ME 200B

Winter:'80
WCR
(O MATHEMATICAL METHODS IN MECHANICAL ENGINEERING
Course Plan |
Numbers in brackets refer to chapters in the notes.
M W Workshops Homework
500U :
Jan. 9 . Jan. l} Problem 1:
Introduction Self-similar = —— o
' . Self-similar
pre~test solutions. .
‘ solutions
. . (LOTS-ODE)
Jan. 14 - Jan. 16 Jan.18 Self-similar Due Jan. 21
Self-similar solutions [2] Lineay Prob. [2] transformations SO _
Jan. 21 Jan. 23 Jan. 25 _ Problem 2: An
Linear eigenvalue problems and special functions [3] { ODE Review elgenvalue
: ; problem
Jan. 28 Jan. 30 Feb. 1 Linear PDE solu- (Optional LOTS)
Linear eigenvalue problems and special functions [3]] tion; SOV idea ‘Due Feb. 4
Feb.. 4 Feb. 6 Feb. 8 Speeial Problem 3: Inho
Superposition solutions in linear PDE problems [4] | functions mogeneous probled
ni - solution by
N . — — superposition
(/geb. 11 164 1 i?b' l? linear Feb. 13 Linear boundary | (LOTS evaluation)|
SPErposition solutions in linear |, npppy value problems | Due Feb. 25
PDE problems _ ) ,[4' N _ ‘ _ L B
Feb.18 Feb. 20 Feb. 22. Inhomogeneous
HOLIDAY Inhomogeneous problems [4,5] | problems
Feb. 25 Feb. 27 Mar.1 . ) Problem 4: Wave
Periodic and wave solutions [5] ave soluthns propagation prob-
lems by SOV and
Mar. 3 Mar. 5 Mar. 7 o characteristics
Characteristics (71 Characteristics
Mar.10 Mar.12 Mar. 14 )
Characteristics Review (7] | Open review

FINAL EXAM, Thursday, March 20, 8:30-11:30a.m., Terman Auditorium.

All TV students in the Bay Area must come to campus for the exams.
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WCR
_ ME 200B
| ~ Winter '80

ME 200B - MATHEMATICAL METHODS IN MECHANICAL ENGINEERING

INSTRUCTOR* William C Reynolds; office, 500C, 497-4021; home, 948-2952

TEACHING ASSISTANTS

Robert La'Roche, Room SOlU 497 4039
Ramash ‘Jayaraman, Room 501U, 497-4039
Cesay Levy, Room 264 (Durand); 497-2189

TUTORS: Several tutors will be selected from the class enrollment, based on
pre—examination. Tutors will be expected to be available to assist other
students for two hours each week, in return for which they will be exempted
from turning in the class homework. The tutors will meet with the instructor
and teaching assistants weekly for coordination. Tutor Room: 500U
The principal role of the tutors will be to assist other students as
they encounter difficulties in the homework.

TEXT: We have experimented with several texts and have not found a good
one that fits this course. Therefore, Professor Reynolds is writing a new
book, Solution of Partial Differential Equations. A preliminary edition
of this book will be sold through the Bookstore.

It is important that each student have access to the material included in
Abramowicz and Stegun, Handbook of Mathematical Functioms, NBS publication
15’(Dover Press), which is available in the Bookstore.

CLASS OBJECTIVES: The primary objective of this class is to help you develop
skill in solving partial differential equations. Therefore, emphasis on
theory of PDE's will be minimal. If you desire a more theoretical
background, there are courses for this purpose in our math department.

CLASS FORMAT: The lectures will cover the basic material. The primary teaching
methods will be by example. The notes contain additional examples and
exercises that may be worked for practice.

The teaching assistants will conduct small-group workshops each week.

These will be opportunities to practice the methods preasented in lecture

in a close-feedback situation. In addition, some supplementary and remedial
material will be presented.

There will be four major analysis problems which must be done professionally
as homework. These will involve the use of LOTS to a small degree.

~

TV TAPES: Videotapes will be available for replay in the Engineering Library
for approximately one week following live presentationm.

GRADING: Grading will be done by the instructor and other helpers. Rough break-
down: homework, 407%; midterm exam, 25%; final exam 35%. The homework
scores are usually high, and therefore, the chief penalty will come if
they are not done.

TA's and Tutors will meet one hour each week to discuss course progress and to
tutor the Tutors. :

Handouts which students miss receiving in class will be available in metal boxes
outside of Room 500C. Problems will be returned there also.
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TA Office Hours

Robert La Roche, Room 501U, 497-4039
10:00 - 12:00 MW

Ramesh Jayaraman, Room 501U, 497-4039

2:15 - 3:00 MF
9:00 - 11:00 T

Tutoring Hours (Lounge)

MONDAY
1:15 - 2:05 Pat Shea

TUESDAY
10:00 -~ 10:50 Steve Pronchik
As35" - 5205 Dave Goodwin

:?'-./6' 408
WEDNESDAY
1:15 - 2:05 Pat Shea
4:15 - 5:05 Steve Pronchik
THURSDAY ;
1:15 -~ 2:05 Currie Munce
_4:15 - 5:05 Dave Goodwin
/130 -~ 2:30
FRIDAY .
1:15 - 3:05 Pat Lowery
3:15 - 4:05 Currie Munce

Workshops (50QU)

MONDAY
2:15 - Robert La Roche
3:15 - Cesar Levy
4:15 - Ramesh Jayaraman

TUESDAY
11:00 - Ramesh Jayaraman
1:15 - Robert La Roche
2:15 - Ramesh Jayaraman
3:15 - Robert La Roche

WEDNESDAY
2:15 - Robert La Roche
3:15 - Ramesh Jayaraman

THURSDAY
10:00 Ramesh Jayaraman
11: 00 - Cesar Levy
2:15 - Ramesh Jayaraman
3:15 Robert La Roche
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Problem 1 -~ Due January 21

A heat transfer problem of interest near the entrance of ducts, and in hot-film
gages for wall shear stress measurement, is described mathematically by

2

9T

vELOoCLTY T By=—

. PROFILE 7'(’)‘.1) 3y ax

T=Tep -
e A 4 ) = T > T as y > ®
5515 X ©
o f; __f____r__4> T ‘
. T->T as x =0
To Ty °
- %§.= at y=0 for x>0
Here

B is.the velocity gradient at the wall, q is the local wall heat flux, o

'80

(1)

(2a)

(2b)

(2¢)

is the thermal diffusivity in the fluid, and k is the thermal conductivity. These
‘parameters are all constant.

(a)

and

(b)

(c)

(d)

(e)

Develop the self-similar solution to thls problem .z Choose your variables
such that the ODE is

, ”rm y ‘T/"\;‘ Lo (: V\jC/ | | fl.

z £ )/\'l“ 4 ':"{ h ‘(’ Dvl»l\ \V)r “"h‘;“ :‘ * <1
Fe bt AR S T WA S
i (\( 7 v! \ f + n f nf O [ N ..d e L
\ \ U ‘[}‘I L, el dy) d3 v\
’\ b IR T ', .
} 1 PP lep pdfeo
I.I:_Jul'\ " ‘ f' (0) = _l’ f(oo) = 0 dVY (:‘rsd% I"; ;\‘-[

Solve the ODE problem analytically. Use the fact that one solution of the
ODE is f =n. Express the second solution in terms of integrals. Use
integration by parts to get this integral into a manageable form.

