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In deve the so-cailed clreuiation theory of 1y i” s conveniend

to. introduce 2 yvery =impie type of flow, na‘mly the steady, tivo
{ f"w'n'x-:l motion of o perfect fluid in coneentrie eireles, the Bernoullt
he same vidue throughout tlic fluid.  For such a Aow

‘«zouu’*v constitute a family of concentric cireles,

: will ol
For nurpeses of \:1\".2‘.1.'.-11‘5;.()}'_ it i3 convenient to consider o
sireamlines a8 coineiding with a civenlar ey 1,111;0-- so that the fow is
iz aronud the outddde of such a cvhn fer (Fig, 1-21).

inlon nd ety

Conzider the couilibrinm of L very” sma J1 elcmmxu al o distonce r from

Strecmiines

\
¥

Fic. 1-22. Volume element.
for the flow of Fig. 1-21.

e, 121, Streamiines for
oonmu‘*x i circle flow.

ne center of curvature (Fig. 1-22).  The centrifugal force on the finid
v the clement must be st bolanced by the resultant foree due to

ceswures over the surface.  Considering the element to have unit

nickness pornendicular to the diagram the velume is didr and the cen-
sifumnl foree is pdldr-o2/r.  The resultant pressure foree acling towards
A & A o

curvabure * I

/1
Kp-}———dr

1473

& ~ p,ol\" =L ilrd%

.

Cm ving th 1ose fo; cos and canceling drdl we oomnv

M y 3
ap pv”
dr P

* A more af:cwatc analysis taking into aceotnd the pressures over the radial faces

3 shown for Fige, 1.17 and 1.18, leads

Loexaet] _w. the same res

one of these -
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Now from eouatlo'x - 10, or more directly from t-lc equaiion nreseding
3 Fa IS

1-10, we have; since 3 is taken as constand througheut the fuld,

dp = — pede

Hence
“dv
—pro =
dr 7 )
or ‘
' de  dr
. v 7
and integrating :
' iog v = — log r 4 constant T
" Therefore . .
log v - loz» = constant
log'er = constand
ant
o= 53"—3—-— [1-14]
Hence it has been proved that in such o flow as that which has hoen

considered the velocity iqi nversely proporiional to the radius
d.

‘ture of the strea rm,'le, .e., to the distance {rom the conter of the Sow.

1

The streamlines of Fig. 1-21 have. been
indicates this decrense in velocity with inereasi

~around a cylinder, then as r— O r—> 0,

If such » Jow existed around a point in

T'f}c ‘ooun 1' = O sz,fc there-
o————

i

fore very peculiar propertics and is c'moa o
dynanves, o vortex. The circulatory flow arcund su

cailed & vortf‘\ flow and is

s of fmmnmr‘m:” imBorfanee in 'mtoam.‘.

LLCOL DV
Sinece infl nLc velocitics carnot exish in reality, the vortex poing musé
ither be o fctitious one lying cutside the ﬂmd a8 in the oxnmnle of

Fig, 1-21, or i it Hes in the fiuid the conditions in the neighbornooed of

7= 0.must be different.from those corresponding to cquation 1-14
When vortices do ceeur in o fluid they are eolled free vortices end it iy

V 3

found {hat the clfect of viscosity /*"‘uch was negleciod in deriving

cguation 1-14) is such ag to cause the "or(‘ou of fiuid nen
itke o solid bocv wi tl v o 7, Outside of this central core, whiel

“eailed the vortex core,is 2 transition "(‘."1011, a :ﬁu outside of this "o fnid

]

,«

rotates ’n ordance with equation 1-14,
Dy applying Bernouili’s equation with constant tolal pressure to such

alree vortc <flow it 3s scen bhat the static pressu

»
7
il

drawn so_thot thelr spocing

-

wards the eenter sg Is shown in the disgram of Fig,
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ty and the co"e h s a small dw,m

