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Solution to Brevelse 4.6 of Hotes
ME 207, FEETURBATION MBTHODS I ENGINBERING MECHANTOS
2% May 1979
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Thus in terms of global variables the pressure difference scross
the plate will rise from zero at the edge to some multiple of 1/84
in a distance of order 1/€ . Thereafter it will change only siightly,
glnee py is of order unity in the global region, wntil it falle
rﬁgiﬁly to zero again at the other edge. Hence the drag {referred to

h

ol or MU) will be proportional to 1/£2 for small €.

Thls conclusion evidently applies equally well to a circular disk
In a circular tube (or even an elliptic disk in an elliptic tube),
and to a disk moving through the tube as well as one fixed in it.
We can therefore check this conclusion at low Reynolds numnbers, bee
cause Shail and Norton (1969: Proc. Camb. Phil. Soc. 65, 793) have
caloulpted approximately the drag of a circular disk of radius a
that slowly moves broadside along the azis of a circular tube of
radius unity. If the disk 1s very swall, its drag is wnaffectaed by
the tube, and is kuowa to be equal to 16nuUa. For a larger disk,
this value is increassd by a factor that Sheil and Norton compute
g 8 regular perturbation expansion o seven terms:

1+ 1.786 8 + 3.1912 8% + 4.5728a° + 6.1578 a% + 7.6425 50

. 6
This series converges slowly P 9.1900 8% + ...
for a approaching unity as 2 g
the gap disappesrs. However,
we can apply d'Alembert’s
ratio test in the graphical
form devised by Domb and n O o
Sykeg. The ratios of c e
successive coefficients £ S apie
ep/Cp-Li pletted versus g L=
L/n, clearly extrapolate
linearly to unit radius of
convergence -~ indicating
& singulavity at a4 = 1 -
and to a double pole. IFf
we extract that singularity
miltiplicatively, the series
becomes 0 i i

) . . 0 .5
.“méﬁmwil-sgmjéa+ L6184 a° 1/n
(1~a}? 3 4 3 o9 6
had 90232 ar +4 920‘34 & hind mlOOﬁ 2 + 00628 & + oo o

Here the laest coefficients are one per cent of the corresponding
values before extraction of the double pole, and decreasing rapidly.

This confirms that the drag i1s singular like 1/{1-a)? oxr /£ 2,

The same conclusion applies to a plate with a small slit through
which viscous fluid is forced. In this case, for plane flow at low
Reynolds number, the local approximation
is known in closed form. As Morse and

Feshbach show (Methods of Theoretical _ //

Faysies, p. 1197) the slow viscous fliow “\\\\ Q%/ﬁ e
through a slit is found by separating ““”““~M~N\Q$§5;“1:::¢ww“W
variables in elliptic coordinates. . Py #
(Note, however, that in applying that e ] NI
result to flow in the ear, Prof. Steele e G S
has found factors of 4 missing in Y

several equations.)






B‘Ww'z } Lm_lc,«-r“ﬁ
J)X.»c_, “~'L ‘}Cr‘y‘”“v\f u ol Pa s Lo M({t‘,te 7//1? M/J ’i«étg}/{gﬁ}

(
Z i}m’fww@a oo (Dotn (a/d' a - A&K)f ttn ("/ o ckfm Lottt b
o ﬁp/ Saing,, JLK{C*’ /7/’/\14 E)Zflu"

’rg il
2. [/t” e :*“( : Zﬁ L. s 5‘ N » . ’Mdn ,,-ﬂ'(-&. o) \
i e ( £%) T
A ,’: v/’ *’ fx !,i/,_ o } ‘
;g:é’z\lp ( \f‘iﬁ | ) »Z‘H’{ J AYAN é;,éx '/ﬁéz\( dad. /’ L / %A " / (,sg Lﬁ L /[‘ I 5‘21\4{'(

e H_//’;/ o ol 5

g //x,/:""”r“' o\\ ,
, jefg gL )\(\ ) e T e d«!/g

N .
[
i
|
i
&

| , /2074
Choot. Nagfudei. boste, on- ?'//;’s’ Govdl buey A Rerlinbadon Metbods 1973,
ety pote,
a/b.zl,,?_ Modechofed hca&fen/’ s Lw,r&w's 2 e Scales  bbail ane 7 A%;m(j
(,,;V[,ﬂ Fante %W%A quL e Wl mdodad cu“,[y,ka ﬁaéag when 2o o d #.
Sealey  ant dovnnnnad “}&M C(MMTM ote "a?fw .
Near Resonan bf,m At zf&v«uu rellade >f Go jk‘- Feg

Eo—

. n”‘{:‘ T/ % + }1 Ca;(x' \ /a)-e_,»' (0 =0
Ly — AR AN B0

Z\ECaPJMb : 51;77 * )7“ BQDD(L

k.
{tme. '}u recnoeald o WAk, 1wl : by <b e ia )
Nt - '?y;’ i J‘% r 1 o shuric defrect
Jet 5T W \/ {57 .,*7 +/=m«'t~4«n(/5 /p(w(/(
zm/ fe }(0):1 Z

Bvech 4l o o [(Cﬁ SE b - l) s b+ ol 2t ot j

g2
QL@GA«Q&\/ : jmi“w; - e '( I"‘z')‘tf = CKSJ Cenie At C% £C ) LT + £C 4o T
Wt Al gm\.l Hhak ? = fi;c_,:,. - /'{,, ’z,;( £ YuaT - s [) # O( g3 )

A 'M'[‘e"‘f’ R y ( g e /) smally, lenbess AL = C)( w?'./)
B N setan T’



%oo Lo et &amw? Ct«t&c M,/oai oaéw«v&m ) and b e wiltaf wers o(f 0%3;0,;‘,,,&( %}WM

(.

peale #1 ®

drmn

= L&u.owl/’w\ {‘L‘TM/ A o9 '# we- ’ﬁb - T: E”/ﬁ Mﬂ( H =L Y(T)

How, e DCDsyar\/ang.T suie Eppl Y= 0
whetiden ?“'Gv Ay - "“’ “/‘;M"?f y O e)?‘»u“ ews.an/% ru%) "?QL \-WUM] Wiy \r»e

doode ab dwo ptales b el ke be T
lef gf”‘m""/“‘em(’ii 1’){ T= ¢t

e ) g0 9y el e

g™ Ju] Lop pen (’4«

?

it
:\ .
——
e

; T)+ € hr [ T)+ ¢
\Hu,’n W“‘;u she w “}‘ﬁ_m‘l‘ 7’:’: -% /a (‘F%i' T’i*?r{r&'_w\ ‘:3C6w€.4»'lt-twrj
Oaé&u,,iuc, Aﬁl\«u}d}%ém b C'I\LM.\‘, “M.LL:
(Y- 24 £ 2 /
X4

11 /7

5(MA V\fw».fh«d o W(,d (ﬂéu/\uv ot N égu,woe,

;/V\Nw\l'v) I‘LJ/(M gwlé&u’ /%ML) b @4@?:”,{‘ cmgﬁuf 4()0 d’;u.,-uf;daﬂ/uo .

Yo wa/x U ()t
')j & ( " "\ e u(wa)

Sun &a L /(, o e obile. OLM‘ ohte domes  toms »/({ A
»oefe = d
Jﬂ' Zr/a Syge. =4 s aw / / ¥ -

/ /
[ ,,(_«:f’ N \ﬁax _
L@ e bt i%x._,

s \\ ’ , %%7/~«(/Mo x(ya,g)“ = V'ZX = (j U

M PR o {1
wo o g T

o . 2
- 4 X

,
~

ol



N Regnd.s b Exadicham .{LLMQN e lbatdin, - Cowvlcmud
(\/ Dimenstondio / *\/ = Coo (!»a)ﬁ’) ) Z(b)w
, We pews Neo Ay ingu/\Jf ,g:ulxo whean e />
We. rthu . D ' L;OWL{D,MMMJ( )cf a,w,w,( word d ]\J,Ip
it 69( sl T=t T= gl

(a.o’l/ Sy L N
D =3 el T MG A qn_éw.
2t It 2 Sp ¢t o3t 2T

fet poble
( Y a2 Y 4t )is?f > + a T s (T ~T) w/ I3 ﬂ;—o e T=T=0

e yTar T

T © v o) Uy ot T
i o5 e
% . E&,o()v (,r\ e u' /00 ;4 l(’ ‘(',U ‘)M ‘

X 55 =0 \\r/bc, f) z0 =3 J(o)=0
¢ Z(/M d % ),0 —>({§3 o) © O

. \\ . o) i }2\'\’ 2 B N . ) = , N

(\// . £ :i.v -+ 3}(}\\0’ 3 = o T l) w/m 3(0\;} zt:.ojro
‘.)_J}-L 4+ My = 0 @
A

c&/“‘"d OQL}»v‘jnlletcf /f)( o S (/)(,,,_rﬁ < ) ““(Xj?f») “ Z ii‘ﬂ(x > 7 o % J‘()
. ) e , Mo
Geanale, i b {fulffl) L AflGE) v élv"fn (x;¢)

$oly o [E Prrkle. f g7 Al r)esc s BT den ¢ o
) (2)0) = Yy /4(0)./ Ble)o =~ MCO)O}
sl ) o “"da/ -0 2[B) <o |

Sla b 2 ?Pro&@u will (e il GW'{/ ’CQ {»\m A FWS %( f)

[T yO 2 Werio M) em uo s e s T
o

s . - / ]
dvor [F’Z, E;/ + ey (J A Sean T lEA I Sean rJ

C L\,{) 0ae, li\) "5 h) CL«_WL.&( NN Lt,n,{ém \\Aj! \"w 4

heot W"IU) vy do ot Folade v ‘\ S
\ ) R ! o
& ‘ A= - 1/7 San | % W (Aa I
e e e T2
A {\:: ';//?/ (’,U‘Df " Af) B = /4".,‘;\‘ L -1 E)a i
, . [
Waung Ae) =0 {{,(o} ) A o /l;‘ Ry= O

)
“‘"6\.'...'\10 WA »(2\[(_/(}.(‘, A Mg ,(f‘;y( 1.\,.,(1‘.) - (; m! ()t AR l/ L AL /‘7}[1) )/ ’
~ [
Jw.e‘} il il on H.) »C Aanid OASFfneon

=y P
[«‘) A ke INE Wb A M R



1

¢ %,JW to e did blpe b Ll M fchins A8 7 e S/M/p_
%ﬂ«,& We  Chaa, malle. “hen Ln%nm/ﬁ /loof//;m»u ) m
| - )%
- S)uohtl, Adtnipel ﬁﬂa,!fa/w
b?; 7 /f)/ L Ll *j+25 3 = t&: Cewcfﬁ(!// _{:é ’/o)
. kl%_ A m (wym)?- 141‘ _[/m/,e j Sﬁ( 5‘{5
B ‘ / ' "'f . ’; "
— L'?.’.L:;,,(“Wf ;}L \ / (/ IR
— —/za D thhb m:(hf) - E’cm HP) + € [?,ii{i(@;)) +'§"z"k5t—f(ft/))]‘*~

mlegmuﬂam\!exu cMmmwXums | s o(/i)

S '(f tot tae Z,Lawfﬂ»{ scals Z2=c Ts&

L e cm({".—g*t#/b)*v e- /-m(%.,«/b)_l_ll&‘f’m(&,).ﬁ o(gv{s‘)

Wit Vr‘u,,,,,, T= { O( ) .

; '! . Lt //‘flt??o /umlﬁﬁ.\, b C,A.m
@ Hefie Ty = € 'é 2 mueh. q/aww e, At ] 21@»@, r&wu‘fﬂ\
C el dee pake J /N t < O( %3) : , ( )
«LIIL C; 7 = @ t = 2'4('{: —— 7@*‘5 ?rwﬁ‘,. oo CGn?
. ) ' af ) ;.
vl o b brlin, /

. Tetltavere. S[mc,, 5.{@&-:1._.