Develop an expression for Tw - Two as a function of x, where T, = T(x,0).
Evaluate the constant in this expression, first in terms of gamma functions,
and then give its numerical value.

Using the ODE equation routine at LOTS, or any other routine for solving a
system of simultaneous first-order ODEs, solve the ODE problem numerically.
To do this, generate a solution to the ODE satisfying f'(0) = 0, £(0) =
Then, take a linear combination of this solution and the solution n to
construct a solution satisfying the boundary conditions. Check the value of
£(0) determined numerically with the value from your analytical solution.

Plot the self-similar solution in a form that renders it as a single curve
(something v.s. n). This curve would be useful in determining the degree to
which the thermal boundary layer penetrates the flow.
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Problem #2, due: February 4

Work Problem 3.5 in the notes. You may skip Part C. Sketch

the mode shapes and node lines for a square tank for the
first five modes.

Now work Problem 3.4 in the notes. Do the experiment

requested in Part D, using a ruler and a watch as the basic
measuring instruments. ’
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Problem Set 3, Due: February 25

Aluminum is to be cast in the form of long annular billets, shown below:

-The billets will be cooled by natural convections to surrounding air. The transient

temperature history in the billet is described by:

5 . 8T, _ _ 9T
o =(r 50 =T % | (1)

where r 1is the radial coordinate, t is time, T is temperature, and o is the
(constant) thermal diffusivity of the aluminum.

The boundary conductions are

oT

Yl 0 at r=r, (2)
(negligible heat loss to
the inside air)
9T - '
-k 5t - h(T - T ) at r =T, (2)

(convective energy balance
on the outside surface)

The initial condition is
T(r,0) = T, (3)

Your job is to develop the analytical solution to this problem, and to prepare a
non—-dimensional graph describing the surface temperature Tg = T(rg,t) and the
inside temperature T{ = T(r{,t) as functions of time, for use in engineering analysis.

1. Note that T = Tw is a particular solution of (1) that also satisfies (2). This
suggests that the solution should be saught in the form

T(r,t) = §(r,t) + T

Develop the ¢ problem. State the PDE, BC's, and IC for ¢.



page 2

Consider next the homogeneous sub-problem for ¢, formed by the PDE, and
homogeneous boundary conditions. Develop the eigensolutions for this problem

using SOV, with ¢n = Rp(r) + Fh(t). Choose your constants so that R satisfies
(rR')' + A2rR = 0. Derive the characteristic determinant D(Arg; ro/ry) from (”}
which the eigenvalues will be determined. This will involve both J and Y

Bessel functions.

HINT: See HMF 9.1.28.

Denoting the eigenfunctions as R, derive the orthogonality property of the
eigenfunctions needed to determine the coefficients in the eigenfunction expan-
sion of the problem solution. Then, construct the solution to the full problem,
including the initial condition. Express the constants in this expansion in terms
of the Rp. (It is easier not to write Rp in terms of Bessel functions at this
point.) Derive an expression for the denominator integral in the expansion
coefficient using the methods developed in the notes (and class).

For the case ro/ri = 2, B = (roh/k) = 1, calculate and plot D(Arg) v.s. Arg
and find at least the first two roots of this equation. You can do this by
hand, using HMF, or you can do it on LOTS using my Bessel function routine and
root finding routines. If you use LOTS, you might as well find at least five
roots. Then, determine the constants multiplying J and Y in the solution.
Normalize the eigenfunctions so that Rp(ry) = 1. Plot the first two eigen-
functions v.s. r/ro for this case, using a few points.

Finally, for the case of part 4 above, derive expressions for (T{i - Tw)/(To = Tw)
and (Ts - Tw)/(To = Tw) as functions of t/(ar%). Plot these quantities on

log - log paper, showing both the one and two-term approximations to the solu-
tions. Graphs such as these, with B and ro/r{ as parameters, would be the
results of most utility in éngineering analysis, and would be what you would (f\
produce if doing this problem for ALCOA.
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FINAL EXAMINATION ~- Closed Books and Notes ‘

Part I is optional. If you are satisfied with your performance on the self-similar
. problem on the midterm, you do not need to work the self-similar problem in Part I.
(Aw If you are satisfied with your performance on the eigenvalue problem on the midterm,
you do not need to work the eigenvalue problem in Part I. If you work either of
these problems, the higher of your midterm/final scores on each type of problem will
be used in determining your course grade.

PART I -~ Optional; see above.

(50) 1. The equation describing the temperature field in the boundary layer of a fluid
downstream of a heated region is

AY

0
! Yo
=
2
9T _ oT
—5 = By 53 . - (D)
oy
A ‘ - 3T
T+T, as y >« and as x>0 for y>0 (3)
S y(T -Ty)dy = E ‘ (4)
0 .

Here T(x,y) 4is the temperature, T, is the constant free-stream temperature, B

is a constant, and E is a constant related to the energy deposited into the

layer over the heated portion.

Develop the self-similar form of the solution to this problem, in the form
T-T, = ..

This will involve a function f(n). Give the ODE and boundary conditions for

f£(n), BUT DO NOT SOLVE THIS EQUATION. Explain how you would evaluate all
constants you introduce in forming the solution.

(50) 2. The neutron flux in a cubical nuclear reactor is described by
‘ 2
e ¥ 0y + 0, + 170 =0

xx 'yy
b =0 at x=1 0. =0 at x=0
(v)‘ ¢' =0 at y =1 ¢y =0 at y =20
¢z =0 at z =1 ¢z =0 at z =20

The parameter U 1is an eilgenvalue associated with the control rod placement.
Derive an expression for the smallest eigenvalue of this problem. Express the
eigensolution ¢(x,y,z) for this problem.



PART II ~- To be done by all participants Page 2 of 2

(50) 3.

(50) 4.

A high-voltage wire stretched between two towers is put into oscillation by
an earthquake. The displacement u(x,t) of the wire is described by

2 2
fre e,
Ix at
u(x,0) =0 (2) u(0,t) =0 (4)
ut(x,O) =0 (3) u(L,t) = B sin(@t) - (5)

Here a and B are constants, and 8 1s the frequency of oscillation at the
tower where x = L.

Develop the solution to this problem. Prove any orthogonality relationships
involved. Give expressions for all constants that appear in the solution.
You may leave constants expressed in terms of definite integrals.

HINT: Start with a particular solution.

The one-dimensional convection of a scalar contaminant in an unsteady flow is
(neglecting diffusion) described by

c, + Atcx = 1 (D

Here At -is the velocity of the convecting flow, which you will note increases
linearly in time.

(a) Determine the characteristics for this equation. Express x as a function

of t for the characteristics, and sketch their positions in the x -~ t
plane.

