]é’, (x}“{ 0~7 e,jﬂ
=0

oty

A‘Yno“aw QMM\QQ N—k}(td?é,, H L'a %Mr{b‘t(\Jf‘C L’,L

e \I\Qn\ (X) 1 Oxack /M“u ‘H.”,y% ‘ =0

Lu e ﬂx«ké‘ ’J}“’ N ‘)},’. "“f? Cc\"»u#" b ;3 we ot}w &)(’S ”l {}M/l’-w (Lw& J@’ww g

c"{}yx,ﬂe %OD

_S}um;,,\ua&A‘i CJ Mh(*f\v') ”' M(KA)
@& Ae épif ca (%0, Xpe) D L&“ {c) U (c).

QQ Uh (X ) b p(h) { yaghe !f Vl wﬁrw\A/\ \w e g Cord -
)

é {0, )\) Qrrug 5’&:« (_,4\(:\ \"‘M' wglé j‘@ A&.Mé{cﬂ(sl 61(1 ‘H,e,,,(éj “/YL’M»L, .
. AY\ ,[f‘fx-e«wu.u:ﬂ t-'lﬁ'f'»(’i /&6_. /Jl.,d'u-mﬁe.tj b //L}Q e-u,mv/ '



4 . £ “,,) = f o L4
/_j ? ” : Lfﬁ@« Ré«'h&\ém_jtﬁ raﬁll,"’t.ru,g” Uf{ ‘/l'duj .

A % éwr& Wt waLd (;:iafb fie. ‘/‘ e \‘QJJ w«/m {)d,mfbl‘ Dpi thoeee ')F1 (!uh(‘fr’
h(‘c ‘ (A’ \

J\"‘) In QMM Q) ety s (éfo//ﬂ /mm (j\/‘ s wheetl Lends (//S&”él o
)Wﬂfﬁéwx/f(z[] sk (4 G 0(7! )‘P\e, N e fladd

§ #
i3, )flzw-»\,v-eﬂw«v;r '] Wl weead "d ,@w f( &, { / (‘\?0 éd? e €a {Iba ;(:5 sf e le¢ /ml‘é at Mﬁ-‘ .
¢ Y /
&W»:t.—:»l’ (/ﬁ‘l’ ‘2/4 thét 5’,\ S, < =t P g e M 5:} ) 06; oty ‘;/,e,:, Ay z:m‘/»ifﬁ.w,g.x?veg;/?\vgb”",

\lm ‘fﬁ N%ﬁm Ly \J() wé V\uea[/ aAefrae. Nﬁf& I P [’4 l*{{.né‘ 5“ a‘“ ‘4(”'“‘"‘ £ f) /'/3&“’

( . 36(04() d«'az‘u/ /tu (H/[ f{’e wéfuedx (,xt.k fc:, X P TF ,,9( ) h r/h :z(lm.»,mu

¢ 4
}‘ }?‘ [(Kl.“‘ ) l\“p \{Hf (3&) Noeles {\(A)VAH% % rf(cyucq z }I\L(J&Mis R 'DOF? {Q(A 3 d/\'ﬂ}
fn. ¢ g“ Mokt (3?;) babon el 1 mode.,

Akt \ 34\) Ha ¢ }"“e ({P‘«a {NA) Aui {?XQ‘J "M <‘3 \ ‘%‘L“”i’ C‘}MW J:u oeMJu( fef o S

%4 Xaty -y ('x\ = NA("} + AA! Mi(y)
Xé hy

”mu. ﬁocoﬁ laowlb af v‘.(,‘u) ! (VM ) 'l)«oma('~ [ §, )gp,] = [""’"_) t] ‘é' "if""“‘tflui*v e "M&dlr(lfs .

s whls il s Ao aa‘u ¢ tloend Gk Agcdoi 2 “f"‘?ud“ ﬁ’bﬁf\.\g-mﬂ' ¢ o o eloy Wb wse shadaced elil
tﬂ
b iate Msudondearalo ; (£2)  wedes 4%, 5,’@

(Qo\') DafF { d \'\, \le 42 .:.zom:zl‘(zl) U?uéucém eaenk “c
NI Y S f{}\q A‘.@éa(?mdfﬂmﬁ ﬂd gaell mede mcww{) eﬁb“&g il Lave mou Ham 2.

§
( Lq 3 Sfiqu@., J’WJ % N J NZ’, .
< A.«{) hﬁ\b L{\\-v"»b\ é‘! cl\é,»t . 1'.'1"\* . ((:% rg L’\\\(g ) ﬁg N | (EBC{F + M 2 ( % )45:

) fe [’%’, )%’L‘

SN

ey L a dunld ‘rqt \f@@y Zﬁa(}ﬂé M@ffﬁ jﬁa LM.{&L,QI’&(M“‘ fmmu&ad,
‘Dt.{m;.t, g 4 [-:XA-)%A.M :{ i [}rg 5 igﬁ,j = \‘}‘) ‘M.l

Pebdieane, g x G Cp X So that Z(XA) ® %.Ia”! and E(XM') g ,
-1y '!'(‘;’?‘fA ? = im‘iy_g l XA?% Sél%
b 0y O Sy g ) ! Kt CL
B 2x- (Xat¥p)
hp
\r‘\fb‘ PYSR IV Wﬁé}(éu‘\e} X(%) = 2:’
[
-

B}
f

ha ! (yA ym,; whicl. maps [0, 1_! [ X, %an
R -&'

s }\ +) [ XA /:/c A4
R e U I S ' AN
R | < B4 Wiy s | - | elan
e e . o
d/\ = A, dAH - d 2.



/

f Geg graf ﬁ'-\ {'/a'/ X 4 g A N\

Na(3) = (X(ts) = ul S L
. | a ) (/'/“ %“Q > (? m
s,

Now X(E) = (;,,,rg , 9‘&'*74/“’)/3- o
w N (g) x e ’ ( \ Lo hf/e) f,(:‘),() L%g{,&/
P

@
oL-z

Lobal A; et Bt bhe AM. it

#lagi ol .,

LL (f‘) ? /V (é‘) aé( . . ,{7 }/f’p Cetint. )s/,r'z,/l(‘% aA T Ay M”;i.m
fmr’ﬂ(’ bl Gl ey !f“ o ol ‘," ey
fun lof)i“ﬂ}\euw th‘ I‘LL) )

o é{uf'ww MLt L _ . , s ‘
/\/a) 5 = = l) , 7’%}_ ,14,'1,44?;./-541@? Gt A 4?«1/;6\f‘;;.?4?‘-f/1 - Ama!{ vl‘(f/f/ _
v » . e?.é _ gm (’Xn. );( ﬂ.f,,ég y ; , -
X,, = Z2Naxg = 2 () XE = by e by
¥ o7 ¢ ar ")3 © e

?)X = :f}th = %e = <X)§)“,
1/27/57/-,,

Enel Crn. il e Fherro Mot 12 7-lePry 1n bren C'//zgqqf—avzav‘n o
S 10, 744:/.9’.1 s &;Mw"‘-é- A/”/uéch o ; \)

§:2, Elenti Shefhnene andd Forie Veetry

Coealao & 123 ‘ N = Nej= o, of tloreeds
C R T S { g——-—--a«a..m,,,.-.,,..v_,,.;_*,_.m.. .
C’é"@’%() wo Awy 2 3 " Mt )
F oa ?;tmm N 2henod 2 ew o
e el

%ze@; G}Zo"f«é’ ﬁz/[m 4(/ K //{«

Kng = Q;CNA)/J@ ) .
i LIWAQX}(N’%V‘V*

fe U -mod-atim,)y ,
/
o f %{G’X“ Molo)f, / //V/:));{N:“, wcfy .g

Dol 1*3 Mw\u{ ,,&3 tach. @ Anlelet 1o
K- KE= [kna]

e». " MK N

S SO

£ %) ~



)

Ne

Boetlon 110

4

*}ES), Jatertude: Crawss Bltredoation: Hend-Galonlstion Version

It ig fmoporiant Loy amywnm \& he wisher o do falte elerpent snelyais
o booome familier with the efficient end pophivticated compuber nchemios
wideh avise dn the fulte elumont mathod, ik is el that the beet way to
40 this is o begly with the slmplest subheme, perform same hand cnl

J

culations, and gradeally nevanes the sophistication as e goes ov.

To do some of the problewma, one will peed a {alely efficlont methed

of solving izm‘*rﬁvz; squations by hand. The following sohene {8 aoplicable

—

AR

to svetems of eguations K4 = ¥ ja which np pivoting (. e. veords

e g S P

nReSBuAryY., ”E,v or c::f.a.xmﬁ«f, syt i

ent matri-

CEE DEVET X4 qan T

—— T -

The procsdare is as followss

g Mv\& %:mg,g;

Linwen elim :ﬂh nation

@ Solve eg. 1 for ‘di and eliminate @?iﬁ frow the remaloing w3}

eguations
o Bolve eg. Z for 4, and ellmisste a? frown vemainisg a2
xw 4kt

eguationg

¢

Y

@ Bolve eq. n-1 for e;ﬁn , and elirninate ﬁﬂ v from &g, B

ey Solve eq. n fox ’z'f«“

The preceding stapa are called forwnrd reduction. The original

e IO

maatris m :w&umu'i m upper triangular form, For example, sapposs

PR

wWe 'a'mg;m with a syetern of four eyuations as follows:






2y

W,

The sugrmentsd matrix

o

s

iy

.
7

et ?‘ i

gy

-
™
o
s,
23

=
3]
=

e
5

=
k3
[ =Y

KH» K},@ B,

7 = o ¥
W, B,, ¥,.. K k
41 T42 4% TT44 4
%.on on
= ey Ny, o’
a s

After the forward reduction, the augrmenied

.
ot
i R 2

a1

ape & ¥
1 K &
b{*f&f’;‘ ? ?’

[
g™ h‘..wmﬁuﬂ
. E
4] by
Latd Liod

. . o . P
covresponding to the upper triangulay syatem U4 = P,

U LA A LAVATOE T A T CRT129, 3 300

Aredne gt

YReimes” will be weed to denote interinediate guantiyiesn

thin section,

yoatriz beoomen

(1)

1t in a sivoply

SO,

iy wey

a

k)
A






@d §

@ B

&

This procedus

~——
oh
e

4

9 6 0

b,
S

fnet tha

aploying i

o
L B
5 %3

e pa

eninate

& 18 €

S EYY:

i

e

1

o

in a2 hand calenwistion, Goausn

34 z.‘., %c‘trﬂ’l’“@

ed ac i @"U}F 5
- o - T P 3
somations nely Bed, oo, Lo

B Bed, Brdyons s

o froms eqo b

subotituilon, ws @bmwﬂ




v,



<

- avee
Mwonr i

T,

&

T
“H BV &£,

@ o TP
"
Iy

. L R )

& oo L frome

A AP, "
L :' r‘”,AnI{.i‘.w'ECu JJ’- £ !'V’ (lk,é,, (B
)
S S
;i . g F weer B i
L " : i 2
i & & L
H %Ak i) ¢
o K]
i ; Lo
| oy ey & f
§ .l | S
f ;}i & . k} |
o Sl 2] 4
E 4 }
i | wo B g SE ; e
L LI S 4 e .4
N 7 it e N : :
; e
5" ¥
{ Lk
kS 3 L P
H s
it

Moy wranasd Lo vedneg e

e, g
% o F [ty i e
4 o
- Ty 5
: o B 0w gy b,
- 1L
i A e
1% Sy poay ) Dren o 4.
1
-
)
(i ST g
@ Koo £ A N

. | Lh
i ;v‘.:w'm‘ hae A7 vow sam






o e A T ST G e T LT ST S
S







b
i
T







5

Uhae vy

n

Y b

" ;1'!;

' ]
A% 1
.

i ¥

P ST 0 R G AN SR 5T N

i
T OB,

(F7%4

e

yaie,

ot s 820 v

s
Y
£
a W
ki [
{
K

R
o

s
£

2 5 ¢
a4

!

£

T ST e T

T T S i

ey







&1 B Bi4 S04

vo-4f5 B 6 o

0 1 -8ft 8/14 5614 |
e 0 b 403 615 |
0 o o 1 75

Back substitution

" sy

Io-4f5 145 9 o
O T 1A “3/7 |

W 0 LT
Ty ey

& 1%

0
T8 8 1 13y

)
421

@3
& ¢ i O 1215
0

6 4 1 Ti%

- mad?






.

A VY SR TN

£y , $3f5
e
% ¢ s { . ¢
ﬁg 155
- d‘lfg w? *‘,"f’; g\%iw"
.
FEworeine

HUE NI TP,

Logome £ = g ®, 'wmmms Q o vonsiand, and Fa & = 0.

{iv}

Consdder the boundary-valoa problum discussed in olass:

S w10, 81

I {’ I {F 5] f | w & 18, if Uxs ~gx
, , Uy = .ax*

u{ 3} 24 @._;;’.@1 v ¥ @’?&,*6

Upleyro =p ceo
U« -4y D

&
Yy (‘5}‘ = s

{a} ¥ 1mm©%3g Tl ih«@m* finlze elexnent spree with eyually spaced

modes, setup and solve the Geleykdn--finite elornent eganticns
for o= 4 b o= mesh parasater = 31/4), Recail that bn claes we

carried thips ont for v = & and m = 2 (h = 1 and b = B/H, EOBPGE-

tivalyl. Do pob invest e atifiness matrize ¥ wee Govas olbomi-

g -
nailon to solve Kd = P or s mwoere sopblsticated dlzect faciories-
P NP

bion schesne i vou know one, Show il ealeatetons, Voo can ehook

TP ANSWers since the ay rrust be exact at the noden,

' i T
¢ yea e e ¥
L.et v, - %W N Wo

| /ia/®), the xelative errox inw, . L3 o

F.n

prate ve, . at the midpointe of the ¢ elerents. They should all be

egual. {This was alse the case for ¢ = Z in class.)

p b s

U g/‘(p.)ﬁ)
Crack






o 3 i3 i
b Lk o Hantlomw 1,10
¥ ¥ N P 1 7 =7 o
- it B
3

) e} Broploving the data progoatsd o clese for b = L asd “1/8, wos

{ ' o >
&9 T, worsons de b

3

{d) Uning the areor smnlysie fov W@y, ab the midpoiate prosantoed i

eleen, anovwer the folowbeg questions;
w What s the sigeificance of the eloge of the graph In part {o}? b ('@:x z/ e )

()
3m the ndews ofthe 0

e ab midpont

What is the sigulflicence of the v-inteveept?

re,

IK

- - . N ’ o %{L@ g,wlém s %% ‘
| | ' - Con e Qunll,
| 7 "0 ?AJ.&” a QJ@«Q(J/






£ . Atwe,

é. = o VI
Kap = @(NA)Na) J Mg Mo dx e Mém 15 o
08 [:K(’ XE’] ixA,XA_»eI.T
[’@)XAM]

