ME 200, APPLICATIONS OF OOMITEX TARIABLES

Ingtructor

Fezthooks

Brercigeg

|

Examinations

TR, aPs -~
Honor Code
L0080 LocL

Autumn 197980, MWF 11:i00, Roon 550 5

Milton Van Dyke, 8L Durend Mdg,, Pel. 4472443,
Office houra Tuesday & Friday 1:30-3:200 {ond other

times when in)

Hecommended: Cayrier, Erook % Peavson: Fapcetions
of & Complex Varlsble, Theory and
Technigue., MoGraw-Hill, 1966, S22

Churehill, Browa & Verhey: Cownplex
Variables and Applications. Me-Graw-
Hill, 1974, %21

Both on reserve in Englneering Lilbrezy, and
aveilable in Bookstore.

Glven out each Monday (and excoptlonally at Plrat
weeting Wedneadey 26 Heptemberd., Marked and
returned prompbly if handed in by Lfollowing Monday.

Midterm, Monday 5 November, open-book:
final, Tuesday 11 December, 86:30-11 2%, open-hook

An vndertaking of the students individually and
eollectivery ... that they will net give or mpoe
ald in examinations; thet they will not give ow
receive unpernithied aid in class work, in the
preparation of wreporis, oy in any other work thed
is 0 be used by the instructor ag the basis of
grading ...
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H _ sgn x H{(x)
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o S : . . % {3#i sgn y+log |¥|+C}
. froos et Dy edamlyhat - |(—aisindnk ) al(arlyletagny | (et ai(%vlyl)‘“‘f
V1108 1] | s log (e Ly )+ @) — 4 tam e+ 23} | x (~log (27l D+ @)+ cot et 1)} | x{—Tog (am|y D +4(e) i sgn3)
v . i : nl e
x" log [ x] =T sgn Y —2 —————{log (2 |y ) ~¥(n)} (zniy)*it .
N L Gt O B - x {3 sgny-+log (27 |y [}~ ¥ (n)}
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# log | %] (m—1)! seny -0l N m—x)1_ Glmiseny

x {log (271} y ) —Plm— 1)}

x[{log (271 |y )~ Ym~1)}*+C]

+log (27]y ) —yr(m—x)}*+C]

Table 1. Each entry is the Fourier transform of the product of the expression at the head of its row with the expression at the head of
its column. Thus, the F.T. of x® sgn x is 2(1l) (27iy)~""L. In table 1, as well as throughout chapter 3, stands for any real number not an
integer, 1 for any integer o, m for any integer > o, and C for an arbitrary constant which is present because x~™ sgn x and x™ log | x| sgn x
" are both indeterminate to the extent of an arbitrary multiple of 8-3(x). The table is specially valuable when used together with the fact

that, if the .7, of /(x) is g(3), then the F.T. of flax-+b) is l—r!z—l e2mibyie g(%). (Conversely, the 7.T. of ™ f(x) is g(y—ﬁ-—r) )
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Bolutionse o Pineld Examination
ME 203%. A¥FLICATIONS OF COMPLEX VARTABLGES
December 1979

Lo & wodel of the Welss-Fogh mechanism. The flow region can be regard-
ed as a degensrate guadrilateral with angles n-g2, 2%, £, and a
"sirange"” angle of -n at infinity. If we wap these vertices respeot.
lvely to -1, 0, k {to be found), and oo in the &wplane, the trans-

formation is §
: | & = a (g {;»ﬂ}mﬁ/ﬁl’} {g“mﬁ/nml 4z + b,
Fo

When = w/2, it is clear Lrom gymmetry that k=1, and we may take
» Q‘g ::vmu:xm sesesma D ’
Z = g o £ L Y ¢ L e wiﬁ’}g*s-l .
Foer ¢ =0 on the wall snd flay, end growing like Uy faxr awsy, the

corresponding complex potential in the & -plane im simply X{(E) = UL,
which gives in the physical plane '

. e 2 " ga’ ol a TS,
R s
If we continue this solution in the I e
upper hali-plane avalytically into s
the lower half-plane, we simply reflect ’
the geometry and streanline pattemm as e T
shown. (This is the interpretation e

uaed for the two wings of the wasp.) =

2. Selving sn ordinary differential @quati@m'by Laplace transformation.

Applying the laplace transformation with respecet to ¢ reduces %he

problen to . " 1 ¢
) 8F + aF = oo Fla) = s
ﬁ*i-a’ ) (S‘S’“@,) P

Then the inversion theorem gives the solution

&g X 1 “‘!{"’}"im at ‘
2y = &dg , ewm;dm Y > e,
y=ioo {g+a)= ; é?m

We complete the contour with a large semicircle
to the rlght, as shown, whose contribution
vanishes in the llwnit by Jordan's lemms. The
double pole at 8 = -n has vesidue ta~BY,
Henceo the residue theorem glves

P
£{t) = te”BY
which can be verified by direct substitution.

® bg \c
), B







R

e dp dntinite integral. Suppose that m » 0, a8 well as &, b % O.
Then conmidey the conbour integral

% | *ima 2 | §
3 {(zqa?) (22 W) #fyﬁﬂffwmu
about the semi-circular contour in the f i&m“\\
upper bhalf-plane, There are gimple poles g.ib
ingide the conkour at n ¥ |
2 = ims Residue 2 o
’ 21ia({b*-a?)
. ewmh
# = ibs Residue

210 (0% a2}

The integral over the semi-circle vanishes, so the residue theorem
gives ’

oo 0
E” ¢ X g B 5 cospx dx {@”Mb @”mﬁ}
doo (x%+a?) (x24p2) 200 {22482} (xP412) pe-be ’

b a

The desired integral is, by symmetry, just half of this. For m & 0,
the contour must be completed im the lower half plane. The resuld is
not the sawme, because although the cosine is an even funciion of its
argument, the exponential is not; the signs of the exponents in the
exponentials must be reversed. The specisl case a = b may be
treated elther by starting again snd evaluating the residue at the
double pble, or by letting a -~ b and using 1'Hospital's rule or
series expanslon to evaluate the indeterminate forn.
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Final Examination
ME 201. APPLICATIONS or CQMPLEX VARIABLES
' “December 1979 '

This is an open-book take-home examination conducted in

accord with the Stanford Honor Code. Write on any con-—

venient paper. Spend not more than five hours ~- in’ -
several sessions if desired -=- and record the total time

sSpent. Return before Wednesday evening December 12 to

'Van Dyke' mailbox in Applied Mechanics office on second

floor of Durand building, or by interdepartmental mail.