€ Yneerb V‘JQM defoie . = =2 4 i) 4+ €20 4+ £33 e..+ g%
¥ f df ( ) T T >, 9T, 2T,

"Derifatee - Ex.?&/;suhm ,’Md@nf? i

s oot of bl peaki
1 T ﬁﬂmavex;« peates gk
L 97\ wod e O, “t) i&( )fzi‘)” v ' )
T wmn A, &am}‘ Se,a.l,g.s 1t QM@L\‘ &\M& ﬁ(—d;é{»@ st ) W;f (/_f&g #[95,)’-}65%‘” )
Q@ tan b w0 oo punee €L abvady appions n e sloiey Siale,
I;f 7’:t - M /.:,‘f- 7= ¢ (?9“/45)43%‘ ‘L! . ) hole her Stnce e beicars
seale. 15 t&ﬁ'\&mdc,) end T Ao aeld & G T shud of sT

4’ é’?‘ fe@aa& ’
- Shutch bot Sete, - | )
oo %im*e.%#‘wo Amﬂ(w, ‘
o ShaedS” Seales B N T A R o



i

’Pﬂa‘,\; wanes oL Vestsmo g@{ 1,(*

(\/ - W/" d‘W(D 2u ~et ¥y e = {f(x»cé):u

T dIxY

/ ' '
AT Pu .o Vu . v R v 4yl
fepp 5 a; 3 "SS“»M § %@‘ ¢

N Ubnwt @ x=0
. 2 ofe .,;m,;;} *
% Jeta ‘% 3 lm{aﬁ,,fz A of/i‘ Seales

fg“ /- }’ ¢ + g‘/ o+ .
‘% N’%“(mr fM\(wa j[ s wﬁ&% e“* G "") 743@,”, Lo Bc:mme\( Mmén/u};
Atates mif brday 0. Mol U te O( L) P Pneq.. /’:Mﬂl*“( cltnng Yo
Cams Y 4,..\@ ‘M aqlnd suln bkl mow Aditans Cuan Yo Chnaetst S v’

M’L‘bi. )H\LQL)

fe)79

Hhens 4777 A/:,, Srae Y6 (rg70) S3npe

/] ﬂ l/vl! 18- r
. i ’ N ).
& “é(tvu,az'm, Jlé’i( , HM t') (3(/)

(\_ ,/ . - )Ku“ Pe( S a 21, ] 0 M -/&7’ , , - f)([é'
o ?A'Ml(ﬂ 4713 hwa fp 4= 0 (E/%,)
] ! ’ »éf'
,Z:-C.:)l s ’{(i«")f L. OV (’L(f ,)(/ of 6 )( s 0D X"’ /
g @ ¢:o

Get Sl X7 /7"[>/ ( J. f 2.a /5> -1 (2 (’3 ¢ gf”)J
‘ & f’(’
L de« a}) -yl ﬁ“l T S 0.('( Z X~ W {A" i """”) ( ?‘) a ('efﬁ( 5 )\/ o )

Cap {/ fvec%’& /Ku e (/(,c/h o e 2 e .{»‘A{‘, Aepgts (\‘J',/ M Peaes bl - ,aca

S%(uw ATt (> TR
W& M § 31\\ ///f’:. (/ dag/ /5«' /) ", (/5?/> /;gf’wa!/(?/ﬂ

oy :‘//1, » (:Q ool s s

e ve’ Bm ( /- € ,,,) / patuid 00C OA (0 e

,\léf Alo(’cuq(b
(U L WA (et paglenns)

2. &&. [Y\'U“\.\w‘, i (*(’()“(\p“@()?)(‘((ﬁ

)/Yl /‘6\0({ ?} %’()‘4(' ';‘f"”) &OD* de nade, rL <,<(F;i"u\;(':<¢x\(/.~ Aw sl (5146 - KLL.C?) LUWL(,{W:&QU

7






C

Brersise Set 3
B ZOV. PERTURMATION MRETHODE IN BRGINEERING HECHANICS
Due HMondayp-10-5peih—tG99—

wed o Ape 14

Lo.3. Bolution of guadratic eguation: @ oarameter vertuorbasion. ¥how
5 su VLD SOURTALOY o :

% = 0, ths eguation BHE 4 R B o

bas the solution % = ¢, Pud a2 better approzimation to thet root
whan ¢ is emall Wab not sers, to at lesst O(c®), by (a) Lterating
oo the approximation % = ¢, snd (b) subatituting sn sssvmed expane
slon in powers of €. Vhich of these processes im the more syston.
atic? Yhe simpler in highey spproxivations? Cheok your result by
expanding the exact solution for small ©. Vor what velues of o
dows the series convergs? What happened to the othsr root in this
process? Devise a procedure for finding sn analogows expsnsion for
i%, and caloulate twoe or throe terms.

1.2, Bolution of an ordinaxry differential equation: o coordinste

Perturhntion, Suppose that we ave intevested im the gensral solution

of woofs 68 « By

Tor swall tine. The familiasr expression {involving an integrating
Tactor) for the solution of any firet-order linear differeniial
equation leads In this case $o wnfemilisy integrels that canmot be
cxpressed in slmple Serms. Find s firvet approximation for smell 4
by replacing the coefficient cosvt by 1ts valuwe 8% % = 0 and
polving. Then improve on this in & gystemetic way to find the
second approximation for small tlme.
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Solutions %o Exercise Set 1
ME 207, PERTURBATION METHODS IN ENGINEERING MECHANICS
AL Aprid 1979

1,1, Solution of quadratic equation: a parameter perturbstion. If we

first neglect the quadratic texrm becsuse it is multiplied by & , and
then evaluate 1t from the preceding approximation, we obtain Buuc@&am
aively % = o Ec"’

w
e - é};&. + 28207 Em 34

feraxanomn o

¢ - gc‘* + 2522?@3 - 5§ cﬁf‘g 6e4e5 o 6E500 4+ 4g0eT .. £T0

e neaninglesa terms

Mternatively, substituting x = x,+Exy+ €2%2+ ... and equating Like

powers of &€ gives
o) - B . .
X = ¢ - £6° + 28%¢7 ~ 5glch 4 148%5 . ...

The wsecond method is at the ﬂame'tima simpler and more systematic,
in that at each stage it produces only meaningful terms. The guad-
ratic formula gives the exact solution as

s A o

-1+ Tvdge -1 & (1 + 2gc - 26%2 + ,..)
28 2E '

and taking the upper sipgn reproduces the above result. Here the v
expansion by the binomial theorem converges for [4cj<£1l. Taking the
l@wm' sign glves ﬂw other rcot as

X o= (3 +§¢°"*”2{2+e»»)

X o

Leoés Solution of an ordinary differential eguation: a coordinate per-
turbation. Bxpanding the cosine In powera of t glves

2 ax X .
(l”“tg‘-q‘ N noa ﬁ“.“i;"” ,k; = .Lo

Replacing the parenthesis by unliy and solving vields a fivst apﬁﬁmx”
imation for small time:

ﬁKI Xy . .
I “t 1 xy = t{logt +c).

Next we can use this appr(‘mim&tiom to evaluate the first neglected
term, which gives for the second approximation

dxy  x
mmg:.g.,"mn l+§t'm-z- = L4ed b (logt +1 +c),

with selution 1.0
Kyp = t(logt +¢c) + :“‘c (Log t + )

Thia suggests the expansion for swall time
“ oy @ 3
R o= lff}é; ‘t (At A .,titﬁq 4 (.31:73 e n e ) L Gt b Ht" + I.J"ﬂas AP
and substituting and eguating like powers of t and logt yields
algebraic equations that glve

x = t(logt+e) + fb? (logt+ o) + LLQ l"tl(a,ogt +¢) - 1}

48
+ 04 log b
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Solutions S Erercise Set L
MB 207. PERTURBATION METHODS IN BENGINEERIHG MECHANICS
13 April 1979

1.1. Solution of quadratic equation: a paraacter perturbation. If we

first neglect the guadratic term because it is maltiplied by &, and
then evaluate it from the preceding aporoximation, we obtainm quscesn
sively

. 2 :
" o= ¢ - EC
. o Mmeaningless teyms
¢ - gef + 2692 |- £304 & a8

G - ge? +,2£2@3 - 6gochls 684c5 o 669¢6 + 4gbcT . g7 B

Alternatively, substituting x = Xy +Exy+ £2x3+ ... and equating like
powers of & glves -

X = ¢ m'&cz e 23?@3 - 5&304 % 14£&c5 “ soe

The second method is ot the same time sinpler and more systematie,
in that ab each stage 1% produces only meaningful terms. The guad-
ratic iormul& glves the exact solubion as
-1 * JL+d4Ec _ ~L % (1 + 2gc - 2697 4+ ...)

2E - 2
and taking the upper sign reproduces the above result. Here the

expansion by the binomial theovem converges for [4fc)l<l. Taking the
lower sign gives the other root as

- mﬁa {1 + 8¢ = "““?’e*‘)‘b vou)

X =

Mr. Zick found this root by &@Lmimg x = 1/y to give the equation

¥y = =f = Qy v
then solwving by iteration, starting with the last term neglected, and
finally taking the reciprocal., Another viewpoint is to stretch x by
introducing X = &™x and seek an m for which some palr of terms in
- the equation othexr than the lagt two are dominant. This occurs only

for m = 1 when
’ X%wl+§§%‘“

and this can be golved by lteration, starting with the last term
neglected.,

1.2, Solution of an ordinary differential equation: a coordinaote per-
turbation. Expanding the cosine in powers of 1 gives

(J w;»t«%vm-'tz Jyex x

24 LA T

Replacing the parenthesis by unity and solving yields a first approx-
imaiicn for asmall time:

dxl X3y ‘ a f= . ,
Tl or @g( 1)=w % s Xy = t(logt + c).

Similarly, a second approximaiion can be found by keeping two terms
in the expansion of coayt: :
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Higher approzimationg cen in principle be found by continuing this
procedure, but 1t rapldly becomes wnwiéldy.

4 simpler alternsiive is to use the previous spproximation to
evaluate the new term, glving
dxo  xp dxy
e o= L bty o= 1 Pt {logsrlecl,

with solution
xy = v{logt +o) ¢ %1 (logt+e),

Ekpanding the previous yesult for small ¢ gives this {to second oy~
deyr., Here it would appear that the second e could be different
from the first, but they must be the same bhecause the solution of

8 first-order differential equation contains only one erbitrary
congtant.,

It is not permissible, however, 1o use the previous approxiwvation
t¢ evaluate the entire derivative term:

- dx '
(1 -%%) E%l”- - ,,’;‘EZ,',’;, w1 ox, = 5(2-ft)(log trevl)

Thia result is wrong, becauwse x31 was not found by the first step
of any iteration acheme of which this is the second. Nelther is i3
peymissible t0 uge the previous approximation to evaluate the term
- '%'lo ‘

Tnesé.results gsuggest the expansion for small time
£ = (At+Bt2+CtI4,..) logt + ct +DE2 +EtD + ...

and substituting and equating like povers of t and logt ylelds
algebraic equations that give

% = t{logt +c) + %tg(logﬁ ) i%’cs [lx(logt +c) »%] + O(talogt).

A nonlinear version. In this solutlon logt appears only to the
first power because the differential equation is linear. By modify-
ing it to be weakly monlinear, we introduce the conpounding of powers
of the logarithm that is encountered in many singular perturbatlions,
such as the expansion (1.14) for the drag of a sphere. For example,
the equation dx

has the solution ,
x = t(logt+e) + 2 {(logt+e-1) + {w‘i}(logzt +2clogt +26% ¢ -}
+ 0{t410g°t) .

Because little is known about the properties of series of this form,
it might be worhtwhile to study this and similar model eguations.
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Frxerclige Set 2
(”\ ME 20%. PERTURBATION METHODS 1§ ENGINZSERING MECHANT
‘ Due Monday 17 April 1979
{
2.1, Taminar flow between counterrotating diske. Von Karmin showed

in 192) that the Navier-Stokes equationsg in cylindrical polar coord-
inates with axial symmetry,

W' (:‘Mu)xm + (N‘)z = O

v u,, +owa, - ngr w mPr/Q *jWLurr + (u/r)r * uzﬁ] T
Mow O ?‘Wr* wvz &4 uv/? = v XL:[V}?IV + (‘V/’.‘m)r VZZ’:‘

Yhow 2 uw,, + W, g fp + y{?rr + Wr/? + WZ%B

can be reduced 4o oxrdinary differential egquatioms by setting
A . w*a? . . - ;
W o= M?}@ﬁiﬁm » ki (ze )? W e o dwh(éi Y, vawrgld)d, ¥ 2/a,

vhere ¢ and & are a reference length and angulax velocity. The

result is o z
#h 2 ¢ L,
¢ = R(hg -~ ah) w*““""?“““"
6™ e agg’ v Kom” - ﬁﬁiﬁv w
VA wheré R wuﬁd?ﬁv igs a Reynolds rambex. i, 3
3<\/ In 1953 Stewvartson congldered the

motion between infinite disks located
at 2 = 24 and rotating with angular
velocities L@, so that the boundary
conditions becoms ¢

g = X ig, h=h =0 at

He expsnded ih@ splution in powers of the Heyuolds number R, and
calculated the first few terms. . E ’

Repeat that calculation to find the second approximation for wv
and the first approximation for w and w. How many terms te yon
estinate you couvld find corxrectly in a reasonable tine (say, a week)?
How long would it take you to write a Fortran program to compute
the general term?