FAe "é\lA)F (o)& - Q(NA) ,),”)ej

A
5 e Xy
= ( N/gf&'?/v Ng@)& - ( NA,K /‘\/0” , e 8’
x,&
\][\,L/'a %] ‘ﬁ\»ﬁ-d\.«("m A ~"ﬁ-L (3(&4(4'«"» (JJ‘L j‘)!e,«y}f; .-‘m_ea'/ﬂﬁ.vgéw 3¢ _;f,ﬂ{(.,\g,g /’ /«GQ.‘.le.r,t.U & (/A ‘ef“&fx)n.ﬁxvuf" é‘ 4—«2&11& cnd
erntd i : » /
e ' ' - ot s
Kag =0 ‘f Ade , o Cr wm Se e P '/,.,.\K. s
0wl f‘\e)k, et e es: €+ .e-ea
jﬁd" r« =0 f A“/ € n e+t
e‘?r l
X~ surn elon ot
K e » -ymc‘» : ¢
e — i - * ~ 2 : 2aydag, .;\5‘:'\::,-: &
. | g ) e
[ ' ~ Qe 4

[ ,/

[-'?( “-d#n €2, Brha % FLovy b}& 1 e»éé ARt /S 16{ C"é(/( S ): X
l§ 00

f® o
’f v '5& He Llenents s he /}nc ay #/fo’\cef‘ . e willpge. 12 a, b iz
J :
4" /64.’1 ’V-Mﬁ‘. Nty A ,é,&f’rt o nele,

ke [ mﬁ;] - é [ f

‘ 2e0 2xl
wherto . e %E
bap = G (N “@) = fxa Na,x Ny d e e
e X ' f - 5?4, & =1 5"‘“ oo A
fo - g Nefde + z e ee 2%y v
e : e 0
, = h@& 3 €= Mo At %gx,‘" N, (%) NZ(KN" ”Qj

#'ﬁw; ke :__,:“,:) aﬁu A L~W t l < (—fe’ ek (}AM& 'e :‘\}0 ’F:- Mﬁu ’@{‘ aﬁmu,, b&-& b‘t)q}»k, kﬁe@’“ﬁ“” g (fU\/mt)

na

§ 13 A/éuw,@‘em e"? /f: 0 1M cw@ <LCJC&‘{LDW Madhay, = “"1)

! r\«
m ’uu\,&/(\u»* e @D -epé*t&( L’ /‘.‘)tn w'\!}‘\’t}‘ ‘/’J (‘D Cama}’md’r‘ efelf»b (-"V M’\.ﬁuﬁ‘ fJ —/vé 1
]it ‘/{@ fnd Caien ‘7‘31 &%Ld&m L lr) /&w fe. &é QM!@U’J 0“(? k’Le" .F‘" wh K s‘ )
[ LM] K Ny

220,00 (,W(’ e,gi n ¥ Mo 0/ cle .t,,{{



th?-‘.:«y\: € f'f" NE s

LM (a.,(;:) = W@Q nvc.(;;‘//\,u ML . [/(g&e“peﬁiw s, . ' | . ﬂ

breed Aarida, )0 L«Qv nn o, € . A=l

Vers Jo-w S e ny,-| WM (a0 = el a=2
r{ms = Ngy, LM (Q,e.) . { e | 4=zl
: o Ay

MLy '&ﬁl J a » 1 '
%“”ﬁ““‘}‘%uu (5 oo .
bae Coneal, = t@, N PP ((‘}. lc, rs(;, 4] c,a,-s‘e,.u,hao })S/Lal Ct!;«»:p/

) \é,‘ %—n&. L;, Ao %LOG,\A ?DC_)'{;;‘ Lanlofiba, at-{'i.m% '*‘D ’{'&-‘%_ /0‘5.. A»(_) Abiﬁ)ﬁﬁ, )

e ’ &e.« By A "d. ) e ‘,
”?‘Awu ‘k\ » \f’ﬁnﬁ. fg)m%__g ? k 2{4‘ ), k‘?,’).{ . AL M W&b w o {\(
A : X

Jéeikm‘;w . ‘} hel, o ol &Mtwwbg.» i I’D f

e

g&af\ 7@14_1 saa W abeve.

o .wf_rltf’ e K¢ (?p!nw/ [r I"uéﬁn/u;m ){‘3 j‘/ ‘ 7f¢m' /:) M-',v Y%f i)n Lol C.&‘n,-f“';!"[f‘

At K F ase Sed P 3n‘4fn hw Aaﬂﬁ] ( eLn, 4,)
L{’ » - X ‘ - | ﬂeﬁmééa }m’ . e ‘ e (3 bl - 1 Lo enl '
Cetnlog) enled) T B Keg ST Ky Ry Feem beprfy T
v Feliof s 4 fyra ’ AT g o =6
" Ko t hi”’ : %M’m " Fe .41 f(e+17+{¢) : )

@ afebel=vbind |, e
A 7 l%,eu e ‘ie;ez‘v -+ k;},\

. te
f:e =it ® Fe + ‘Fa ] ‘ W_é\' 53444 whiiss 5o Hets Lo aal
Ke-iﬂ ’ﬂ oaars Ke*' 'Je ok ’Qz" A{[,M&u‘ 'p zz_g,’u::..u{“ d{g

Keu ey ¥ Kew et | MY
ab EwNef =N : S "
n “He

Kyp = K, Fo ke f,

'f/kf’u Mamm“% Lbc \JU“L‘MQ‘ a(f fﬁé LM MAfwlﬂ

» : g e

To, K = /i\ (e) = A
V\:\: ( 8} TR Qs )
Anaee b r&:}{',\a (’“,f : .
 leadad " L) , - ;
{n (/B Z{m‘%@/ AL, ({ (;D—e‘?,\ A by 0 (] (fl ,eg)a *‘y\fudwir &b'fw‘ LM < 6; ;/1 s éL)
‘ loead degace

w iy fear as | DoF v eael e, - *zfﬁww’,w,



I/zf]/&"l

We LU1(< c}[;z((ce Uy dadea o fo &(’JA c,/« ra/\%;ud Y‘AAJM»A

{
Sg 14, L\f /u/i (’e&u/x/wﬂ QE{ /\,e ensl 7/8
Chien e/ J Pt ﬂ/’{" ]n e e

/\[ !fl w

@ 00'1\#':..*\(,.5 ™ \ , ;o
”( O &*Qﬂ \R\JQ- [ |l€\§»\4:5.,')f\«(\ 0/ '7%5 51/1%/'%(«)'3

ﬁllhﬁ‘a 41\, e{./A, LA
I4

"? }{:[xl\) XA.“ ' vy "’F\? @aned. ;( é C‘a
wil X'e @1 codin 4 oo /(,, e /,Mm

D&’/JA‘;& a :fw | xmx(g) : ]&%J %:J s TXA_,V*AM 'l )
XA §
Mot g 'f(ﬂcf% S r( (x)) dx@ df

A
1' 'w hod ‘Mﬁw
g %wa W 43 () = 9(x) g éxg( %

{reatl alon thatn ,wﬁev .

+ 4 Q X
(&.x‘&.%ub«(/( '\f“Az" k‘@ [ AQ-TWQ‘QQA\/‘“QAI(’U ﬁﬁ-t) d&» taplon, Caﬁ k}l b & J‘ N ()’ A/[ ( »C
~ ' e Al )y A
X ¥ > ¢
. N [ 3
(? od, ‘“?6() Aé4 bt Q’Qﬁf .i,eA /; :: 5 ("f’ ') Q,Q_,;»e) 0{« (%):fﬁ) "L’(’{‘l\
G t

- g tan }?Hé Axﬁa NS ‘ng" ‘{LC CA&M /x U?l/ua,ée’»--p 4 (',Lt<&4<x~';..,,,4,»-«~é€.,_, y;)

. gNM(\(i‘BW (x n))ag.&g - ( um(fz) N, (8 dE 5; (f,i\)

= f N%%‘(f‘a Mbﬁ(‘ﬂﬂjif ! 7%“ A(-uée,, ?7{ 4/ .)’%,‘_

w |

- |

B O+ EFE) Nagre g gq{

pncts Ng =
) St LT dp e 22 () QY
L4 he 4 he he
” h,e, % .slm ' "l oy /gum'ew a
~ e l - | ] % i Ne (€)
, ' h
wht absud /wuw, Jermne f(,&) Prext Swede '% ‘!“’) "( anels defone /{4) Z"‘é{“)/
- . ™)

il € (47) £ g
/} e (‘ P e, wﬁut wade, e //, A, ,&Mm m,m e, (<
£ He s fo |

- ' ;
4?'4,: «’113 f’ it e lih, F Sufishfte &

f Na(% /)(’x)a';(« e /\/;1(: /.("{ dw
- Male) g (3wl @) i 5 £ [ Wl ) ds



Now Ny = g ( 1+ {/)A‘g’) Na , » 4 (M (1) ?')(/f[ /) )

- (/+[(/) f-[»;)fg+()f+é”> | )
!' | . IR 9 T N Bhb t*il s
LNM& d% = Y (5 + fi-1) 4(»/)‘_,}!]% v ()" vg’é >’ 4/[.9 w0 J

20 &%me,fm
o B e y : = arh »
)Q. (hf,%{m‘,wm’p ué[/'}l‘/‘“/) )/éj

kil

o f

\E (',
E)"\f f;,ﬁ ret-n)™ ,{gj
kge“lﬁf:% | 7 [[%I‘J 3 Le[a l:({‘{;gz
I 79 | n !
%o %il "Faé( U .fe«;

fauf‘ Ql;) Mtswes A _C,%_;xv‘,j-\(il.{;&?uf&‘jn Lify '\/f gsl%m,emﬁ.@ U trnts

"’l\a f_m Formusdetrens @{ e%f:% - 7-31""?, lf?»w{!ua
0

{) 4, f %\.ﬁxé@\;\,fg

Mgy = M 'QL ﬁffmai,é, Attt

_ uQu ( ‘Za/m Aom,(z,.,'« » ) S/fu-.‘é ?:55,1, }
N I\Mﬁ«é Rt R ‘ﬂ\-«t/ ‘#{ /Jﬁtwgga

: [ = &O»U‘Mmj ,& L =2 .Q.J
De(fg;;\:.l'\.:mm ' ' _

?\ %

(2 " ’))

JL{’\M

A t
e D& Wb

/Méﬂee«f«urt% R }‘21

| o N
a i}t’-ruﬁaﬁz& (‘"M\“é ;%é r“?‘ sa .

, ‘ .
- h B 2 {X“XZJ’K3i 2 s
Ju@ n Lt, 4&( s Mwﬁ«uc’ mw‘,“Q wé’n

{n,,%}"" = {n")”*];”z}"

'k ( sf%.'zd‘n\w'?i-‘-t'( éaeiuzul Q,\ ’5 4' )j, ) h ) ( -

Mhe < psfm? ‘mglcu “ M deWﬁ’s be. MN‘“{‘"’ ku 4,#’\“,

\Teﬂ CBV\ W Lﬂ W“MM“ "4 %w{ }m,- A ?D{:‘” (” ?hcl du 4»1 &R f( @l’ufﬁ@f
‘Equcm»"u_%.% i ml»( ém b % " )5,2» d. '«. 4 s :\J d C‘@M,Q é‘um o
C( Ess

]
ems‘m,( > ( )\f(,u/ cwx,Q U :
ga ,—1@)?@* Sl T)r\ﬁc’,.\.,ow,‘,\)/ (e’r’i«wgaéaﬂw QJv*‘ ) ‘e,, r.se ’ l\ o Nue, and, /\Jé,ummmau (Qﬂ)éu,) (u.] ,u‘,

| | r et

S Lﬂli»f (’L»n.mwga lﬁ r(a u ' ' B LJ v u;u.em\f‘

{1 - }e\.é asm& 4 J 7 Lo@;q.g we bage a- {7,24
e M"‘"’ LOM:A‘U\L””;'\./'J‘\



/2

S

w w;;l.Q \;Ab_eu@té,, P}é- mﬁ,zu, II L f"{‘ o-z/'c:-;-‘f(]fz‘{g and 'if}fv.u:«, )

! INANK e ] Ay .—\\ BLe KLpaen
j , )d {1 [h e D& /J(? N Ldeses b

=1 Lo ' ’ , /
Af‘?@‘i»lt‘\‘miw ' 7L "’/’ “ﬂ) ?‘-v-c‘i. Loy AR ’*“«*ﬁ&w,«(?aw matigls dn weld o, Lo edhua b, HY wd sy

bt [1’ %\eua ﬁ\tg @-f'-'!‘»éﬁ ﬂd Tk@fw aaaqugfzx:m.ex llaf tey A‘: '&Lut, 'm‘;., ¢4 bg\ ‘f valdae. la/lAMt«m

. T ‘ 2 ‘ ' '
i (' A My, = M) o Dﬂu ) We nld adan Hat, ' "‘ﬁtrw Stanagna / Lpea éf?xu‘fi‘n/’;um,;
14 A, a X al,
1

I 2.
M/,‘ = ), = qu oo o+ Y ‘ = 9‘{ oeer A ?...”.‘
44 S t );,;,_‘;,.,,,ﬁJ ?3,\-; 9 3)( 2
; X,

Myl

. s / ; »
ﬁé el ,/((@4,1{(/ Waamde Vﬁﬂ»w 7/’;'()" B b %ﬁ‘éﬂwi) L 5L".}<‘Le4,.,we‘,__,, C.’,.'l‘ﬂ.g}-ct.h:,f 2 LR %

uf ] ‘ o - b
@M&,,QQ‘ e Ae.-_:e,;_.fzg,,.‘gg‘,, yé.!oz.e“_,_. f;{,’ ng i fE2 7 bt St o= Q U F !
\Y'EQW g\ EE'{) 1 .Szm 2 ( %\n '{ «’J I "1 L‘&“*—L ] 1' f:‘) 7‘{('21, [m;ﬂﬁ W/‘I:’.’t-t{;é Vi a,(} \,sz-—,"ﬁ"/
Qg we il /l ¢ tea ,,;,.,_‘ (;i,u\(u}éﬂ,ﬂ;/’ilgﬁw sz} Iik:‘ul!f s 7‘744»” .ez,{‘f /“; ? & C 1 (é<<

o ¥ R |
o) L“‘(?'é? dsl. = “ﬁj 9,0 g (fg) 52 = - ;),; st + L (fg)nidr

§

ol

ﬂ 2. («/’/ﬁlfmﬂes;fg %mug;,v/ // &m’Z}m @owu&g,& Vl’u::n

encanlon oS Fio oo oo L K U - e
P_{ r/“‘"lﬁ‘{“ (j }:'7‘6"’“‘('-"”"«‘?,;‘3"‘_ 7LDy efn wl . ? . Kq,J u}j i //tt,’/ M)I s Lﬂ&J M);%

4

' ) yoa 7 :
'trﬁm,, U }'fh" 7’2*,;“.‘#&4 Y i ? W e, heot (/A,,¢5 viedry 3 “.3’)’ Al Py dlece beon fies o dorts
{ z

‘
%’L‘\l“/&w ‘

T(‘L:’J zg‘”‘f‘ l«;.' }/ﬁ& ﬂ@y{;t{izt,,f‘*luﬁ,;@ N2 ,,H_,(‘Tlt,ﬁlﬁ')’\; ’ M'(:’/' = /’\(// (AS?J'?N-N&/“;") '3 7[,&4&/ 371«#—5/ '&ﬂf'/ﬂ’«i tg
oo o :,-@zfin;x!’ ﬁg—gmrcfkﬁ.a.fﬁ«;z . %/ f%«» ant, hot ‘f‘ﬁa..«,, /5’6 t‘l'wf)/‘f ta ‘fﬂzj{?'ﬁ @,@g-m, Qoo wi &uﬁi‘;w‘

Leseaile Hyf Alyeo

Kb pett de bt ( Je @ Q w0l ¢ 4 weelsn o ;
£ d - e (

i

(';T l(: ¢ ¢ D ey (3:.‘:(),)