L. A model of the Weiss-Fogh mechanism. (40 points) In analyzing-
the "clap-fling" method of producing 1ift that Weiss-Fogh discovered
is employed by the wasp Encarsia formosa, M. J. Lighthill found it
useful to calculate the plane ' ' : v - :

potential flow along a wall Yo U, -
- with a thin flap protruding il f~j-ﬂ“ ?“‘*“--~\*_--aa>
from it at an angle £ . PFUR “"‘”‘*f-~\\~\-‘~4>
a. Express in terms of an /,/”" ur :

integral the conformal el
mapping of this flow

region into the upper
half of snotvther plane.

b. Show that. in the special case when the flap is normal to the
wall (@ = n/Z) the transformation can be given in simple
closed form. _ :

c. In that case find the solution @ of Laplace's equation that
ig zero on the wall and on the flap, and approaches a uniform
field Ux far away. '

d. Suppose that the wall at y = O is removed (leaving the flap)
and the solution continued analytically into the lower half
plane. For an arbitrary value of £ , as above, sketch the
complete pattern of streamlines for negative as well as positive
¥

/2. Solving an ordinary differential equation by TLaplace transformation.
(30 points) Treat the simple problem

QJ{Q;
ctith

+af = e72% £(0) =0 éﬂ/ﬁry J opi f):Ae

by applying the Laplace transformation. Then, ignoring the fact
that the inversion can be found in any table of Laplace transforms,
complete ‘the solution by using directly the inversion theorem
together with contour integration. '






-2~

’

- (Of course such relatively sophisticated techni@ues are.by no means
necesgary in this simple problem; and you might want to check your
solution by some easier method.) '

3. An'infinite integral. (30 points) Evaluate the definite integral

SOO cosmx 8x

T -
b o (x2+a2)(x2+b2)

. for real m, a, b. Then specialize your result to the case =z =
and so check it against the result of Spiegel (p. 196, no. 54) th
if m >0 : _ v _

SOO _COSMX 4. _ ne ™ (L+m)
0 _(X2+l)2' _ 4

< ' [
ot R j . ej Lo
\ Zon o - (WM

trag®

(":é.‘#“ m) )( }I.’t'i L)l \ v
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Sreyoise et ¢
ME 201, APPLICARIONS OF COMPLEY VARLAKLES
Ywe Monday 1 Getober 1979

L2t 2

W L
Pub piE SR and (L-3)% dnto the stonderd foem (x e iy,
, o «2()- . '
Find ove valve of args vhen 2 = :Mmﬁqw . E!L,Ef\ Mmiﬁ) .
+ 4y 4 & ""i{jgi'f«‘-'lﬂne\(

w'v' t"‘!
£ & ndbs ppry g o
*h&w ihﬂn thie Manx%uxu w" ey w1 can be writton es

.....

ks 4’"

Ane ¢, Tinding the conctaxte A, B, 0. {(Adapied
from Churchili, Brown & Verhey) A(Xt(W\rY 4h(xv?m\ ,) @4

. . LRGN ¥ As "» i (5‘+/
e the polar form to calovlsts (“l%ﬂﬁﬁia R r ‘O ﬂiﬁ _z_ﬁ
. ‘-8"“(]44'\ \ - 4

Use the equation 22 = (2 (Gos D+ L sin pd) sod the bHloomleld

gxpansion o obtaln s f@zwuj for oosa® in ferms of  cosd

and  ain®, and show that tha result is & polynomial in o8,

(CE&P »n. B @d“.) 0 w4 %{VOY\ = Coo nd thgp nl
n;') ' '
PFind the wradlii w Ty *Prgvuﬂw of the power neyl

@
ﬁmrnm'wm 1/n, (13808, Knm¢:Wﬁuﬁ { ol JPy 0 \
(CE&P ». 9, modified) fintr / ) o 1 " )! S \(».Dr((l_‘\_;{)_jq'
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r»!v

‘?“-; i &Z.r;immw he oomerstor an wel '1, a5 the dsnominatoy
herm by the t*cpwpwm conjugete ¥+ 45, and similevly wit
sepond term, gives
LEEd Bedl | 2 wd whl s 2D AA0L o510 . &

3

e o3

B i W 4 * B =Hi 7 Oy s ahy bl

of

- ) . ek o e
Hritdog Y4 o polar form aw ;fi“ & ~inf4 and. taklog the Tous ﬂ,m -
power, or slmply applyling the binowisl formis gives (L ~5L)% = «d,

2, i

M b2, vrﬁmg mumerator end denomingbor by 1 - 149 gives 8 P q
Bowm o 3724 Lx?""ii\,, Hence  syg & = m"*i( ¥3), and rec- R
Vgalzing that 2 lles in iw sezend (not the fourihi) A, P
guadrant glves @ angs = 237 = 1200 s

w4 iy and Zx E~ly, X = (zty )/ , @nd dy e (e n)fe,

fuidng dnbe ¥Ry &8 gives @l 4B w B,

o - . O N 7 4 S AT TR A .
r-,'ﬂ T oPows el 4l f)% @ 1z ﬂ'/ 4 an {w1 4 i_};é’ o 7, “ ., 1 LR 6 . o

the argoment by multiples of on gives 271/24 U" L RS TS SN
With =2 = ) fox sinpiiclty we hava '

cosn® + Lelend = (oos@ s 1ain B (o). j_m( 8 e:a}”f”"g elnd .
mmiww-' 4 ma"‘)n ?hinfe w ose

nd aquating the real paris, aod msimg; t»*za-z‘" G = - w.i.ﬁ.s},, glves the
segbred polynomial in ﬁm@*

. 1Y, RN /T v
eosnd = {cosd ) . =~J¥~§mwwmmt} Sl - o™ DY + ..

8

y3

5

aked o Gk P o Vi
2T con ) g gt {eos®) B ouus

R
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er 6 of Carcier, Krook & Pe BPFON .
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e In vhe last case ﬁkw series
Lpoeely) ggvmptotic. - gow oha apt

LE

i sy A F 4 : ; AW - B )
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&’AA, +Bede + (A% 4 B
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Py
s
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Footar m@; égx ves {2 ) {51 i, wn m Bhows that this Yunction has
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Brercine et 1
ME 203, APPLICATIONS OF COMPLEY YARIABLES
Due Monday 8 October 1979

Ao Whe bilinear

i3 the bil

vaelful mapping Lo many spplicstions
cr MBbius) transtformation

LA S

T DR e e

cg +d

rom the z- to the w-plane.
(0} Brplain why one regquires that sd «he £ Q.
thi&'“&ﬁ ba ﬁ@sumpa:oﬂ atho a sequsnce of traunsformetions

fhut represent transiation in the s-plane (w = z4+4). rotwtion
and sagnlficeadion (v = Bz), and inversion (w = 1/2).

ved Bhow that the dnverse mapping, from the w- to the z-plane, 18
3 { e e e Y . ’
alse bWilineaxr.

(&) Show that the net result of itwo consecuiive bilinear transformge
shiong in agein a bliinear tronsformation.

(e} An dmportant specinl case i the Buler tranaformabio

0
93
#e?
W oun mewencwso
244

which leaves the origin unchanged. Bketch the iwage in the
w-plane of the olrcle 2 = jd.

(£} Using the d'Alenbert ratio test or the Cauchy voot test, show
that the radius of canv@“gane _of the pover series
t} 3
Be ) 2B
n(1+z) = @ wﬁm'¢'%w~~.mo~@ W P S
e limdted to & clrele in t%m z-plans vhat passes through the
nespeat singularity. If we yecast the series as an expanslion
i opowers of wom ﬁiim+ b, X@r what real values of 2 does 1%
convergs?

2, Branch volnte spd the Rlemsnn aurfsacge.

{p} Coamider the Tuncition f£{z) = {ztwl)%@ Show that the polnt 2 o= 2
ds a hranch wolnd. ihaggmation Set 2 = l»vpe1¢, choope o slgn
Tow flz) whenm @ & C, and show that the function does not return

50 %8 ordginad value when @ is locreased by 26.]