'«'H suctions ean oceur in the core,

riking examples of the oceurrerce in nature of voxtcx flows with just
rese properiics. Later, it will be scen that every airplane in Sight also

wils bohind 16 similar vortex flows whose effects, although less cata
'z'ophi(r than those of the examples just cited, are still very unpleasant.
: In order to generalize

.

found above to less special-
: ‘VC(L flows, it is necessary
i e o introduce the con ce')tio*l
2 ' of circulation. This has a
very precise mathema ucal

S
o

S
d

cdefinition which wiil first
e stated for the henefit of
readers with matbhematical
iraining. A detailed ex-
planation will then be ai-
-tempted for those without
such training, Consider 2
given cloged path draw:
through a region filled with
moving fuid. Let v be the
fluid velocity ot any point

b}
[on)

- e

v~r

o

A\

[l e

£

v

|
l
|

SO EEPPEIN

: ; r
~O - e along the path, an
——T7rensition Zone ¢ : ¢ be }‘
~—Core element of length along the

path, and 6 the ‘zmgle
between v and dl (KTi 1-24

T1g. 1-23. Pressure and velocity distribution
in o vortex flow.

) Then the circulat ,wlﬁ -
nas T, around the given Yntn or contour is the line nvom ol of v

s 0 around the path, or using the conventional mathematical notation

-t
-t
Ut

L—d

I'= Cg‘vcos{]dl ) . [

e IR

It s easy to see what this means by recalling that integration is
sentially nothing more than o process of summation.  Let us approxi-
ate to our closed path by a polygon of » sides, the lengths of which are,
1, Aly, -+« Al,. J_«nt he fiuid velocity ot the center of ench side be
, ta, +++ 1z, and the angles hetween the corresponding #'s and Zs be

s 00'- -+ 8, (cf. Figs. 1-24 and 1:25). Now con elac:‘ the sum

vy cos 01 Aly - vy cos 0n Aly + sevty, cOSO, Aln =£;v1~ cos 0; Al;

he tornado ar waucrspout are,

] some of the characteristics.
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v 11

obtained by multiplyving each length by the tangential component of the
velecity at its cenier and :mam.b ail the products together, \n"' int

the number of subdivisions increase while their Jengths docrease; then

the “line integral” of cquation 1-15 is n st what 18 ohlained If

7 —> o0 iS 2ppro oached while the length of cach -Al — dl—0. The woerd

Tee .
R

1C LM

Ul ?? Ni{vine “inteeral’ me that vely wrasnc1ree ane Fhe o
4NeT moal \"l n 0,.\}4 weans that the whole L“C(.‘.UCLL«.-,G ana e
. . . . . en
mtcgml itseif are 111" defined if a par ticular :'JZLJuh or line ig SpCClil‘dd
- . N

along which the summation or integration is carried out.
In order to make this a little clearer let us caleuiate, o an examaple,
the circulation sround one of the cireular streamiives of the flow of

Vs
Frc. 1-24. Velocity ‘ Tie. 1-25. Elementary components of .
ot o line element. . cir¢uiation.
1 21. Remember that the velocity is eve"vwrlcrc txv:‘cmml 1o
h a path ond its magnitude at any point is given by eg quation 1-14
wni h is rewritten.

A

Vo= —
~
i

ry e
1-16)

giving the constant of equation 1-14 the symbol 4. Since the velocity
is everywherc tangential to the chosen path (cf. Fig. 1-26), 8 is everv-

~where 0 and cos ¢ = 1. If we let de be the central angle subtended by

the path element dl, then
' ’ dl=rdp -

Hence eguation 1-15 hecomes

’ T = 4{u.1-}d¢= O Zpdyp = cv,(/(zw
‘ . ..) J T JO

At

sign indieates the ndoption of the convention that the integration is to

introducing the expression (1- 16) fors. The vmbo; cressing the lntegral
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2 carried eut in a clociwise direction aro
l

rhitrary velue of ¢, say oy, to ¢ 2,

ind the contour, ie., from a
Since A is constant, inde-

In this expeeiniiy simnle ease the result could h:wo been obtained
dthout any mwgmt’.o'x for, since the tangential component of velocity

V

Fre. 1-27. Alternative paths having the
same circulntion,

ram for cireula-
trie cirele fow.