Sheng St of BYP
Shesg St

i ) et . o, + ‘
\/{fi oo ?,’: ’l: = Wl w*ftmek / Lf, j’-v)fL—r:; c::a,f,ﬁg,f; ; «Kzu e /f«’f' desodyg whn JZ
. 3 # / .

wpf ! TN 2 (ep oo
thes ts 4 r»f?‘.44(/ piefe, 7 yAY)

o
e
2
/7{
%
1
&
2
3

= g on /7 r‘é/ 4 { f) = (})( (2% E{ & %’ g0 ’3 - ﬁﬂfi’

M - .
oo =g 1 S N A ® Q@) n) = hi /; e /;" b e 1
N



[‘\(251»(’ riycj'g‘w ( L*s) W Youst JMJS A :Ez.‘"’»‘" ?éw:
4 ’

o "““”‘“%@77 b0y = 1) b4y o o & Lo

) k%m«o...c‘,/actv., ;)-Lﬁe/t ,
K o ] K\ Moy - K“[ ! 0“7
™ RERUTZ 3% e

S’hﬁ}v'f}(., Wl Aadtand s L»a«.ﬁd’ixx;:s.s? <?% ) ﬂréu’;a-é_‘, & 17%3& %lﬁuﬂ.-»w Ly L. deasd, o a _m.a,‘,,.&;zma“,
. = »
ym”’\« 1 d A?}ﬁ'\.?ﬁd‘@w%f({ /—’&M,,-e.gq{f‘,’\q M'\ '7?«4;.4 w@mgg[&“n@w , )

. : ‘ . o 2/3/31
Maedhe.. Z/IL /j’) (I VORI A Ofptan - motts. S
Lanl-dume = Reak .wwlxa.uh_@;._ TMMM - %wew ‘l[‘) 3}\ and. }O%WMS PDE 4 R¢
; ief w L) wfldhg, = vy | o
(S) w o= 5 o~ T ?‘ _ . '
, ",

R

) () iy = "

Foe “%ﬁ. W.Q,,,L(_,, f«r-m we WL t;%iéfﬂn;p o-tw. p—a{z,e;e,c ‘ "_ -
A= {ul u=g f«k. Ulvthvr'%} . o)
&:ftw]w:o e 14 S

We wanl to JVL,S " .3-. ¥ u.r.é-Q" | |

o - "y o
AW'CKWLY fhe eqpvafinee, i aasimang e H\M; PA m"m W e
. (4,.) wad (W) __(LM?.,V L!%w:«_tl Q.Q.»W_JIA ond. opﬁy%dﬁd M-‘Wbd?fmb ?’O&M ’

- Faut 4 N - )
() = (W), Fash dssume 0 sekafide (5)
o= qu-~{ o |
:.i:"_(%})i ~H)dsu = L{,(wﬁ;)ﬁ—'@%)]‘ “fwzclSlzo-

= Sﬂ(w}i q.;)clﬂ_ - ng-w*dSL‘ w -S_{WQ’H))‘:JS'Z. ‘:-S:Q‘;‘nidr}
. a2

N . ﬂut« W= O _ r1 - ¥ '.AP;— _ w | V'CH_)“:: . wharq
.‘(n,y H) QW.;,’_U-' 'm 3 “_ m‘“qy‘"q | gr’h 1“’\4 fr;‘ U
| ¢ - g w4 ‘,i,;&gl, ,g w{d.ﬁl _\_[ whdl? oo pese '“‘33 ue/i S

) 7 W . a gl 7 (w)



rPa..\J/ 2
\/w (W') = (f’)!) a»:;,'su.,‘,._ig I /é‘d“”;f(ff:’w (V\) > Cooue A ( W (a,‘ on &;% " )

ot
and U Bade }u’ ytanad enad /?Aglj;-.\,;ﬁ,

). g ”ﬁ 5 +LW!J§7 o (o hdr
1 o SO
( w( i _— 7f &5‘2_ + fﬁw (ﬁ,{m , I,Lh)r;lr ) fner, OF€ U weo M%

L“L'Ld({’»p\fq 5‘ \m

M\A‘ wé ’@‘J‘»U.m,v& S;{MMS \”3\._4\!(" q“ ’-‘);7»'0 - J‘Z‘ f;’ M s ‘fq L\‘ - o ~ f_,
nt AN
eyt o o /,5)
SMJMWQ&., o Z?é o M ,sb\f(,‘;’b (e = o{qé W’/ (‘f}% @) on l"’? ﬁuz(:(@'#l)(# >O -~ R
&e/ove!’“'gtr:s»o‘cw,u.ﬂ 8}) ta m.,l‘cécad ¢ 7&1{,0‘ 7{} .A.';-. Woe 0“ |

Mmfj Hu«g wm"o (4\) . Smla, W Poates pn [7 }:.51,’ ,l,mm UL‘;M,I#/M‘«“M

Q“S O(?A(Z}?_QQSZ. Mdr 5#:’0 s JL wety N B D,
oL

ﬁr%{’ g;g,(‘” 'M‘\f\)‘j{p %M‘wmﬁmcﬁ N r{\ | wa o (‘:‘// C”)“C“t‘" % o mﬁg

o . wfﬁn C/’M t/jucly‘p SL
( ) , Wc(&{’)(u//‘;‘x’d) o i’“;\ Caad (H{f) ‘/” by Meel, w,owy,\, 1y vty (4,)

0= 0+ (p PPl e sl Wt 0 e tiapzo

Lo ~€¥4n':l\. Hep

1 fLhuoans

e wow ¥

W Ay will ‘wm N the MJ{\ML 4@0{&“&,& L N h{m i wnibe
Q(M t,c‘, W, K, W {YL :
“.fsjz, A ’é( T
(w,4) = S:mw’fdﬂi« o

TGk )y [kl

=1
f h

n

Qmﬁ.tﬂ«a}}ﬂm‘\;\—q . a’ (,' ) ¥ ) S <‘ 3 * ) 3 (' ) ¢ )P Rf\\{,.,f /\VarMu.b }"M.:.g,/ 1,‘( J?zb:dv(, A /A'L;gw <
i*‘i‘m:&

a(or, us) ((,.y f) 4 (w n)

. Ry wxé, M«M«q A te éo ¢ ; fr‘z ,9 rywl) Q& - ,lv Y. k[) f? e {&ﬁ 771}4;10 .mw;'»x.c.’a{, WA g
\) oo %WJ\ I&' L()' (R i‘( ) ,0 c!f;ﬂ !’3 e w@ "“}LM(‘J .
{Mﬁfbk ﬁ% % ( K‘;}‘I YL\J“ = 7( L«)ﬁ?g _

ottt g gl on



§ 3, Gzaﬁmkcjw va )»](»J/ 0 s g(L(: s ] _ _ )
we a&é@:\_@, /4 A w " cfmﬂﬂ Ug Lﬁ A e’(’f& 1w x (f?/)?ixf(%w("z;m, %{:{M.ﬁw)

Qx’mm YR }”)’L(‘m@h@ é& [«7 h ANl 5;@\,«3 ( %&w,z‘m.tfdy ém ) M(v ‘_

: s h=>0 0”@»\ /”’) s () :
C@an Bagenn Nt W - uf‘ /41!‘\ o 6“‘ ( o ks e g) on, /‘j _ ~
Q?w« tn by 50 M (h\ /7 ) -w»’ "

. h
Qfa’é?énnte. é’(,!' & /4&*& . —4(‘;« wy,}‘lie;..,m Lo l(.h = t)‘ 4 fe & /é« ‘
' g u‘h /AI‘ bt J.g CF“ & -~ ﬁ(:

0 Cas Theon 4,/«4\.{: : V S ’
b et _ )
(fé;} {J«m{ uA(,A . W ux o () A
Q(uhphy = {w*‘ /) - (@, A)/,, o= (2{141
Z 4l 216 40U 1) = (1, §) + (4, W), = NA,N)g]
W st ﬁgm?ﬁfﬁ 0 W priceossy techn. e CoiSeWdo Sime 20 1D (,,u,ze
ch{_ we. Marin) *ﬁumﬁt 2 8 ‘f;au.& R ﬂfwﬁi

S=U 8
2
o suedel,

e
- B

-y &

'o"“{‘ 'I,f' { 1 )Z ) —, ; " nr f K ?a o ﬁ.»\n, #J .bf\m\xﬂztii,.aﬁ(’ ‘Pew;‘,,\_#}f‘;; c\.,‘?.ﬂ@(,’ Txmmlj:{r
‘%Q"fz“(-’vﬂ’f"& G- o v oa aaele “A" 5. wh ? <“h(2‘A )e %"fﬁ\)

ﬂbt 7’2%(.; Vl A‘}Q}b ‘l‘ t\.(. {MJ’ d-& a - ’\ma‘%{&w | 4.»;\ A ‘l b (j'.m',. GOm , ‘}8\& fdchyg ke "‘lfm.!'fﬁﬁﬁ U

4\.&«%&,@0’ Mt moda.,



W,

ééiw*/ V? 73\ = cﬂ"~ Jém e Lf “l & 8 ,)Lo’(,‘g.d,.?;) y’%« !}(2‘, /c‘-ff'ﬁ‘" d{[/ )L@ﬁ(e“d ot /V&lr:(.‘ Z{ 4 L{; /o 6&'—‘/
wmu,f' <’C (%) l”)
of " n o ‘ .
m D, el Loy L. 7 e-? ( Ao ({%)
O/‘; o ug at /[Q /(//») N brtna ,}«)_«,{ '
. Uh . /1 <~> - z N(X)CA

o ey
uh ( x ) = el Ny (x) d wlew d 2 Ge /Ae‘ bendiprwrn Nodaf velee

- “ri
/iz\ g_,‘\(x) - 2_ Ny (x 33/& ?A:ff(f/\)
- Al
Note 1 &u; “)CQ A,")WW@JZ{}..W »éﬁg ? b maeded L.MALL:;/“:LF@L,(;,Q‘.MW ,&o, wzu(} o(fl&L Gleape. ((H.
. 2/5/5/
/\/Ca,(_': da'x.clu.m!'u’y\ PM@&-@\» d)zw q&fwl */tm:c
(s) [ Qluhut) = (whf) v“(w’j’};) &’[,J”() ]

boyhioh . gk hethe U
wl whe +2 g/g 2__ ey ¥
we Ltﬁ«.»f\&() lz: {/) 2} cemay n"/)} . nlg- o . (% rnazc'(p/,u/ ¥
" I) r] r Mo, o" Won 'a/u/ac,\ Bed Auadle. e\l(_}L g

,("a' 5 O ég Al
W‘I' = Z NAC—A 'rh: Z NAAA ?h: = NAgA M/ jA }(’%A)

A€ el A¢Ng

1’1; ao 1':: “f@e W.M“le\l é"m)@ﬂk we, /‘\c:J/a f»-c:{’n:«/-& .L[LW‘“D (G;) fl‘wl«ﬁ;ﬂ and ﬂ:«.@o‘,u,,, oy gédf/w (/¢ §3 /;/S:

£ G hNe)dy - (NA;fi\ +(NA,’M1 - L 0(Wa i )q,
BE hen, Be‘:v,
1 . < g |
18 “ Lue. Ae. 44‘&._{, [« FTW] (éﬁ.m Md‘f’“l.:/b Il) M Wke‘l?ij

ﬁd,mu/x, Cs’(‘( -[{,’vcd! "?.0'4? o 0}/ 2) Qeorre
et A, wta M;',W Mg,
ID: Vz‘ 3 " QL\'% B o ”

{ P _ K'G!‘Q Ui“\' e, ;g Aé I)n, y?s

f° ) ,
Th L oa ﬁﬂbess,a {1 z'a-x.’na,zf .

In(AY) =

' 3/2\&;8‘ A O ) "f A é¢ )] &
A ‘5 P 5 N ¢ (').n. 0{, % ﬁa.ﬂd() ":*"}'ﬂ.,.»:f&>. ”e;) = o 05 p%e gud;n nodtey
1 e
7[:&; !-H,LJA) “h) WA"J:&', é{f},{,aﬁid‘&,@l,m iﬁ _lffi = F: . £< = [ I< P(Q ] | 5" ?) & f-:‘ MQ@j{
4 9da) I (R | |
Po ID(A
Kpas G{Uma) o azinty £ (A H-Z GG



Tapeakias o K for e Atk conpichivn pblis. - | )
1 K 7Y w\_“'v‘t‘/‘i\(f
, 2. lg o powhaedef,
?Aii%“qd KPQ ke a(iNA)I\fg)_ = a,(“’ﬁ)l\l,,() = KQ’P St&mw\ ﬁdhmea,u MM me lfim’“ .,LMM,;M]!

KdS

~,

'\I\M[g 6 PR ‘\Q(MQQ,; )g U) K Q \% Q 5%(”) QT!ﬁ C‘; »"-‘ [ SR, C 2 CJ

'P'W'% 5(‘3 [ACP _/ o W we laa. s uwl& A uheh by =g M CA w&McL‘A (p
! ey ,A677a o Pzinin)

. @:’“'s A AR ;— e ANy Mg ) E, = a(z:c.,\w,\zf )
" s By, Adyy ey
= Gl(w’“)w“"’)é whi ““V?({ 4.5L

i

w “ﬁ.»‘fo(ﬁc»—n'étyg Pl K, & Gae ?pm-“-n}a,»a& eufes = g 7 d.5. =0

1B

A=

e

N ' h
S?Aoo§ oé é!) (7 PRI < f 1< ¢ & D ==l S QJ K J Ld J d =20 =y Ld); %‘{\j w}i wr €7D

Vwh = o why et . But whe U =v c.d‘h:,ol_)

v'f, ])a » (&Iﬁ/ =)

..u/a €
M_fb s WHEO M}m/u"ﬁh&v =y GO AQ?“"??