" > 1 . o A Yy b o %
(b} A Tupction cannot have s single branch point. hgw that {2z «1)
ha qn&?hsr branch point at 2 = o, iget o= b2, and consider
ey . - : ™
hew the funetion varles as &  traverses a cjxc?e about & = 0.4

(e} Wow conpider the fusction 2 {ﬂ"wl)f(z+l}}%, What sre Lts
*m“aw} pointa? 2,3:: #ow O3 8 bgcmo point? Sketch geveral
choleen for a branch cot that will meke this function single~
valued,  Include the shortest possible cut, and an Infinitely
loag one.
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8 {d) Consider the alternutive way ol maling “his deuble-valued function
(”\ single-valved, by regarding it as = gingle-valued functlion on a
- two-sheetad Riemann surface. Try to shetch that surfsce — or to
build a paper modsl. Then starting at the poiat 2z = L8500, on
the sheet for which = +0.5773%5..., imagine encircling the
point % = 1  in the counterclockwise direction at s distance of
1/2, and give the numerical walues of f£{z) after one, tuo,
three, and four half-revolutions. :

(e} As in Aldce's Looking-Glass World, a function may have quite
different behavior on its different Riemann surfaces. You cen
appreciaie this by exanining Exercise 1% on vsge 24 of ayrier,
Lrook & Pearson:

Verify that a suiltebly defined braach of

al

?{n) = lm{b ¢~J%:%}

ig single-valued im the z-plene outside of a line
Jolning the points 2 = 1L and % = -1, Show, howeveyr,
that 1f one enters another sheat of the Riemsnn surface
by @rm?ﬁimg thin line, there will be a branch point at
z o= LN/12,
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Solutiong to Bxercise Set 1L
ME 201, APPLICATIONS OF COMPLEX VARIABLES
12 QOciober 1979

L, The bilinear transtformation. (8) If ad«be = 0, the tranaformation

degeneratey to x = /e, which maps the entire sz-plane into & aingle
point. (b) Unless o = O,

ieh is clesrly s votatlon-snd-magnification followsd by ¢ translia-
thon foillowsd by an laversion followed by a second translation.

(e} Bolving for 2z gives 2z = (-dweh)/{ew-a), which iz bilinenr.

(4} ¥2 w = (ag+b)/{ezvd) snd s = {(AwsB)/(CwsD), then

-{ e N % ; \. a pe
5= “%%%%%%%ﬁ?%%%%%%” s which i ggein biligear.

{e) Setting =z = del® gives w = $(L+1tan6/2),

&1

A

Ty T 2 . 2 “ e i % ; /
which is the inlindite vertical line through ”mmfnfémﬁw ﬂmmAm%mgw
w = 1/2, The interior of the circle in the % w_ﬁi

z-plane maps to the right of that line.

(£} The derivative (4/dz) a(l+s) = 1/(L4z) is not defined at 2 =
=14 which is the nearest singular point. The ratioc test gives
foe e maps a0 fhe radiue of convergence

wte 6o &
R = 1im wﬁg = um 8L o,
nd o § O n
Recasting the Tunctien In(l+z) as
z/{1+z) gives

fa

series in powers of w = -

2 W3 ) s
| : W W: W Dt
n(iez) = « Wn(lew) = w + 25 + FT b oo T SUGIAN

2 31 T 6 e o
FThis likewlse has unit radius of convergence; bub |jwl =

corvesponds to Rez 9 =1/2, 80 the recast series converg
all finite veal 2 greater than {or in fact equal to) -1/2

. “ a e LA
. Branch points and the Riempun surface, {(a) Since £ (2) =
- uin “ 3 2 2 o 3 .« =X
(z-1)}"7, the derivative is undefined at 2z = 1, which iz therefore
1 singular point. Setting =z = L+pet? gives £(z) = p¥ e*®Z gnd

this changes sign when @ 1s increased by 2un, so the singularity is
a branch point {of order 1).

2 - . ] . P > ‘x“ o ¥ o ¢

(b) Setting & = 1/z gives £(z) = {1-¥)g %D  The origin ig evie
Cently a singular point, and setting ¥ = pe*? shovs as above
that it is & branch point.

{e) Bvidently £(z) = gkzml}/{g+l}ﬁ% has branch points at 2 = *1.

o .3‘. B - 4 .‘ Y
However, although each feaotor (z-1)% and {24137 has a beanch

point at infinity, it is easy %o P
verify that thelr ratic does not. )
In applications, one would ofven . X :
use one or the other of the twoe ”“”j*wfmmﬁwmﬁ' R R g

branch cuts sketched, 1 “4 1 9

4

{4} The corresponding two-sheeted Riemann surface

eannct be properly comstructed without one . P e o e e o
sheet passing through the other (without ‘ﬁ‘ %ﬁ?
intersectingl!}. That defsct can be aveided ’ f@ﬁ ;5?
by constructing the surface in elther of the et 7/

1 4 S 4
ways shown below, A






Howewer, this
has the defect
that in en-

o e LY Y 4
NN :a

-
?{’ -
LTl ) A—

wl 27 4 t Q*“}mm.,,,
eirveling L Rty ;}j
gither 8ine e 4

galay ¢ ff!
point the £, 4

gonventional ,
positive counterclockwise sense is reversed on the lower sheetl. {0f
course that is only a5 viewed from the front; a man making the trip
would see the lower sheet Ffrom our rear, and regard himegel? as still
going counterclockwise.) On the cirele 2z -1 = 1/2, the values of
{ after zero, one, two, three, and four half-revolutions ave (5}
s 0,4472 (NOT 0,57735 as staved!), (3)=Fi, ~(5)"%, -(3)-¥1, and
again {5)%.

{a) The functiom  {z+1)/{(z~1} has branch points only at = = 1 and

" om o= -t, and so resains single-valued 1Y we do not cross a oul
joining them. However, that does not mean that the logarithm is
pinghe-valued. {(For insgtance, 2 is single-valued, but its logarithe
18 not.) However, traversing various contours around the cut in the
se-plane we find ovrselves desoribing contours (in the opposite senge )
in either the right or ledt half of the plane of J{z+l§/(zal)a

e

We choose the right ' X

. 4 e o~ g
helf-plane (so that, A E?j N oy
for example, L E] e Lol
2 e 1R > ’ . = = % ge\, , ’A\,E/
g T lw. ma.ps »# ” ﬁ Wm‘w V‘V\EMQQP
into 5 rather s e N T G P,
than ~%). Then Ser, *\ﬁ e 1Y ;= &
the logarithm . f?””wwwfkﬁ“wfmm° " UTeie T ha
iz confined to N S L ol 5 | | il j.
oue oft ite " - Py »7 g, )1

!
infinitely many o \: f
aingle~valued sheets, . bﬁyﬂ N4
becanse the angle is confined between -u i i
and © w- for exauple, to the princival branch, on which the logarithm
af a positive real number is real. However, if we cross the bLbrench
cut in the z-plare, we enter the other Hiemann sheet, which maps
into the left half of the plane of {z+l)/(z-1).  Then =& = 13/2
maps instead into -5, so the argument of the logarithm can vanish,
giving a logerithmic branch point on the second sheet. {The takk
of connecting those denumerably infinite sheets with the other two
sheets is left to the artistic rﬁader3)~~ Jj;
; \ 5y ) \
ﬁS\\k i// (Tﬁ;,%' n
—_— . AN N p ! . fon
(03(5 «V 3:"2'/7 : ‘ \L » ml S® T &% fo v %YM”