(b) Develop the solution c¢ to (1) satisfying the following conditions:

c(x,0) =0 (2)

it

c(0,t) 1 (3)

This will involve two regions in the x - t plane. Express the solution
in each region as a function of =x and t.

NOTE: The solution is desired only for t > 0, x > 0.
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WCR
ME 200B
Winter 79

ME 200B - MATHEMATICAL METHODS IN MECHANICAIL ENGINEERING

INSTRUCTOR: William C. Reynolds; office, 500C, 497-4021; home, 948-2952
TEACHING ASSISTANTS:

Alan Cain: Office, 501J, 497-3220
Ranga Jayaraman: Office, 501T, 497-4039
Cathy Koshland: Office, 520 Loft, 497-0393

TUTORS: Several tutors will be selected from the class enrollment, based on
pre~examination. Tutors will be expected to be available to assist other
students for two hours each week, in return for which they will be exempted
from turning in the class homework. The tutors will meet with the instructor
and teaching assistants weekly for coordination. Tutor Room: 500U
The principal role of the tutors will be to assist other students as
they encounter difficulties in the homework.

TEXT: We have experimented with several texts and have not found a good
one that fits this course. Therefore, Professor Reynolds is writing a new
book, Solution of Partial Differential Equations. A preliminary edition
of this book will be sold through the Bookstore.

It is important that each student have access to the material included in
Abramowicz and Stegun, Handbook of Mathematical Functions, NBS publication
SI (Dover Press), which is available in the Bookstore.

CLASS OBJECTIVES: The primary objective of this class is to help you develop
skill in ‘solving partial differential equations. Therefore, emphasis on
theory of PDE's will be minimal. If you desire a more theoretical
background, there are courses for this purpose in our math department.

CLASS FORMAT: The lectures will cover the basic material. The primary teaching
methods will be by example. The notes contain additional-examples and
exercises that may be worked for practice.

The teaching assistants will conduct small-group workshops each week.

These will be opportunities to practice the methods presented in lecture

in a close-feedback situation. In addition, some supplementary and remedial
material will be presented. ‘

There will be four major analysis problems which must be done professionally
as homework. These will involve the use of LOTS to a small degree.

TV TAPES: Videotapes will be available for replay in the Engineering Library
for approximately one week following live presentation.

GRADING: Grading will be done by the instructor and other helpers. Rough break-
down: homework, 407; midterm exam, 25%; final exam 35%. The homework
scores. are usually high, and therefore, the chief penalty will come if
they are not done.

TA's and Tutors will meet one hour each week to discuss course progress and to
tutor the Tutors.

Handouts which students miss receiving in class will be availeble in metal boxes
outside of Room 500C.
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ME 200B

Winter '79
o WCR
MATHEMATICAL METHODS IN MECHANICAL ENGINEERING
Course Plan
M w o F Workéhops Homework :
Jan. 5
Introduction, | —==——-
pre-test Problem 1:
Self-similar
Jan. 8 Jan. 10 . Jan, 12 ODE Review Solutlog}_s
Self-similar solutions .
Jan. 15 Jan. 17 ‘ Jan. 19 Self-similar
. . , , X Due Jan. 22
Linear eigenvalue problems and special functions transformations '
Jan. 22 Jan. 24 Jan. 26 Linear PDE
Linear eigenvalue problems and special functions solution N Problem 2: An
- : eigenvalue
Jan. 29 Jan. 31 Feb. 2 Special problem
Superposition solutions in linear PDE problems functions :
: Due Feb. 5

Feb. 5 Feb., 7
Superposition solutions in

Feb. 9
linear PDE problems

Linear boundary
value problems

=3
SOV

Mixed-analytical/numerical.solution Canneteonsbica

Feb. 12 Feb. 14 Feb, 16 , Problem 3: Bound-
6reen's—functions , MIDTERM Open review ary value problem|
DE  QenEraLIZ: .
solution by super
Feb. 19 Feb. 21 Feb. 23 None TaiMaraes. position, due
HOLIDAY ~-Charaeteristics- J,uum. Zos. e Tizod. Feb.
Feb. 26 Feb. 28 Mar. 2 Gﬁ:f"c 56%‘ . Problem 4: “Eﬁﬁf?
Use-of-echaracteristics—in-problem-solution racteristies Soiution<b¢?4amJ
Teviodee 4 uswt sebi.. characteristics,

Mar. 5 Mar. 7 Mar. 9 Numerical.. Due~Mar+—12~
-Introduction. to numerical.-solution. (., ..t fecr solutions” Hheesherditic.
Mar. 12 Mar. 14 Mar. 16 N 'i)ﬁ'z&«« /@Lu“:ﬂ-ul

one None

FINAL EXAM, Friday, March 20, 8:30-11:30 a.m.
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ME 200B

Winter '79
WCR
' MATHEMATICAL METHODS IN MECHANICAL ENGINEERING
(revised)
Course Plan
Numbers in brackets refer to chapters in the notes.
| |
M W ' F Workshops Homework :
Jan. 5°
Introduction, —————
pre-test Problem 1:
Self-similar
Jan. 8 Jan. 10 . Jan. 12 ODE Review Solutlons
: Self-similar solutions i21]
Jan. 15 Jan., 17 Jan. 19 Self-similar N
i . ) .Due Jan. 22
Linear eigenvalue problems and special functions [3] | transformations
Jan. 22 Jan., 24 Jan. 26 Linear PDE solu-
Linear eigenvalue problems and special functions [3] | tion; SOV idea Problem 2: An
eigenvalue
Jan. 29 Jan. 31 Feb. 2 Special problem
Superposition solutions in linear PDE problems [4] | functions .
' o Due Feb. 5

Feb. 5 Feb. 7 Feb. 9 Linear bound#ry
Superposition solutions in linear PDE problems [4] { value problems
| Feb. 12 Feb. 14 Feb. 16 ooen revien Problem 3: Inho-
ODE Generalizations [4] | MIDTERM P mogeneous problem
- solution by super
Feb. 19 Feb., 21 Feb. 23 Inhomogeneous position, due
HOLIDAY Inhomogeneous problems [4,5] | problems Feb.
Feb. 26 Feb. 28 Mar. 2 - 1 Problem 4: Wave
Periodic and wave solutions [5] ave solutions propagation prob-
' lems by SOV and
Mar. 5 Mar., 7 Mar. 9 , characteristics
Characteristics (7] Characteristics Due Mar. 16
Mar. 12 Mar. 14 Mar. 16 .
Characteristics [7] Open review

FINAL EXAM, Tuesday, March 20, 8:30-11:30 a.m.
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ME 200B
Winter 1979
W. C: Reynolds

PROBLEM 1 - Self-Similar Solutions

This problem involves the solution of two self-similar problems associated
with undersea disposal. erte this problem up in a readable manner, as you

would if doing it as an analyst for the Ocean Dumping Enterprise (ODE).