§ 4, Cﬁe,\,\.mw,b QM{LZF [{n )K{ rﬂe\ﬁ/ Condoe froms ; UJM\

D b\,b n@f
(‘ '
. z;:ﬁ Eﬁ"{p}f?

v

) T _ ‘ e
'<g>Q = Q (NA N 3) A !:{ YNB O{»Q- e /&‘Ca..()(q(‘{,g“ Q‘M Menxa,, lvet‘w—!~}$>

BN
-l d)f )f? ZQ(N")N )083 = { Jafd L fwéi’* ““ZQ(NA)UBY%F,,
e

e, {) [:\c 11 ) »&Q, ‘ he L1 »}%
e&qnwe&h Bk ey
N e )\

Cates  Pe “«t*p\(p,) = ID(8)

E ,Quwtwb S(\ W (,,\:_ egf‘oé ﬁ«aLé.A—u\'M é«’f‘c’,.: , a b « Joeal v&\n"o%e\.ﬁ(‘«(:r-w
46 |

& [ 3 g { < ¢ a0 ehiwcedad medles

- 'g = L{{C&Afal { E\ ' g G‘)E‘“V yleh () 2 - *fum@«*{.*-
. 4 - M/H‘,(Mé

7 QA\, b b f=ly



~ A NANR) §Q Ny % VN, 452

e
{ . A e ,
< - ' e e eovat o) Hese watt be 2o sence
»(i - S Na'(jc:'\ﬁ& $- g &%J}” - Z: ‘ad,b ih aprval 50.' Moat W ¥
a ;.5}_? lh bc.y () ey « ﬂ( 4 'Ylw c

alas me

whow 9¢ 5 g (0)) T go pu ks ak Wi" Metm = My

P

=) o Heawtae,
we. 1,;1%69@;.(.;1-‘@{\ wrld Qtstne, JRatb lf wode, A 1o Mol edlached fo el ot @ Tl‘«ﬁu't /{é/ /) o €2

A/J\\ o €
e g \ Ha ’ _'/ y",.,.. /1(() e
; X . T e

VT

Sla }o\,\f& Notatipn (Gmr«) }ﬂ?ﬂoﬁ\m‘mma\)
e T
R
B = gy 3x3 L 3-D |
: . - Ay .
, B, = 7, &{ Mo
LE' v [ %1 ) .'B—,L) U )@V\a« J -~ \,7““ ‘:“?fﬁ Mdﬂ,}
"sd“‘“e‘ & T\l h
: ) = ay)
. . {Na)‘x »i'r { Y] [ %iNqﬂ ‘é . A/L'b(l %Mn)mk
So h% = g Bc., B A - Nayz o 4 ta 2 Na,
g A ' - v ~hb .
(. ) ne . dne
..%Ef_{’_é‘ff : L[,t ée - 2lraen b 40»«(:@14\&% UCC,&\/.QQ‘LLWa. = { ‘Jac? = { :'
el x4 . C; &
e h, e et
demu(x) ohog M({m xch o .
o 9 (x) -..D(x) B (yB cl i q:-k¥T T= c? /‘fzz
‘ - DGO - Z Br\‘:‘a s -D "(Y%\v = (}_ da VNa.
Azl g{:fD'BA 7 ;jzda_,@a? Bd
és" . N(_,,L MU&&E? rPMM ANVV,IS ~
| ID | TEN, LK
T . t!' le do e - u»@o»()
+ ti’i:; Mj&., lfﬁ:{gu_\. ﬁii&}_]ﬁm. It” . @) A le'hh!(.(_. Wo .

Lieal Fode ‘*e‘“’*u"f v
ID ) IL'N' Set A/p fm“ m):wb qu.
_ft»/\j Yaktns Lovaf 2lonamt salito ’ow(’mﬂ wode , Tike VA5 4 d@ I
ID Aates ?Co'ﬁ«() node o ?Xoﬁa/’ eQu , Nopw LM b @ lomprueet] TD TEN
TKQ/.» LM (q, e) = ID (Iﬁ/\/(a e)) s AL«.U«./ M&e4)rwf,/é«aﬁ" vo &Macy 44471\12!.7 \
Jo tud dewn Mctm/awr'f«—; Ve Compgaifotens
Ex 1 Covncder  tse 7 node, et

%_ &lﬂ.“;u.!;/; o , 7: {I)z)"’“')/zf | 7?‘1 [/) ‘//,7)/(9{

eat L ]2 o1 @ 1 toment s, O

’h\:rrﬁt,_? /.?!,.’3») ? S
') [/', 71 1o A

9

e Qortme. Avenl nadle dos (1,2,3 ,4) e peads i Corep oy~
. ' ! ’ % )
. elsediae fﬁ;qé.ww Staublp w/ Lo wsews ﬁe)fﬁ b o c?effu.»@.«'{% tacd, ele



6 ()~ sl # : m
1" (3 i [

( ) 7 9'{9,2‘."% - zcste. f.}w’ﬁ“(‘ey\’ g | :

(0, );(3) . = Lemburde o,

whad oo IB awmen, t ?O'@»be noke. wod np
e -

o ,‘ahhﬁ.uwﬁt A / PR Y 4 5 6 7 & 7
O-frghpe  smw P o 1 2z o 3 4 o £ 4 o 7 &
Neg = ?» §° 4o B e O"‘f"e“ e, mm,j, e em:;%& Hase,
P II)(A) '5 A: b T”m'.

~5

IEN  wehave & elenedy 4 4 mode, / ek, _
- rt o . e R T R Auﬁuwpf‘! ( e)
_ E Ng t (/
1o Dylsir s oy
! : i H t i — y A K
"““‘*“::‘a 3 e € .9 T B B %t&&-’) %@v fl aade. mor
) e L4157 (F do
o € L' ¢l
el 4 ) o | o 3 0 5 IPemfae):= ID (IEN(a,e))
9 | 2 30 Y £ b /. A \.. >
N 3 iﬁ ;.‘ Y v (, . "} é;? ] /'" ﬂw:«» ’-'z!.fé@r,) ﬂ,,{-?:‘fx; ‘5"5."3;:(‘!‘1‘-. o,
‘ o | ‘ |
0 2 0 &5 o 7| P (7) 5 0
v \ 10 len &1
- ’
Nabowrad BCs 'D{w M #2 ‘fxx.ffc’)-?“ Uy o (o) =@ ’

Te phape jm ant. v :
PR

A-t A ‘ At |

| otk ol #

{
L . ] g 2 .l \)
S Nlpxx Nz,mxj N\)w 3

Eté.tt‘,\,‘_g,,,,z ,,ﬂ \,ﬁ;},n;ﬁ“ l/) a 4X4 /N[/J,‘"U..rfg
] Y .

gN 'x‘Pxx'P AR ‘P;,
¥ V) ) by M ) RX Sl

}

Do “fﬁe“ .j*_“)r?fw.. 3"’&{/ (\‘ lf;» H«a Lo ""f",'-r“'g"-“} fm’ ,C’«étu«»,t}t/



- @{.@QKL ‘fﬁe ?-' Adate, Couifobu tronn o ;/ . [c,,,e, Wy 4 M
E /—j | hea ( no, 05 &é(«nt&u r/i/ G /ﬁu)

(1[’/ f rw\wJ “‘;2 /?.4,4) W M??u.;/\mt,ﬁ //;:ca Aee fy (7 /x /e;/ Cerseol o
Mrw do we noe. 34 e, Lk 4 r‘c;,! ’ '
(»] ! f LM ('CL @) /= Q léf N fé - ‘ili} e ;‘J.é. ak ‘Mm/f ’I/‘u(‘J(,ijé_v (% Q«)
:f/‘) @ 0o < { )
3/\ f Lhfae)=0 e Hhe i« ]~ Fgee 1ote A= Jealfa,e)

-

Aty die. “‘}J

(3]

A”v Wf/(’o A (a’/wc Fo Sl /mw ‘/ch
E‘S:&:f‘{gég lonsecer, a A«/awdé I dode,  elepend e et dege

wted g

_—
(e

A%t LM(/, e,) z & 7 2 _ [ Asite R myy
L (?’) @) =0 / f ; g') o ek {Gp ) '?' f:ﬂ Nedl ot Al
£ @ i b :
Lrl3 6) wer 4 ;;,.;5 (7)(: ) ot
i (4 e)=4 ,l () pery it e d
»{«zr‘)". ,,f, pK ('l?)‘Q) wheoy , P L {a (a,e) 405 Q= LM a{; a) #0
'< 5'55 é% I<5‘5§ "4" ;a e“ . "\ (5 &) l( I Q) + lqu‘o’ (,g"),g,\( & l_») 6ad Chw,bp((}
K cq & Ky + k& K{r uu@,@\ xn(m: by ))) o & Ly Lt
( > X > ,46} ! Syt hee ' , ’
| ’<ﬁ'{§‘4"€' K‘)’s ’ﬁxﬂ g Ayantiee ( ,/’ w B . ) New
Kyt Koo o kE Le: =S ;a ¢ @@
94 99 4 e | a 5 . e m@ b

- Nows ,r Fep) = Pry+ { (@) = ({ebles) - L Ry gfgwﬁ.\;ke“ g0 ,
whew P ““(C.li, e F»'f Fg’ e fe’ vﬂwék) 7[, e:‘; (/ G f/&m;,g) [k,z jz o /3?naf
/ﬂ% - /‘ #/‘; e O [k 2 4333]
(ke\ ’k"" [’Z“é { L"lu) '

. kL ' k’ e’ L"l’p ig k‘aw ' ( /\ Cﬂ*ul"wfn.fcf ~/o /C
- & ;&3‘ ka k }@g e ~
Voo s 1, 33 j'f rtemnant i i e, ]
- pa Dotbode 4 Fio. (#
SR AR R R el
i \\
e
& N
é % 7 p) " e -
f - {(é, \// é?ﬁ\,JM /&. 1@ f
3
&°
{7

30?:‘»%« '_ /"4) ted fff/ ¢ “//’x” C,,m\:{e?'uam dﬂaa/’ Q/ Sdets m gbtﬁg;
LTI e thonndS b woaldd "M”g‘ /é‘ﬁ‘/{m"w Lo o Codde. ,4//(& f{r VA w.go Lot
Mf“ Latditan émfzf /ﬁ 2 mw(’fffé ;WD by 4’3 . Z,/,.n.el Aot /Jut z‘fLV‘u/StJéJ WL,

Sg 6 A @ é(e«“a {u\ { v&uuu At Z &L )\/f} M( r'L( o L Jﬁ»,bQ &”mef(: [‘:Cjéttv!f{;;» /;:‘.w,‘:g@ .

ﬁj&ﬂ&»«%d&& -’ P 4.47 Sreall, @l”"‘l Lo ?'/f‘..g, g mea gkd‘Q le & //\ /dé-sz.’é&;tiw’

S S-U“’ftrtm AN I
(‘/M 4{»['/&"‘-'7’(?*&?—'!,15‘«1 :"‘ ( - . Carens (/;u . /[c’) IJAM_%L‘*’L&'L'!& d(/lr FAM ‘fl{‘:{’_g L[I}A ’fa./[?



) :[»\,.f?m \A,A’\‘s.uqza:e'ﬁ.:f»m' 44; .W"“(A"““W"';"‘ﬁ’ 2‘1 H‘*‘}““‘ﬁ'ﬁ
- Hendbrucle Ay Physde.

Duvsarst - o,
Fl CJ&Q»\.@{A (g—yf [ \(-(@.A e, r"&ﬁ e »Lw )
/‘/Dla»;) ‘/ A{,« Q4. &y

giﬂa?hm@ h\.«aéu»bﬂ j “”é—w Q}z«*bai?\a v '3 k4
WC&»‘/Q{S‘ (»wd»&dbs ' '\ A l‘.. ¢ "M&,’ <('NJ-0J(-()(6( {(rl\ Wb (2 )

' # ' ¢ ‘ ‘ .
g‘ﬁ(_%;pﬁ%ml"ﬁlﬁ!”"}f‘i éhf’.fM, & MMA-%"(I(\&»Q G2

Y) 4‘1!4,;?,_# qy s [01 '}1 =~ d:‘lM»@--ét,; ﬁs }\i‘f; o "‘dﬂu I ‘. Lqru.mi 4‘0 "el ks ({& sofl e 44{#"‘5/ E

Wos Uy = j)m ittt vecbew (mwlmuulﬂ\>
sﬁz ‘r' o l}m&az {1\{@, Wt fv”k/’un i M«wu&' ‘llc«’cu.’ez«.(u (,@ue y‘)

4 Iy = <M&M°¢-de’ al_wm Hin v

| stl@@@J/ (sh.u,\. ~d5gfé é ) WJF"
7 (L/Q'ﬂﬂ—d_,l,!‘uelr 54@( . v % P:w.r ?{\,{Lﬁ

Qo'mwu/‘u:{ Eer,\_ o "ﬁ:e C}P\ALLA‘& 2% N,O‘lf&’% dawd ' .
O' &ht Ek’L CLJ‘LQ. - "'&3,(.;:0“ 4o WAJ/L(}(‘A/I"% M&L)

ac{/t

_eﬂruw q'a }@w«(ﬂ

8%

i

f,}j = (m;,}j %ua',{)/z = u(‘;)é)

/,§ 043("@ ( /)NC) P bumrgl'm‘fé ‘/&m .SZ to ‘{)\’”f\»\,g(‘yq,dy\-(vﬁ’u/h ( SL - U"eﬁ‘w% (f K*C L""‘*})
Hey o o \w(«a poy gcr Meh.} 'Me)u)({, (a(u n M{tmc}

#f‘:iffﬁ! ffaf_ J i
S J Rt fubs K be S»;bmd‘uu .

oo Sunn Le, 0“4J w ¢ wdu(f, ‘J"“‘ CJ«u
n 1 6&, " “ C@J‘dﬁ C'\J(Lka

Dt wto alag M-Né );M 7&@ d-t Lm(mum wé Mal’ '{MH f{(ﬂf

,@, d, 778 e/ .

J ¢ _
Tl aal / ‘ 2O %M» }A":OV
/&t.{s W"W‘& %&y yfrw‘fgj Ldo\ Aﬁ’k&l«/ _ MA- % ;3/

He, ts adited fo He, 5‘}).44,,:.%, Loon ‘"'./& bocle, . /A«; (!owéc/z.,a;c-, _/cmvls lo Aot

dots mot Mt-ffﬁ'? gw«/)':t] fﬂ’{\b(/ /ﬁ“’ o /,)w»c/wc Jf%;n,;ﬁ&n

- . S mm-l"w“‘"m‘ : , , e A
LM’/ ')W&é_/ P = ]"‘2/ U I[h ﬁ,/ ﬁ(&\f“‘ Cmcaélt{,f";mm )‘ 4 /’ A\.«m /)vwg-ém, MJ &}ﬁr\m? s

MV}MA“‘"?A{ v |
r" l - r % U {— 1 N{JA‘Q 3\ 4. - /)L(/:)(«-\x,ﬁ.cg I,)J“ ((‘,C'_gj;,f(t 66-\,';-,&4/’('(!0, i;/ﬂf‘n--{.» /3
1 h ) .
o 1 hy ! b Fraefivg
Gl ) 6\&4’&*( ';::m> all, (ﬁr/ Cs..n (;‘f,e E”'S, J /J &l(.L r % d { / /
Gt b LN ,
‘ perng,



)

o

15) | w=¢9¢ o r?:-, =5 (w)

\
[
— h ) }(
ft \\ - ’ St \; \"‘\ [”
| h v
~ \I .“ fZW \\ e
| X
n ’

m A’/?/D% A\/—a,h’,-@,,/r ‘(f )‘Cie / ﬂ@,,“
‘:-:n }_,;_)'L‘..,_. 70 N Lg‘z) oo “‘a, 4
f ’Iil )
() Fd wp ¢ R o @ vf=0 (g g )V ren
y( M Mﬂaf1 m/;; . o 0:,:/)’7.)':/14’ a—u/- (/?/z o )
: Casombind e . Tt '>Q ls/
‘T[é toeadts Ala\/h A
Lo /42' & F/Md() wuf"ta; -Cvd«e’.ﬁ . )f ;e /{‘ “]L‘@M, U, =q; en (P ‘
} /f “e ,) 1 "'t . K gl . 2{1 ; .
W;’ = ’lhu.c:,a,./-a.t@ o e /mz-f’ % c:}ga»c.@ /f w’z' & Z),l’ 10’ /73 2’ =0 on /j ;-
)\fnd ) ) ) ‘
(?""";‘" Fis s 5 gy ')w w0 Ay Py = I
Fonde e € 4y 3, ¥ owiel;

. v s
L wgpymyae - Juikim s 2 ([ vibior)

h

. ) , ' )
&mﬁi <W> b Peehtpee  plades e /m-u (,.f;;,x@e‘.s 7 viateaf wade, n (?/m«/zm—/ ‘éﬁf&a-(&zw