, [.«2(0 ' //'.’ , AA‘DESM,»L‘J"’& ]6[5 b

Ac,}v JM\,O& PQ(WL‘ i
MO%@&S “e«.uu, % Q-“.‘f,ol\u.%' wll conton TL« whe 'i;-l)/w 1 /uz ( )= /otz)(n)






Exérci@e Set 2
ME 201. APPLICATIONS OF COMPLEX VARIABLES
Due Monday 15 October 1979

201; Singulay poiﬁta@ Pind and classify {e.g., branch point,

simple pole, Nth-order pole, removable, essential) all the singu-
larities of %ths function

(%24~l)% Pell wee bvao oL Ll
2 (‘ﬁ_ ?) sin @ o DR T i é;h: 1’7.:':&&.‘;;
CR NP T A L. . ¢

e ! 1 .1 iy " ’ d
B0 v deabbo prlee Bt an sugt
)

2.2, Heating a half-gpace. Rxplain how the function Fﬁ&fr'wb%~~
Z =1 '
1og e
AR D}

can be regarded as a single-valued fuﬁction in the wupper half plane,
bhaving zere imaginary part at (for example) 2 = 2. How does this
function behave for large 2z; does it bave a singularity there?

Convince yoursel? that the imaginary part of this function
satinfies the two-dimensional Implace equation. Thus show that
it gives the solution for sieady plane heat conduction in a seml~
infinite medium &t zero temperature Far away, which is heated along
& portion of its boundary. Sketch roughly the isotherms.

2.3, Integration around a branch point, If we make the functlon m§
single-~valued with a cut, we cannot complete a conbour, and ave
therefore unable to consider, say, its integral around the unit
circle. If, however, we instead make it single-valued by intro-
ducing a two-sheeted Riemann eurface, we can then integrate around

8 closed contour that consists of the unit eircle traversed twice -
once on each gheet.

Caleulate in that way what might be denoted by

: ‘ Q%E z%ldz

Then dravw & general‘eenelugibn sbout thevapplieabiliﬁy of Cauchy's
theorem to functions with branch points.
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Solutions to Bxercive et 2
ME 201, APPLICATIONS OF COMPLEX VARIABLES
17 October 1979

2%, Bingular points. The functi. YL
;).0,’ % F;ll N y? J M 4 !&Xlu on ﬁﬂlwﬁi?&'ﬁnz . -~ ,‘h‘\\
. ) LT R, K xS g 5 va e GRS
hranch points at gz = T, of oxder 13 G;WM,@
slople pole nt # = 1; A NS
doublz pole at =z = 0 (where z,sinz = 0) / : - iy

I y ‘e - 4 2
simple poles at. 2z = N, W= 1,2,3,.00. /7 B ST

. . R AR SRR R R BRI
gaeenhiial siogularity bt @ = oy which is -

a point of accumulation (liwit point) of poles.

£

2.2 Heating a half-spage. The function log (z-1)/(2+l)  hes
Togarithmic branch peints at =z = XL, I% is single-valued if the
zmeplane io cut between those points,

and hence single-valuzd ia the upper é , o
half-plane, We choose the branch on ﬁﬁyﬁ;jf
which the funetion is weal for x > L. wak” A0,

The derivative f£'(2) = 2/{z¢-1} van- ISR 1.0 pil i 3
ighes a8 2 ~» 0, which is a regular - g 4

point.

We k¥now that the imsginary part of any anelytic funciion gatig
fies lwplace's equation. Alternatively, writing tha Lapladte equa-
tion in polar cooxdinates as '

Py  Law, L 2%
031;5 r ar 3:'2 5;92

and caloulating the imsginary part of our function:
$(a) = lﬂg(zal)~jlag(w@1) = log == + 1(@
we nee that ©; and @ are solutions, and hence &0 is thelr d4if-

ference. (The corpresponding verlficetion in Cartesian coordinates
ie wmore lavoriousl) Owe harmonie

funetion : T S
. .3 2y o o (i
v o= @1 _.@2 = tap o eugeSye—- e f S EX y
. K&u,’.y'l?ﬂwl . 1 f‘
is conutant op the clreles : a TP TN e Y
2y/(x8aey@el) = constant. It van- 1 ﬂ'ﬁ~r/i\ ~i AN T
ishes at. infinity and on the Z 5 ~L
boundezy outsize -1% x £ 1, S }/ :
where 1t equals =, Hence it solves pealll RE Y o
the probler of plane steady heat S ¥Eo . WeR 4 W20

condugiion in a half-space with a
length of the boundary heated uvniformnly.

2eds Integration grouvnd s brangh point. Introducing pelar coordin-
pnhes goecording to 2 = raid and integrating from € = 0 to 4w shows
that the integral around both Riemann sheets vanlshes.
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W 201, APPLICATIONS OF COMPLEY VARTABLES

Dus Monday &2 Octobexr 1979
l

Saobe Fovlor series snd paltern of sisng. (lansify the upﬂtﬁﬁ}

tey o Smediatal L dada, - ¢m oem Lexbe et
E . a :} et o ﬂ'z&‘ 2 (% R ;Z) (#{(IQ?
Jom . bty 2 : 1»[/’4’\,#% 4 U]

pooording fo e ana?y?ia ghrnetuwre {(nusher, Location, and nature of
rerons aad singularitles in the aam?lex aldn«, including the poind
3 '

ot b iémlﬁy” multiwriim@dmu9&~ ate. sulate itae Taylor serls

sypanaion about the origin “Har&&u&in-&afiea“)o T the radius of
uﬁmvmrgan@ﬁ given Ly thu rasio test? The root test? ﬂw“uvaDM Ll

pattern of signg, and explain what produses it. Cen you invent n
,@mg‘:nth glnple mode 1 funetlion whﬁap Maclaurin series hoas o 8lgo
pastern with period five?

B2, Compgutsbion of leursnt serdes., Find the laurent sxpans iona of

NI ‘ / ) :
{21} e R SR T s, @ >
- £x oy 2 e 3T )
v N o _ ey s !
{ 53-«).},.-5 o4 G f) T e pelt v - +, R

sboat the peints 2z = 0, &, and aw. In 2ach case‘ulﬁq,ixy the
singalardty, caloulmte the vesidue, sand give the radius of converg-
/ALE » :

7.6, Computation of residues. Find the residue of each of the follow-
ing Tunctions al ite singular pelnt newrest o the origing
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e ‘MM§W , 2

& b e B

(2efz-1) 7

7, ) v \ o
{\Q“({."‘ L. 'g = G“-l vg &r ('"“"“‘Vr«(v'»»('/ s, (LOACUL A Qg.k(‘_ltm '))a:\,;\(/

. X . ) . .
- ¥ e Lo vaNsg Lo ,( "‘}("i".‘) - p ~3
Y 5 ( 5 N {IJ' FR 1/),.»( 4/\% {[4‘7.1"i‘l/~{~,, (
e 0! % ]
’ ;o kS . '
b'i(“) P e b e e s
IR B S A A B B
?,', z' o :
[ ¢
k)
l ':{// 5 i
S PRI o
\ ol 1 T o 1 el o 2
‘ 't..‘{.\:?, a LYoy
X Y. e 4 . ) 214434/| by /) '|)Z
vt IERY 30 % I e V4 ' 1 e T \ (ol. I
J° ( 154 ot f/, l."« : \14
e | 2 Lern hEw
N 1 . N ,
(x! SR ed ) (4-»,\.”.7) a0 (4w »‘\U‘ warl oy
) 0 N TR
ERIER et 7 I=~|Z(~ t\' §7r
*‘l)\\‘.(\ A ’
POyt 4 :
(G 42 S \ o s ; )
' gy (n \{) N a2t
4 F . /



o |-
i / P 1o -
-2

[N,

‘ . : - S e e W S et (sl § S
,a-/a/“ﬂ A TR A 31’“{-3‘257” A AR A RN AR PRSP S e
’ .