Fre. 1-26. Di:
tion with enneor

[

os 6 = v = A /ris the same for every point on the path, I' reduces to
e simple produet of this velocity times thedength of path or -

A
= ('_: .= 9
\7_)271*1 27xA

wr‘u appearsin ‘une c resylb given by equation 1.17
bich is that the magnitude of the cireulation is independent of the.
stanee 7, 1.c., T' 15 the same no matter: V'hlcn of the circular streamlines
itside the body of Tig. 1 217 we c’xoow for the path of integration. A
1 more Temarkable result can be rigorously proved, although “the
00f lies outside the limits of the present discussion;
awin guestion the elrenlation T has the same value for every closed
1th which encloses the cylinder just once, c.g., pfthls 1, 2, and 3 of
fz. 1-27, 'The final generalization which i 1% proved In texts on hydro-
mamic theory, and which gives o fTundamental importance to the con-
‘ption of eirculation may be roughly stated in the form: “In o perfees
Hd with constant total pressure the circulalion is identical around

namely, for the ¢

g Y SN

-3 CURVED FLOW, CIRCULATION; TLiLORY O LIFL) ALLEQLLY o4

overy simpie *
vortices.”

This fundamental theorem has = co*1=oq1 ence the
phrﬂﬂe L'lc i) r)f)dv has a unioue and

closed path

cuintion around
meaning, mdcpc‘“rw% of the choice which miay be made o

path used for caiculating the vaiue of the cr-culnt: on. _
One mere conception is required. before the shove considerations

can be ppaou to the problem of 1ift which is the obiective of the present
section. This is the princinle of superposition which sbates thot it is
Y)OSSigig_tO_b_u??(’: np complex flows by the superpos! iion or aqadition of o

Acs

number of simpler flows.  In making this addition it must be remem-
bered that the fundam ental qu
the addition must be g veetorial, and not a scalar one.
exactly the same as that of inding the resulian
of several forces by adding the varicus com-
ponents veccoria.i‘;y. in considcring ‘the flow
superposition, the velocity vectors of the com-
ponent flows must be added vcctom::hv ab every
point to obtain the final resultant or composite
fow. As an example, the superposition of a flow
with uniform horizontal ‘»e,o':z‘u and ancther
with uniform and equal vertical velocity p;ives 8
resultant fow with und fo"m velocity whose diree-
tion “is inclined at 45° to the noxuonm and

whose magnitude is 4/2 times that of the two

component fows., Tigure 1-28 lugtrates the vectorinl addition which
must be.carricd out at every point of the ﬂow when such 2 sv._lp(rl'po:%itiozl
is mndf‘

Vvertical

» Yhorizonte! )
Tre. 1-28. Vectorial nd-
dition of enmponent Sow

velocities.

Figure 1292 shows Volocxtv vccto"s and the corresp onding streamline
pat L ns for three Sows around a civceular eylinder.  The first Iy & ree-
tilinear fow with vclociw 7 {rom loft to right which has zovo civeulation.
The fact that the eirculation vanishes can be scen by cheosing o C‘"cum:
path of integration concentric with the circle and by remembering that
for every point above the horizontal line of symmetry there is o sym-
metrical point below.  For the point on top the tangentinl velocity is in
the direction of integration (clockwise), while for that on the hottom it
has the same magnitude but is opposite to the dircetion of integration.
Henee v cos 7 df has egual and opposite values for the two symmetrical
points s0 that the corresponding terms cancel when the integration (or

“The word “simple”’ means 'n'm\zmlv that none of the paths compared has o
lOOp S0 .,ﬂ.!.' one or more 0. the 'DO(,‘.‘C\ or vortices is [)“5\0(}. 'LIOU‘I(‘ more Uli!n once in
making o single cireuit of the path.