2.2. Convergence of serles fer torgque. The torque out to any finite
radius on either of the disks sketched above ig progovti@nal to the
integral of dv/dz at the suvrface, and hence to g at % = 1,
which has the expansion for small Heynolds number R

g1 B) = g' (1) + B2, (1) + RYg5" (1)
The £irat 56 of these coefficlents have been computed by nachine.

The firvest ten and last ten of those values are tabulated on the npxt
puge .




_ s
) gﬂf{l) 0 g, (L

1L 1. 000G00000G0000000 E=00 A7 ~4.107T684962201.942 B47

2 1.619047T619047619 B-00 48 3.609679120425434 B~9Y

B w2,918281013519109 E-05 49 «3%,17424316307871% BE-10L

A 1.54657465%470234 E-OT ‘ 50 2.79318%452793601 E-10%

5 «9,400799362804698 E-10 5l  ~2.459431%40463040 E-L05

& 6.192320427740572 E-12 52  2.1668802951%0269 E~107

T g 3032207709307 B-14 5% ~1.910248012430022 E-109

8 %.107423645892505 E-10 54  1.684959435555610 E-111

9 =2.500690557906093 E-18 55  «1.487047321124375 E-~113
10 1.7558733LT07T891LY B-20 56  1.3%L3067%57769%90 Bl -

Tatimate as accurately as you can the largest value of R foy which
this peries converges {for exsmple, by adapiing one of the standard
vests of d'Alesbert, Cauchy, ete., for the convergence of a Taylior
series)., Give your estimate only to as many significant figures as
you believe sre accurate. Wnere does the nearest singularity, which
limits convergence, lie in the plane of Reynolds mumber? Can you
devisge some method of satimating the nature of that singularity, for
example, by comparing with the binomlal-series expansion of (1L~x )% ¢
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Solntions 4o Brercise Set 2
ME 207. PERTURDATIONR METHODS IN THGINELRLNG MECHANICS

Wednesday 19 April 1979

2.1, Laminar flow between counterrotating diskm. For R = O the
“problem for g becomss

8" =0, gltl) = 1.
’ The‘aalutian is g=é&, and then the problem for h becones

| o a4,  n{21) = R'(£1) =0
with smjution
h ) "“"1‘ Ll )2

To Find the Lirst off@ﬂts af f&nime Rﬂynmlﬂ nunber, we can substi-
cropwbe these reswlts into the equation for g %o obtain the lteration

~yw>@quation w

: SEEEEE “;{E*R‘? -89, gty =o0,
i.wwibh aolution ‘
e 6w % - 5hpRs (1 -2150 2088
unhis givea for the (dimensxonless) torque on the disks

« g (1) = 1+ “A.,,R

and thia rhecks with ?he fir&t twn tabuLateu values. To proceed fur-
theyr it ia convenlent fto expand in powers of R; evidently only even
powers are required, since the Reynolds number appears only as R2
and this is a regular perturbation: ' "

gfi R) # x1(§)+1i?ge+n4@3~w h h;_ +R
It f8" Aot hatd to chledlate ":L O - ‘
i, g % TTI0n B (34 mt; ~ 3905 :@126&; + 558 5*‘103

:H?a¢ N Thg ”4
L and pver '_bui th@rpafber hand caWrmlutina beqnmes tedjous and
'T'unbrudtwavfhy R o his h i ‘

It ia vlaar fram JnduotLon that g, and- hn are. polyﬂomialm 1n

hq4-R4h34-.;.‘

’ 530&& powers of: ¥ of. d?greﬂw D Grtes an& 6h~1, “Hence substituting a -

3;ﬂouble expansian in powers of Re and odd powaxs of ¥ - ylelds recur-

; .+ slon velationy for the coefficients that can be solved in succession.
A Fortxan progran ruoning in quadiuple precision on our IBM machine
';computed 56 terms in 9 wminutes, at a cost of $32. Because: ‘the essentisl

;COmpu?atmon involves DO loops nested four deep, the time increases pe
 the: fourth pow@r of the nnmber of terms.

2.2 ionvargence af geeries fot torgue. D'Alembertis ratio test gives
the redius of convergence of the Taylor series ﬁlcnéﬁl as

* o . /e

£ < li”i g(nml..'l ¥

For n = 52 through 56 these radiog ave
si.?‘fma/ o | = 113.50, 1313.43, 113.37, 113.31, 113.25



B 3, B
It seems safe to estimate that our series for the torque will converge
for RS < 100, or R < 10. Mr. Parnell plotted these ratios versus
n  and extrapolated (to infinity!) to get the better value 10.5.
Messrs. Hajrudin and Nathman obtained the same value more easily by
extrapolating versus 1/n.

As discussed on page 246 of Perturbatlon Methods inm Fluid Mechenics,
1% is better still to plot the reciprocal ratio lcn/ghwlg Versus 4./rn.
The reason is that for the simple function ' ’

o
= § 3 ‘!n gl . -4 ] n -
f(g) con&t (é(‘) g) chﬁ 0 {é 09 lo ;?i@ *ay
which hes a singularity et &€ = 7€5, the binomial theorem gives

S sk A(;g_mlﬁ;ﬁ:}i)
Cp~1 £o S B

Hence a plot versus 1/n 1is linear. A further advantage is thai the
intercept on the axis of absclissas gives the exponent X of the singu-
larity. (If it corresponds to o = 0, 1, 2, ..., the singulavity is
logarithuic rather than algebralc.) This simple graphical ratio test
was devised by the British physicists €. Domb and M. F. Sykes in 1957
for estimating the critizal points of crysial lattices from series
expangions of thelr thernodynamic properiies in powers of temperature.

Por a more complicatedfunctlon, this linear relation will be approa-
ched for large n, with ot corresponding to the nearest singularity
(or the strongest, if several are equally d.istant). Then

1 N et > |

l @B cmpsraeoan 8
£a

Because the term in 1/02 is waknown, it 18 permissible %o try to
straighten the plot by shifting n. For owr problen, the plot ig
renarkably straight when plotted L

&

e
Cp-l

can be further velined by fit-
ting polynomiala in 1/n, which

versus 1/{(n-1). 'The stralght . ;‘;,:, LT T T T
line shown corresponds 1o a . DO TRY w»--4“‘\‘.;;;iq-@'f)g('yr;j? ‘ﬁ.ﬁi‘.’; epep B
square-root singuiavity Zscatoed et &! Bewd fo |
at R? = (10.496)2. This value B I SR

i '

i

£n
e
Cotany

|

is accomplished efficienily by
forming a so-called Neville
table. For detalls, see the
reference to Gaunt & Guitvann
1974 in EMIM.

00 %8B0

* N ' T
and pe-invented for this problem by Messys. Chaderjisn and Sangani
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Breveise Set 3
MR 207, PERTURBATION METHODS IN ENGINEERING MECHANICS
Due Monday 23 April 1979

301, Temperature Tield between slightly eccentric circlea. {From last

year's midternm examination) Find the steady~state temrperature dis-
trivution {a solution of the two-

dimensicnal laplace equation) between
an inner circle of radius 1 maintained
at zere temperature and an outer circle
of radius 2 mainteined at unit temp-
erature, if thelr centers are displaced
by & small distence & , ©o that the
outexr circle has radiug 24+ & cos 0 +
0{E*) nmeasured from the ceniter of the
inner cirecle. Siwmplify by neglecting
terms of order &%, :

{Alternatively, you may interpret this as the problem of finding.
the electirostatic potential between circles maintained at potentials
0 and 1, ox the small deflection of a soap film that spans two rings
lying in different parallel planes.) =

3.2, Flow past wavy wall. (Exercise 2.2 of notes with last sentencs

clarified) A simple problem that illustrates some of the features of
water waves and of thin-ship theory is that of potential flow past
an infinite sinusoidal wall ' ’

with a uniform stream far from ¥ oy
the wall. If continuity is ﬁ‘ 4 y=gainx
satisfied by introducing a ! @ oo L
atream function according to o ' :

& . Wff‘..@mw%_m - ummp x
w o= ¢ v = «§y the dimen- “ i .

sionlgés prablemn is
G+ ... =0, $p = 0 on the wall,
xX yy
G~y far from the wall.

No solution of this prodblem is known in closed form. Show that the
Lirat approximztion for small & is

¢ &~ y-Esinx eV

and carry this to the next approximation. Use your result to caleoule
ate the maximum and minimum speed in the field (which occur on the
wall at the tops and bqttams of the sinusoidal bumps), putting them
in the form 1+ a2 +bE® The necessity for trensferring the surface
boundary conditlion can be avoided -- at the expense of complicating
the differential equation -~ by using coordinates that conform to

the surface. A simple possibllity is o replace the ordinate by

ite wvalue measured from the surfasce, introducing the new independent

variables
X =x, Y=y -foinx.

Carry out the solution on this basis 4o order £, and show by compari-
son with the previous result that it happens to give the maximvam and
minimuwa speeds correct to order E%,
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HBolutiong to Exevcige Set 4
MR 207. PERTURBATION HETRODS IN BPHGINEERING RECHANICS
Wednesday 2 May 1979 |

2.4 of Botes. Plene weves traveling through slovly changing QR Ton-
ment. Yith PF(x) = 1+6x the problem becomes |

82 8% l8u {ﬁ% ;d,;??u“j -
pte gg? * %ﬁ?ﬁ“’x @ggwm;:gg} » o wl0t) = eont,

together with the “redistion copdition® thet waves travel ouly inm the
positive x-dirvection. FPor ¢ = 0 we bave the classical wave sgua~
$ion, with genexal solution £(t-x)+ g{iex), end imposing the

uy = 006 (¢~ x) .

Substituting this into the right-hand slde gives the lteration equas
tion o3 ’ :
- 82uyy _ B%upy

Y m€§§“'xm e adn{t~x} o

A perticulsr integral is -%excos (t-m), and adding o solution of
the homogeneous equation leads {o .

Cuyy = oos(t-x) m%@xms(th) .

This spyroxinstion @vm@nﬂy breake down when x ‘i as large as

1/e. Substituting this again into the right-hand side gives the new
- iteration equation

82y GY0 » '
mﬂg?%& = WE;%E, = ¢ gl (tex) - %‘@2 E;c‘es {4-x) + 3% aig ('tmx)j@

“fhe last term on the right will contribuie %o the particular integral

& term % -
% &® x® cos {(t 2} .
which shows that the difficulsy when =x is ss large as 1/¢ is
compounded in higher approximations.

. Bubstituting the proposed approximstion inte the eguation given

3 frduy .. »0% ‘.ﬂqa;,%i@;,:%}, 02 o?
2= (52 il . RIS (r'2-275").

Hence it is an exact solution 1f 2 = 2FP, Yriting this as

/P = 2(F"/FP') we cen integrate it to find that P(x) = (a+bx)?
or, since u = cost at x = O, Fx) = (1L+bx)%., FPor F(x) = L+ex
the equation is

0 (0 o 0%0 2 cos (xe-t)

gl e Frecg = e .

im'( QJJ ate «Ml@&xﬁif?ﬁ

)
This shows that the correction is only of orxder ¢, @0 that the
difficulty at large x »now appeara in the ferm of oxder 62 yather

_ than mfder 8o






- multiple sceles {without invoking the energy idea

Po this order we oould egually well ftake as owr firat approzima-
tion oo £ w B
YLy b o (1 -46x) wal(x-%) .