. )
A VC b o ! . 7
A AR AR -z

-



e

ré atr caf.i‘f ot

P

. ' Solubiong $o Bxerolse ﬁ’m 3 o
WE 201. APPLICATIONS OF COMPLEXL VARTABLED
Yoduesday 24 October 1979

3,1, Taylor peries and patiern of zims. This i8 8 single~valued .

function with & complex conjugate pair of simple poles ot % = @ 12w

and s simple zero a¥ 2z = -1/3.  We may say thet the £irst form glven

#l80 has g remoeable slngplarity at 2z = 1. Setd sdng W o= 4 /2 gives
wi3 + w)

Wiz

OO T 1 S w"f

and this has a siople zero al ﬁ*he orlgin, B0 We say tm’z%. {2} hoe o
gimple szere at infinity.

The Taylor serdes about the origin is most easlly found from the
first form given, by expanding the ‘denoninator by the binompidl theoyew:
4B g . - ey A . B
a%Tﬁfﬁ . kL+EZMJ&“)(l#&j+Z*?uoa) = Lr2ee3end o2t sed .,

Thus the cae‘ifummn*&as are & *zﬂcpe‘t ition of 1, 2, ~3. Hence the valtios.
anlfger Bre a.repetition of 1/2, -2/3, %; these have no Limit, so

the ratio test fails. On the other hand, the nth root of Ly 2, o ﬁ

approaches unity, soc Cauvchy's root 'é;@m; smwm that the radi \ma u‘ﬁi’

~o sonvergence is wnity -~ the distance %o the nesarest singularities,
: 33 A

The signg are <+ + - wvepeated. The period of thies i set hy the
patr of poles on the unit mm,!’ spaced at multfoles of 1/5 of s
full) eircele; aod the pm‘t%ummm p‘ibizw’n ig due %o the signs of the
o\ _x:wrrs,‘mr ﬂ pattorn of signs with period £ Lw would result from
1~29 in the denominator.

B.2, Gomputatlion of Tavrent series. The ori gin is e regulsy point,

B80 the Isurent expanslon is s Teylow (Mdﬁ*lalwi.r;) serien:
@Bk, 72 o Zi 2

r &
Ty «w{l * ot g'g" Yoood (L 384685 ¢ .0, ) s wu Fhureret e oo}
~ @&

The coeificient of % ia & 3k -gf'ﬂ'.}%fj‘i"“ l The radius of convergence
18 setv by the pole ut @z,

The Lavrent = “yﬂms‘:izm gbout =z =1 98 a triple prﬂtz»

by

N y 4 £ A 4 il
g s : o v afo o o w w.a.»xmrrmuum ‘(‘,0 L. }‘ a0

(2237 (22192 7 p(pery  © {0434 ~

The residue is seen to be 1/2; and thie converges for all z %0,
keoause there are noe other singwlarities in the finite plane,

The Lauavent expansion about the F'N%Qi)’i;i&i aingularity ot s= 00

wiil cunwm;m for all =z » l. Betting z w148 pnd e,\,j%.ﬁ,mdimg fm*
small ¥ yields
T o 3 &30 g 3 )
f.;(a»} 24 w4 4 fﬂ, Fovo b g LML 5E 465 4L, ’(m‘t}iuw bty Ly
ihe ooelficient ﬂ;i: the terams fu /¥, and bence of @ PR ;)
S R (n-3)(n-2) 5 g
. w2, EPAY D I S i
iyg \1 v ;2 E,Xi 4 oovx ? & i:,: R é} I .}o @ﬂ%jﬂg'ég‘kiw 6w

"6
aud any oiher eoofficieont cen Likewlse be found weing @ = 1 Fat il
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B.3. Computation of residues. These fonctions

gimple poles at 2z =1 and -2, g double pole
esgentlsl singwlarity at 2 = 1.

msz%» SRS T evidently has residus
+ 2P (zml}(m¢2§
snz B 'L?/ Etose bas vesidue O ot @

23 o2/ (2=1) 14 {zo1) 3 o/ (5l)
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Brercise Set 4
ME 201. APPLICATIONS OF COMPLEX VARIABLES
Due Monday 29 October 1979

4:1. Integral of a rational function of eosd. Derive the vesuld
(Cradstein & Ryzhil 3.613%.4)

cronds M wll Talv |

‘ ; v -
gﬁ cosnd cos @ 4e ] l+a251“”1 §8§¢f 1
. 7 b Trcengs 7 =3 > °
1 -2ac080 + a2 2 .52

o
Suggeation: The computation can be simplified by first regardiog

a as real, and writing part of the integrand as
the real part of an exponentisl. :

4.2. A mon-rational functlon. Verify Gradstein & Ryzhik's 3.716.2:

S 2 B g ¥
% cos{a tanB) 48 = 5 o
o

4.3. An integral not in the tsbles., EBvaluate the following defin-
ite integral (which I can't find in any tables) for both fal<« 1
and jal »1. Discuss the situation for a = ¥l sand fod = 1.

2n e ) . '
I sm§ c089 In{l-2ac0n0 +a%) ap fc e, g
] . . ¢
WQ %\ PN N ‘
P SR PTIA B TN RN ‘ .
'T R k'.\' \ "tu(c,) Qau ( Ve % ) f}ds ) + 2, ) (E) V)'J + @ ' > ('?O , 5 , - '.}) | 6?(,!:’

B b Lo r
RN t

A
)

Mo

A

Wherever counvenient in the above, you nay use the resunliis
derived in class: ' :

) - ’
2% a9 ~
‘% [ PPN [ SN 12
I 28008948
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{2“ cond 4B .
« - - 2
Y l~Zacad e al
o
28 e \
| 008~ 0 40 .
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Solutions to Bxercise Set 4
ME 201L. APFLICATIONS OF COMPLEX VARTARLES
¥riday 2 November 1979

4.1. Integral of a rational function of cos6. By symmetry, bthe
integral ig helf the m,egm.l from O to 2%, Hence for real o 1t caw

‘be written A g‘m“ edn® pop @ e
240 120 cos®e at
L)

fhen setting z = e = gives a contour imbegrel around the wit sireles

I w .}ag (1ez2 )01

: = dz .
5 4 (zen) (Lenn)

Thie has simple poles at 2z =a and 2z = L/a. Por [al<1 the f£irss
of these lies inside the contour. Its residue is ‘

(L+ad jah-t
: 1-a® 2
Hence by Cauchy's residue theovem I e ff, d: *’&gg 2=l By nppesd %o the
principle of analytic continuation L-a®

we see that this holds foy complex- & with |a] < 1.
Alternatively, ons can use cosn® ¢os® = ¥ cos{nil)e +cosl{n-1j@ .