5 < 5

neesing o given set of solid hodies o

antitics 10 be added arve velocibies, so that
"The probliem is

%
i
i

»
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s of cgual ar cL onposite terms so that the fnal T is zero. The second
How :3 a pure circulatory flow with circular streamlines. It has 2 cir-

) ~

culation, T, hutrno nebrectilinear fow,  The third is the compound flow

PN 7 N /k\\& -
4 N LU ] } ' f l‘ v
——  =m—lim — v -~ -~
\\/’ N e — u

{7 . “(2)

{2) ‘
¥ 1-29. . Perfect fuid flows around a circular cylinder.

obtained by superimposing the other two. It has both a rectilinear
velocity Vo« “fJ s civeulation . In order 1o avoid confugion only o few
velocity vectors are indicated in Fig. 1-29, but enough appear to

show the ef ¢t of the vector summation involved in the superposi--

e -tion. The streamline pattern can be
g - L -+ 1 deduced from the velocity vector
' - dizgram by remembering that the
sfreamlines are the curves which are
everywhere tangent to_the velocity.
It should be noted that the existence
of circulation as in (3) does not imply
that particles of finid actually rotale
» completely around the body forming
Courtesy of ol e ee, closed streamlines.  If the circulation
716. 1-30. Tlow around cireulor eyl is large enough compared to Vand the
linder without cireulation. size of the body, such closed stream-
. lines may exist; nowever, usually con
bined flows of practical importance do not have closed streamlines, bub
have the general character shown in the dingram. Figures 1-3Cand 1-31*

em e e e nens

poe

* Reproduced from Prandtl-Tietjens, “Applied Hydro- and Aero-Mechanics,”
MeGr 'vv-Nm Book Co., 1034,

netion) is earried qui.- The entire integration is made up of such

.

...

P

1-3] CURVED FLOW; CIRCULATION; THEORY OF LIFT; AIRTOILS 33

present photographs o to:'led o Gottingen of fows without and with
irculation around o clrcular eylinder.  The streamiines have beon made

visible and their similarity to u‘xoqc shown disgrammatically in Tz
1.20 is very striking. '
Trom the results of the carlier discussions a very meed estimate of the
distribution of velocity and pressure over the surlace of the eyiinder can
be obtained. In the .stre imline diegrams of Iig .H.__ 29 the relntive mag-
nitudes of velocity and pressure have been “indieated By nsing - ‘o
signily “large” and — to signify “small.”  The only relations used in
obtaining the indicated values are those giving the streamiine spacing-

-

Courlcw of MeGraw-2lill uoa}’ Co.

Frc. 1-81. Tlow around eircular cylinder with circulation.

velocity co*mer‘tion, and the Bernoulli theorem. Dy studying the

e
dingrams with the view of finding the resultant pressure force it can he
secn that for the firsh two flows everything is symmetrical aboudl hoth o

" horizontal and & vertical axis through the center of the eylinder.  Fence

all the pressures halazice one another and there is no resuitant 50'
“In the third di agram o L\J‘l\ of symmetry ap pears for the &i

onlv “hboub the horizontal axis. The fgure I8 stil SYTMC

st fime, Q‘ h

Ly

trical abous
he vertical axis so that the presst 1;_(;5__&_,9__@1_(3’ ight ore balanced by equal
px cssures to ‘mc loft on the other side of the symmetry axis. Hence |
“there is no resuttant ’"o ‘ce to left or Lgnt ie., no dragforee. Howcever,
ﬂlplcssu“cs below are high and those above are low so that thereis o
_resultant vertical foree which Is per mendicular 10 7 and hence o ppears as
a hft 2s indicated on the omg_m*n .
The resulis obiained in this very elementary fashion for the es-
pecially simple case of a circular evlinder are proved by hydrodynamic
theory to ha ave a much w*c’cr ange of appiicability. In fach, for the
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toady, two-dimensional fow of a perfect finid about a cylindrical body
f any shape whatever, the following sta ’Lemcn s may be rigerously

woved to be correeir™
Irae is zero,

(0) In the abgence of cirenlation around the body the lif$ is zero. .
(c) If there i.‘:.ﬂ circuiation of magnitu