L+ tbex _
This suggests expanding the amplituds further “{n & power series in
& with coefficients depending on x. However, it is clear that the

phase ae well ae the ampldtude of the wave muat be allowed to vary
with =x. Hewce we try

W ﬁ'l +eA{x) +62B{x) + ... ) cOB E:% g =ga(x) =e2b(x) «ovo)s

The equation becones

Ao & , . ) |
@%@ %% 'g.gq% = g,(&wm‘g&g }E@ & iﬂwwmg-@&wx«%”uw2§°m2@,9xm@°2)@2%o o8

4 g(mz»me‘m'ﬁ)e + (28" 424 avhn”+2A" Xeavd "varxea" }szjma

We cunp spnihilate the terma of owder ¢ by choosing the free B
tiome 4 and & according to

&%ga“,ﬂ:}% 2"e 44" 42 = 0 of which the {Am«l&x

1028 +8" =0) ™+ 4a' =0 ﬁﬁgﬁﬂﬁ sol~ { @ =0,

Similarly, we cap annihilate the terms of oxder @2 by setiing

B ed-2b' = (,;% B 4 4B = 3z of which the g B= %ma
v % e Y simpleat s0l-
anm %M w 0 b o+ 4b =4 ation i Y = %xu
Hence to this oxder
. y.. .5 2.2 i Y .2
7’ = gl‘""ﬁ@& 4“%$ b ‘9’-.&003 mﬁ{t“”xm'@?@ ® 4+ see)

(Notice that to this oxder the amplitude is +he expansion of the
square root of the previous spproximation.) Evidently this process
san be continued indefinitely, using each successive paii of free

Punciions ¢C,e3; D,d; ... to pestpone the difficulty at large X
indefinitely. '

This approximation is discussed for acoustic waves im a trumpet,
and in air of silowly varying density, by Rayleigh in sectlon 266 of
bis Theory of Sound. For longitudinal waves in a bar of cross-geg-
tional ares F = 1+6x® 4% bas been deduced ue:i.n§ the method of

by Wingate and
Pavis (1970: J4. Acoust. Soc. Amer. 47, 1334-1337).

3.1, of Hotes. Porsion of cirvcular shaft of varying radjvs. For
constant radius the solution i1s independent of z, so the differen~
tial equation becomes Ppp— 5f./r = 0 or (@./r?)p = 0. The solu~
tion is a multiple of »*  and imposing the surface boundary condi-
tion gives # = (vfa)t.

For the hyperboloidal shaft we set

Sé o xﬂg o ﬁ;‘g %52(1‘39?") '@’ @ o @







Subetitution shows that @z satisfies the full differential equation.

and condition st r = 0; snd transferring the surface condition by

Tayloy series gives 2 .
B1,2) w0 - 280,

Teying & polynomisl in e @ 22 lsads %0
gy = ~2rbz? - xf(12?) .
Contracting the sbsclesa to # =e¢z veduces the differential
eguation to i %, 3 o - Y
By = 3.«3-;%’» 8 p/ (P f1’)p = = Py . = - €T [f‘(%)l

Then for the shalt describved by » = £{ez) = £(Z) the gquasi-one~
dimensional solution is given by quadratures as @ = [r/£(2)}*; »nd
iterating or expanding inm powers of 8¢  leads to the second approX-
imasion . ngiw R @;2‘3 K@{§£§Z} -l ) 4 jm N Q(G&s

24 {2) iz £4(2)

Setting g&@) o L6228 gwm an &pjpmximtion for the byperbol-
oldal shaft that is uniformly valid. Restoring 2 = Z/e and expand-
ing for swell € reproduces the previous result, which 48 not valld
when 2z = 0(1/e¢}. The reawlt Tor the cone of semi-vertex angle
tan™dt ¢ can be extracted from that for the hyperboloid simply by
letting & -~ 003 ‘ P .

ﬁm ﬁ.@.ﬁegﬁmg»).% o w a
g4 3 \z% oz

and axpa‘miing Pépplts exact eolution for small /e and o aw%m"t‘l €
gives thls same result.
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Solutions 4o Exorcise Sea“{; o)
ME 207. PERTURBATION METHODS IN ENGINEERING MECHARICSH
A3 Hay 1979

$.5% of notes. Plane leminar flow in slowly varying chaonel. WYWe wmeke
the variables dimenslonless by referyiag the coordinates x and ¥ 4o

some characteriotic half-width L of — ﬂ

“he chennel, and the streem funetion %&*?ﬁfz’& e gmQml

¢ %o the flux Q through half the 7% ,

charmel. Then with the walls described . ——ie X

by v = $2(8 :z:)g the problem is " mmwww o o el
L' g ef,] PR ue

4 ¢ e L3
%\7! QJ 3 R {Q aﬁ)w 7 ay)v d’ 4 q'y - {)} &% (z,? 4 wf(é K)e

Here the Reynolds number 18 R = Q/#. Introducing the contrasted
abscissa X = Ex  transforms thls to :

byygy ™ ER(b Sy = o) (oyy 8 0g) - 28w~ 0

_ (bmﬁl,,, Q;ym() at y = (X},
For € » 0 the first spproximation satisfies byyyy = 0, and quad-
ratures give the quasi-cylindrical result, with parabolic veloclity

profiles 1 3 3 1 e
. , IR S Y PR &
¢ om= i - %ﬂg) 0 0o ¢§ 3 ﬁ‘(z'y (l fg}

“he skin friction is proportionsl to the vorticity at the wall, or %o
uy in this approximation, snd hence to 1/f2, Iterating on the Dag-
Iﬁeme& terme, or seeking a regular expansion in pwem of €, ashows
that the geccaml approximation satisfies

= 31» -
byyyy = 98REE (7 y2/2%).

Hence qwa,arammﬁ lead to
. &
bo= % {,. of?’»-»} s ERt’ i"i j‘lwy% 72’;,, -:-.77} + 0(&% £ B

To thiz ordex the skin friction is still proportioral to uy w G,
a8t the wall, and therefore contains a factor J¥

3 - 3%6 R (X)

Henew Tor a linearly gmwing channel (€' conatant) the skim friction
venishes for m slope of 35/4 R = 8.75 R~%, This yesult was given by
Blasiue (1910). Abramowitz (1949) ealculated the next spproximation,
refining this to 6.16 R-1 gt high memma number, The exact value
im 6.87 R+, Tucas (1972) computed 25 terms of our series, and Found
that at large R the radilus of convergence is 20 per cent gresteyr
than this value.

BLASIUS, H. 1910 Laminare St“ﬁbmmg in Esnalen wechseluder Breita.
delt. £. Math. u. Physik 58, 225-233

ABRAMOWITZ, M., 1949 On backflow of a wviscous fiuid in & diw: e
ing channel. J. Math., & Yays. 28, 1-21

LOCAS, R. B. 1972 A perturbation mlut:i on for viscous incompred.
-pible flow in c:hmme . Fn.D. ddss., Stanford Univ.
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Exercige Set 6
ME 207, PERTURBATION METHODS IN ENCINBERING MECHANICS
Ive Monday 14 May 1979

6.1. Effect of central wire on laminar flow through elliiptie pipe.

4 slender obstruction has a surprisingly large effect on laminar
flow through a pipe. To show this, consider the fully deweloped
("Poiseuille®} flow through an elliptic pipe with a wilre stretched
slong its center~line. In ,

- appropriate dimensionlass
variasbles, the axial velocity
across any longltudinal
section satisflen

" ol oyl =1
2402 112
w=0 at { x4y /o ”Zl -
Kévéayz = 8 . Doeak scale : & £ %y We Wpu solye. VAT =0 in Lol

lUsing the membrane analogy, we may interpret this instead as the
problem of the deflection, under a small presaure differential, of
2. soap £ilm that spans the annular gap between an ellipse and a
small circle. However, we caanot use the other analogy with torsion
of a shaft, because the stress function for a hollow shaft has a
different value on each boundary.)

a. Show that when the wire is absent (¢ = 0) the solution for w is
a multiple of the simplest function that vanishes on the boundary,
namely 1 -x2 «y2/be,

b. Introduce lecsl coordinates X and Y appropriate to the neligh-
borhood of the wire. Rewrite the differential equation and local
boundary condition in those coordinates, and find the first local

approximation for small e, ¢to within an undetermined multipli-~
cative conastant. WaAlgR 4 Y (-RY)  R= Ve W Mg Axisymamchnc

W= : .
¢, Complete thz local approximation by matching with the global
approxinstion of part a.

d. Construct a first approximation that is valid everywhere across
the section by forming the additive composite.

2. Use the composite approximation to calculate the rate of volume
. flux (or area under the soap Film) Jf wdxdy in the specisl

case of a circular pipe. How much is the flux reduced when the
wire has 17100 the cross-sectional area of the pipe?

Of course for the eircular pipe the exact solution is easlly found;
and you may want te use it as a check on your solution. For the
elliptic pipe, however, no closed-form solution seems possible.
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W/ Mzo e XX -
xz‘«-%’e et






wa X, 4= "'L\/

b 2. i

e

Lt 2< Y

.’\/ we =g \/?‘W

Wl we

- Aand

w52
VW s -
[

N ’

o ¢
FRITITRINTY TP T
i
!

- i '(,)),4 .‘; lflf;

!ci’
i)

@

Lt W= W,

W 0,0) =0 = W,(,
o W(Ry8) = Y ()
VZW\ =0

+

O and W (12

Wo (R)0) + ¢

R

W(i

}&>

!

IM A4

{# ;\,A..-(fi"i

o,

Wo( 4, 0)= 0

..[CQAP’C)






! ('I’-(f' ‘L’—p- “) v‘}(z‘! )l,l‘ | i? ! ‘\ 2" = //
f C 63 p - ', \ ] Q4 0 5
it \.‘~{ [P (/'_J_‘; ¢ o (/) e s {"/1,
g AT S S A O A \ ot h

‘i)(véﬁ«@ oo L el

\' Py, . Ly

&N 21
TR
kS
Py—Y

aé\ ba Q M\T?J \
\,\7 w W

! (’ gl

oLk vqs g v

(‘3 [
Attt
t

LU"‘( Xy Lf >

' j"'"'e “‘ . \,i’l’?L,“, .

\
w (%, é)

5

( W ‘) b g
/ S . 4

o f
ol

L






= . a» . ? ’_4 "
ot [+ ' l

Cd ¢
WY AL PR T A

¢ | .;i-w CX?[ Y ;3

e, &A?u ¢, b (xz\d ) )

o Yaa ted . {; e ﬁ/m £
V

"‘@ll

e =L b )

2 PSR






', Solution to"bmrl"ise Set 6 ‘,
ME 207. PERTURBATION METHODS IN ENGINEERING MECHANICS
B T Wednecsday .?,i’a May 1979 | :
6o l Lfffw* of central wire on ‘Lamnfm flfm thmugh elliptic, pipcg
e molution in the absence of the wire is easily found an

52 .
. e e
?(lv@»b ) (1 X’ ye/o%).

It 18 clear physically that the appropriste megnified local coordin.
stes nesy ‘the wire are X = x/8 dnd Y = y/e . chever, it is not
clear ‘how ' w i) $0 be wmagnified. 'If we ldave it unaltered, we'ars

tacitly aasum.nég that the pressure gméﬁient 18 negiigible near the
w:ﬁnm == yhich turs out to be correct. 'l‘hen the loeal pmbj.em is

29 o L
"g%% + %i_“g = e gﬁd,g- W 531.-:; A{é 4“1{"' = 1.

Th@ mrm appmximation {(for & = 0} Gan B assumed” mmymmea’wjm,, i

B0 has the form Alog {x%ﬁ)h B. Imposing the surfamce condition

shovs. that B =0, and ve find A by matchings:
f?

et erm ‘abal approximai:iom, Wz g (], - S b
o g’“ T T e é(sz) { Y /0°)
b 2 2 292 1.2
rewrwteu A J. cal variables: = 1 E X - £ EYE b
n lo é‘( @ _ 2(“”2} ( 74 7
L-barm local expansions &: e
e | a(wa)
é,w&(;ﬁg local gnp*cfdgtim&i;ion: o wom oA log: (X‘* +YR)T -
‘ ‘ (Kzﬂ;fz)"} -,

;ﬁew;titften in global ‘vama'zilmjz: = A l@gm

expanded for’smalﬂ!, £: = Alagﬁ + A log (x?wa)%

i

”L«-tmmﬁ fflobal é‘xpans'iom A Eog &.' ’

Hatching wequirea that these two @xpre@simm be identical. : Thu% We
discover that A is not a pux‘*e constant uui. depends weakly on.