4.2, A non-rational function., Froceeding Jjust ss in the previons
exsmple gives ‘ A

‘ 295 p X ; ! ) - :«vam b o ,.?;’_,,
£ - X mg Gle tan®q 1 m,g L alesar)/{e24l) o

4 f#3
0
Hovever, in addition to the smimple pole a‘k the ordigin, there are
eagential qingularitiefs on the contour of integration at & = &i.
Rather than compute their residues, it is simpler 0 maks ‘%rm change
of varinble +tan® = x. Then for resl a .
g@@ elnx f"y’ R,

:{; k-3 nrxmw.-na.;rg ‘i}{ s l?

%
00 14 xns f ﬁ%f _ \
If we integrate el®%/(1552)  grownd the indicamied I S EQ "
conhour, 'uw contribution of the large semiclircis :

venishes in the linit R -p» o provided thet & s positive. T pole
at 2z = 1 has veaidue e B/21; o we find :

I om Je™®, a ¥ 0o

Ve
et

However, if & i negative, the conbour muet be compileted with » semb-
cirele in the lower halt plane in crder that ite cuntribublon venledn,
and the reswlt ie instead :

. w , g
£ %ﬂ‘§ a® ¢ 8 € 0.

That the result guoted in the sxercise cannot bs corrsch for bm.h
positive ond negative a is evident from the fact that the original
integral is an even funetion of a, whereas e~% iy not.






w

4.3, An Sutegrel not in the tables. Integration by paxts @
A o AU G &
1 §a€§;§.;n @ n{il-Zacos® v *"J")’}j o 7 %"} -
1 ' R S ﬂ&,%mﬂt} ﬂ“

The tern in brackets wvanishes, and setting mm"'@ RN et
using the results derived previously glves

I = { el W %EE LA
«2ufa, jalwl

Alternatively, differentiatling with wvespech %0 a glivew
D

7o

. X g N 5 > ! # =
Y AR g B L e cos0) ae { «2r, Jjal«€l
da Yo d e fn con O el i 2nfa®, fuf ¥l

gnd thea in Mg*r’*’it}v}&, pgives

T g; ~2ua o+ G, lal<l
{

%

wmff@ + O, fsf » 1

xS

"iu«
vk

o
s}

)
N

(;"'%

Lae

il

When @ = @ the logorithm aod heance the integrand and the Intzpeald

are sore, wo G, w O, The second congtant €, oan
shown $o be gereo, Yor exanple by expanding the Integrand
for largs a.

w

For a = ZL the logariths is infindte at O = Tuf2, but the
cosine is zero, and L'Hospltel's wule ghows thad the predued is
gonveprges. Thua the lvtogral is mmﬂmw 1]
Hivrerwam,
tation -{i@% not occur for other values of o on the vwnld

fi;.
& 0 a,  but with discoatinuous devivabive.

Berd, 50 the integra
on the real ax
Lthin osy

Sikewine b
L by m i

civele, ao the 3 n“‘wa‘;r@? diverges., It does, howsver, have o @&sw%g
prinelipsl velue that is found to be juat ﬁ.hw HEYGLOLR mf the valueg

BPOY oachaed Urow the Inside and the outslde.
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Bevizion of Pirst Midtern Problem
ME 201. APPLICATIONS OF COMPLEX VARIABLES -
14 November 1979

Original version:

A single-valued fuaction is defined on the wpper half of the
unit circle in the complex plane by -

&
CFease  0<e<w 7N
l . . o @ s o gw"%“
Find 1%s asalytic continuation into : S, L¢ '
as much as possible of the complex -

plane, including perhaps onto Riemann sheets. Then describe 1%
analytic structure by characterizing in detall each of its
aingular pointa. ' ‘

Reviged version:

The complex funclion ifwlzafmgm@ﬁh~@§@ﬁg
£(2,0) = i -

2 cos & v !
RN é
is single-valued on the upper halfl I N

plane O < @ < n. It represents the
uwpper semi-cirele of g unit clrcele in _ :
the wz-plane. Obtain the function £(z) which wepresenis the
analybic continuation of this function over as much of the eomplsx
p-plane &5 possible. Do not atitempt to derive this continuation
via the Teylor smeries approximation. The pultivaluedness might
perhaps warrant {the inclusion of several Riemann sheets. Also,
clagsify the singular points for the function £{z) ihat you
obtain. . ' : <
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1,

B
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Bolublions to Midtern Exawinghion
ME 20, APPLICATIONS OF COMPLEX VARTABLES
Wedneaday 7 November 1979

ook,

On the anit civele 8 = %’:‘ﬁ’%, 80 19 =Inz and 2eogd = g lfn.
Haking these gubsiltutions glves the analytic continuation iwnto the
entive compler plane, avdon o denumerably infinite mumber of Hiemsms
sheets: : w By e :
fé@} u c‘ff;ﬁ'\gf}nut‘: °

L]

}\. A Zﬁ

This has simpls poles at 2 = T 1, with residues .i&{ﬁi«f?» +un) on the
wth eheet of the Riemaon surface, sand logarithmis bredeh poinds s
@ ond 2 = W '

Brpanding sbout & = 0 gives

1/%
- 2 B _
g‘“"‘”’m W (l "@"' B "';" 2’,&- g o0 A ' & [ }(1:: ‘%’ @ . P Kg’ b
.1.. @ & = & % .

B osea V¥ (3, “§ "éf‘gg' “3’%‘%“ + 560 ‘3';:":" % oo a}'%; $ oo
Hence we see that the residue at the essentisl sivglavity at the
origin is ek, and the integral about jz]« L1/2 i 2aifes1)
by the residue theorem. The residue at the simple pole at 8 = 1 _
ig emsily seen Yo be -@, #0 the integral about {8ls= 2 is - 28i.
& A shovitount for Uinding the residue at the origin is Ho
eonpute the residue st infiniity accoxding to
Lim |- z€{z) .
Zo0n v o
walch is easily seen %o be 1, and then use the fact that
12 £{z) is anelytic sxcept at isolsibed singular
pointe, the aum of all the residues Including
thet at infinity is zero. ‘

A

Yo extend the ilntegration from - o @ by symmetyy. Sines

goshialy) = coalay), the integrand o peviodic in the y~&hreation
with period 2r/m; so we complete inin & '

the contour along v = wfa. The . e o
integrals over the ends of the in/2e
rectangle vanish suponentinlly as e
R snd 8 - o separately. For : ool i T
a>0 the ooly singwlerity withis =5 :
the eontour ism a almple pole at 2 = in/ls,

5y 1 Be 3.'; 3 3 ¥ - )
T TeRidas Lim A j/é@- s L Adm e by L'Hempital s xule
woln/2e Cothaz zudndon @ #lnhes |
] 3/ :;t:é?v s
Hence lm the limiv P OO

Afgy [ T ASN—.

PN SHshax

Por a < 0 the only singnlerity within the contour liss at @ =
«inf2n, aud the repiduve - and hence The integral -- roversss aigm.