.z//7/a’/
Eﬂfo(fn/x/\’mc’/_; - N;wémf v N ad
_ i SU . L ¢
Va+f=o St gﬁ”“ﬁ SPRTE f wif, JJZ%W&

Ny [ 3 I ’
UW/L : ﬁL)Q‘ = O &n ygﬁ

W'ln = ”’1 oM h

vs g g=(als ‘VW)/
; &IMA—/'\ ‘ (/i) - _F: cow/f/ - - f ,\j (/():;X .A..N,.,.‘,C.\__-_,.m,_,,—,‘.,,;u,;,

Led
- | f L(5) b ds = by

e




e x5 _ .
(o AN SR NutR)  ferimest ~

x&

?njﬁg;,z; ,ao-u M\ ‘%‘/'(7‘ - 5&“74' 6(4 Clﬂ' m:”:i«

i 7“&( a,d‘-d(-l//“u—;m)z 50%4". L;, . .
bl : SLJ?\M.U% ) J Ng‘,h/‘\ Mbgﬁ M R
n " -
e whee RE=TONR

(@0) 'e

U
.m

L I S P
v no Ly , , )
41/ _QTK- ¢ =0 L‘é..df(« ié@. Lo :?!)A.«u\? = wh = o

' ’Blr&qiu«i B 14 Qe tanal & g heal c.MLL} ohtrenalde,

| v,ﬂ«?fw»mﬁ\’m;g-w lﬁa& W.g; .ma.‘.»(u_ /«4 “’ﬂ*@é{‘“’ (s) _55:‘7 ( W) y VW‘{A mL«L f})/wv-(’ /L‘u;, ,@w'{ ure,

Wbu—vp’{/ ‘W +&L Jﬁf?‘éﬂﬁu«(;w. W"{f"v"{aﬁhhq‘f&;[yi‘ﬂf )
I, Eucledaa.. Dﬁw-mﬁfg” ‘ d’J Stcamd - Ravde Tess v

i i denars (554551

-~ . , P e Fy e .fﬂ ' o o Wy : ’ ’ g '
\ﬂb\w. Wt o, Ce«emla,\)g_wwlt‘a : SU "i"J) f {4)‘/ Uc\“ de S“) =) QL’VM.,\,.diAg,/,

/

q.”l}éw E;K'ij j "ol '9‘-’ b tdree,

q;"e,,, S(aJ‘v) g (Si)‘ » Sji) f2.
Sy1 = (54) - 8i)/2-

2. 9!01; S}») @L ’M‘MA!a Manedia » A ‘L{\)‘ /&L ‘;‘;trw»,««{xﬂ“;/ . ‘f'ﬁx«,

" ..' = 1'- {:,: ,
S'.th SZJ) i |
Cool it = () * Spay Vb = Sa)bi + = Sty %-'*"’S"‘”“”‘“‘“‘“‘A‘S-p
(LS RS CVRIET DA B U DL At YA N A
o C L CS[Ee Torgt
) [" " fl )‘ - 'a,y&u’fu.-uzw p’/ tnkets;

v vy
ey s

jl
o ﬁj

t - ) o Slai o o Sty 5 S it O

R b



Ny~ w s VML Ha Ve Jafwaf
\:\z:{ ;§ ( ') ] w) Qééeh A Sats, i!(tl; (5)
oo o;g a;(o;),)47ﬂ)455 witl wy e Ul

l/\« té\o\“g b‘? ""5“\-f'<jag i

“;ia.‘w"l)‘ cr;;'afrm j if;d rf N”gn c” f(“““ﬂ 4

= - S w( )gwaﬂ. + jw J dr“ +f 2 anJ@m ' gjmff;m
R )
bbl [W.M_.,,.,‘,dw A2 o
AL»L(,L wq QO e réb "}’()\L\A.Qna,gﬂ %‘J;’ G")'}"))’ g;uu) Y SP (U O;J ;’)J'd{’ .S :4.'1 h,ﬂ“"‘ g(ruée; 0’;‘/' J’..!,\;

, ned hy ’ h " /Z1
fo os (o ads o L wihars (o as T Rt gt
QN ))) J iz F}, S
Smtsmﬁq Qe W € /S % ol cwm (\'\ﬂ Wt waent-s shao(W) 2= (2
0z (W)= - LLL%JHO?J’ML = S; mq»{ dSL 4 ;Z’ j wy L\“\ g

“4

H.,m«'m% *Fa,v(, 2 a-(f dbf‘\lﬁqa(:ew-.tf'm. sty ;‘W( 'l) )“) Qﬂ—i‘j dL = 5 by ) T J

N}mf ¥ bw,{,é?& ade Lu\ PMJ‘C. J*o %@’t

Nef

0 = g wy 0 L dJUt S w{{;aSt - S uﬁﬂﬁ anJ”‘v+ 2? S wyhid [
S ) 41 ng o Yo & Pm
WS en et Wy c&\j“,{ 3 O Sﬁ Wy 01‘) n: 0 :;,2" gh W, OR)‘ V\J' P
, | M
ox Doy ) = 2 wi (- hy)dr
S \—-LD . (R VMI (3:) —

. %{(/L(,Lr\.dhﬁ, 1\ §(\ s 0.«3.,); P
L mﬂ”&“NﬂW(“V’“ 40 [ !
'\S&u) we. f)w TXY &éM,

M 0 k/) 2R '&%'3 an Y, } ‘:)/3 L0 % B Y V)l (ﬁ L’»: Micds ,
/.)/MA.C:@ C#,,Q &N i wy & UQ
. QSM
Mo 0 [ wiun - o qu(u Pt Y o
S e



frte bedan te bt w2 8 8, b wf ‘Zi “><; 4 /{) ) a
5 v
o ) v ' nnu, :
dou Audblbidude, whh ua (W) oo
o= 4 S’ (3?&!”“1 4-(/\1:;# c;»)

\a’o“b&m'ﬂ;ﬁ, (?‘”V(

v‘”d
ot gam do il Lo e othin o Yeines By, Py, g = hy mo:J )w
00 praolid de«uom and(8) &= (W) :
- v - "o . 2 i9f81
| (w) “i) Gds = g widid 4 Z[w,;méf"' o
dank der | o e
( GYe (W) povtw

—— et ) U

Hw #3  aywek o 1 Opte, =7 Bawdrug Shuas P ««»i!"s * //'\[_;;
) (GWMJ 'PQM/.\/“S) .
‘ s }
; Conarea, vit +\,3 "l” [ A/Z '( -z 'y P{[‘-n
By  O(h?) | /
C/) u' Va o =5 eld ‘ d’) jo e W({»&/‘é . » ] ) ‘ N )

. ?(}C‘(ALM Q6 og wid,l..(:é,av Wt M*L'L,Q,. J/-éa%e.llﬁés —j—e{ %}Lé,w_,l?r,y{,e% 2“\ 4‘& /&1&4 (:g.f((,, ag( W )

] . T u(lg L)

W o=y Glgw) = (af) s (9,h), |
‘ Nl l(u& lL ) (LO r{-) ‘. ) ( W , Ll ) " Q,u, %;ywm‘.h; bt@(%,\_; h dlmM aa thowa, ;%W';fﬁ
Moy Qg ratrag, 0 Glw ‘ﬁ,) Conla b | Ci'%@k w C’\m £\
We wm l‘\?jc« 3 wé,&lb\a’ ’(Fw-;gw ” i@b ﬁr\,&,\/‘mﬁm AM\A, {had 2 ) j

e gl pldeek beons i £ 9 3 geh >V wed
M1 al,u) = (ah) ¢ (0, k),

~ Y o, L T

O,

w L Apd ,Ce)VL&M;f ) '/83 mad "”'v:» f"” ‘



q v _ Qrdune, Mgy=2 )5‘4/)’) kg2
, T
\ b €(u) be a'vhadiaedn” = (U, U U, +u,, )

TR A 1,1*
Enz.;.«:,m,.f‘_s Sthann '/d?tuwm
E(w) v prwe as € () Breph e AL(?,.&_«_, u bif’ w

, - - Dy DI'L D'%
Defens Z = [ Dy Dy Dy,

< \?W" D \s

W‘Q«LA\LU 1) 7 !/"‘n e Q('\ de. e‘ 'tlf!.A C)'l \ ! Q
) and I d&f&udm a4 1)
':T sz 4 TN dn) /2 Mré«

C'Q,, j2 sy Lo 3 )ZN D
o= j?«l

\Tﬁxm Lm;:.,l.ké) ald d&"iu we 3‘0

(@\)) Cg ‘) = L,g) D €(M) VW‘({(? oo
CL{\ )= N(T) ) Cth,L = \) M(F L\ =z 3’)/ w(”J3) Cwu‘whw 2}_ w DM., 5(»!),@{(%)
wa 3D b up fhe dwatog Heo IO a0l bey closse, Hi (i
¢ {4 (f g o 3 2 )
S o be | | T
\ ( u')_‘ 5 (4{ 2,% ‘) L{ ?)J":‘ 3 M i') % + u 3) 2. 3 M 5) | + L( U?, .) U ;J 2. + U 2) e e
oo Tz 2 3 < e o A )
e, |
6
Wt Cunr alao cl-’?-fmu.a; A4 N heoa ,\kve.d‘v'u ’ 9: W‘Q\mt, v ) 7_(
N = & " AT a
Sf“ s ( G;l 02.}, CI;Z‘ 3 &
and 4

Mede 3 | A - "~ !
¢ = (Vn oy Oys G 03: Gb)

and %g,.owﬁiau) Ef: v kD E,’ (li) u,)"&w‘.&., 9 ‘w\L a.»me«,Q,a tO/ a: Q)’ = C‘\' l b4, QIQL
‘ &G U D€
OL /?.La'g,l,.x_é‘, b ‘.%a;? g) "l‘lé ,ﬂ"cl‘ lf,mJ mi;,u.z:g, l: {

Ciing (£) = palx) [ o #Seg ) M) 8o

/" é >\ aAt. IGL? V/;l w&’ 03@»\92 At At i /L L= _“7 ‘/‘{3,5 'Cg"‘:-@fv‘ i""wf’«{'«tQM&)
N g ten b atbided wt, E and ¥ whea e VE/(1#9)(1-24)

N Mo F/(é(ﬁ )}))
N ) o S ,
'C-)“j:f Fr'y '/’LL tdo ‘lL /$¢ £ (i(wez, - A}Zelc:\z.xl,, :l) mmi—e,»;{,:
2

hStQ = D - LL)"F?‘/A A @ “H)\L ”V\g& 2 Caae. W, a&u‘é f"@ft) (f'l&’-

rejehed S TaTer Dl)s2hip - ~ A +2
: ',J/ Felden D(t:ﬂ:o/ ) g A ” © d;@maa S.Juu ot QN;U{"[ g A

) ) \" - I H M‘)i\:'}\ ’ — . o [ /L'
e kele? DlayeYa bloay



:] CoAe? o > » Do o }
a{o'y 5D Lo . . i N e ?/f 2 PO 2 }
Med = B J b pS Dow s w o £
D Aot
-~ [ a - Fe) 2 4
n a 0 6 T

Pﬁw‘/«& /bhb’}c) Caies /@mm,uf?ﬁm djoﬁm{( A"»"\“‘M,« mze ‘»dvucf ,O.ﬁt :r. ,\t&«w tti.ezfmA,LS- m
AN

1e isoﬁcgn'c, ,T:ﬁ.»,ﬁ,«,om Aheso w(?@iim, A W‘ffew -5‘ . %’\ / ( A ‘7‘§U«>

»" é D w toeled in Je hva of o and Y v 4 we wand o donarea & jww.

d:&'w,.:.«\é-’»’ ahel to dsﬂe‘,\mﬁ. Ahtaa M’V;é’«tdm » & e f = E/(/"- ¥ a) :
¥ IZH/ S:; = V/(/,__v 1’))

? P 18 bany AT VA W\ ' ' .
? 7 G&l&r\!ﬂ (:/ og L . j“‘u ' : ’ 4 4. o /“//

Ao g )
)jt(f',vxl Qo dmumu ;e“} U p— A E/ Fi‘? N “{)u ‘7/\&"“ M:I o J,
/é - A Adternets /(/ ‘\/f 4 & /’{ h 7(‘{4,1‘“ H‘_":NJ’( y /:%?’;

1 ' N 8 S
4o ettdhb 4 uhe A h Yoy b g,v‘. prhon. U € (5

| \ﬂa‘m we, mﬁ" ‘rftf,.{&.;x:z?l, ((‘; ) ;U _’ "/ﬁl ‘I;*”"ﬂ*’ - é{ [ W ) ,
) & A?_(/g-*/‘ %5 & ) /ﬂ AT 3. “é‘ <"i h

gL

(&)

7R b ) 4 )
m) ﬂ)(\) ( f) (447 *’1 Q/‘dz) B : Ve )
é, M 5 {é((f(w -{?\tﬁ {: oy (j)\ Oy ‘} ‘1 h 4. {«{1’2 n-'.t (’g’//):}* !( &3 L2..8 i‘:/:'" “(‘ ‘" &, (}:/(r“”r'[g‘l*‘ [ % 1“"""!"‘"
[ [j)] g W,’.’u’»,lﬁ hﬂ/g = ).Ll) :/ u’ 1{, TEA r')/’ (/( 3 f FEE /’H@ '
. e, y hod s / /» A

/)gloé’ X k}}t) ¥ "?’,—3 o

Wl Dbl atza[;c,;,g.f.a; / ! 2, vemy By f '
}’ ) /éu»’/vrae /'* 7 vhewe, 9)' /”““’ e W’) » :
/g, ) 7

l?ﬂ N~ Wheda 1‘ f l){’* v uciin

e o P \A)f i) ‘7@, :
oo IDGGA) s e
Vi e e }%
m o D‘Zf‘ : | =
%ﬂfk AL cé'«%\u,, wj \,u,,«/a‘w. gt

S g didedp
A‘ér)-))a", - DoF.. :

I\t‘f) . o , 8, :
~ ) . 3" W b, - le Y
Nﬂ"ﬂf bt Co. (LQd 0 (é(,.(‘;}" v .K‘ \.273 L)4, 5 p : w-b,u“ ‘guy = { S ’ } ’@ﬂ,& B &2
2t
L2 Nadid

. /1 ,/1
‘ fi:su&( ) (&k fad [/J:) g,n“ A/n st

'P - %.!3 (ne c_ej\‘, L A,

N
- 48{«;'@ .»:0 aweite,

Ane,

i E A
Ll} C. Myt c?ec“f(wm&:a Z):Té:

gt/w.,c l’o A, 4( )



Ve
|

M-Lru,éau w o WI'L\G’L - Ny ¢ A g_‘: -

Ny A
I (l..u.:;\

o
Gt

}f\t e

A‘:a #’)Lf‘uf Pb‘ [T k‘: Pa -

-
Q*\\-j‘{ i-‘“, 5

i

Lep }- ?:an (Nogy Mg §j) = (NA‘E.) {
ys - R
- i
b “u( '\,{-l \ l-»‘(* ’0 {.\C“;) ‘!’vmsf
)

i

rid
i
Foow {
A §

i1

. { Wdse. ol - M«t
{ shae, e ",J.'é

? [&] MA)3
! Nis o Nae
N(\)g ] NA;!