1 12 , SR be ik
b = 2,40k
1og.a./i§ g(l.,,,bZ) 80 I!le/’ﬁ 2(1+52) log (X=+12)

This shows that w thmld have .been magnified Slightly, by the factor
{(logl/€)~*. Forming the additive oompcsite gi,was ‘

N b2 {l’ 2 ]og(w‘fﬂr")’f] '

w2 mmm—— - X "'.‘E ®

| 2{14+p<) | b logl/e
for a circvlar pipe (b = 1} this is
4 Feo 3:‘ "!‘%‘E‘mm,)
44 logl /&

as"’%ww the exact solution is eaﬁa'ijv found to he

!r:'ts




.
2
o Do

c 2, L-E" }

Wom 4(1 T 4‘10;@1/&5 log x E

Hence the relative ervor is only G(«‘ER) in this special case, For

the general elliptic pipe, however, considering the next global . m
anpproximation shows that the relative error is of order {log /€)™, ,

Integrating across a civeuldy section shows that for E= 1/10,
covresponding to a wirve that £ills only one per cent of the oross
pection, the flux is reduced by 43 per cent. _

If we play safe by sebting w = z%:"»’w(x,,y) in order to nmalintain the
pressure gradient in the local approximation (in case it s import-
ant), the matching is more complicated. The local problem is

2 2 ‘. '
"g"i% + %;%’i @ -, W=0 at %2472 a1,

The appropridie axisymmetric solution is
. %ﬁ(l ~H2) ¢ A logR g

and now the sscond half of our matching scheme becones

d-term local approzimation: w = é;? 52;(1WX2-,Y2) + & log (}{gne;‘fg)é}g
: it &k 4 : h
s & . o P > ‘? 2 b

rewritten in global varimbles: g2lLf. W'XQ"" - (z=eye)
g : h‘(‘x mél-)w log Lot

IRy

- - e p ) \ ”
expanded for small £: = o &,%Sﬁm -@E"'BA log % 4 &Zﬁ. Log {Kgﬂzi&’”ﬁ)
§n éfi Ig/t’z, 4,\

: J
T4 would appesr that the first term is the dominant one for smell &,
and then the matehing fails. However, we have already seen that lthe
congtant A mey depend on &. If it is ss large as 1/6% , the second
tera is the dominant one, and then metching gives

1 e
& =4 2 s &
E€ log 1/ 2(1+v%)
Here the extra factor of £ in the denominator gimply serves to
cancel that introduced with W, so that the local approximatlion is

the sane as before, aglde from an additive term that is mesningless
becaunse it is of relative ¢rder €2,

The matehing turned out to be marginal in thls case, hinging os
termo of order unity being neglected compared with terms of order
(1@gl/ﬁ)mlu As a consequence, higher approximations will procsed ap
5 series in powers of (logl/E)™%., This is what Fraerkel has called
the purely logarithmic case; and he warns that matching may fall st
certain stages. Perhaps his forbidden region would appear lun this
probien in higher approxinations.
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Brerclge Set 7
5 207. PERTURBATION METHODS IN FLUID Mhﬁﬁﬂklﬁﬁ
Due Wednesday 30 May 1979

Tod. Potential flow past circle with small semi-circular bumps. Every

book on fiuid mechanics derives the symmetrie plane potentisl flow bast
& elrele in a wifora stream. An sasily

remenberad result is that the maxinum P ﬁ¢rwym“%mﬁv
Y - Yo, < . Qg
gpeed, which ocours on the sides of the U o i
slrele, is twice the free-stream mpeed. =B s e
) o g, ’ . P
Bow suppose that to each slde of a “%ﬁgﬁfdmw,/f

circle of unit radiuvs is added z small

geni~-circular bump of radiue £ . The .
flow past this shape cannot be calculated exaatly, 80 we apprwmxma?@
for small &. Consider the firvst approximation for the £low everywhers,
and compute the new mprimum flow speed.

Tey vo do this as intulitively as pogsible,
raing only words 1f£ you can, but resoriing
to equations if you mast.

hlbernatively, if you feel wore comfort- -
able with elasticlty than fluid mechanics,
consider the corresponding problem of a
ciroular hole in a large plate submitted .
bo unifoem tension 8. The maximwn stiress,
which occurs at the ende of the diametex
perpendicular o the direction of tensicn, is 8. VWhat is the magi-
?um streg\ iz bmqlL qemi»nircuiar holes ‘are added at the @mﬁa mf th@ﬁ

laneter?

T.2. Matching in thvaurely logarithmic case: sliding rod. Solve
Exercise 4.2 on pages 84-86 of the Notem. Howewer, please correct -the
gecsopd line on page 86 to read " = 0, 1.7 (That 18, you aren't
expected to-calonlate the second term in the Oseen expansion.)
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Solutlions to Erercise Sed 7
207 . PERTURBATION METH0DS IN ENGINEERING MECHANICS
Friday 1 June 1979

=
5

Teh. Potential flow past clrsle with ewmall semi-clrcular busps. Thie
i8 clesyrly a singulay perturbetion problem, and one that can be asolved

by the method of matched ansymptotlc expsnsions.
The global coordinates ave the » and & of
the problem - or thely Cartesisn counier- (%3 ¥
prrts, which are easier 4o use; the looal I
voordioates are (for the wpper bump)
centered gt the top of the big clrcle and
magnified by the ratic LH of large to
small redils

3&‘;
e
,,  Pas

Sy, 8 &"{;ﬁ Q‘;’

parC i SRR S-S

X
{éh 14 . \\&%7‘&- f"/’,
We ecan ealoulate the nmaximum speed without e

=

A VIR

- o

;{' win 1
W

da

any compuration. We know that the global solution gives a horizontal
valoclty of apeed ZU near the fop. Xt is clear that the small bump
sees this as a wiforn strean far away. On iis scale the big circle
is flat, so that by symmetry the loecal problem is -~ like the global

one - just that of a civele in 2 wiforn stream. The only differ
ences are in the scale, and a doubled speed far away. Then Just as
the big cirele douvbles the free~gtream speed of U to a maximum of

2 at its %op, so the Little circle doubles its effective free-stresm
speed of 2V %o a maxinum of 4U at ite top. More formally, we have

A, g 1 3 y
L-ters elobal expansions ¢ = ﬁ{ﬁ«»i}sma@ w2 U(y«nmwmww}
PR s Iy ap ln (3

S _ . K=y
. X ; . L&Y
rewritten in local warlsbles: == U |{14eY) - J*'OY Wr?]
. ) (l{&‘f)u + ECfe )

Letern local expansion: = 2EUY Voo (e

4 1 : ¢ § g ¥ S EY e
deters loeal exvansions d o QLY ooy

s k“‘“"&‘f‘” l 4 \/ 1y /

rewritten in global vars:

]
L9
S
:<
Led
P %
£%%
R
|
G
e
— T
S

tetern global expansion: = O ggm

rewritten in local variables
for comparison = OY

Matching gives € = 28U; and then the moxdimum speed is found to bhe
A, in sceord with our intultive argunsat.

My, Human points out that we could pulb a
#Hill much smaller buwp on t%top of the first -
to double the free-gtieam spesd again to 8BY, fwf%\
and 20 on. In the limit we would have a mf‘ %
aharp conver edge, whlch is kpowa fo glve s T
infinite local apeed in potemtial flow.

T8 e

Lilkewies, in the elssticeity problem the blg hole triples the stress

vy

to 33, and the small semi-civcular holes triple it again to 99.
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Fipal Branination
B 207. PERTURBATION METHODS IN ENGINEERING MEGHAHIGS
6«11 June 1979

Tastructionsts This ie an open-book examination, conducted

under the Honor Code. Use any coavenient
vaper. Spend not more than six hours (in several sessions
if desired), and record your total time. Reburn to "Van
Dyke® mailbox on second floor of Durand bullding, not
Later than Mondsy afternoon June 1l. @Give campus address
For return of examination.

. 3. Toxsion of shaft wlth keywey. A long circular shatt in toérsiom
bas a semi~civonlar keyway cnt along its length. On the assumption
. that the radiuve of the keyway is :
vory small compared with the radius )
of the shaf$, calculate a first ? ¢
3

]

approxination for the stress-voncein-
tration factor {(the ratio of the
maxinvy stress with and without the
E@yway]e , ‘

{Mllernatively, this is the problem
of finding how the marximum slope chawges for s soap filu stretched
seross a hole having the cross-section of the shaft, and subjected
to a. slight pressure differvence; o the problem of how the skin ,
fricti changes for steady leminar flow through a long cylindrical
pipe having the cross-section of the shafs.)

2, Torsion of slightly damped string, In dinensionless form, the
vibration of a string stretched belwesn % = 0 snd x = w1 is
reprezented by a nontrivial solution

of the one-~dimensional wave eguation

. v

dg A%y = R

Lm,,‘é;"f, o et o () ’ S - - :?:s‘;@...m‘w b
=

d't;‘z ﬂl‘ig @ P W a0 s %

gubjret to the boundary conditions |

el ot Xx=0 and X =%
and . sy, @h@ initial condition

y=0 at t=0.
Seperation of varisbles showg that the fundamental mode (the firset
elgasselution), which is sketehed, has unii frequency, being any
maliiple of

¥ = siax gin 4.






¢l
Iy

How conalder the situation vhen the siring iz lmmersed in a
viscous Lluid, so that its metion ls governed by the dauved wave

squaticn 4@ ) .,:i L 4%y
Sk 4 o8 0.
sitg dz?

- Firat find & straightforwaxd correetion to the above solution on

tae assumption that the damping is so slight that the sguare of &

ie negligible., Hocond, obamerving that your result breaks down Loy
large tines, calculate a refined Tirst corvection Lor the damping
that remaine valid gt those times.

3. Folling jet of weter. Water flews under gravity at rate §

through a circulsr hole in the botteam of a large vessel, f@mﬁ.ng &
steady axisymmotrie jet. It is comvenient
to 8escribe the downward and radisl

veloclty components v, snd v, in et o B o]
toraus of the Stckes stremm f‘em&m,«m
aceording to Py Y ' P st

. & " 3‘3%{ -
Ya e Mgm s Vs

% 3

Then & asstisliea the dif:f’@mnﬁial
equation by
I S I PTG

The local radive R{z) of the jeb will
ba deternined by the pair of conditions
that the volunetric flow rate across any
horizoatal section is coms tanty if we take ¢ = O at » = O3

gﬂ(z) gR(z)

éﬂr"@’zdr = 2R

$_dr = 2rdl . = Qg
r=0 o E p=R(z) L

and that the pressure p, as calculsted from Bernoulli's equation
in terms of the density p snd speed, iz equal to the atmospheric

pressure p. ut the surface of the jeti:

m%gm e RE - Mvﬁf«&vz?) = 0 at = R{z).

This nonlinear Lree-boundary problem is far too Aifficult to
solve exactly. However, we ¢an find a simple first approximatiocn
at great distances 2z below the surface of the water in the vessel

Py recognizing that there the radius R 1s decreasing so slowly

that the veliclty is practically verti c:alg 2nd hence uniform /Oress

 %he :jeam ﬁmmﬁa‘mp sosording to this Fivst approximation, the

ptrean functhon ¢ and the radius B of the jot, showing that R{=z)
varies laversely as the fourth rost of #. Improve on that result
in éA &Vss"f:wa ;m vay t0 find g second approximation for ¢ and ER{s)
ah ,. BLHES  Fe






T dune 1970

CORRECTION TO

Pinal Examination .
Ml 207. PERTURBATION METHODS IN ENGINEFRING MECHANICS

In groblem 3, the first pair of eguations, the last term
ahould have subscript 2z rather than v:
T, = ~by
¥
{as in exercise 3.2 on page 53 of the notes). I'm wewy

BOryy






,Pn-g, \/Cls\ TJL‘ lzuzv.
ME 207
Cj {day Lw7
5 /UZ = é ‘\‘\,'{2
. , Fraal Exam
1. I& we @teﬁqig_, ?,2; c ?Mf/’ and PE‘{
Vo (J\d( &
GOM«P aJT&,(IVLU“u\ .va R |
\} E‘C% o - 2(:75{ ur’gb\.(, \M/a - ‘?) N

L

- é_,..‘%\ \{"/o\ew (7 LM¢ aﬂ L‘ S et it
2R '

A

wr?\cl\.& }é\ ) g'\ ) 2 aag ‘ff’ f{m S‘Lga ¢ doo @ﬁ( stadta .
7& /&91’: wel Gwy Lo —pn fu ved AL 7&( ¢: & n 7%1& /x)'(«(xl,%ﬁv«(—&a Kyt V%L féw
we A x= % | 3" Yo, Rer ad $o 260a' P Thew He
790"&6 Q..,w\. fi.;.) neh. tg{mu‘ 1 HeoA (11315 /la")‘ﬁi a = T;/\“f.«"f ﬂﬁafﬂ(«t-t.’(-u) ’Ile)

c;/,ll;;.;. and 7é =0 eu Hhe peafuce
e /Otu({n Ll 4’4/, ed aa Xt (7?‘&/ &“{’4’ oy He b (] whie e e /A-uw
o etfomed by 6 l) £% We la\‘c(,u o, conden crzr{f 'm\wuq anhi MNL\ ok (0 l)
l(f we mé’ﬁa the }ms?,(’m\ foe tha szw ?(om(, H,meérw ‘7% _ ﬂ‘“‘
1% /3 o ond Q20O en X % 7 by Th hao Mo Sobutron