. . 25
e PRi{l/in} = £5 s 8O,

&
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7 Exercise~Setv6 ,
ME 201. APPLICATIONS OF COMPLEX VARIABLES
Due 19 November 1979

i

6.1. Image systems for circle. Use the method of images to find

the complex potential U = $+i¢ for each of the following potential
problems in the half-plane .Rez > O: _ -

a. Source located at (without loss of generality) | ‘_r# 4 ...9
x —-—%~—>

z =1, with g = O on boundary x = O.
b. Same with 8¢/dn = O on boundary. B

¢c. Same for vortex and for dipole at =z = 1.

Then map the half-plane into the exterior of a circle
of radius a, and show that the: corresponding solutions
for that boundary can be interpreted as the result of
adding to the singularity outside the circle an "image"
system of singularities inside. List for each case

the locations and relative strengths of the images. -

6.2, Flow past a circular bump on a wall. Exercise 2 on page 134 of
Carrier, Krook & Pearson asks for '

the complex potential SL(z) = §+id in
the domain D defined by the inequalities
Rz >0 and |z-1]>1, subject to the
- conditions that (1) the boundary forms a
streamline say ¢= 0 and (2) $U(z) —
U>0 as 2z-—-»> o in D.

Map the domain into some standard one, say the upper half-plane.
Then explain (physically, mathematically, or both) why no solution
exists to this problem. Find the solution with the distant boundary
~condition changed to a requirement that the complex intensity $2(z)
approach an imaginary constant iV (V > 0). Likewise find the
solution with $£%(z) - Uz as =z -> oo (which is probably what the
authors had in mind). : :

- ST AN S
A Iy ; /5 o g}’:,x a& . ¢ y lff
(,,\,\1 Az ; ?{7} F ?"rl/ é,e: \i% '5}79 ‘}/K
) BX oy ;
. SN ol VY
(v ) 1) - AR ¢4WL)’®M¢}
ey e Uy
K ' - . WX z® /“ (4]
\\_,\ ) . 3 o T o Ul} % '
] bt B e \ L S e UTeC
I Y b VT ? K lg e 8y '
e algyle SR B RN edrif Uy B
M ’ * ¥
LR AR S M. Sead :
2 ¥
S TR § A t
i ’”J{“‘Hﬁ? & L )fﬂf [T AR W) U“ﬁ u\ \({ z"w"
. )2 o W t
2 AR} g (?'é? e u R \g R .






Solutions to Exercige Set &
ME 20%. APPLICATIONS OF COMPLEX VARTABLES
Monday 26 November 1979

6.1. Jmage systems for circle. f(a) A point sowrce of unit strengith
1ocated at % = 1 has {CE&P p. 117} coaplex potential &2 = Im(s-1).
We can cancel its real pert @ on the line 2= 0 by sdding a
source of opposite sirength (a unit "eink”} at the image point 2 =
=l. Then the coumplex potential is ’

M(2) = In(zel) = n(z+l) = ln%g}*a

{(v) Similarly, adcﬁiﬂg g source of equal strength at the jmage polud
glves () = In(z-1) + in(z4)) = in(z2-1),

and this is purely veal at 2z = 1ly. Hence ¢ vanishes on the line
x = 0, 90 that o6¢/dy = O <there, and hence 8@/ox = 0 Yy the Cauchy-
Itiammn equations.

(¢} A unit vortex at z = 1 has complex potential & = % lu{z-1), so
the weles of real and lmaginary parts are reversed from the two casesn
above: Ffor @ = O on the line =x = O ‘the image is an equal vorkex,

80 that §z) = 1ln(z22-1),
and for of/0nm = 0 4t is an opposite voriex, so that

Wzl = 4 Jpn 2ok
$Az) = iln S

A dipole with axls inclined at angle &X ia obtained by letiing a '
source and sink aspproach each other along a line with that inclination,
thelr strengths increasing inversely as their distance apart. This -
gives for a unit dipole located at 2z = 1 +the complex potential

£ x= @™/ (5.1). Then using the results of part (a) above shows that
Lo =0 on x =0 the potential is

$:{z) = e¥/(z-1) + &%/ (ze1y,
and using ths results of part (b) shows that for 8f/on =0 om X = O
(2 = el®f(za1) « eI/ (2e1), |

A1l these resulis mey be indicated graphically as followss :
/on=0
SOURCE: @
VORTEX : O}
DIPOLE: i

&fo

The circle of radius a about the origin in the g-~plane is mapped

into the right half ¥ -plane by én
pAY .
; LE o oo ahE B
-Cj “m Ay 3 1]
¥ A - . EZB AN £ S P e
TooEve Lea
f‘{.a .







W)

A wnit source nutside the eircle on the positive resl axie &L % w L
ie xmppad into o wnit source in the Heplane at = (Pul/{f+a).

For @ = ¢ on the boundary, the solution in the ¥ bplmn@ ig givem;
by the mﬂthed of images (as in part a above)-: by
- £ gfu fwa%
AiZ) E@riw = m{z zn@“"ﬂa - €+(f»a} Tin

Then mapping back gives the solution in the origin&l g-pleane a8

Seiz) = f+30 = h3§$£x£% = Zn(z«f)a~£n{ §¢ucenata
2 - as
Thig can be Interpreted as the source at 2z = £ nu%ﬂide the circle’

plus an image smurce of opposite sirength (a "sink®} ineide the @ircl@
at the iaverse point =z = al/f. :

For 6f/dn = 0 on the boundary we might ﬁupp@s@ ﬁha% tha math@& @ﬁ
jmages gives similarly (ap in p&rt abcve ,

| fon 2
X(z) = ln(&;’«- G vin{% "m) { {g:;a}}
Howevey, aapplng bach to thse original z-plane would g&wm C
Sb(z) = IndalaDizf-a ) _ gy En(fwm} *En{zv@i-&c@nwﬁo
{f+z) (z+a)

and thia show39 in addition %o an image source at the imversv paim%,.'

& double sink on the boundary at 2 = -a, which spoils the solution

there. VWe can correct this defect by recognizing that we can add &
source of any strength at the point & =1, together with {ts image st
L N bec@uae these correspond to 2 = 0 and 2 = Qq ~Chousing ite
5trangth to cancel the sink at 2 = ~a glves L .

X h{' (32)] - - 5%

\ £} {zf-a?)
(z) = lal2

& ‘{f"*‘ﬁ)z o
Thus the correct image system is an @qual source alt the lnverase g@int

plus an egual sink at the center of the clrcle. FProceeding in the sams
way for the oiher cases yields the results sunmarized grapbically belows

i

and

av . . .
s Zn(zm£3+ln.{?m§«j}m§mg & gonst.

g0, N /o = 0 47
KSQinCEg % (9 ! @D . 1

) ‘
YORTEX ; L €9 r;;; 3

‘ ¢+~ %‘\X (! ™ o
DIPOLE: / '%I e | %} X4
| K\ R / . M‘l‘l} ‘

In +he case of a dipole, the image 1n%1d@ the circle is weaker . than
the dipole outeide by the factor (a/f)<.






For the cases with 3/dn = O on the eircle, these rewulis ave obbainsd
wore guickly by applying the circle theowen of Milne~Thomson (oo o .
( """" N atical Hydrodynawics, p. 154, Macmillan, KY 1960): if ths poiuniion
S without the cireular boundary is S = £{z), then that wiih the eandaiy
lg o= {8) v £%(ud/n). [Here 3f £{z) = 6z + 312, for exmmple, then
PMmY = bz - 3328,  Caveier, Krook & Pearson ask Tor the proof of ibis
theoren in thelr Brercise 10, p. 119; but they gquote it Ineoxrvectly.