1. G kg of. gunk is deposited at time zero on the ocean floor. Neglecting
currents, the equation describing the concentration g of the gunk is

L3 (228) . 238
%3 (r ar) I T (1.1)

where o is the (constant) diffusivity for gunk in the sea. The boundary
condition far from the spot is

g(r,t) = 0 as r -+ (1.2)

The fact that the total amount of gunk is fixed is conveyed by the

constraint
[e]
-, —
2T r~ g(r,t) dr = G = constant (1.3)
0 v :
a) Solve the problem and give an expression for g(r,t) . Choose your

similarity wvariable in the form Br/t™ and normalize your similarity
function such that f£f(o) =

Hint: What is (n3f)'-? See also HMF §6.1.

b) Let T = OLt/r2 . Calculate (LOTS suggested) and plot gr3/G vs. T .
This is a curve that an engineer might use to estimate the maximum
concentration that would develop (and when) as a function of distance
away from the deposit.

2. A steady stream of fluid emerges from a pipe submerged under the sea. This
forms a 'radial slot jet'" as shown in the sketch.
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In a simple model of the turbulent diffusion processes involved, the
equations for the radial and vertical velocity components, -u. and v ,
are ' :

2
du , _ 3du du
u 5 + v 52 € ; 5 (2.1)
z
du , u , dv _
. + ” + S = 0o (2.2)

(2.1) is the radial momentum equation and (2.2) is the equation of mass

.conservation. The turbulent diffusivity € is modeled as

€ = aql . - (2.3)

‘where a is-a constmat, gq 1is a reference velocity scale for the turbu-

lence, and £ 1is a réference length scale for the turbulence. Experience
with other jets suggests that we use. the jet centerline velocity for q ,

q = u(r,0)

This velocity will decrease with r as the jet fans out. £  must be a

~.measure of the layer thickness, which increases as the jet fans out. We

will use as & the distance from the jet centerline to the point where
u(r,%) = 0.5u(r,0) , as shown in the sketch.

The strength of the flow is fixed by the xadial momentum flux, which
may be shown to be constant for this problem,

[+ ]

/ruzdz = M = constant (2.4)

(o}

The boundary conditions are - as follows:

-2—






u-> 0 as z > © (2.5a)

v=0 at z=0 (2.5b)
du _ 0 at z =20 (2.5¢)
3z (2. c

With these assumptions, a self-similar solution can be obtained. This
solution represents the "far field" flow away from the jet origin. We

- .can express - € in terms of the similarity function for u , namely f£(n) ,

and in terms of N, » where £(ny) = 0.5£(0) .

‘a) Assuming that u = Ar"£(n) , V= Brmg(n) ,, N= Bz/ra , - find the

values of n , m, and o which yield a self-similar solution. Choose
B and.-B such that the differential equations for f and g are

g' = nf' (2.6a)

E(O)E" + £'(Nf-g) + £2 = 0O (2.6b)
Note that, with these choices, & = nora/B cand q = Arnf(O) . Give
the boundary conditions on- f and g . Give an expression for A as

determined by the integral constraint .

- b) Solve the problem numerically using a standard routine for systems -of

first-order ODE's (see.notes pp. 220-221). You will do this as an
initial value problem, starting at n = 0 . Since (2.5) and (2.6)

‘are homogeneous in -f and g , if f and g are solutions then kf
and kg are solutions. Hence, you can choose  f(0) =1 without loss
of generality. Then, you-.can use the normalization condition for f

as a third condition at n =0 .. (2.5a) will be satisfied automatically.

The integral condition involves 1I(®) , where

: , n ,
I(n) = ff~2<c> do C@2.7)

o}

- Thus, by adding a fourth variable I(n) to your equation_éet, governed
by the equation

I' = f ‘ -(2.8)

you will be able to compute the necessary integral quite directly.

-3=
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- Carry the solution out to 1N = 8 . Produce a solution in which each

variable is accurate to four digits.

Challenge: The two-dimensional jet has an exact analytical solution. Can you
find the exact solution here? Hint: try using nf - g as a variable.

c)

d)

e)

Plot f and g as functions of N , and determine the value of n, .
g(©) should be negative, indicating entrainment by the jet.

The value of a would have to be determined by experiments. Develop
an expression for &(x) in terms of a , and discuss how velocity
profile measurements might be used to determine a. .

! / .
Based on knowledge of other similar flows, a value of a = 0.04 is

' .expected. -Using this value, express the jet centerline velocity,
‘half-width £ , and induced upwelling velocity v(r,-«) as functions

of r and M . These are the "engineering results" that would be

~useful in designing an undersea disposal .system incorporating the slot

jet.
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ME 200B
Winter 1979
W.C. Reynolds

PROBLEM 2 - Due Monday, February 5, 1979

This problem deals with the acoustic resonance of rectangular and
annular cavities in emergency steam relief valves in nuclear power '
stations. These valves are designed to open when the system pressure
exceeds a set value. The design includes some annular chambers in
which the pressure builds up to snap the valve open (or closed).

These valves leak slightly, allowing hot steam to escape. This is

no hazzard, as the steam is captured and condensed in the system, but
the loss of hot steam, if excessive, does degrade the system perfor-
mance. The manufacturer desires to install a leak detection system
(retroactive to construction), and the idea is to use a non-intrusive
acoustic scheme. It is believed that the leaking steam blows over
the mouth of an annular cavity, exciting acoustic resonances much

as blowing over a bottle makes sound. This sound is louder than

the background noise at the resonant frequency; then by measuring

the strength of the sound at the resonant frequencies of the system
the magnitude of the leak can be determined (using laboratory cali- -~
brations of sound generation versus leak rate). In this problem you
will determine the resonant frequencies of an annular geometry that
models that in the valve. :

The geometry of the system is shown below:
3 e Ve O @ Pl .
( >BC_ ey L £ _E}F ey
ar

| W teo I%gzﬁ h = 15 cm
ry = 4 em
_,ir ~r _ r, = 10 em
v
—
Yo

The equation governing the acoustic pressure field in the
annular chamber is :

2 1 _
vp - ?Pt-t = 0

-

2
where VP is the Laplace operator; in cylindrical coordinates,

1
Ve = p +—p‘+-r_2p68+pzz
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while in cartesian coordinates

¢ is the sound speed, which you may take as 500 m/s for this problem.

The boundary condition at a solid wall is 09p/9n = 0, where =n
is the normal direction. This is equivalent to the requirement that
the fluid not move at the solid boundary. At an open boundary (the
plane z=h in this problem) the boundary condition is p=0 (cor-
rections are sometimes made at open ends, but we will use this simple
condition here).

1. In order to get a feeling for the analysis,.begin by doing

an analysis for an "unwrapped" annulus below: @%J@ upé\
L@ gV
b SN
ZA \ /% —m \Po,‘l' ! Y)Q@."\’
N w-0¢ ' § =15 cn
! // L ;)\j .
h -y ( b= 6cm
et L A T
/ a2
: -
fe—L —— X

Using the method of separation of variables, determine the
eigenmodes for this problem, using the following notation:

thd = Xn(X) Yn§y) Zj(Z) cos(wnmjt) ;

‘mnmj = 21Tfnmj
Here f . 1is the frequency (hz) of the n,m,j mode, and n,m,
and j are integers identifying the modes. You should find

that n and m can both be zero, indicating solutions indepen-
dent of X and Y, and that j starts at 1. Note that the solu-
tions must be periodic in x. with period L. Express the dimen-
sionless quantity TFyp: = fnmjh/c as a function of n,m, and j
and the ratios h/L apnd h/b.