2 ( ) - X (f I f ot toine. B iz e
JN} we, /G'J N\l [;\ﬂu (” fvﬂ/ !e\l 6(-6'{2‘"“{' l"‘-"d*ir\ 2874 #D) ‘7"’!0\,&‘:,»

v?—q@ = O W 7‘,3 =0 Hn X 2, (‘f/?v'i’/ ff;a' Jeea e WLQLJVA»mLQ,;U-‘CJ
MQLJ'LG"\A ( (:f) PRy ‘w\% f . Tﬁ({.,.»;s

o (X EE
e b Mok e, soti b MWMJQ¢4~OM ATDEE

ernma

We rM;m:J 6{{‘&{:\&{,“. Jocal C,a'tr\séi{?«(g‘lﬂexo XK= % (2“‘) /E /(AL\J/ LU(’J ! d ) (u’ M L
Mﬂ%wwtkﬂ 43 "m{m 43 = fj’

ey D e PDE g e bk 22 > Y

\ Je ‘{ g b s 7 1 e JEAML Ao l}t (o n] zx 7 ‘_X ; blj ) a\/

"e\,uﬂ.: et A(H-a/’m\ @ .tf\.»ht;vkq \/
oy . B'ﬂ Y o .
v gp Y < 7 Y ;‘ E(") w‘i'wm be, ‘Hmllrf X? ,\/ x| “M\bw “jy @ »],:3"7}5 a
%Mg NN IR AR R
‘|‘e\m Sw:v /&’C&Qr a.d)é;-i,ﬂ Ytue “1'? peo 14 pf tand s"l 50 Dre ”} v#o =0 el (i) 20 e

¢

‘!\_{l» /Qum,da.‘(y&.; , ‘ lfw Ay l G bant o t\ .\0&« {iew ( éw’ n o (eagd)

Efa = Z ¢w (PM ’ )m/\ B oA ba L R G\!Sm) conll 4 AGRA®, CbGJ-{DO
we awlbe. -4"9,\& o tx( (lu/ Q,'}I)\n/ tu\/ f/n H*f d,u e, xa»b ‘&?: | {L‘r)émﬂ A e A
&LM/ ﬁw\dzt-g..ef w th D e
Drw s O=0

G

l(‘:( Mu wQ erc, l&« “‘;() 3/4( and ] bﬁ (‘, T

s






N

Hawo % ~ ¢ ( Re "é)‘iﬂ-t O e The p’) an ' Aaa f"ﬂu/ orndatun 5 ~2EY v
N W Wb .f)—w&\w \u\ Ma}ef{ A f“‘
Globat _ 95-»« m(/ xw7)
Rewwrviddtn. 1w doesd Yo fﬁ : 4'1 ( ) - g*%%- v ey) ) fz -8 ?’(’X"ﬁ y"“)
4&{4 ‘ , LA ;.fo*;‘.'n Y B a, W N e ?;57
¢ A ({ ¢ t f 5

| £ X Ccz l)
'}li—/!{r% / }”I"’ (B {;-,) PP RN 6/"4,! w (Q” (?-%,>

Pff*&'“u;-’-@ wn Jotal _,é{, c’i"? =D }ci/; - &

jtu. M\M uaiit e e éc{ri*’h‘di Crrmdipan d

Gam }, (f o ]) - s»“((;z@, a"(({ﬂ) . 5 (5%) % ()(g&/‘)

Loyt o« £t
If’(" x k) e \("-J(H[)

s
- i 3 ! . s (J (
w.l e Sowa{ ‘})l'f\@. A ‘11.;@9 E,A«\( 2 St L, k(mtiuy urt Wk X,HJL., A T 7 )4 ?Cﬁ s 25 gﬂ b ) 2 ('l e bj
l 2 (a a Bt 233
Fhas we Can (Mfmk e Tgy o 1 do Cond

QQ ( 2 '1)?‘/0_) and ‘H/\,{ /\alL() 0{( T?X w1 M« k’ﬁ«é}dm
.

; 7 ‘A‘\'\ A il ~ o
(A}‘\‘LQ‘OMJf Mt\ Wnn,\ = EE,'?\Q 1(4!'0,.&[ // { Ly WM "&4 LLAL "M\ W&\-.L\ a t(,

New  Tyy witboat kegway = Phape By e oLy e oL ) IEY
b)) TR Yy Qt}zt g ? 2 2 J

. | ) .
Tz '7}-“6. k‘«t W = c‘)({«’» = é"é z N’w)\ )? X
Ty W ) (} » QL/ ya Cz/ 2 L X4 (}X‘ D’ [x { Cé ﬂ J

W

y ‘X?"' \7
fxa','z’meJ F | F

we &,\,\ r\ HA('K 2 'W\ﬂ:)[ A l\‘ ALCIERN f BN & 20 A (RE \? e | X =0

‘ 4‘}1 H

W ol PR

AR e
\'\. fj
— g
N Tax
fn 2y s - [eg] g e =V ad 2Pl o g T ] wLEE
Ix')l\ § 2 A 9, 8)\1 [

Noweo W= aJ»\ wop/ \:‘/ el Z%ﬁé o 2t ey 0feY) “ (0
(2%} S i






5 =0 7%(, Pb l: /Mm(% M.v

ox"
apdind %YV}MJMM
il

7& ;Z'fommi auasd msu’mp d@steiu'u ) ‘?‘Muaf’ﬂ fe. %
e pedudun o b, ‘I;m&@ B

¢
ff\ cé )/ *&Q 2 wat suebia,. C\,‘V&\’L«O?{Wu}? 11(43\

e "me Qund bc/m “  we

2
,|i t:!'

, L
T A Aaeu»{'

(‘\.‘\ { of- &a}

ig

.
Lé{wa g Rt ) att&(i* \{;i{\,
LJZj e iﬂg\ . w,m,iwg‘m,mm}

AF 3
"{t\.L ‘}Lﬂuu\vwé Sobuod l(i ‘\; \

e
z {h \;\s\o\ w\L be

2 (o ty=0 =

\a % o) 20

R ! U‘ LY =
e [A.,MC{ Hoak

7y

b Lyt + s s fi gt

{1 +gte)=0

Rﬂ 4 B(»-ﬂ w = LXLBY,
{1 glnad) -
£y o et Ve (1)
%(vd) o () @ (20))

b et = el 7

=0 AlTe

s

’
Aunbts

‘a e Ao ,M\ 2 A

N\

7 "
q[u(/ Liw A0 Dt Wf/(( Ala. ff &) aty) '/z.'\.

w €
w 2 ‘_y:g w 6
WY 2

(j we jf{« 48{14,‘/{;‘ j £)

e = e EJ@‘P N T 2 [M.n‘k}& o
' P

s 7 v The 13 e

?g (o,t) = j(m’)a)g(xoﬁ

?,)'

= Lao + gu&’;« 0 (é

[ Ade (k) 4 ’“"“’Mﬂ

)|

LL-.’\.C{J ,‘}L&,r;lﬁow; Q:% a f{!.@:!u Qa " ‘,CJ\.MV

‘ [~

andf diaur “ whitan J(“*ez)(lé)

z) w ZL’ zl =gy 'H\‘»-w 7/ 2 3"’“.(7"/) %17}R} E)
Hhaas d 4oy e d Wy LI N AL ¥ AN
"dy ) di, dtt o 244, At
No g vﬂu«b ol tanto Am\{uo 1’D{

- e . e
31{ & ff} 4 w‘g J + éll[ BQI 4é 3?1 - :_.g.,k )
oty 3+\ u{ P ’, é{{‘ 2'%3’.” 9x

H\{n. b ¢/;’z: tewpe '/o ‘7 {o,co, X 'gi)w’) / ('i“é» b g) 28

t’[; (//”H) ‘<>4 ? z/: 1yl U/f)* ("w'{k;

QL 2 )
a?igo ‘ E;’i 0 ?,,; (Q,} ) \’/‘\ S L%’){l 1(;)
.' g y 3

[745.4

1,
C?n{-ﬁtf (‘).uo Lu{ﬁ '“’t:)\ /( C/]('
v

Jo l

ty A, 1) w0



(

2N

U



LJ_,J(’"HL? 39 (‘b, ),{”‘,) X?) ) r“]:;(%}‘g{azp\)xgé)%) C:,A**,A_Qr Pw(h;‘,) L"V\‘!g,\ PD‘{-‘ o ﬁ;m‘f‘y,g B
Wty 6‘{)’4‘&»«1\«.—) :
Ny pinze o Toe AlL) puid, 2 BLR) et
bt %(o} =0 , ( ) g\/,, 0 A Nﬂ%tudw«mﬂ
FTA@ (T’\-“’Lf‘u @t()u)“\ "'7 1‘3 &MF’ /‘ ML) gm’ V. [?lv’ 4‘!{){&) 1w L-, {”{\Q‘ /QL@A(;’ )%) }k%ﬁéggé%,

v ‘

, .
‘e ?‘5%\ . BJ\ = ;g{ , + é%g\k ;szl;(AM)m\’ sh(@tex)s«w’l ]%m%
:é) L“\;)_‘ 1 L i 9)\ héé‘« % t—}"}‘
'39{ %\e, l*ﬁm_i.:U&, -%'o fi.w.f,'()(i,.. },kau,;‘q,f) 2_15 (”(4 Wo f}n.r.uﬂgw J..@L,‘Wﬁﬁ.> dand 41) zgt. Uayé,éaé«! g(h aéé X
'{:’C\AM : | A/ Ala a &y A s ﬁ@:i?
LS (i>'f: Q o B =D eift?«

8& W ﬁ)_(}{?et "*é&L f‘“&')/lb(;;«‘{’t*_";«» E(ﬂ)?ﬁ@ ' D w0 7 mw{ ;'g wi ’M“Me‘%; A 4 »;,j/
Alo)= Fhew Wt (gi,ﬁ;@' Hak
"‘tL N v "St’ . . ]
o T 8T A At er y .~ & funk Auad
! '_{_S'x‘ Y F ) (
wheel, o T Yké«éwﬁ-é -g/m% Conte o, "

/0



(O

o



What is € 2.

FalaN

,‘ )-Q,t,.x € / (»34‘ ‘\.: ,:1\3

e, wJ\H TPY A Q g '3‘&”4 v(’ S@ou} l)‘tl/\j.e;;‘,).\lit.lv\ 'Lm"!'e\; \;" Lmru‘ L’;‘,.(;»}
e dren Hhow “the :g' dive cfem o Dtnie i{w Lan o
we bl et e 2 o &,4,4!‘:..,}(’.3' be,a z u '?‘.i .
%’e)*ﬂub
b Zii‘/“ 20 wnih

W et fawe o

Yee =y

i ‘:L 0 ak r=0

q”(?\,(i))

We. Maw) desd it L/‘} =

POE aund \%(% 'héb/,lf

fiia,;x»(.,._,,,;,__% el Codo e BT

‘*//(V]Z; é‘) = ‘"/é(r,/’) IS &?"’/j(r;’i,)';-

1

lzw.(—p‘,\ ‘fe‘m!f,f tf\; ,p(

tadd, dl.)\/.rl,)gl’ AP, Ll /U’L Mq,.-l—t.,é.,-,

s

c(‘.wz“ stu.cz} liu h}

R W NV y (R,) s a Y, (o720
' / g i I
CATN I,),/ /d w0 gz;; (&z) =0 ; 4(02)0

EL)
£

—~.

g ﬂ
(L S/nr '}1/)?% 0

16, 60 that V(0 i)e

' ; i) y .
VT N (I L ) ¢, o 2
Q\ } ¥

SN * R N
S | / (/a (';%) "5’3(? /

2n p2

Selv ey P roblens we oblar

- PR ¥ . - w §ONA o E (w)r’ R( )
by s /‘-‘:“3/4' - ¢ %"’4::/1‘ EE
\‘f‘g. \,’b 2 {’Q_ \/,é ‘ IS4
Wi ra @ H f

gt lm,lnf’ (L\QJ/

(;v'\ {0 ‘!»Pw
Yhew

G‘maj ‘! tAAw & »(Mm»eu tAn g

O = ai hi (v \/vl) i(}‘) 1&

Lﬁé MAL L ")(A i {)!:\ Y] ‘.
\l%l' - \/’v, ¢ A \/',z b f& (w‘ (0\'

‘ » , .