6.2, Flow pant a cirewlar bump on a wall. The given domain L& sieply
sonnsoted (8o that there is no ciroulation to be foundd, and masd
therelfeore be mapped inbo another simply connected domslm, sneh as
hald plane. OF the many possible sequences of mapping, the following
ie perhaps the simplest: , '

S s 3 '\ .\R.
i %51.3"’ - @ - pltiw &1
’ ’ " g" s * .8 8
’ b o 9 o :
‘}gﬁe::\ "*81*‘,'«"’ f‘f:u.;‘;
S ¢ € : L3 .
ST . R © o o 5 G R
o RIS B riLica O 4= O
g; : g!“i g ’ 'f‘ : f&ji
e ‘o s w(-&)_& /}("QS\) ' ;} w @ ‘ -
N . ] ) KR i\«‘*g = ?:i“‘:”)(:»i eV ‘tﬁekréf‘édg
Gontracting this chaln gives the mapping a8 & = cot(wn/s). The poims
( Z = ¢d is mapped into ¥ = o, with 2z ~ #y at great distances,

o . The probvlem in the ¥ -piene is therefore to find an analytic function
2=ty whose imaginary part venishes on the imaginary axis and whose derive-
. tive approaches U/n> far awsy. Evidently no such function exists o .
s Ay mathenatically becauss the two requiremenis are contradiictory far wyp
- the lraginary axise, physically because this would give wniform fiow
Aot M normal fer irom an infinite wall. o :

9N With the distant boundary condition changed to Xz} - LT o
. SY{(z) ~» Uz the solubtion in the ¥ -plane is evidently juss

X o= in?%,’ - or % s %n%gg | .

and then substituting % = cot(n/z) gives the required solutions.

. - The equipotentliald’ —weoee and streanlines - « - - are as shown
. belows . ' o
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Brercine Set 7
ME 201, APPLICATIONS OF COMPLEY VARLIABLES
Due Monday 3 D@cemb@? 1979

Tol. Mozuwell's edge correction for disk viscometer. James Clerk Maz-
vell meassured the viscosity of alr by observing the demping of &
circulay disk oscillating in
ite owp plane between two

closely spaced parallel fixed = Voo i = () B
plates. To caleulate approxl- ]

mately a covrection for the edge it ool V& o

of the disk, his friend Willinm T e = 1,

Thomson showed him how to solve ' : i

the plane potential problem g W w0

indicated in the sketoh: the fﬁ X o

veloolty w nowsal o the
plane satisfien Laplace's euu&timn, wvanishes on two perallel infini

plates, snd ia egual o unity on a semi-infinite pla%@ mi&w&y bﬁ%wa@ﬁ
then.,

{e) 8how how Thomson wwpp@d the region hutWﬁ@u the plates eonf@rmﬁiﬁy
into the upper half of another plane.

{b) Translate the original houndary-valus prohlgm into that auxiliary
plane, and solve it there.

{e} Thue find the solubion for w  in the @riginas ‘plane of the ﬁk~*dhu

T2, buplace inversion by contour iﬁt@%?&?i@ﬂw The solution of a

@af?nLu vibration vreoblenm (Larrmp? Erook & Pearson’s Exercise 11,
. 354) regquires the lunversion of the Laplﬁee transforn

£ ' ' -
F ‘&} = p; (&9 b, 4"’"@&,1};
{ﬁﬁ%a&}{gz+b23

Invert this directly by evaluating the inversion formulia

. . : 'Y °’§"’.‘§..m e i
£{¢) = ’:""z"*f %} &-‘ut Fla) ds,
: ‘ yeol00 -

whare ¥ 48 any valus larvge enough that the Lline of integration lies
o the right of all the singularitics of the integrand. Use contour
integration, completing the contour in the left half-plane. Congider
the wpcviaW cage @ = B. Check L yowr rewalt by decomposing F(M} into
two terms of the form kﬁf{quvf and using koown results.
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Solutions to Exercise Sst 7
ME 20). APPLICATIONS OF COMPLEZL VARILBLES
5 December 1979

7. . Marwell's edge cowewmn for disk viscometer. We zz2y regard
the three plates a8 the degenerate limit of the symmetric gumdrilate

eral of the second eketch. If y

we map vertex Ay 0 L= 0, Ao ' | na

to §= -1, and Az 0 ¥ = 0, then Wﬁﬁwwﬁm%
by symaetry Ay maps to_ ¥ o= 1 Ao e te e el g“""“g N

{as iB easily verified). Then om————— 3 =

the Schwarz-Christoffel formuls . % Pelev Lt e gt w" ]
gives %WWWWF;“W -l K

& o agarte-orte-nt,
6 "55 - 4&&2% v PN I
If we take the consten®t of inte- ’ WQWuNWW _
wmmn as zez'o, this glves Mﬁﬂ:f‘.”ﬁ*w ' e SR
2z/a A wmse St T
= Blalyha), 52w 14672, Ay :

. and the orientation and scale @5? . % . v

the geometry in the origlnal /nfm A
g-plane i as shown in the Liral oo vﬂw G fg]

sketeh. Alternatively, with o,/,/f:u‘ ; “0 E o Al

z = (a/2)la{1-52%) the origin {W_,_ O
. of the z-piene is locatsd at : 4 :

the end of <he riddle plate. ' =k 0 1

. The ‘smnsfo:mpi boundary=-value

problem is sndicated in the third sketch. Using the feew that the
imaginary part of In(z-z,) changes from O for z 22y to in for z <z,
we find the sclution as

¥ o :&33“” Bn{?“‘l) = én{?#&)@ s Q; Im fn g‘f@“ = m% Im cgtn};f“lg .

Hence in the original phys- -
ical plane - L S—

W om "”‘?‘,’ Tm etoh”™ ‘&l + @23’/&} 0 |

At the right is Maxwell'’s
figure showing lines of
constant speed w, talen from
his 1866 Bakerian lecture "On
the vizcosity or internal
friction of air and other

Soc. 156, 249-268. e

ey







1.2, luplsce inversion by contour integration. The inversion theorem

ives
f¥+L &
£{t) = “gf%‘g e g8t s dg
T IYRO (52002 ) (62402
where we mpust take y gremter then a and (57 %m‘
b If we gomplete the contour to the left, -
the integral aslong the extra path vanishes 2
by Jordan‘s lemma, and we enclose simple poles ib
- at ) atiat ia g
B = tla with residues o gons i
2(v7-a%) v e
Cadidt . ~ia
§ = ib with residues oSeoece | ~ib &
= (bé?.,.&a) \ : §
Then the residus theorem gives . g
ﬁ"“"«m@m

£(4) = cosal - conbd

b -l
To check this, we deconpose
5] & 5] 5]

Plag) = 5 ReT . WS OTRCSOSSTMS Gummmnin g S o
(s) (52022} (a2snd) b w8l el gRepe

and wee the known result that the transform of wsot is s/{@2¢&2)°

In the apecial casez b=a there are dcublé poles at 8 = Yia with
residues i elat

E‘ e Ly )
o 45'&
esidue theovem gives
R o ‘(s}-m " Sv R
£t} Z&zznt |
Alternatively, we mey extract this result from the previous one by
letting b —» a and using L'Hospital's rule, -
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