() The

P

1de T arcund the body andif
therectilinear fow vMocJ,v Host the ‘;\.ody_js_l_ 1c'u mt C\i 1S,

!
t‘, P 34,y v 3+ 1
“(‘ magnivide Per Ny iCr

given by
L'=p7T A\xtw-Joul\O\\'w\y law [1-18]

(&) and (b) iogether comsititute what is known as DA%

-t

__'_—/w—‘
aradox and were for many years alter cheir discovery in 1744 con-,

idered as indicating the uselesmess of any theoretical approach to the
wactical problems of finid mechanies. It is notv realized that they rep-
nsent o very bmportant fvsh apm roximation in o wide field of acrods-
amic phenomena,  The third statement (¢) fur’mnc the foundation {or
he entire modern conception of flight. his famons law can be qunli-
atively visualized very \-N?‘v as fetlows: Con sider & hody moving

FANNEI N rr

r'v

.o:'xzont‘.hy to the left through o stationary fuid.  Then, reintive to

he body, the {iuid i\ Howing hovx left to right.  Suppoese that the body
as aelockw isc cireulation when leoking in such a direction that the finid

omes from the jeft and moves ¢ff to the rizht. - Then ahove the body
he reetilineny flow velocity ana the circulation flow veleeity are in the
ame dircetion so that thev are o cuv_cd. Below the bf)uv the cirenlation-
ow veloeity is in the opposite di "5021 to the rectilinear flow go that the
irenintion-fiow velocity ix kuL-‘ aeted from the rectilinear-flow velocity.
Tenee above there i o high ve !o"",v and o resuliing low pressure
‘hile below there is o low veloclty ana henee a i):f’r‘ pressure. The
ombination of pressuves produces an upward foree or It which is pvo

artional to the rect lun‘m- veloeity and the circulation.  This physicnl
icture was first given by Lord Rayleizh, but the precise mathematicnl.
slationships were worked out in the cay Ty 1900 hy the Germain mathe-

satician Kutia nud the Russion seiontist Joukowsky, whose names have

cen attached 1o the finnd low, equation 1-18.
Fizure 1-32 shows schematicaily Swo types of flow around a wing

£

setinn or airfoil ot a low ang a 'l angle of cvtt wk., The first, (),
epresents fow with zero eirenintion, while the qcconcz, (1), corresponds

o the same fow with non-vanishing and speeified cireulation. The
: ;

haraetorisiie Teatuve of the fow withoub cireulation, (o), is that the

* Flows with velogity discontinuities ave here not consicered.

3 ..

A iy a

PR SR N, SR1

PSRNV TS 5

e p i+ e st g e b+ v

=31 LUL 2 .LLO\" C“VCUL‘\""O\T THEEORY OF LINT; AIRT SIS AT
fuid fows around the pom‘nc' troiling edge to the ¢ downstream s togma-
roint on the upper surface. If the troiling edge is shorp, as by
tion it is for an aivfoll, its radius of curvature is zero and hence,
f"o"w. the concentric circic fow discussion, the wve loelty around
In order to climinate this infinite velocily INutta in

nfnite.

assumed that 2 troulation is seb up around the airfeil of strength jush

<o

b ! ,“,

sufcient to move the rear stagna tion point cownstream w0 Lhe fraling

The fow would then stream smoothly off both ur\“er and lower

c(!g:e ul
. M 31 s - 1 e lor Tainald Y
surfaces leaving the airfoil just at the frailing cdge & 1d elimirating the

infnite velocity. Although Ilutta could not give o p'ms e c*'*)::‘.n::ho:
for this phenomenon ox'v‘mw‘nt shows that his assumption aceurately

|4
—_——
/

//;/ e

__/‘M.Z // Z

& LA/‘C/ =0
(o9}

Fie. 1-32. Flows around an airfoil withont and with circulation.