Then, calculate anj for the given geometry and sound speed,
and order the first ° six modes by increasing frequency in a
table as follows:
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e
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=
N

Repeat the analysis in the cylindrical geometry, using the
following notation:

anj = @n(e) Rm(r) Zj(z) cos(wnmjt)
2 ;
- . s w2 _ a2
Yj = (23 - 1)2h C2 Y = B

Your differential equation for R(r) will involve integer-
order Bessel functions: (HMF 9.1.1) and the functions Jn(Br)
and Yn (Br). The boundary conditions on R will lead

you to a determinant that must vanish. See HMF 9.1.28.
For one value of n the Tables on HMF, page 415, will give
you the required roots.

Tor the given geometry, calculate (at least) the six smallest
values of Bypry. To aid you in this we have placed two
computer programs on LOTS as follows:

BESJYN (N,X,JN,YN,JPN,YPN,ICN)
calculates

Jn(x),Yn(x),Jn'(x),Yn'(x) 3 ICN is an error return index.

ROOTS (FUNC, XMIN, DX, XMAX, OSUB)

calculates the rootsof a user-defined oscillating
function F=FUNC(X). 1In the interval XMIN< X <XMAX.

At intervals of DX the user-defined subroutine
OSUB(X,F) is called so that the user can print F

if desired. Roots are given when the OSUB is called
F =0.

FORTRAN decks for these two routines will be made available to
organizations having registered students in 200B. On LOTS

these are in directory <W. WCR) , files BESJYN and .
ROOTS.



()
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-To use these routines, you need only to write a small ‘FUNCTION

program defining F. Func will call BESJYN. Have your OSUB routine
write F(X) as well as the roots. You can verify that everyting is
working properly by checking against the case for which you can

‘1ook: up the roots in. HMF p. 415+ . - : - Sl

~ Once you have calculated the Bri values indicated above, you

will be able to make a table similar to that in part 1. Give
the first six modes, ordered by increasing frequency. For each
sketch the radial variation R(r). Feel free to use BESJYN
again to get this information if necessary.

RXENDH*
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ME 200B
. Winter 79
PROBLEM 3: DUE MONDAY, FEBRUARY 26 . WCR

In the extrusion of metal from rod, it is first necessary to heat the
metal rod up. A continuous metal wire moves steadily at velocity V through

an electrical heater, as shown below:

3

p

X

The equation describing the temperature'field in the wire is* (neglecting axial

heat conduction)

5 (_at) _ __.dt _
kg; (r -5?) = rpcV % (D
' - D = (Vo
szT-PCP'I:DEt pleccty ahate £2B Uz (V)0) , ok priessns

. . 3
where k, p, and c are the thermal conductivity W/(m:K) , density kg/m” ,
and épecific heat J/(kg°K) , respectively. The boundary condition is, for
constant heat flux, ' '

st i
kar—q‘at r=a (2)

where q is the heat flux W/m2 delivered by the heater. The "initial"

condition is

t' =t~ at x-= 0 (3)

The purpose of this problem is to solve for the temperature in the wire
t(r,x), and then to prepare some graphs useful 'in engineering design.b

The first step in the analysis is to find a solution that takes care of
the inhomogeneity in the boundary conditions.. This 1s the far-downwire
solﬁtion; a little physical thinking suggests that far downwire the temperagture

at any point should be rising linearly in x ; and that the radial temperature

*Thermosciences students should derive this equation. Use a stationary
control volume. '
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profile should be invariant with x . This suggests that you might find

the desired particular solution in the form

e, = Ax + F(r)

where A is a constant determined by the boundary condition.

Develop the particular solution; find the value of A (in terms of
the problem variables) and the function F(r). Choose the constant-

of integration in F such that tp(0,0) =-t0 (an artistic choice).

Now you are ready to carfy out the "entry region" part of the solution.
Assume ¢t = tp(x,r) + ¢(x,r) and set up the problem for ¢ . Note
that ¢ will have homogeneous boundary conditions, and a more complicated

initial condition.

Using separation of variables, develop the partial solutions to the
homogeneous part of the ¢ problem. Choose your separation constants

such that your R equation is (rR")' + AZrR = 0 , and denote § = k/(pcV).
Normalize your eigenfunctions such that Rn(O) =1, and Xn(O) =1,

and give the expressions for the eigenfunctions Rn(r) and the first three

values of the eigenvalues Ana (see HMF Sec. 9).

Taking ¢ as the sum of an infinite number of the partial solutions,
v . v P
o = n;l CR (DX (0 + €

Evaluate the Cn using the orthogonality property of the R eigenfunctions.
These will involve integrals, all of which may be integrated in closed form
and expressed in terms of known functions (including those calculable from
BESJYN) . Work out these integrals using‘one of the most important tools ;b?
of applied mathematics. See notes, Sect. 4.5. CHECK: an/(qa) is a very

simple function of Jo(Ana) and Ana.
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ME 200B

Page 3
Problem 3
DUE: 2/26/79

From the extruder's point of view, the critical problem is getting the
center temperature high enough to allow extrusion, and keeping the
surface temperatures from getting too high. The centerline temperature
tc(x) = t(O,x) and the surface tempefature ts(x) = t(a,x) c¢an be

expressed non-dimensionally as

_(tc - to) k
T, = EErre——— £(8)
(t -tk
= s 9 0
T, P g(&)
where
- kx = L(.« X = [BX ' R 1?"
£ = 2 ® ar lat o = 1a
pcVa

Using the results from above, give expressions. for the functions £ = and

g , and plot these functions wvs. £ . In making this plot you will have

to decide how many terms to use in the series and will need more terms for

small & . Make this a single plot on linear paper covering the range.



ME 200B

Winter 79
WCR
PROBLEM 4: DUE FRIDAY, MARCH 16
® | |
This problem deals with the motion of long water waves moving over shallow
water of depth h(x,y) . The governing equation for the free-surface displacement

z(x,y,t) is*

2
oo &) ()] - o

1. Consider first the case h = constant. Investigate traveling wave solutions

~in a canal of width b in the y direction, assuming
z = F(y) G(x - at)

At the sides of the canal the boundary condition is

zy = 0 at y = 0,b
| 20u,8) |

e v

-

=

a) First show that waves independent of y , having any shape G , will
propagate at velocity 'a = QEE—. Denote ¢ = VEE— here and subsequently.

Express the fréquency of sirnusoidal waves as a function of their length )

*To derive, assume uniform tangential velocity profiles in the x and
y directions, hydrostatic variation of the pressure with depth; and neglect
non-linear terms in velocity and velocity-displacement products. See tutors

for complete derivations.
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ME 200B
Page 2
Problem 4

!
1. b) Next, derive expressions for the wave-length (in the x direction)

and frequency of waves which have a y dependence. Sketch

the wave speed a and frequency w as functions of the axial
wavelength A for the "first" y-dependent wave, displaying the
cut-off frequency Qc below which the waves would not propagate in

the channel. A channel of width b will propagate only one-dimensional

waves at frequencies below the cut-off frequency.