) "h) o “’m M,-w,,ffm.v.\‘

)

b L L(f ﬂu,é.«(,,

\

Ve

N

1 ﬁl/tl./

Woe Npe

Crvne, /w 1y

QU

~“€{~‘!ribﬂ v, e G dn

=

’<?CQ el

"
e,
A Y

W 5
W, ,
W)t iy

{

Vv

Tt

Wy = Ny 8?',;

j‘z N fidst

[

fi
Wi,

(> (= e ,
‘,:fA D {‘3 f, JSZ <?\

-
)

Jo %d'“

e

‘__q’, '«U” o NAél"\ ’ ‘.

:,'" w - \/
A ] Kopey |

P Ip(4yA)
0= £ (f,p)

g
K“ '
['eu/“ A € tanpand &,;4_'\_,

s

MA)! a:t
Na,2 &y;
N‘\)?fg»i + "JA,: 3,

:
At bl

i o /i
W 2,();”}& »‘jlf’é g ?(d’f’l)

. I\J -
d A A N A 3 2.

= P )
5
g’j g«& 513 o fg" "{]s\ll

! C, )p = S" Nahod Tt above.

3” b Z«/{: Ty

IRACY!

oA



5‘0 T g, ﬂth V\adé U0 aMu,w/Pqu“,a @(}‘GUJL M%é ,e)ﬂﬁLl
({l 1, Ae; H,’u,w‘ H

/}""’(’4 /Nﬂé ACAT-t 4 ‘k m({ *.UZ)« ﬁ (}&&L) ’}urH A Z‘}f—" Nildeplr /Mc" //uzm M«l// *a/ /c’ l{’iﬁd

st St n a},u ({z‘»w/

! bt
& Wy, o ary P I 8N s )) ie\_. f-‘ /{\‘ JHM'/!{M aA.¢
(q)) ) .W){f)‘ ( .;3} AR g / e _ .

, NOIM S M"u-“?rué, ol WC MWeenls

M)

re ! - ) 5 g \‘ X . i
RE)= ¢ + G(x ¢~ X2 8,) ol o .
(3:5{ (‘\{) g/ 7" ga® 5 @ - G r“.r,,:ﬁ,((‘,r( 'M‘ﬁf{ a:'j

3x4 -

. ' 4 !
mae( @, c’f‘,{,ﬂ_g%m({, (’1,(,2; }‘lt-@.ev-ax,él{{..:?’lv'h\ % i 243«,? (':l‘c}c:!(?ﬂ Nee / (AP L

o ! : 4 B Z - 4 ,
C Qe ﬁ.(z,g;zn;;‘ﬂ@ﬁ}“e\nm. f 1y ‘Vl't,zr’;é.‘;g 3 /."f:fcf/aw,cf/ FCran 4l /o ‘/Rf ln_mﬂ I /umg :
~ .

¢,

}

S""M» Opa tn ,fs u\bnmi“ /’\/
/:_}I . l) ]
S AN N e

ta O‘)e)»ga«:ﬁw*@m e f. f f&«:w’l’( i, " (/Jm bd enitn He. e f Au,j’z‘\, ({
Z}“A ﬁ-\.,c,g,fué.\/& Al - 7’{/&4" Lve‘d.”-_/) // A 9 /ﬂl(‘*({ﬁ, Wt V/(ﬂlf/.l V

»/ >4 / g/
@A“u?"c«;u ey ﬁ!,t, (XTI % /<

/? » ' - . ‘//
"\"‘“{If l‘ "‘iﬂ?\t Q %omi\\,hﬁw Qe iJ \K«\MJ i ) o _ ,\‘;/>

,l, ?71 Sc Maf::/ (/

rRo(Jg T g B w‘- ri‘\) B C! ' S . T
Kea = & ) ~a R 51?@* ) Mgty D £ (hagh
. — | e o
- ¢ ([ BIDB AR g me Kpg ha mebe

" T .
Nowt P L 'b-ﬂ«( '”Jh L= C’n{. 1 J J ~> o ({40—-—- »Mﬁt‘x $ T‘-u,ﬂlt} a({/ %
,gm:k vnds 6‘,{/51! (i”'!p %LC , . o o 7 , ‘ »
- . 1 - . -
fﬁgﬁﬁindﬂ&,wa

Zrﬁ ’F‘ l’( 4 R‘A.hu{ D '\Jé@w-«-«-\

Y Sl o ‘ L
(Y ¢@cezo { ¢ _ 7%/'; )5 j/\wﬁ‘.di
(M) 1'/(( ‘ é ) 'f’f&w €0

123

A 4

. o A< T | )
s ijmiu c,, =G e Pasp(iA)  1£PE of s

o -- h ‘
Ip do W ""‘W'" cf‘f’,jf!“"t,“' = Z- Na €, G;OT Iy 2 Ny

K : . o NA(‘/a Maé ¢ :[C/)];
’ Aéz 731



)

2!

LN

o
(@) Q(KC w *)"

) ¢, [
'3& @ | P

ra Ca,

nda} e -
‘&1 Af? i [ @ Chei, i %) /5]}
o d ’ BCy ;7,, .

o 100 o
i Nowug I We. WA, 7(3' bfﬁ' \écml

ndvg e ‘
05 {} ., et o /Z o Bef})

7’ ! ?1 ) /} 2 ,Bt?? y);j
E W nds& - N ;
f\fov\i W t\w a) (31. = Z Cin A/,ggl' e 7/,& above > 6%//{/\ %ly
Y% g ’ /\57 )]51:‘ ?
W h
) w w") = S Wi Cry wl
a( ) Gy Cijrt ¥l e it

St

‘%ﬂ\u ,(,W(ﬁ 6\@ g w’ Aol { i’h . /Q’MCC,.(Q we. &ﬁaé A ,(,.g.,g,ém C. { )' ek ‘7lb Zlﬂ dwxu:(b;/{, chén g'/l‘(

A Gt p«d'u% ot = 80 Awwed e u«.-!{.,sg\_zg,() b . oooaf { < :;:Q
-{rﬁwx (1) L) ( L . .
. et ‘1 < s - W ' X4 N e ' e Py

t tﬂ i ’ N !
Aalr CJJ'M« >0 V «rl&t:\.ﬂ.:‘ﬁ % )j) = (2 o 9!?/1.,:‘..",‘,4 & /%.M%)&X /J’jud,t )vuo'[u»w s

We «loo gacol  fhat e B.C. et ‘)Mclfwh /\Q;QLS s Pl sy é@)% w )

=Y L&S“ 2 O \les. yz‘ly]ﬁ, Biney Cgh 2 914.‘4 g; NN h‘{ O =) CF’ w0 3""?5 =0

§ E hantosdition ) Eoni v S

8‘?“’9 T ) [‘IQLMM\ {* ’{EJW,,

/~\,~

] ) ' L ' b (3 A g"
e MHM '5@‘00 \(‘&L A-{?{/Is:\n.tq,“l:ﬁ“ﬂ«zu &qf e c“M“Q r ef MJ we. mu Ty O /E" J f

e - 2
[ RIPQ)] fﬁ 4 L?Tf) f 45’?9'(:):5 me% w ﬂ&ﬁMae@L’mmﬁ& X ’M

o Nen X neng

J/ o

'Y\ 5‘: /Y\d "ebbf.} i |
( &i Gama ua\,u - lJ Re Ne) (Pma{m;(t v>
}QQ‘ - Q“? f Ee DR, 4L e e by aw, the lical el indece.
[T N e Re SR TEE e °
| b\.t) f’ &{
i e WU& s »nea (ant) bt oacd prehd 0 dc2f adsd o A5

éwu’( u/) )\,\w et



epople w.os,m;/we | | |
o 9r | )

st rp L nl) |
/3 Snppose. Tlat we 2 Ml 22 ¢
| ”eA»Zm‘»WM jgdg2

T 7
| (A e

m..\_lh 4//

T’:' ("é«/) "‘“*’»\%\\‘ 7’}/% o °a jﬁl’ Qw2 ]‘9 = 2 L= ’l) + 4
'-><'2,\) N = 2-&-43’& 2-@‘2’,&-4‘

No,w o
) A)‘&JL
| Naj, '\)c;)A

B.®

[

» —
(‘f _ Na,1 v @
he) = 3\ v o ) "
Bm - 4,2 @
- & 0 f'Jd..}?,
@  Nag MNap
» Nq)g [ Ma 4 )
1£a,bg }"‘e,o! , Naye  Ng, e
| | ey |
@ . . i
{1) . S Ne fbclﬁ *ug Nhide = 2 kfg) %; C whew po e (a-t)+ ¢
Sle : r,& 3"4 : . e

N ) |
* ., » " al Q]

v . ﬁ.qe @ %';b e ?3 (f«:‘) |£, %"J v %u.w_ﬂ,,, / Xy

B d)\" (,a‘wb,}

- =0 | % 33 ‘“"l“"i?“ 8&}%
, avel q vy (k,.-q) o 31 , ’

, - . . e ;
we MW%& gj?/e, 24 12 %i Aﬂ« }?_fi whenss [mﬁt"'d’(“é)
oo hﬁ;{:\, u e : 'I?:/m -f:}

§, BRI e BB B, B, 1O
2 - - @

" . 5‘%4-&)@ Mf’u;( ?%?

wod 'z;a Mﬁ{;\d- é/v :w:é_em;«g 0’“/\4»::(.4

Wt ba,,o/w '\mwe., EC’ =

W"‘*ﬁw"“ 4‘ W"‘QL éiV¢(:.Q\.Qs“""‘fé“‘-'x,/@"“’"fo - 2 Dor / 'M‘Glﬂ.—



: e ,e -
L S S

adial e 13 iy
& €
RE - {mhg? 525 by

~ Sa,w,mul\l-c‘/ ) l?; 23 ‘ff%tl

o ‘ , L

whtat, }Z,J, Gt det watree, S

s do e tosvundde. 7

Sﬁw,.e_ ﬁ.A" ﬂ)ké,h‘( [‘\P (&3
Swﬁomg we AL%WMQ He it dis

Vﬂma ik’ gl ,e
e e
El 2 { éa.)? 2 d,©
X 4 A
¢

)
Mo, IE{ it og '

AW

/ [
N ed tmg,,
(::_k{(:\«—v,zﬁ.:(: )

(Mt ‘“2’>
d

2a
e °!D~"ai~ave. J;)/ wdo Gt outaall 491@@}&&.}

Looe '3
. W 4 CZ(cx ) “ A,t‘“ { 'Mdm(cv M«\vlf«u,ogﬂ“l\ pak 31
4 ) | ' ahour ot - D () 4
- sheor Rot 0°(x) = D(H) B ()

0‘&, = (\qk}; LA(&)(D . wlere,

. ~ 5 '\”“)1’ o !d";'\—
" 2 © Aeé—'r’lg (f:\ﬂ, :':}.)( - 2 B

. f\rﬁu\f C/\smﬂ_ = ’-D(X)
§ 9. Dok Promensny ©  ID, e

1T) w.o A-bc'wwbg ? ID 1 A)

?SM}&( o ry,(‘&s HAM 0 e
“\Li\‘ W /1,Lt,l’_«¢,.q"u:~~ /{’/L»fw o Le (,‘ﬁf 9% %«51(? 'lwé’()-b WO,

“li,t)

whsan Q"‘s = G(X\

Nows LM (M ., e) P

wodt. bbbl M shat ke
v(,c-g évx\@(:’ - E :\PO.C aﬁ%_ﬁ‘ J & et hode,
‘\‘ ) we/ N"LM" ao‘“r\-»;wﬂé(\\J , ~,‘ e\uﬂ.‘s 4" 41,4}"5‘8-( N Ay Q«”'( @d:‘,magﬂ,

y e ’
éf’; 2 { dla »J (Mg =3

ongd e 3(,4\.@4“”6%@3' Keal C'mau;(".u_ﬁ,,;ﬂ

= _1_D<L /\ - LN (a2

XY

whare f"~ tM(ba,e)
= th(i,b e)

\'P FP ' ¥; ¢ %V - wo::vxcl 2) w0
{DMM ) - 2 7“3/%? %qin

= s, ¥ M, 2&%4. dod = KT e

Mb/g&mk , “

<.
C A/ Q
) Aq - .

dr.

e
dS&

xef®

D L Bl S

/' N A? \

: ’ e ><NMAM s

LA)/?

Ae r]

‘im/ PR E I Z?)(X)Ja ~'B(X)¢l

9‘%@@(5\5(33:& e

Shanl, 4o %\ lu@/’ deAu«tzﬁ;m

).

20 e
gy,

@(ﬁw Goaa e};ﬁ‘;{&»w é@QG«, “J'; ‘(e‘ LﬁA"’CA;Q

& butm,a\d Coun leatbocbiipiae., 65&6,.,,5 ,E,;we:u,»&,{& hawd Meele,,



. @ - Mm_vv@ufff‘ Ny | ' \ ‘

T ke 2 dgues o fusden
b s ] ‘ v el
,AM.:;,::A.:.w.‘,,f,.-.\ . . . %,'

e l
(ﬂ?:;) % o
C %2 = CMM{

;7‘5'/ A ? ﬂ&/'

?mmﬂe ,,w&h‘fé /

A . ) . -
Ak -‘f.@_.av.ﬂe!;.sﬂ&»{j J[W %et/ue‘&‘ m»a‘afi&c.r V/d‘bmc»@a:«ﬂ« ‘/& '/"@p,..i&a,ﬁ; “/“l;aﬁ.‘t.?é%, #j)dwéf‘g’m‘._a

i / -2 él//f’(}

@4 'y xu‘w 3 Iso j,)g.l‘d\_ﬂ-ﬂ«\tl,. fee  alemonnts  inds  Cadewlodiny, 7 tlern ot Mf‘myd. p

)

§ 1. rPM-fQ*;\‘»;\;%\A&.‘”‘ a‘"‘*‘"—“»’letﬁ ) ‘C'b‘v\'h«\;\-.«.:ﬂ’lv‘ }'Lv.y.l) Cd“A.sfx_ﬁiéuj{bezgéq,,-;

- b"(’w "Gi b (f 1 o ”"’}tuﬂ; /?» s }: \Nu»lr o ura?Q o c;»zarm%&? ‘é«n \uuLo"lW\

) Y
‘“M (fo&»w.& l:ms;éjn C')mw&’«ﬁ(f bl ,-\u;(u»ie "’i Aoty ’Ltci{ MLl 28 O, d( Su[%guu t/.jﬂ, NA
That ast mot  Raud 2 Jm podis d e - baatg y Yl be beehed ot Ladew

. ’ 4 . ' 4 o
((H) \g/*;w \"hu:ﬂail/ ét. S ‘riﬁk. &8, .e.‘;?eq,@._ ,.@,.ff WJWA*V‘; W (& o ‘gwﬂ, R )
, L ' ¢
(e2) EMa\' \M;M“ &Mx‘&”‘l“"""“l'4’”"’ dearsn ddivosd bwwmg Aoy ( A f? 3 .