corresponds to reality, and
Ceseription which will be d

Several imeportant eleme n‘.s of the Aow around airfoils can be inferrec
from the quz':lmq of Fig. 1-32. Probobly the most important s the
relation between T and the & 1::1':. oz” at tn.r:k . , is clear that, for &

fowr without cireulntion, the

.—__.-——-'—'\———-
further from the trailing ('d"‘C as e ineren

BRGHY

“cireulation recuired to keep the s‘lagngi_im point "t _tA::__
inereases with . Theory and experiment agree the resu t
uxc—"—"*w: of nra ctically used angles of attack T i: ‘\"O“(‘" onal to o,
where @, Is calied the absolute angle of a attock and rep: cwms the angle
of attnek measured from $he zere-iift attit of 1} .I‘

Since eirculntion is a sum or integral
length) it is seen that the dimensions o T ) .
The only velocity which appears inFig, 1-32 is the flow velocity T,

[,
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and the most convenient length is the aivioil ¢ " Accordingiy we

oyt
ViAW

Ll A4
T~ Veay
)

‘0 denote the constont of proportionaiity

using 340g ¢ to tl
- 1, v . o
T = ja0Veag [1-1¢]
Trom equation 1518 this gives for the 1ift per unit length of the cylindri-
1 per u yzth of the cyiindri

cal 2irfoil (perpendicular to the plane of the diagram)

I/ = ta0q -.l;-p’v""c-' [1-20]

1 2
L = Cp5pV=S
where § is the wing area.  If we use this same form for the ift of unit
span of a wing 0‘ ¢hord ¢, then S = ¢ X 1 end we have
I = Cr3pV% [1-21]
Compering equations 1-20 snd 1-21 we obtain
1 CL = (loo/a! [1'22
hot the Bt cocffcient is proportional to the angle of attack (cf. Fig
. I0 o, s measured in radians (1 radian = 57.3°) {iben hydro-

e
aynanic taeery ”‘ wes

n
O

—
oy

o = 2= (Theory) - [1-23

.
I8

for conventional thin airfolls, For practically aH moc..e' "‘rfoil sec-
a3

tions oxperimental resulls for the normal ranse
v Al

numbers may he cxpressed m Lhc Amm

A

The gecond i‘n‘)(“l‘n’L‘lu (\T(‘vm‘nt
pressure 4
Tpressure is measured from the undisturbed static pres
linear Lr“"f'n' from tie aivfoil, then at the st
have its maximum value of ¢ = YoV 2, i.c., 8
ve. Re }'r"'r"-' {o the foure it is ceon that over
”1': nressure will be high, althongh not os w"v“;usi‘sixxg 1
movine, even ¥ val ﬂ"\’(_n' womv O‘Lf_‘! the leading ed JZC, DA LC_‘\LJ._;\'
on the upper surface, the velocily s higher than Voo that the oressure

1x lower than the referenge pressure andave nave 1, suehi

distrihniion over the :l'nfr) i surf m\ - if,n

1)

it

[}

1 THED WING OF FINITE &

M
-0

")

4 e 5

downstream along the upper
~&

Ty £ % FRN.S LI
docreases until ab the traimg

I RS

CCU_‘C

. 4 e AT 4T ShNa)
ure agoin.,  ine Intensity 01 vAe FUulyl
- Ty

£ ,.f_-:hxc

1 all prossures

ghatic pre

05 Tapialy s o inerenses

] (LLKL“’ ‘"'7.101‘ Cl-?"l"‘.,‘.‘

+he- free-stream s
egsures lower than tms referenc

1 //’ T YIEE
4 ¥ .
{ e
—4 3o
& g o
e UYpper Suricce
=37 o : o Lower Surfcce

Typienl airfoil pressure distributions.
N.4.C.A. Tech: Rep. 614, Tig. 3.)

negative, The mt is approximately proportional te

pressure are c2 alled
¢ Curve.