2. WNext, consider one-dimensional waves z(x,t) approaching a coastal area

with the bottom contour as shown below:

h = h = al LLx g

A steady sinusoidal train of waves approaches the coast, with waves

described by
'z = Acos [a(x + cot)] % > L (1)
where ¢ = /gh .
0 o

a) Verify that (1) is a solution to the governing equation for x > L.

b) bevelop the solution for £ < x < L using complex imbedding. Match

z and 2y of this solution to (1) at the point x = L . Assume
zZ = eith(x) , and solve the problem for F . HINT: See HMF 9.1.53.
Then, write F as B(fr + i fi) , where fr2 + ff = 1, and

express the (real) solution in the beach area in the form
n = C coslut + 8(x)]

‘which reveals the traveling wave character of the solution. _Give the
expression for C and ©O(x). NOTE: This analysis assumes that the

wave energy is dissipated in a breaking wave at the seawall,.






ME 200B
Page 3
Problem 4

(f} 2. ¢) TFor the following values, calculate the ratio of the wave height at

the seawall to the wave height in the open sea:

R
]

9.8 m/s? £ = 20m L .= 1000m

h = 10m A= 27m/o = 20m
Are the waves shorter or longer at the seawall? See HMF 9.2.1, 9.2.2.

3. Next, consider one-dimensional waves z(x,t) where h = h(x).

a) Derive the equation for the slopes of the characteristics, using the

method presented in the notes (and in class). Denmote c(x) = /gh

'b) Transform the governing equation to characteristic coordingtes, using

the following independent variables (c = ¢§E)

/s
Ry Cc(X
(/ ’ Looexh)

n = t fxdx'
= - X
A e(x")

For the case of constant ¢ the transformed equation may be solved in

wy
n

closed form. Is the same true here?

¢) For the case of constant depth, find a solution that satisfies the

following initial conditions:

. 2
z(x,0) = Ae-alx
2
z (x,0) = Be-bx
t .
Kiohdekkhk

Qv)‘ CONGRATULATIONS!!! YOU ARE FINISHED WITH ME 200B HOMEWORK!'!'!'!!!

/
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ME 200B
WCR
Winter 79

MIDTERM EXAMINATION: CLOSED BOOKS AND NOTES

Please occupy alternate seats if possible, and refrain from any conversation
with your neighbors. S

Please help us enforce the Honor Code!

v

The exam éonsists of two problems. For. each, reduce the problem to one or more
ordinary differential equations. Define any‘new variables, constants, or functions
that you introduce. TFind the solution to thebordinary differential equation(s)
in terms of special functions given on the attached two sheets, -and give the
expression(s) for evaluating eigenvalue(s) that appear in this solution (if any),
in terms of these functions and their derivatives. If you can evaluate the

amplitude(s) of the soluﬁibn(s), do so; if you cannot, explain why not. If
eigenfunctions ‘are involved, DEMONSTRATE their orthogonality. property.

1. In analysis of the temperature field between a maghetic tape and the read

head, the following differential equation problem arises.

T(0,x) = 0 . T(a,x) = 0 T+0 as x + ®

Solve as ihdicéted'above.

2. A viscous fluid is initially motionless above a flat plate. At time zero,
the plate begins.moving to the right with a linearly increasing velocity. The

velocity field wu(y,t) in the fluid is described by

%y du
ayz at
u(0,t) = Bt
u(y,0) = 0

u(y,t) >0 . as y > =

Solve as indicated above.






ath

1.

SOME MATERIAL FROM HMF
(Slightly distorted for: simplicity éﬁd,godd humor)

'+ w' +ay =0

y = Can(x) + Czwn(x)

where V_and W_ are the nth  order Wight functions,

il
o

n
o

y = ClGn(x) + Can(x)
where Gn and Hn are the nth order Wong functions,

A
1

i
'—-l

G (0)

L]
o

n Gn(“)

=]
i
(o]
ot
N

o
v
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HMF Material Continued

3. gxzy" + xy' + (x2 - n2)y = 0
= ‘ +
y ClJn(x) _ CzYn(x)

where Jn(x) and Yn(x) .are the nth order Bessel functions,

[]
o

Yn(O) > - Jn(O) =31 n

0 n > 0

o l/k\xm%/}\

AN INANVZAT-Zan

y = ClA.i(X) + CZB;_(x)

where Ai(x) and Bi(x) are the Airy Functionms,

N 31
Ai(0) = 0.355 Bi(0) = 341(0)
0 = >
5. " + xy =0
y = Clai(x) + Czbi(x)
where ai(x) and bi(x) are the Nairy functions,
ai(0) = 0.355 bi(0) = /3ai(0)
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WCR

FINAL EXAMINATION - Closed Books and Notes

PLEASE SUPPORT THE HONOR CODE!

Part I is optional. If yoﬁ are satisfied with your performance on the self-similar
problem on the midterm, you do not need to work the self-similar problem in Part I.
.If you are satisfied with your performance on the eigenvalue problem on the
midterm, you do not need to work the eigenvalue problem in Part I. If you work
either of these problems, the higher of your midterm/final scores on each type of

problem will be used in determining your course grade.

PART I - Optional; see above.

1. The equation describing the concentration c¢ of a'pollutant downstream from

" a point source is

98 o0 [poe (1)
rvax ‘Oté?(rar)
The total pollutant flow is fixed, so,
(o]
fer(r,x)dr = Q (2)
o . . ‘ .
V, ®, and Q are constants. Also,
c(r,x) =+~ O as r =+ o (3)

a) _Develop the solution to this problem, and express c(r,x) in terms of r,
x, -and the constant parameters V , o, and Q .
HINT: (xzy)' = 2xy + xzy'.






PART T (continued)

2. Consider theryibration of a rectangular membrane.

'yi\
L
0L >
0 2L
a2(u + u ) - u = 0 - (1)

XX vy tt
WeO 6w all bdw
a) Derive an expression for the natural frequencies of vibration of this

membrane. . Express

0 . Yl

nm a.

= f(n,m)

where n and m are integers associated with the x and ¥y behavior,
" respectively.
of {linm

b) Giye the valuesAfor the lowest two frequencies of oscillation, and

sketch the node lines for these modes.

PART II - To be Done by All Participants!

3. The diffusion of a pollutant from a point source in a river is described

by

— x
(1)
with the boundary conditions
dc
—=| = Q =
By 0 @ y=0,a (2)

At the dump point, the distribution of ¢ 1is

c(0,y) = | (3)






PART I1
3. continued

a) Derive the solution for c(x,y). Express c¢ in terms of x,. y,

and the constant parameters V, a, h, and ag.dtan
b) Prove the orthogonality property of any eigenfunctions you encounter in

this problem, without using any trigometric identities.