& s, e ak e fL

i‘&«.ﬁéﬂ; "2’
¢ } J
IR

3 1R~ I Y i . s A [ERELC A
ety Ko f\” {{’) [ f\ %{ l 1) ’\’ ey

B Loe. ‘Mu‘; {‘}

Nowt o qelbs e "\M.,yfkf ,A“F
' J q) \IJ k’z
(RIS R CT o
LU{\E::. l" ( /,,)” (@] ﬂ\\f{ / ((’ L) w2 ()
&Z’) U&) ! /‘) et J( i M l‘&L r(:’) :

\JJ = [ ; S (,?l’ R l“}i{y‘t) s,’;«v ({B) ({;
" }

(\‘/’{ \!La\ 6,

?
aand b (,,, Z

¥ (k2)e0 L,/x” (0,2) ¢ O

;1 e e

Ry

¥ (ff L (;}J’J[leew’lﬂi () FE)(,«

\” v £ 0};( Id : ('\,6(’(} .’1” ¢

*".; l._a { nc( e, ft»u..%(.:.,,(.,&

)

jw'{r(’um 3 {L’ o

N B o N Y
<Q( (r 34 L)
S .

v



(0



o ‘)[a: g" f' . {') (/1‘\? - a) 4 b ( s ,Q?)
/éﬁ

) c?n;(’ r\,c)u( .

'L/am W g E l,/f PR /= € (/\a ) ('r Kj’ "’)/
i ,
ner f

e V-g S L/jr;/'; & _%; “’l;, g/«ﬂ"‘ ')’(‘.:31* /3)/

b = ({/f "”‘é%Z = EQ H) t m/( "y R - ("m) "’J”/ /}

%2 N et ot
o VEv e & L@t e 880 v o(e)
nERY i ’ e R
— }’ 4 ' 2 ‘/
' AN A , Dipoy BN 2 A
e, Ry o ( e ) thw &£ <f<o k ) ¥ s ( ’Ig“:)
Zitee ‘ 4 \ Rbyn

o V-Z‘% \/,‘? k3 CD‘ZA +

..l\-u"i' l}t’.!\.l\ r(j_(’(....t-@xétn- ¢ 1% to Hawadl c [ 298 (L l'“\.,(. £ "e.-",)\v\: La A, Q ‘Q;LU\A,(‘{Q\L\ v ‘“H‘i,z"’c‘ y ‘[U.

real “o o wd. fag 5‘«"\&»)& \‘,(f L Cptn, () D,.\LJ ey lt} (\L a 7’f5\f AL /w ()

o /272/ - A& / 27 )'/;, / oy R
/. Bar LV 23/ ., u’ (Cav\ exbam! oMl-

'» “ . / M | e + Jwi'c
o R o= f\@/ / Pac) 92 i ) ¥ ] Your gecond devm )

3o gﬂ

L

N _ coA /,
4o cont Lu\,ut : 0’ / u \ﬂ?f ¢ ﬁ**l»’i"f(‘@ljxﬁ-- é%.;\\.»()[‘ 4 /‘\f, ter ‘V'(\Q(‘ ‘(/;) ) /ﬂx‘l,.n»\,
sl

@ ?in ¢, O W L(M' &M(,’.! ',ﬁw [(,, AV \l»C\,L, J-Ul.».-\,;; \:v\. “Wu B{;\wtou,ﬁi.é (%(" uai u;w I(‘j—é.-(;{;(:&‘z(?]

tn.\,ém\ ‘M\L .f(a,\kﬁ()wb ""Cﬂ‘wvx by @.n‘- ,.(isul(,e,‘,m‘) ad ,élm.%c, lmlu.f..»u u'é, .,

16410 = 30/20 (A)






. ’ "
x5 (Y1) =
w (0D

.—"‘ ¢ 1(?8 271}‘2 g 7/ .

fra Wl e e

LY
(n w/t)f ARane Ba e,

.

VR TRT I

U A
L A

D
vk hads el hs Zeas
R ol _1@\ eed /ﬂ/

-

g 2! A
! ‘; ';’;{; ‘;“l "/‘3 = Fon A k;’,/f).':f ¢ gy ¢ ©
vi, ! &
P TS
;2 -

/:} ',Y"; cit C/é,,.'\/; 1;(}‘/}5,, .
(- ( £ . A n MR o
A . 2 J S ey ) o B

',/a"" Ji ,/:‘z)(‘;‘:(” e |‘[l,,]l~ .
, .
Faan .’f L. TR A) ;’ 5 351")‘/5' ,)//3 &
£ 920 L f

S 4
Fo
- )
i
3

//t I VA /- IS R A S
di?

cn([{hﬁ" ";'én>l<‘(«4\)\lg o b,\v({al«

}
¢ (,Q’ é) St ¢ A&.«,ac/ e ;
i . .
darl /344,.,/ s e m[’ Aﬁ/(/z’; /-M:.’...,e!f

Q. 0"

e 2l
6-11:/({‘;':\_.(, LR 0 L

‘it

IE

IR "’l gt thy 2. (’ [,:A‘
i (:} -
\{ - of V/ Q,w/m ¢ (JZ-(.', mta,-

S
N bt

'*-‘ai e

\

( . Laes b
7 o) i

AT {¢
5
- ’ alu







e E017 1)
P P

L aerine

;( 2‘-\«! (J,W %)2‘

e bt

X

1

R wW / ‘..f,u_?ﬂy,l

T

T

o, {) ¢ t ) t ' .
iL @ Moot ?«bodwa Atlo AL /lmu_a WHe. C{L‘,s«mu.,,c\

0 ‘ .
¢a~ ayis 'P\L»-\,CQ,_ /()‘e\t,{&i\;f I p,i.Q ('/&,a,y\tgép ,O—Q%W

I A

EORFp (""33;)

g g L O Wy
{Qc é"éxi; b oido Seuac {o

=Y Taud 0 wa }’J‘D‘L-‘g;”ﬁ Fhi-ta.”



(>

TN



2a

Y A 2 é 3 !
”f&’(_ # o2 ~erw d gv o= é; 39 = 0 Lo, S ’& o L(%m o4 7 AJ' t e
-}(; N

i ‘ dt dX v H:m g’t' (% caL K e /() . ¢l
4 : e W) = ¢
& | aud o (%%0) = O
, 30 = /J'L«w % ,4(1 ‘ _
and 3\mvm¥% L I A P A@q

a/’t.g";l’) :fi (%= i)J dq &fg*

4yt f(< L) - a<f<i1«) o p g ko st et cha f wib
' |

e O '4 "b:{ ' ’ " . .
Cl g' = m‘i} . /d»m‘z; '“""AAA«»\W} ‘%” B Xt ')3 X’f'(f
a8 "
/

4%3% 5 = ')m;«ﬁg A mq + %(?)

1, = +1 e *g%m +{(5) %0)
o sglpees ey D 3001

z_,:::- 4 ; (x+{ ,. ) o (x- 7’) 4 (K- (’) s {;(4/) /(X ) g,;z/)/
(QW@ ye
(i (x m) 0 ({g {(‘Ml’ /7// Z) /;/(/) ) g"( wgé"t"i)

_)(g.ﬁ,o) =) }(’wﬁ( 4 XX o ﬁx)a Gx) =0 {(x ,;(x) = QX
4) (e )0 = (B g dame e s (7 1) oot b [yt ) glrit)=o
2T et = / (=1 ) 07 (///(f)

f(5) + @(ﬂ =0 4(a) =-f(-r |
ZU'Cd'?U’#--F(O") -\-‘8,(,0") = ,F(g) - 4?(.»0‘) == 20 Ces O —,C(tr): -Gt O
'F(’T £)= - (m-t) em(m ~t) = (T - t)ent c‘s(g-): - T

%(m%) = - (T1+t) .A,—;(m‘é) /—(7r+f)w>z‘

o o) s - (o) ew(x-E)
8(“@ = - (xt é)cw(mé)

i

Z' _I,;. { ,2%(;«:;()<~{:) -~ a2t tf,u:')(_\"-/‘f“)} %! - Jo + 5;/ # Z){i;l)

Lot






b,

é}@ff 7$‘-§‘ﬁx 7%44«( , ) /
* IR
(RN N
> o

AN T N

s e
\\ ,,

E & &7 . i, w/ (T=0)=0
o ”"‘?‘ "‘% Y(x, T)=0 x=0,9
i Yo FU )(Aw ®) "

A"‘:, ) e
A L £)
N

MMV" Ca&u cm// 20 swqu/
,u t= ¢t= k.

47 7d L ed V/4d eed )\ = d" aeed” e'd”
it (dt}\ ar)(au dt, der o Sndl, Y

I

ﬁ___

L. : \
dyy e dt g etdy o2 c ¢ ch& \
fl { {é/ A{\ (! l‘j"ls tJ {LLI A { \ (_j by ¥

1= o lhd - FHENEARE 4o (0,0X)50 Yyt b, e

éj& 4o A?\\} e O | & Yu { ) \'j ", ) : ‘{é’g (Jt»”&h') 7{3 "o
A ae i |
v (/0’ / X " 7/ K l::»_ 0 \// ¢/ - M'}\?“ . X Y =% )( /(‘V;c(m >\ ?X v {3
4 5 % N
% )M o4 Bl ety
b (0)=0 AlL) & J N

- wl oyl

A,,?j;{} ' + 2 Ck an o 2*\ & "g,n i Cl ?‘\-‘ Lo C) / d !
bl "é Gl {g t\ A ) C\‘ W 27 a u]\s “ (‘9\ Qs ‘ o 53 4. *" 13 g0
4 ¢ ? e-\,«% ™
A%y, - \‘ ) 3« = -l 4;%{_9 - edlyy g Bty - A0
CH \'J. (‘%X , A’ ﬂ\ \\ ‘ )CH e \J 1y / m
e ’/\‘b{s“}{ { \ -2 A QJJ:) * 2 B Af{;\w‘l } l ?,A (‘é)g 0\‘ léﬁ P h&}
wip o 2N = 2N =0 2Rikb 0 Bute ’:»..

A otorta BWeyen wp de O

~
o
e
-
L
o






‘H\tw ; ?‘; = C@«ﬂt %w tl Adrrne x 22' A= C-'{’V ‘5 “ Adin /MMX //‘»’5’
) w2 ) e (4 t) Yol (K > v
[ b J
s () ~ et ) it v






zu)f AN ) }‘ .
Uae fai-m

l}"&)\;\ Ve Lo ¥
;ﬁ’ 224 0.0, -EH /

Aot
\H}%m

’ b

0:\—\»{&

}aé A ’lm) ,i’,,‘.
o

' {:ggz’»x«x—/
y,

J,
LY

14
]

Y

'-‘c.‘gr.u‘i

o

A

=
o

v
vy
Veo

'
) b

¢ k)/ﬂ‘,r - L#

VY

afan q)(}{ i) = &:ﬂ

Aol

|
. d{’r‘ =} L‘{e% = (" \\\

Atate b S5 suaaindige b ety

e oW Raut AUsA ;

g
3 bjs
‘:“)H C) #

(-’i.é/’\%),{ I }f }

0 r/’\
’\‘,f/r.

« M
o vl

yv

{ 0 \ 2

&
(\:mé(@ .

1z .
Daaak— A Sy - W dLuatd n' "‘lj'f“"” Fo {?(4) . T\’/ (éf)

“@J\\J‘)\ \j\r e

o e—







e ]\F Q
ra{t
a:‘i

( .ﬂm}f>}q ' an\'b%w,:vl.xs -

, . ) ’ P N
2e Ve PEOFE) e PF - LYF ar’ (2%
25
- o et P I 2l ‘,
b B el Y g ot
21 H/; ‘; ) - r,n (‘ s' gjz) Cor
( i Li & 6’3 q = %3 N
‘TJ’} z IL’ NN Cy
P
Q‘}(D)‘,B C) &Mu («} ﬁ?,
P(Zx)  BLeoRo o éy~f¢g
P 1( -R*) fho o e (RS TP (=R B
- A

s Y= QET C(rt RO (R ) - Q
&7 /(J B f?f

g Qr -@Pd\)é )" Ql’“(rzl‘-v/{’?’) o+ &r
- Qo wde) |
§

’ ¥ R e

e s Fart e ey”
,’% ) w{? w \9 :_i e i .