the area inside ta

1-6. The Ting of Finite Span; Prandtl Ving Theory
The most impertent features of the two-dimensional fow of a periect

aerodvnamic fuid aboub cylindrical bodies perpencicular b the How
b :

have now been discussed. hoee considerations ﬂ"L\'C jed to an explana-

fRe

Hon of 1ift. but not of drag. The latter force component first anpcaz,“

i COEse

when the discussion is extended to the case of wings of finite spon.  Here

() 9%

it is obvious theb the fiow is not ide ntical in 2 1] plancs perp

the span, so that the genera alization really consists In the extor gion from
130 Lo three-dimensional fiow.” The most satisfactory treatment of this

yroblem 0- the three-dimensional fiow over a wing of fnite span wos
iv

‘en by Prandtlin 1918, although the hasic ideas were firsy discussed b

J; )
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himdn 1011, and had hoen rendizoed st Her by Lanchester,  Prandti's

troatment ik nbime cord ;-1 pronerbies of vortices,

which muds therefore He stal

vontod.

[ rRR .

fned "1 connoction with two-diimensional motions as
.
!

A vories was de
: 57':‘.(_‘7 center of o eireniation dow where th

nensions the +1v-o cm of L.-".e cown tancy of cir
s I [ANS) m“.\enc'(m , ic.. m 2 1’10\\' witi circulation
o '0".1‘.0 cvr‘z_v_n'u henelosing u“g'w:n bhody or.

the path around o veortex is shrunk to
0 ¢ , o ab the vortex. . The curve connesting
_tjm points where this oceurs is ealled a vortex filament.  The strength of
the vortex at any point along the filament i defined as the mognitude of
_t‘_c eireulation around the Glament.  The vortex laws, whic ?

in the hydrodvnamic theory of perfect fuids, and w hich ¢ e importont
here, may be stated as follows:

vortex.  Ifi
zero 1 the vl

() Avo \"‘r:x .".l;zmcnt ¢annot have an end but must ext‘mx' continue
_to infinity or form a closed path.  Thisis the same property as

was fonnd in Seetion 1-3 in connection with streamiines.
() The slrength of such o vortex filnment Is constant along it

o

gy
(C) \"""11"0\' in ”'Hd 34‘\' "S "Cll—lﬂln a}t d to '.ulc same I‘(LI"CACI"S
0- i
Thf.‘: ) 1 Het

se nre called Helmholiz' vor‘;cx theorems and were fivsh given by
Helmbholtz in 1 r.c{:u: d theorem which we shall require later was
ziven :Lt about the same

Thomson's theorem:

Thomson (Lord Kelvin) and is called

=
|3

=
@
O"
4

(@) The cirenlation around any path which is abways made up of

huid particies is mdc neent of the time.

All these theorems are hased on the fact that bn a pericet fluid no
inl 1 orees can act, and henee the angular velocity of a fiuid p_:-zrtmle
‘can never chenge sinee ne couple can be exerted on it. We shall not

1

att empt any further explanation of the theorems bub shall proceed with

their applicatin: 1 £6 the | problem of the finite wing,.

F“v""-m' i owas seen thab in two dimensions the existence of It was

associated with the prefence of cirenlation and it can be shown that the
ame relation must hold in three dimensions.  Accepling this result it

.()1'0 ws that around every scetion of a finite Jifting wing there must exist a

4o«

cirevlation, I, As far as the iift is concerned conditions wou id he unul-

¢ are proved

O TINILIS SEZAN ) LS id a3 AT mheiiav s, s

1l

he solid wing were replaced By & vortex-noving the same

H i W w it Qo g eiyven T 7
s‘wcngtn. T, since in botll cascs the 1% per unit span i gven 0y Wil
.