4. The convection of a pollutant from a cylindrical waste disposal well is

described by

r | dc Sy, ’ _ ,
’ rgg(‘+ ar(er) = 0 (1)
R a r=vn
- : where the radial flow velocity is
AV W e
v Ty
N . N
‘ = —
| TSR 2)

SRS

-The initial cordition is

C(r,0) = | (3)

Because the outflow depletes the concentration in the well, the boundary

condition at r = r is

o
2 de  _ -
ro s Voroc at r = ﬁ) (4).

a) Find the characteristics for this problem.

b) How long does it take for the first element of pollutant to reach

the point r ?

¢) 1In the region where c¢ # 0 express the solution c(r,t) as a function

of r, t, and the constant parameters Vb, s and Cyt






ME 200B F-1
FINAL EXAM SOLUTION
WINTER 1979 WCR

/. ang—p(*;(r' ) a)

O .

C= Ax"Yy) v = Br/xM

}=>V£M%V'y, Ar/\’”//yj*(/&”’afy) =  2m FAEs p=olumy
Do () A [rx e a7y = O«J[ﬂ}/w«f/

M gn-] = =m +n M"//L S o= —/
4 i/ =4 r/) -
(075';)[”’77‘7‘.2”///7‘67-/’7//*0
Prese 97%5.: 2 O/?///?f/ [“’/’(7"’7 /
| — s =0 = b pe
| _ F[__lf__ 77/’ 4(/%} 7 015[}4
<X | Zle-vy -F:Czcc—%/z
A ¢ Cy =t - "/z_ £
‘ £ =€ - £ o= -zf'/ 2
| Ve
> ~77% =VA. [ O .‘"’iv
(2 f77€ 7= Q 2 )
A.—.&B -V _ Qa

v ZN\/ - 2.0

>C_. Q ‘é._ fl\//(qo(x)

e s,







PN

L J ﬁ’(um TL’?&)* Ut =0
U= E&) ) ’7’/{}

J[L(.Z” \r//)
x 7Y
—o- .;Lgv’- o= a’Z((XLvL-/@I)
DUy SN Y LW=on l/Zvr ) X
X(ls)=x(2Lf >0 Yoy =Y /L)=o ('{Z) i /‘Z")
K= qun (o) X £ s/ fy .
( ) (l ) é.‘.ﬂ."_‘ij:_:;ﬂw,mz g/_g_} T

O\/:._nﬂ- ﬁ.:: M?T =

r-‘) U ' -
_-— e LA
T

2L
|owsesT™ m‘)M—,/- \(LM“_ 77 / ..! 77—/?/2 CND FROSPEY \
pext lowry” m=1,n=2 L, = £ ‘—/ = 7‘F | -r':;‘::
3.. PovE e
BV SNk d¢ .
o o{dtj" —:/-.:c @ 2:0)\4\_
Lgonsolwa e X (e). () VX' oY -5
~ =
THENY X T
\( + A r:/O ? _ Cdﬂ[) ) \= AT
AOE Y a)=0 -\jm“' W T
V):’g))ﬂ

X = é,z;,/—-):'%x) = ec,,/—- i?l;\;jx)

how, g .
Cc= EAn Coof ——-f?) e"f’/— 2:7 %’X>
C(o,/)=-j(y) = 2/1“ i
" =

_ [ Fr9) e (T] As—  alsin/mTs |
Am= = b A
m>o

Cor T/ MTT &
) 3







F-3

For e,
a— .
Y

C = Caﬁ' _,,Z ZCc _;,V,(/vﬂfz'/l)@o/

A

%)

,»)f\rmw@ =0 AFm
Prost f{t{ ”-/' )\,, \r,\ N ""(Ym”f‘)u}\(m)\fm-ﬁ Ax
= o= (\(m rm \ﬁn Tv) /)67“ \{M //C'A)O(S<

. ")L ép\ L) / \{w \rw\ ﬂ(x - SE))

4  ri 3 =0 @
_ 9‘é'-;--\/o o_a_? =0 (

S=3(¢)r) ) =igr)

ré? gf +C177f7> + VQ(O_ _((g‘gr.'f(—v ?V') =0
Lfgf:-#,vﬁfé() C§ B @Mﬁf) (;7 =g

=0
a( '77 = % %lé . 7/64’( =0 Yo :'77/&.5.?:' S cbaracteri7es
=T dr 4+ e, =0 dr . ete
F o+ T

r—-

/L_ré .'.(:\/o(o'l‘-' + LMW ON (/Aav‘f]
9= " _verpt ¢=¢  °

C







TN

F-y
Byl e ] vty =
: / ' ’/// |

e NS

. /mw K bt

w8 eI, Be =

YL%?- 3N Vafb C

BB ) () -t (st
- ) x>

GA()=fle)  FEge
= va[(_z_i_\/afbf)/ml]
CCosh ey [@_“_ o_)/ro‘] = Aexp /z’}'

Ss, |
s eu iy | 1T Lot S )
c= Co &p [ (‘Z‘ _ Ve nrt) Yic ——5j

‘M«\







bl B

uf/ B %,

[
5
)
1
S

o
o,
R
Tﬂ i
o= |
L3
i
im

IBARRTENNE )

ﬁ " A?;:Xs,:c: Xz ee & ™ ] EERE
R RAONE AN X N E IR AR (DI O
Tk AN s (8 Y)Y [=[BA | del(n ) = Y]
Y() =>Atol [ Y[y dy Bilal=lan | || Sk o o
— — ! S S I ""“ak
e + a
AR PEARY L PN EREEEEREN
'''''' Lot s/,ﬁjﬁ - - -
— B IO VA‘ \7 . ,,,_ _ A 4 T — —
fl| 2o [ep | L Neo e | M Ayt | Y= 0Y=0 = Ado| BN o &rtend
e & e IR EEE I
0= & DalCl |VE lew WE [0 [ ¥ T
ATy )
i

el
o |
;

o | | Weyea | | |10 ke T T

i

|

\’

i

i

[

I

{

]

i
SR
Q I

(g

g

o

>

[

13
U
-1z
S TE

q‘,

-

o<

L

_ Blo A T \A & bm Q.' - b\M = 2‘(’(9 Atdr \M“i\t&
(2 o

1o
(2%
£2d
>
5
-
Y
P :7"?‘.}
| D;;\z
v 5
I

IR ) .‘a

G i ,,, 6( “‘?N e A -

ST







" s ' i . / § ¢
Aara Gbor E{)"«#- "7\2&4 5 &) L) &ﬁ% WE s wé\wu‘;b "‘!(?\iﬁw g (S ) \ 4 (&“ Aéu\ ) e vam ‘5:3"‘}‘(#%.«; L( u{{gd;lf(

ﬁ"\ﬁ A

P
3,
T
l
—

(e A P J A
wout| o gelye | N Py b LU S R ]S |
o | U F L o L P P9 i ]
. 3 .
Aot bl thad [ Ul lessAd i &_ 2] =l Al Ay 209 #! “A»w?w-w?\m'\?
. '-.9-/: A &‘}‘( N | @ 0 PR ¢
o - 'S “‘ ) \L , o (L ;——P*
gl | [F Py Ay Ay |14 Cod Wty [( APy eyl A AT )
¥ 2 > Y ¢ ¢ : >\ }n