(c2) Complete. Mk ML.A/ bk

%{ ;t-% Avote 0713"7 ( ¢ ,) (G 75') H e de ,,,L’.A‘ﬁ'!lé,e. :\5 onde, atb at mig%{_u_,\‘c;w ks f e
i'q‘/’ st (C2) = 5 fm wild Cteat’ L g w}%\mm\,\ schtsity o 21.,,,\,4,”\4_
. '}M@ (’,u[/ sfréoi:la py q[m/,,(]
| 4 &,m
_
; R rohus. < MM o dene L ;o
N ! N T - W,

0@0& at '2 ‘711"11‘2&% 2 / {MI-'&\; f R ]

. \}ﬁﬂrﬂ, [N C’,o QTN ﬁaﬁ ‘)Ile,( ﬂf.{:m é,g,n,(f'{ ' . _‘ﬁ“‘ . & ,‘Jlf'lﬂl &T‘-{‘ l.\s‘ o
ot ad 'M’&t:. .&Jyﬂz{a £ w\‘*(,,._(g\(\,h,;ﬁ N(\)')\ Mﬂw’/l‘: 2 I{h;\:“ .
wllbe OF, . { 0%
e L2 e



Tt S e F

¥
i
H

S e esmassmcmsn

N e I

= [
. v g
3 i 4 —y i
H ] e :
P : H

e oo e i

P i

S ST 4 i
H P :
M 13
i H :
AINURIIG: SRS S 4
: P H
. Gt i H
‘ “ard . T
i P 3
H £ .
. e ek e
:
5 i

s:s vedacs

™ -
£
5~
-
< -
-
—~
- L
w
-
D s
i AT
LR
B .
Lowed
: ¥

N

%

:

H H

G i R LI T AR
B

ot e et s, S

B PR S

f
3

¥

i A AT i T AT ST T S

o8,

WK f

LY







»

o 1981 .

T
LAY

¥

£
% N *
J, ><} ),(2_'(0 n%;:’ -

1 ]
£
Ag d&

| R
3)? (4}

e Nrmcg,
s , e 'k

wa (1)

?,.w"“ i R \5\ .

e o S
o) T,

é.mm.‘,.ya..m..m»mm»m X

{ ) - local node pumbers.

Fiaure 3. Typical 4

R,

and Yooad

Huphes

~node elzsticily element; globad
node nuabears.



C



This 45 shown for element 4, whi "%z §s typical. Four displacement ﬁ.qgw
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The entries of TEN follow from Figure 3¢
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Some Current Trends in Finite Element Research

THOMAS J. R. HUGHES*

Introduction

In the 1960’s the finite element method was under rapid
development in the field of structural mechanics. The essen-
tial features of the methodology had been identified and it
was clear to the research community what additional exten-
sions were needed to achieve general capabilities for the bulk
of structural mechanics problems which had traditionally
faced analysts. The main thrusts of research at the time were
directed towards the development of curved two- and three-
dimensional higher-order continuum elements, and the
development of effective shell elements.

Straight edged higher-order triangular and tetrahedral
continuum elements were available early on, but were in-
‘convenient in many situations, and did not permit accurate
geometrical modeling of curved domains. The importance of
elements of general shape, particularly curvilinear triangles,
quadrilaterals, wedges and brick-shaped elements, was ac-
knowledged by researchers as a key step in the development
of the finite element method for it would enable convenient
modeling of intricately shaped, real-world engineering
designs. All classical analytical techniques, and even com-
peting numerical techniques of the time, were severely
limited due to the inability to handle complex geometries.
One may view the “geometry problem” as one which has
beleaguered the history of analysis. Essentially with the
development of curved “isoparametric” elements [E1-E3,
11, 12, T1, Z2] the problem was solved once and for all for
most practical purposes.

The ability to solve general shell configurations was of
considerable interest to the developers of finite element
methods in the 1960’s due to its obvious importance through-
out structural analysis, and particularly because most re-
searchers were actively engaged in aerospace projects, a focal
point of engineering endeavors at the time. By the latter part
of the decade a wide variety of shell elements had been
developed which were adequate for most linear analyses
[A7,B24,C2,C7,C8,G17,P7, 86, Z8].

With the main problems of finite element/structural
mechanics research (as perceived at the time) essentially

*Department of Mechanical Engineering, Stanford University
(Author’s full title and affiliation given at paper’s end.)

solved, and the occurrence of a simultaneous decline in the
aerospace industry, which had provided the major support
for finite element developments, one would have expected
a decrease in finite element research. In fact, to some extent
this did occur. In aerospace, interest shifted to computer-
program development employing, by and large, the existing
methodology. Basic research activities dwindled. Evidence
which indicates the reduced amount of finite element re-
search may be garnered from the number of papers published
per year. From 1960 onward, the number increased “expo-
nentially” through 1969. For example, ten papers were
published in 1961 and five hundred and thirty-one! were
published in 1969. The first (and only) year that there was
a decrease in the number of papers was in 1970 in which
five hundred and ten appeared. Considering the usual delay
between performing research and getting it published of
about two years, it may be seen that the decline in number
of papers may be correlated with the publication of major
works on curved elements and shells, and the general decline
in aerospace activities. '

The predictable decline cited above was immediately re-
versed in 1971 in which eight hundred and forty-four papers
on finite elements appeared. The subsequent year to year
increases have been dramatic. In 1974, the last year for which
complete data is available, thirteen hundred and seventy-seven
papers were published.? What happened was that a counter
trend of greater magnitude had begun and overwhelmed the
decline associated with aerospace structural research: the
finite element method had spread to other areas of engineer-
ing and analysis. The techniques that had proven so success-
ful in structural analysis were seen to be more general and
were being applied elsewhere. The seeds for this development
had already been planted in the 1960’s [W9,V1,Z4,76] and
considerable momentum had been created by the early

“1970’s. This trend continues unabated today.

Within each field to which finite elements have been
applied, success on simple problem classes has encouraged
bolder applications, typically nonlinear and time-dependent.

T All data quoted are from [N4].

2 As of ‘the writing of this manuscript, thirty-two texts on finite ele-
ments had been published, See [H14] for a compilation,
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These have in turn created new problems of methodology
and so research has continued to grow. Structural mechanics
is a case in point. The emphasis in recent research has been
oriented more to nonlinear dynamic phenomena involving,
for example, finite deformations of inelastic materials, con-
tact-impact, etc., and this has led to fundamentally new
problems which continue to be grappled with.

In the remainder of this review I will try to identify some
of the main contemporary trends in finite element research
and their significance. The present work builds upon Zien-
kiewicz’s earlier review in these pages [Z1], and complements
several other feature articles dealing with other aspects of
this subject, namely, Finlayson and Scriven’s review of the
method of weighted residuals [F4], Argyris and Patton’s
discourse on .the role of the computer in research [A12]
and, most recently, Oden and Bathe’s [03] commentary on
the state of computational mechanics.?

The selection of topics discussed is necessarily a personal
one shaped by my experience. The theme is essentially
positive and optimistic as this is my overall impression of
activity in the field. Due to the enormity of the literature
on finite elements, no attempt has been made to mention
all important recent works. Nevertheless, a large number of
references are cited which should prove useful to readers
wishing to delve further into particular areas,

Fluid Mechanics

The vast majority of problems in solid and structural
mechanics involve symmetric, positive, spatial differential
operators, The finite element method, as is most commonly
practiced, is taken to be the Galerkin finite element method,
a special member of the family of so called weighted residual
methods [F3] in which both trial solutions and weighting
functions are selected from the same class of functions. This
canonical symmetry of the approximation method turns
out to exploit the structure of symmetric operators, Itis a
simple exercise to show that a “best approximation” property
is achieved in the natural energy norm defined by the oper-
ator [S4]. This optimality is the underlying reason for the
high accuracy consistently attained by Galerkin/finite ele-
ment methods in solid and structural mechanics. (Certain
elements, incapable of convergence in the limit, have actually
exhibited good accuracy in practical situations. See [B9].)

The basic problems of fluid mechanics involve nonsym-
metric “convection” operators. In most physical problems
of engineering interest convection is dominant. The Galerkin/
finite element method loses the best approximation property
under these circumstances and there are many situations in
which the solution may be shown to be very poor indeed
{[H6, H32]. This issue was raised in [S4] and the potential
usefulness of Galerkin/finite element methods in simulating
flows was cast in doubt. It turns out that, despite the noted
deficiencies, the basic Galerkin/finite element method is
capable of high accuracy in many flow problems, even con-
vection dominated ones, and a great deal of success and
progress has been achieved in this mode on a wide range of
fluid mechanics problems [G4-G8, G18, T2].

% An excellent early review and history of matrix methods of struc-
tural analysis may be found in J. H. Argyris, “On the Analysis of
Complex Elastic Structures,” Applied Mechanics Reviews, Vol, 11,
331-338 (1958).

Nevertheless, it is still correct to point out that the basic
Galerkin/finite element method exhibits spurious behavior
for some convection dominated situations. These problems
have been attributed to downstream essential, or “hard,”
boundary conditions [G9, Z3], but are still not fully under-
stood.

This deficiency in the basic “recipe” has caused the reali-
zation that the degree of generality and reliability achieved
by Galerkin/finite element methods in symmetric problem
classes can never be achieved in fluid mechanics without a
fundamental breakthrough in the analytical treatment of
nonsymmetric operators, This necessarily will take us beyond
the Galerkin/finite element method as classically used, but
to what is the question.

The research problem is thus clearly set: To develop
efficient finite element schemes with all the usual attributes
vis-a-vis geometry, etc., which retain a best approximation
property in an appropriate sense. Presently, there is consider-
able activity on this topic and it is being pursued in diverse
areas of engineering and the physical sciences. A variety of
schemes have been proposed and are under investigation
[B31,G19,H6-H8,H18,H23,H24, H32].* A name which has
been used to describe some of these techniques is “upwind
finite element methods,” since some of the initial efforts
were very similar in intent to classical upwind finite differ-
ence methods [R2]. The name has stuck, which may be un-
fortunate, because some of the new finite element methods
are very different from upwind finite difference techniques
and are not subject to the well-known defects of the latter,
An Applied Mechanics Division Symposium at the 1979
Winter Annual Meeting attempts to assess the state-of-the-art
in this area [H19].

If a methodology emerges from these endeavors which
attains the reliability of Galerkin/finite element methods on
symmetric problems, then an era of development of “general
purpose” computer programs in fluid mechanics may be
anticipated. In the meantime we can at least expect many
special purpose finite element programs with (hopefully)
accompanying admonitions that in some situations the per-
formance may be inadequate.

The whole effort to develop new finite element methods
for fluid mechanics problems has been criticized by some in-
vestigators because of the current ability to accurately solve
particular problems with Galerkin/finite element methods,
This begs the central numerical problem of the general class
of nonsymmetric operators which needs to be satisfactorily
resolved to have significant effect on engineering practice,

Prior to any serious hope of attempting a numerical study
of complicated physical phenomena such as turbulence, a
much greater degree of reliability and a priori optimality
must be achieved. The use of techniques which work well
“sometimes” is simply not good enough.

The types of flow problems to which finite element
methods have been applied are by now too numerous to
describe in an article of this scope. The interested reader

*Morton and colleagues at the University of Reading have made
several recent important contributions, See K. W. Morton and J, W,
Barrett, “Optimal Finite Element Methods for Diffusion—Convec-
tion Problems,” pp. 134-148 in Proceedings of the Conference on
Boundary and Interior Layers—Computational and Asymptotic
Methods, J. J. H. Miller (Ed.), Boole Press, Dublin, 1980, and refer-
ences therein,
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may profitably consult [G4-G6, T2], and references cited
therein, for exposure to the literature.

Fluid-Structure Interaction

Traditionally, fluid-structure interaction analysis has been
an area in which special techniques have been developed to
exploit the structure of specific problems. With advances
being made in finite element methods for fluid mechanics,
it becomes clear that a merging with the now well established
discipline of finite element structural analysis will lead to
greater analytical ability in this area of significant contem-
porary interest, Given basically sound numerical capabilities
for fluids and structures, some way of “interfacing” the
fluid and structural domains is, of course, required. This is
complicated by the fact that different kinematical descrip-
tions are generally favored for each. For example, it is usually
convenient in modeling structures to adopt the classical
Lagrangian description in which the finite element mesh
moves with the material particles, On the other hand, the
Eulerian description, in which the mesh is fixed in space, is
generally favored for fluids due to typically large fluid
motions. Clearly, some compromise in description must be
adopted to model the fluid interface region between the
purely Eulerian and Lagrangian subdomains. More flexible
descriptions are also required to model free-surface flows.
Several techniques have been developed with these ends in
mind [B13, D3, D4, H33, W2]. The terminology generally
applied to these techniques is “mixed Lagrangian-Eulerian
finite element methods.” They possess the ability to con-
tinuously interpolate between the classical descriptions,
and/or directionally split descriptions at each point. Generali-
zations along these lines {H15)] and further applications of
techniques such as these promise to considerably extend
problem solving capabilities in ensuring years. Areas other
than fluid-structure interaction will no doubt also benefit
from these developments (e.g., metal forming).

Transient Analysis

Until a few years ago, classical “off-the-rack” techniques
were used to time-integrate the large systems of ordinary
differential equations generated by finite element spatial
discretizations. These schemes could be segregated into two
distinct classes: explicit and implicit.

Explicit algorithms involve no matrix equations, conse-
quently computer storage requirements and cost per time
step are relatively small. The shortcoming is that numerical
stability considerations dictate the use of small time steps,
often smaller than necessary for accuracy. Explicit algorithms
are generally felt to be cost effective for analysis of wave-
propagation phenomena in continua.,

Implicit algorithms, on the other hand, require solution
of matrix equations during each time step which engenders
a considerable increase in storage and number of operations
per step over explicit algorithms. The attribute is that
numerical stability is improved, and in many cases implicit
algorithms can be shown to be unconditionally stable (i.e.,
no restriction, aside from accuracy, is imposed on the time
step). In cases in which the response is dominated by the
low modes, the larger time step permitted often makes im-
plicit schemes more cost-effective.

1t has been concluded that neither explicit nor implicit
algorithms are superior for all problem classes. Some classes,

such as structure-continuous media interaction, suggest that
an optimal scheme might employ both implicit and explicit
concepts within one algorithm. Finite element applications
of this ideawere first introduced in [B14, B15]. More recent
works [H29, H30, H34, H35] have shown how to develop
such schemes within the context of the standard finite ele-
ment “assembly” algorithm. This procedure may be imple-
mented in many existing implicit computer programs with
only minor modifications. Furthermore, the basic structure
of the schemes has suggested many other generalizations
[F2, H20, H34, H35,P3]. It now appears that many differ-
ent algorithmic concepts such as implicit-explicit schemes,
alternating direction methods [ T8], staggering schemes [P4],
etc., may be deducible from a general coherent theory, and
the implementation may be facilitated in similar fashion.
The ideas are general in the sense that they pertain to both
linear and nonlinear analysis in the context of any field
theory. This represents a considerable generalization and
consolidation of ideas and is a significant step toward opti-
mally efficient transient analysis.

Various other improvements in transient algorithms have
also been recently achieved. Examples which may be men-
tioned are refined damping characteristics which enable
filtering of spurious higher modes, without adverse effect
on the accuracy in the lower modes [H11-H13], and
algorithms which rigorously achieve unconditional stability
in nonlinear elastodynamics [H5, H25].

Two areas which are now being given increased attention,
for their obvious importance in lowering computational
cost, are automatic time stepping strategies based upon
accuracy considerations [H10, P5, U3] and subcycling
techniques in which subdomains of the mesh are integrated
at different time steps [B18, W10]. Although progress has
been made, neither of these areas seems to have reached full
fruition yet, and thus it may be anticipated that considerable
further activity will be seen.