2 ) - (R,

VY' ?FQ\ ’)" 4 (‘QE’ [(]\l ) (' g
o lb

()2 "?“"(\) “ - (/?\;:) ! (/Z’. o }’éi? \} . 7/,

g

- S9R) ()
l’ ff))*%(f{o )”" ,ZI\«R ]j

N 1
o ?u.)z rr&‘(&/j






v%/ |
!:;ﬁi

vl
r ve i

‘/g%-f‘ v R; ’

5

)

CQ
e

R

“*’@%fi (é’a

QR

e

Q*

2 ‘/

«8 € Q (7,

TRY of A

ééﬁé &{t u‘ﬂ’l’ o

i e

)J/

{fiéi{]“ /)W}/ f’ '7!&?
J R

ey c’zé

R oo “ie‘? g

vy

! -~"’/— Sp r
o 5
S L L R A 5 \l do 2
.

/ub‘fw wd AR08

' A
,i/%? 35’3 ’.1*‘1.':) ‘ugfr‘filu’—d.‘ﬁfizé

aud 2/ Mr(é( e

Ny

f

3%

. /
W Ewma 01)

/ g
PR T B e X

& e -2 Z= 1 dl
) P Lw
! A 2 i

A



C

/



Solutions to Pinal Examinmation
ME 207. PERTURBATTION METHODS IN ENGINEERING MECHANTCS
13 June 1979 '

do Torsion of shaft with keyway. Ths exact solution can be found using
bipoler coordinates. It was firsi derived in clumsy fashion by Grea-
wall (1919: Amer. Math. Soc. Trans. 20, 234~244), and then mors sinply
by Weber (1921: VDI-Porsch.-Heft 249, Berlin}. Gronwall gives the
stress—-concentration factor as 2o(4/n)e+ ..., where ¢ is the ratio
of the radius of the keyway to that of the shaft; but Weber finds

2-6 (see Timoshenko & Goodier P. 268 or Sokolnikoff p. 126). The
perturbation problem for small € ig clearly singular, the maximum
ptress being twice as great for a very small keyway as for none at all,
The approximate solution is readily found by the method of matched
asynptotic expansions, as indicated below for the dimensionless form
of Prandtl's stress function:

FULL PROBLEM GLOBAL APPROXTMATION  LOCAL APPROXIMATION -

Fof =0
b R

g , \ L+
o @ “%mezg

B~ Lok
= 460 cos O
S

Fotlor2ei.  Fufo(RoL/R)ornbs ...
lg/ox] =4+, fog/om] = e+...

The Tirst approximation can be deduced almost without any computation.
The glebal solution for the stress function without the keyway is &
paraboloid, with slope 1/2 at the boundary. To this must be matched
a solution of Ieplasce’s equation that vanishes on the half-cirele of
unit radius {(in the magnified loeal coordinates) and on the extended
dismeter (or, by reflection, sim ly on the entire unit circle), and
behaves far away 1like (1+x)/2 = JR cos® in order to match. This is
#inply the potential, familiar to a fluid dynamicist as that for flow
past a circle, obtained by adding a dipole at the origin; and this is
known to double the free stresm at its gide.

In this way we can now easily generalize to an elliptic keyway,
using the result that in potential flow along the major sxis of an
ellipse the maximum speed is 1+ b/a times the free-strean speed, I%
follows that the stress concentration is 1+ b/a. Essentially this
inteitive watching argument iz umed by Neuber (19463 Theory of Noteh
Stresses, Edwarda Bros., Ann Arbor), who glves ihe eguivalent result
1»&4%79 s where $_is the depth of a semi~elliptic notch and P the
redivg at its end.]

2., Vibration of alightly damped string. Straightforward itevation ow
the solution for g= O gives the problem

2y B ) |
-@-m% - “‘”“% 5 o 20k -~2¢ 3lax ot , ¥y =0 8t x = Doty = O,
o= o ot



=~



. -"2"”

A particular integral 1s -—ctasinx sint, and since this satisfies the
boundary and initial conditions, we can simply add it to the basie

: sglu,ti@n, giving 'y (1-gt) sinx sint + 0(@2)

Thie evidently breaks down % large time, for t = 0{1/e}, when the
second term becomes as large as the first, This suggests introducing
T=e¢t =as a second time in addition to T = t, and then expanding

y & ym(‘tom) 4 @yz(wg‘ﬂ) F ceo
Substituting gives for the first approximaticm
32&’1 52¥1

el xR O yl
The general solution is

= {A(T) sint+ B(T) cos*&]giﬁx-g where B{0) = O and, say, A{D) = 1.

=0 at x=0,n and at Ts= T = 0.

Then the equation for the second approximation bec;omes‘
2%vp  Pyp iﬁm Lo ]
a2 ax?

0% ° 3edT
Now the mnonuniformity at large time can be avolded by choosﬁ.ng A(T)
and B(T) so that this right~hand side vanishes. This gives = O

and A = ¢ T, 80 that our uniform first epproximation is
y = 8in x o ®Paint .

For comparison, the exact solution is
y = ginx g€t aim(mﬁ) o

= =26 E(A*’M)mmt-— (B%—B)a&m}aﬁnx .

3. Palling je‘f; of water. In the plumber'’s approximationr we assume

that the radisl velocitly v, is negmgible end the vertical velocity
v, constant at each elevation: .

= (%/r) const. = Uy (2).

Quadmture gives the stream fumction as ¥ Ur?, since we normalize it
to zero on the axis of the jet. Then the conditions of atmospheric
pressure on. the outside of the jet and prescribed volumetric flux rate

Q@ Dbecome gz - %Uf(z) -0,
#Uy (2) B2 (2) = Q.

Solving these shows that the speed of the Jet is, in the firsst apProxe
imation, that of water in free falls

and then the stream function and jet radius are

= -2 1/4
by = J%zr = é%Rl(zSE ? Rl(z) = {?1;%&;} ?







B

This is evidently a "slowly-varying® spproximation. To improve it
systematically, we might want to contract 2z {(or expand v) using a
small parameter e©3 but 1% 1s not clear what to use. Under these
circumstances it is best to iterate on the differential equating,
using the previous approximstion to evaluate the neglected term:

‘8’21‘ = - G r2
Yoy " F | vléz )y = -y, = §/2e 2372 -

: 4
2 ¥
Py = %'ﬁ’a(z) ¢ %%ng "-=-=7»~wz5 5

Hences

whers U, 48 the vertical velaci%y on the axis of the jet. Ve now

substitute into the two conditions, simplifying consistently vherever
possible -~ for example, wusing the known ¢35 rather than the unknown
¢o to evaluate the second-order term v}r " in the Bernoulli equatiom,

using Uy 4nstead of Uy in the second-order cross-product term

v, 2, etc. This glves

gz - 102 () - 33; 25 &2 - 7 22 = 0
. 2 i /2
QEEUQQZ)RZZ.(Z? + Téﬁ;@fé?/gz 5/2“4 = Q.

Solving these, again approximéting consistently, giveé

Ug(z) = [Zez El’ _ %{ﬁi?)l/i

i g2

— Q2 \1/4 3 ( QR /2
Fple) = (2'“2@%\} El v 52 zﬁ?ng} ]

Wo now see clearly what sort of approximation this is: it is not a
parameter expansion, but e coordinate expansion for 2 large compared

with the characteristic reference length (Qz/g)l/S, which is the

only length that can be formed from the parameters in the problem;

and the expansion proceeds Iin inverse 5/2-powers of z. The stream
function is '

: z | : Q2 1/2 2 1 ] r4
o - B |- )| e

2 2 \1/2 2y
m%wg' 1m-§§(mg’ ) {1«- 5 )
Ry (z) 2nlga’ Ry (z)

This problem, ineluding also the effecte of surface tension and vias-
cosity, was treated by '

N. 8. CLARKE 1969 The asymptotic effects of surface tension
and viscosity on an axiallywaﬁémetric free jst of liguid
under grevity. Quert. J. Mech. Appl. Math. 22, 247-256

He used the stream function and veloclity potential as independent
variables, and introduced an "artificliel parameter" ¢.
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Solution to Midterm Examination
ME 207. PERTURBATION METHODS IN ENGINEERING MECHANWICS
16 May 1979 ‘

l{ Torsion of inhomogeneous shaft. The first spproximation, for & m Q,
satislies 2 1
Vo= B el = Slefy)y =2, F=0 at =2,

and we know from eq. (2.7) of the notes that the solution is

dy = %glmr@)@

Iterating, we substitute this junto the neglected term to find
2, 1o - Ly - - 2
V gl:fsf r(xﬁnr) = ‘""l + é;? r v ¢x l. hiad EI" $
and integrating this subject to the boundary condition an = 0 a%
r = 1 glves 3 2 1 4
ﬁm e Z(lwi‘)#ﬁgfﬁ(lwr ¥e .

 Alternatively, the same result is obtained by substituting an assumed
expansion @ = ¢l +¢ ¢2 4 eos

%1
i

gx
s

P Note that 1f we try to solve this exactly, we can integrate
once to find g = i log (1 ~Ere) + S
r & 28 r r°

but %his cannot be integrated again in cloged form in terms

of elementary functions. Howevexr, Mr. Spalart expanded and
integrated term by term to find

g = . &mr&wz n
R o 4-(21’4’1)2
and this converges up to &€ = 1 in the range 0 £ r£ ).

2, Temperalture in corrugated plate. This is cléax'ly a problem of

alow variatlion, with 2 varying much more rapidly thap =z or y. ¥e
accordingly magnify =z by introducing 2 ® z/£ , where £ = 0.04,
Then the problem becomes ’

2°r z(ﬁ:@gﬁ@:} =0 8t Z2=0,
8z axe  aye/ ’ P =100 a8t Z = 342 C0BX COSY .
Neglecting the terms in Ea leads to the first approximation

%
Ty = 100 o
* 0.04(3+ 2 cos x cosy)

Ix; the %@J}“Z approxima‘tion we would expand in powers of 52, or itep-
ate, solving 2, . 2 2
L2 = w006 s(a 502 ,
0z oxe Qy</3 42 cosx cosy

and guadrature ylelds a cublc in Z, with coefficients depending on
x and Y.




mgm

@ The thickness of the plate varies by & factor of five between its
thinnest snd thickest points. It would therefore evidently be @
very poor approximetion to assume that fhe thickness is nearly
constent, with slight variatioms. (The analysis 1s also more
complicated, because the boundary conditlon must be transferred

by Taylor series expansion.) This assumpiion of slight rather

©than slow variations would glve

T = 100 & 2 slnhi2z COBT CORY + ,]
5;0-12 5 sinni2 (.12) | E

and since # is so small, this is close to

| T = 1{)0 L (l&a& 3 COBX COBY + )m | :
It i3 clear that this is the result of expanding the denominator
of our previous first approximation, assuming that 2/3 is very
small compared with 1. : .

Our slow-variation sapproximation glves maximum and minimun
values of 8%/dz of 2500 and 500 at the thinnest and thickest
parts of the plate, and these are correct to order £2, and
hence to within a few per cenmt. By contrast, the assumpiion of .
slight variations gives a constant value of 833 in the first
gpproximation, and maxima and minima of 1389 and 278 in the
second, so that many terms would be needed for accurate resulits.



Midterm Examination _
ME 207. PERTURBATION METHODS IN ENGINEERING MECHANICS
14 May 1979

INSTRUCTIONS: Spend 50 minutes (10:00 to 10:50)

‘ Open book and notes
Write in bluebooks or any convenlent paper
Be sure your name appears

1. Torsion of inhomogeneous shaft. A circular wooden shaft has

been made from an oak tree that grew - up during a long period of
gradually decreasing rainfall,

As a consequence, +he growth rings
are spaced more closely near the
surface than at the axis, so the

- modulus of elasticity in shear
increases with radius. Consequently
the problem for Prandtl's stress
function, when suitably normalized, is found to be

(1-£2)¥° = -1, =0 at =r=1.

Find, for small &, thf flrgt correction to the soluflon for a
- homogeneous shaft (with & = 0). '

2, Temperature in corrugated plate. In a heaﬁ exohénﬂer, boiling
water is separated from ice water by a thin corru ated late

is flat on the cold side, and & piate, which
whose thickness (in feet) is

0.04 (3+ 2 cosx cosy). = iluy) =

Calculate (in degrees Celsius)

the steady-state temperature
distribution within the plate

as a solution of the 3-~dimensional
Laplace equation. Find a first
approximation on the basis that

0.04 is a small number. Indicate -—-
without carxylno'out the details ~-
how you would improve on it to

find a closer approximation.
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