[
!_.
by
»
ag
D
4
e
o~

, )naE "

13
-5

1IN L
o M O (A&«NC’L + ﬁ» )

N
.l
3
-~
T4
Y
podl
NS
= 1%
N
7
™
fete

} ‘ ‘ ‘ )
. ul ?E - 2 [ ¥ VQ‘ T 8 Coonfva u,:;‘u‘ 0, V5 Vi ‘%?
’ ak Y b ) N
eQeb) | £ )] i
) ¢ il Yo
flo | ¥ W ¥l & @ |r o vl
[2A!
5 A ’ . L5 ¢ | %ﬁ ‘2: R\%‘
Lok ¢ ;6,(“ ) Hlens L»S-' I A N
Aot oET RT E 13] ot
FERERIBESE
i oyl o By "') or
r / e 2% %&ta by I rhyd Be|BE |\ 124 By| o
NSRS FloPY v [ o)

=¥
anvg )
3
.4
e
=
<
<
1—
!sﬁ
S
P 3
<
3
24
=
0
(V)
S
——

i alhv. 4 ) zlri” “\ 'mm @.‘y\ 3

o
25
—=

. M HraVelWl 20 »0hae) oot i
It =1
- ] 210 \

.
o
o
[
——
~

- ' . < thostl it [
R Bl M’i
10
. Qe | b b ]
. : -
de fovb L de db (Vo) o e L] [ tavl)H o off Ll ol 10 W =] tlvot ,%
¥ 4 Pl .




2 v 2 5
' = =k e e Vet =1
; : T = ¥ o - Yo & o o FaVe r
] \o') ww ‘t . O r P V) & N 5 !
nihen rﬁ’@' we. rearh. U Hewan . fo. - lﬁ rFEr 4
¢ oV / ¢ /
ye
Q/@o-mv th)/a-.ﬁ V) ( 1) Aediiet s . | o ' "
7 . YA Vevo .
PC§[,“ MP“O‘(:QD e thD & 7

s ) . AN

| % A § ¥e=a

f)=0 ,
oho e {(-7 ) = 1@ f@)=t§@) e SOL,

\ g L)
(o) = & S(T=F) o
5 . 2 02
M- 75 - 005 (ot %)

z 28 = - N G
- ( P - *] o
M o B’t




it §

rho9C =l brle | _dr =it

at

4 L

2 Y

Yg ryb/v:j “//J’;l
P AR I I YA T r /AL
T (@) T 71\ T3 AQ

D
N
v

-y
N
]
@
PO AN

o




| / Lt ) Ti:“ e Ax [(9
TR BRI Yoo ) A"*"’v“*“"‘/f'“'“"?
%Ay - A %‘Zi»’“{“ >

x}m
= A
X fXM

']%VI A(nxv\;:f*f{\xni‘ﬂf}# ] ;O({A/xn:mjf /_B % A/B\-}”XMXM -‘ (m%\] N
A-,‘wa:; ’[ [ v&r}{:'} - oL AB Y '[{'.; 4"»)} |

A=) = e A,M“ 4 V

apmreeaesissne |

Ay Dfeggf |- BT

N - ;\ (r‘,;"n .
S FVedy '\*}w\] AX“{‘ X g\e) = Q

R 5 B B , e

| ° R =9 Amine @ \ﬂ.“..'\ k '.

: el ] A 4 g% Q
arakepe o

e | e YT

, A=
! Qo )“% ® '\l\;{o«J ©oup?

S
,"w

} ' o
A ZW%“ ' 7
-2 t®Y 4l ) : [ S A
\ r] '\““z_.(,q,; 2?«]40;’\ or - '(“ Z'F ”]dr\;"% £ %}L b

sn,\t,tu% -



..... 8 S AT
LJ ]

As—

R S P

—
4

pdr:

B
¥
iz

s

-<| L3

NP .u;éa

b i ¥ TN RY N N O
ANEKAIUREANZE AN P
) \ . 1T | - ,)‘ ]
s, ﬂwwjff--\/*f“‘/i‘v\* &\\ 4: L %,!\.\, ’WFW\ s O] AX" “‘ K !

N, , 7 ’ ,
N AR Lot xf‘,{ Lol
\\ ) L ', 4 ‘y"f
) ) 7 L
| bk ATty A
s - S L

] X;e?

L 33

&
N
s

AV
2

=

3

Vd

7

EAY

\ _(,?ﬁjﬁ":‘é +

Alher) r

(532

7

o
N

1AY

s
A
NN
.\’~
g
>

s
5
MRy P
5]
+

|

‘XAQ

~I=

—

. K _
BERRDAN IEENENEERD AN
= o JhAFT A 3 ALy 1 Yot Ar,.\\.{ LA PACTH L
[~ | / \
4&,;(: é

5 7
b4
o

i r . a =
Hew \ r/\ BEYEE: R = n ¥ \\
J (o] / "y ‘\,\\ ! e §‘\\
‘// ] N e e \
- |

&

2 L4 X o _f V\\ \
/ K Ré;.\ Il N

z | o A . T N

TR I - .
b / « '\‘ V]' ol A b \f v\\ [ A @ ?xl L c‘) | %\
/ NS Y/ e -
Lol S0 - i I S ) oo - — - 1 T \
"{ =1C @»h%‘ chood -,% | @& f} ) -y o e e
oD (<

f

a M= et a] - 5 > 2 - { - & = -
Jy 1 / /a /w6 7 Av 1 1A 2V &a'e?@t

2
Ad “‘]4, 15

Nadn e

ERICR T e:“\::z,




"'\T‘\
')=V;ax r

2
e &Y ¢ V4
4w

e



C <

M"'G‘
raw ey
a v L =0
| g
Wi
- ’l . . S %“‘
e e 2L
it
L e F[x,t{)e, Hheal
2_7 2,;.. l: jt‘ 2 f dt ) ‘, [N
d“VF & + Wi Fl= o v sthaea) #D

A% o3
a, 72~ + W@ e

D .
“B7 | XM+ YK =] -] w@lyde e VL | p?
(] aY ! )( y m’i
Z Y 2 "o\R
Xlel =il LY"L X AKX bv
X at | )

XE Newapwe ) B A

X®elx(2yao | o) A=p | 2NLalni ar 3

g’ X-:*a;v:% b X(O): G*"('(ZL} L0 | 2p X=0 Mo :u-n'h‘id%'_, .
v =
VINRENN i3 YA (Y- %) Yo V=03
/Y [ g [2X ‘ =
) 3 V=€ brdva » Tj,o«lwa?j =)
\(0) 2V (N Q=3 =0 Wiz wT| - n
V2w
PAITS I R L 2
NN
o po?L? | walr E 2
A.k
FERIN
& v
) Ci) N A)w“L w T2 tes
- “;?TI, A = a _i_\'l "
:é TVE
z l FOUR S N I}
,) | / {/
i
‘1 |
.f I
TNy |
d 0 O Y I O I ) A
< vm“ﬁ