Synthesis of Theoretical Concepts

At one point in the development of finite element
methods, a bewildering array of approaches confronted the
potential finite element developer for even the simplest class
of problems. The so called displacement, force, mixed and
hybrid formulations may be mentioned as examples. In
linear elastostatics, displacement and force models are based
upon the variational theorems of minimum potential and
complementary energy, respectively, whereas mixed and
hybrid models are based upon particular forms of mixed-
field variational theorems such as those of Hellinger-Reissner
and Hu-Washizu, There was a period when much activity
took place in developing elements based on the various
formulations, and the relative strengths and weaknesses were
strongly argued. This has for the most part subsided. The
majority of work is presently being performed with the
simplest formulation. (This is the displacement method in
elastostatics.) The reason for thisis that success can generally
best be achieved with the simplest formulation.

The trend in recent years has been to establish the
equivalences or similarities between the various approaches
rather than emphasize their differences [B19, pp. 276-280
in G1, H17, H32, 1.2, M2-M4]. These efforts have to some
extent lessened interest in the more exotic approaches since
equivalent results have been achieved with much simpler
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procedures. A case in point has been the increased use of
reduced integration and allied techniques in constrained
media applications (e.g., incompressible solids and fluids,
and beam, plate and shell models based upon theories which
account for transverse shear deformations; see [F6, G14,
H21, H26-H28, H32, H36, H37, K1, K2, M1, N1-N3, P10,
Z5, Z9] and references therein). In the same spirit, penalty-
function methodology is increasingly being used as an alter-
native to Lagrange multiplier formulations [B19, H32, H37,
M3].

Equivalences between some finite element and finite
difference techniques have also been established recently
[J2,K10]. One consequence is that dominant areas of finite-
difference methodology, such as the so called “Lagrangian
hydrocodes” {G13], are now being subsumed by competing
finite element codes [B10,G15,H1-H4, K4] which are often
faster and always much more versatile with respect to mesh

topology.

Additional Topics

Inelastic Analysis. The numerical ability to solve large-
scale nonlinear inelastic problems has advanced beyond the
ability to characterize nonlinear materials, This fact has
provided increased motivation for the development and
study of new constitutive models which more faithfully
model the response of materials, especially geological ones
such as soils and rocks [C6, M11, P8, P9]. New models of
this type often represent a considerable increase in com-
plexity, and their practical usefulness depends upon efficient
and reliable implementation in finite element computer
programs. This has lead to the study of “stress point algo-
rithms,” the methodology concerned with the integration
of constitutive equations. Considerable progress and under-
standing have been achieved in relatively simple settings
[K7-K9, S1] and much additional work may be foreseen
along these lines.

Forming Processes. Metal forming processes (e.g., extru-
sion, stamping, bending, etc.) have been based for the most
part upon empiricism since the large-deformation, inelastic
behavior characteristic of these phenomena was in the past
outside the realm of analytical capabilities. The situation is
now changing due to the increased ability to solve large-
deformation problems by finite element methods. Consider-
able attention to forming processes has been given recently
[A13, K5, Z7] and this may eventually have considerable
beneficial consequences to the efficient design of forming
tools and machinery. .

Nonlinear Equation Solving. The solution of large-scale
" finite element problems is contingent upon solution of the
matrix-equation systems developed. Although numerous
studies have been undertaken to develop effective iterative
solution procedures, in hope of lessening storage require-
ments and calculations associated with direct elimination
schemes, very little significant progress has been made to
date, Indeed, direct procedures are still almost universally
relied upon for finite element equation systems, and are in-
cluded in all major codes available to the general public.
Presently, “compacted column” [B7, F1,M9,M10, T3, W7,
W8] and “frontal” [13, J1] techniques have replaced “band
solvers” in most major codes. These newer procedures are
virtually identical in speed and storage requirements, assum-
ing each is optimally coded. The compacted column tech-
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nique is often favored due to its conceptual simplicity and
greater efficiency with respect to re-solutions [T5].

Many attempts are being made to improve the efficiency
of direct nonlinear equation-solving algorithms [M5]. In
these efforts, use is being made of direct, iterative and com-
bined concepts. Of particular note lately is the adoption of
conjugate gradient and quasi-Newton updates [B6,B30,C10,
Cl11, G12, 14, M6, S5] which have been employed exten-
sively in other fields, such as optimization. It is anticipated
that in the future increased use will be made of transient
analysis methodology in static and quasi-static situations
[U1] due to the higher-level of understanding of transient
algorithms and variety of approaches now available,

Contact-/mpact. Many important engineering problems
involve contact, impact and/or frictional sliding between
two or more bodies (e.g., problems emanating from weapons
technology, bearing design, vehicle safety and crash-worthi-
ness, etc.). A completely general theoretical framework,
suitable as a basis for the development of finite element
methods, does not yet exist for the entire class of problems
of this type, although variational inequalities may be used
to characterize a subclass [K6]. Despite this, considerable
recent progress has been made in the practical resolution of
many difficult problems [B16, F5, H1, H10, H38]. It is
hoped that the gap between theory and practice will close
in the coming years.

Fracture Mechanics. The technological importance of
fracture mechanics has motivated considerable finite element
research. Several approaches have been proposed to model
the singularities which are present in problems of this type
[A2, A7, B3, B4, B22,H9, 83, T7]. Perhaps the most general
approach thus far has been to include special singular func-
tions, determined from analytical procedures, amongst
finite element basis functions. This insures full rate-of-con-
vergence of the method in the presence of the singularity.
Considerable success has been achieved for two-dimensional
cases and current attention is focused on three-dimensional
cases, surface cracks, crack propagation, and nonlinear and
dynamic situations [G3, P6].

Special Elements. As in the case of fracture mechanics,
the special features of particular problem classes, such as
singularities, may be embedded in a finite element formula-
tion if sufficient analytical results are available. This marriage
of classical and numerical concepts has proven quite success-
ful in several areas of interest [A3]. Recent applications
include boundary-layer elements [H39] for viscous flow
calculations, and infinite elements [B21,G10]} for modeling
unbounded domains. A concise computer algorithm has
been developed for producing finite element interpolation
schemes from mixed classes of functions, necessary for
achieving “special”’ element properties [H22]. Techniques
are now available for developing elements with an arbitrary
number of boundary surfaces, each of which takes on a
prescribed analytical form [W1]. For most practical pur-
poses, such generality is unnecessary, as isoparametric ele-
ments suffice. However, special circumstances will no doubt
be encountered in the future when elements of this more
general kind will prove useful.

Boundary Element Methods. Finite element discretiza-
tions of boundary integral formulations — termed “boundary
element methods” [B12] — have gained increased attention
in recent years. The popularity of this procedure stems from
the fact that a reduction in dimensionality can often be
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_achieved which may resultin a significant decrease in compu-

tational effort, For example, a problem of three-dimensional
elastostatics may require only a discretization of its boundary,
which is two-dimensional. The complex boundaries of three-
dimensional engineering geometries are conveniently dis-
cretized using isoparametric finite elements [L1]. Although
some nonlinear and time-dependent applications of the
boundary element method have been given [G11,M7, U2},
the major area of success so far has been linear static prob-
lems [B26, C12]. Boundary element procedures are also
well suited for the modeling of infinite domains [U2], such
as occur in the analysis of soil-structure interaction.

Electromagnetic Field Theory. One of the many areas
that has recently been impacted upon by finite element
methodology is electromagnetism [A5, A6, C3, Z4]. As is
often the case, the geometric complexity of electromagnetic
devices favors the use of finite element procedures over
competing numerical techniques. Typically, problems in
electromagnetic field theory involve infinite domains., A par-
ticularly interesting recursive procedure has been developed
for this purpose which does not entail use of special elements
or analytical results [S2].

Mesh Optimization. Some recent progress has been made
in the development of mesh optimization algorithms and
adaptive mesh refinement strategies [B1, C1]. Nevertheless,
it is fair to say that procedures of this type are to date little
used in practical problem solving. Based on current develop-
ments, one would anticipate that limited purpose computer
codes, which employ optimization/refinement techniques,
will be available in the near future for certain problem classes.

Recently, an alternative procedure to mesh refinement
has been proposed in which the mesh is fixed once and for
all, but additional functions are added to the finite element
basis. It has been shown that implementation may be ex-
peditiously carried out and that exceptional convergence
characteristics are achieved in practice [$7]. The terminology
“p-convergence” has been applied to these methods due to
the fact that convergence rate has been shown to be propor-
tional to the order of the polynomial, p, contained in the
finite element basis,

Finite Deformation Shell Analysis. Much recent progress
has been made in the large deformation analysis of three-
dimensional shell structures by finite elements [A8-A11, B5,
B11, B12, B17, B23, B29, G2, H31, 15, P1, P2, R1, W3].
Many of these works employ the “degeneration technique”
[A1] in which shell element properties are derived directly
from general three-dimensional nonlinear continuum con-
cepts. This avoids some of the limitations and inconveniences
inherent in the use of shell theories. Difficult nonlinear post-
buckling phenomena exhibiting imperfection sensitivity have
been shown to be computable in certain cases by high pre-
cision elements [B29, 15]. The primary drawback to these
developments is the computer cost associated with the for-
mulation of elements. Consequently, simpler, lower-order
alternatives are under investigation. These necessarily involve
more sophisticated concepts and methodology since the
low-order functions employed are incapable in themselves
of exhibiting good bending behavior (see [All, B8, B20,
H16, H31, H36, K1-K3, M1, R3, T4] for contributions
along these lines). It is sometimes frustrating to the non-
specialist that, at this stage of the development of finite
element methods, new elements, such as those cited, are still
being proposed. These efforts, however, are important as it
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is generally acknowledged that optimally accurate and ef-
ficient shell analysis is far from a reality.

Mathematical Theory. In the early years of development
of the finite element method there was little concern for, or
awareness of, its mathematical basis. The situation is now
completely changed. Since the late 1960’s, the mathematical
theory of finite elements has steadily grown [A14, C5, D1,
M8, 01,54,W4,W5]. Many of the basic questions regarding
stability, order-of-accuracy, and convergence were established
in the early 1970’s for simple classes of problems. To some
extent the recent thrust is associated with developing mathe-
matical theories of the governing classes of nonlinear differ-
ential equations themselves (e g., the Navier-Stokes equations
[T6], first order hyperbolics [B2], the equations of nonlinear
elasticity [02], etc.), since it is recognized that without a
complete mathematical theory of the underlying problem,
there is no rigorous basis for a mathematical theory of ap-
proximation via finite elements.

The development of mathematical theories has tended
to lag behind the realm of feasible computations and thus
the emphasis in computer model validation has been on
comparisons with experimental results. For example,
despite a paucity of mathematical résults, a degree of con-
fidence has been attained in elastic-plastic computations.

Computers

It may be deduced from the preceding remarks that
considerable advancement has been made in recent years
in the development and understanding of finite element
methods for engineering analysis. If digital computer capa-
bilities were stagnant, one could still look forward to con-
tinual progress in the years to come based upon the current
rate of improvements in algorithms and methodology. As
almost everyone is aware, however, digital computer capa-
bilities are far from stagnant, We are living in an era which
has been aptly described as the “integrated circuit revolu-
tion.” Digital computer capabilities are increasing in speed
and capacity, while simultaneously decreasing in cost, The
rate at which these events have been taking place is stagger-
ing, and the limits are nowhere in sight. Orders-of-magnitude
improvements are still technically feasible and, in fact, are
anticipated in the ensuring years.

This is of great significance to finite element research
and application since digital computers are the technological
foundation upon which finite element analysis rests. Every
increase in the performance/cost ratio enhances the ability
of existing finite element methods to solve engineering
problems effectively.

Improved computer graphics hardware/software also
contributes greatly to the use of element procedures in that
time and cost involved in preparing data and assimilating
results are considerably decreased. Finally, new types of
hardware (e.g., microcomputers) are becoming available
which promise to enlarge the scope of finite element com-
puter analysis in the coming years [W6].

Concluding Remarks

The finite element method represents one of the most sig-
nificant developments in the history of engineering analysis.
What was viewed as analytically inconceivable as little as
twenty years ago is often commonplace today. The primary
reasons for the success of the method are its generality,
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ability to handle arbitrarily complex geometries and its con-
sistent treatment of difficult differential-type boundary
conditions. These strengths are often decisive when com-
pared against competing techniques. In addition, finite
element techniques may be brought to bear on any problem
which can be stated in terms of differential, integral, or
integro-differential equations. Once the basic procedures
are mastered, the door is open for the practitioner to apply
his skills to a wide range of physical problems. Successful
application of these skills must, of course, be buttressed by
a sound physical understanding of the problem area in which
the analyst works. We are presently seeing the development
of finite element sub-disciplines, within several fields of
engineering and science [B27, B28, C4, C9,D2,G16, G20,
L3, L4, 04]), that seek to thoroughly combine both the
physical and computational aspects of the problem, This
trend will no doubt continue since proper application of
complex element methodology cannot be performed in-
dependently of physical insight.

Perhaps the most salient feature of current finite element
research is the variety of areas in which developments are
being undertaken. A sampling of the more prominent disci-
plines has been discussed in the body of this review. The most
important area of endeavor appears to be fluid mechanics,
Successful resolution of the treatment of nonsymmetric
operators, which dominate much fluid mechanical phenom-
ena, will at once enhance the numerical calculation of flows
and have significant spin-off effects on other disciplines.

Financial support for finite element development should
continue to be good due to the area’s “track record,” its
continued potential, widespread use in the industrial sector,
and an increasing demand for sophisticated and accurate
analyses of evermore complicated engineering systems.

The continual improvements in methodology and com-
puters augers an era in which the development and use of
finite element methods should continue to rapidly grow.
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Historical Sketch of Research Activily in Fiaite Elements

Prehistory: 94 -

® Lattice analogies of Hrennikoff [ 1] and McHenry [2]

& Courant's seolution of the torsion problem [37]

o

¥ Prager and Synge's function space roethod foxr problems of
elasticity [ 4]

First decade: 1954-6 to 1965

¢ Argyris and Kelsey's series of papers in Alrcraft
Engineering [5]

® Turner, Clough, Martin and Topp's paper on the Direct
Stiffness Method [6]

® The terminology "Finite ¥lements" coined by Clough [ 7]

& Formulations for linear static structural and elasticity
problems [8]

2 Virtually no mathematical work

Second decade; 1966-1975

® Applications to diverse linear and nonlinear engineering
problems [ 9]

o Mathematical foundations established [10]

® Large scale linear static and dynamic structural analysis
programs become readily available [11-13]

Third decade: 1976-1985

7
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- BOOK REVIEWS

Chapter 6 contains a useful computer program

which can solve the problems presented in the
three previous chapters.

In Chapter 7, as a means of introducing the idea -

of higher order finite element approximations,
beams are- considered. One-dimensional prob-
lems in mass-transport (diffusion—-convection),
overland flow due to rainfall and wave propaga-
tion are covered in Chapters 8, 9 and 10 respec-
tively.

Chapters’' 11-14 deal! with two-dimensional
finite element analysis including torsion, flow and
stress analysis problems.

A final chapter on advanced study and apph—
cations and four Appendices complete the book.

1733

One of the admirable features of this book is
the amount of space given to one-dimensional
problems which, if worked through in deiail
by the reader, will provide an excellent basis for
understanding the finite element method.

As Desai notes it is not easy to write an clemen-
tary finite element textbook with so many auxili-
ary disciplines. However, this book is likely to
become a classic introductory text in the field of .
finite elements. Hopefully a cheaper, paperback,
student edition will become available soon..

: _ E. HI&TON
University College of Swansea
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