L/ = pVT
¢h repiaces the wing without

lifting line. In ovder o indieat

'\4
reality in th m“a nuv is in effe

1’u n1F has no physiea

A A e o wal el 4 - PUARTS ) 1.94)
inside of the wifig it is relerrcd wo as o “bound vortex’ ef. Tig )
”\\—~_,__ N wliwn that I1almholtz
Prandtls funcame ZL]Z*T"\“CG)'JJ‘A was to IC.LLAC OO0 LiCiMNCLNA

1 =

vortex laws anphied to such bound vortiees precisely as - they wore or-

: : t
Sy 43

dinavy vortiees having a physies al exisie ;1 e in the fAula. Therefore
. IR

the theorems ( z) and (2) indicate that the beund vortex cannob end b

| Swan .

the wing tips where the 1ft falls to zero

.

i =

WD laterally oub. of the wing ‘and DeeomMe AeLinly
ue jaterti 5

%1

that

Hility is

uilC

o~ -~

< =7 .
et Round Yorter
! or L/f“/f‘e Line
7
/
/
/
. 7. Free or
- —_— 5 Trailing vorfices\
! \
\
L1 //ﬂq
Line or
Lound S - : 3
Yortex S e =
1. 1-34. The bound vor- Gtl's horseshoe vortex

tox replacing o wing. _ system.

. e ., . 3 B Y ’
yorticesIn 1 the Auid. . In this conr‘u_;on_unov are called “free vortices™ io
Jisti nguish them from “bound vor tices” whlch are attached to the wing.
n (¢) requires thab _tncs,cﬂ freevortices as they are formed ab the
f downstream along the strean ,.L ‘made up of the

NS

Fheo

wine ting frail o
Vi ul")q o a1l ©

.‘)arumcq of fluid which strike the tips. They are therelore often
ferred to s ‘m_ 1'1};"'{'oz'tices., If the motion is a steady one, the traling
“vortices inué—E‘:f'\\\':&‘orc:un to infinity. ‘In order te simpiily the
picture and malke cale ntions possib ‘:(, Prandt] assumes ’o'-:z-xt the trails
ing vortices follow ‘:10 ancmuk"'oca streamiines, which are straight Hnes
narailel to Vodrawn through the \\mf* ulp.. rather then feliowing the
aotual streamiines from the tips.  This ap proximetion is found to jcad
16 negligible errors inmost practically mﬁou b cases. ified

of the com 1*)x(,u, system of vortices is now i n‘d'.(.-
ten cal Iod {he horseshoe ' aifern,  As ay

XC‘ .o o.
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TOT it follows thnd
Bt por u i 1"“""‘"'11 O{ SDAN ;‘t ™ 1.2 Valoc)! 1 L
v PO RSN oL T span & Trg. 1-28. "C.OCLu}" and foren &

- Ve AT T A
the secticn is SIVEN DY PFress _wing seesion,
A : . in

and is popendicwiar 0 Vies

sinee the rosults of the two-dimensional theory are cour

t
L PN s - . ‘lv‘ - = 4.Y
the present case. Ihis 1ift is the only foree acting on the sechl

¥
: D! 0 43 acriltant fan v yewytd ] +1
indicaied by the veetor 27 (repros 1;-"1'* resuitant :o;cc nor unit length
M w il L
of span) on the dx"";r'xm or o ‘1 ;. Ag 10ree

1c v'v;" comuon ent

" 4 At T
4 force nm'*’m" infs u/:v. 7y

1398124

e N P H

o \_t, mt,, of ne Wit considere G as ab rest and
v 7 T . '-11 I J“ .
wh-f ';-;C (‘L.u'."g\ 1ILoe nne L0

in i c c"lccm-on of Henee the resuitant foree 72 f‘xrnzs.lr_‘s
" - 3 ’ vv'v .v .
hoth a Lft component L/ and a drag component D7 as shown in Fig

} R, e+ 1 S ;l' e, winnrleg ara-
7'35 Trom the figure we see thad he velociby and foree triangles are

"‘:
: I

3 M . .
similar, so that

wi wzc- € is the © downwash angle ¥ between ¥V and Viees. 16 is assumed
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in Prandls theory and verified by experiment -;r_s,’u wKV , 50 that eis
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approximation

i 14"

rOc —_ 1. +an = «f =
. - COR e = L AN € = {6 = «
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1z |14

angle of attack shows that t“ze appare

s catled the seom e
inc and the *'v’ocx‘uy ab
the U\;—:_' (acsiq_t‘:d Gon. Iiow-
_the angle of attack, which is
) A that hetwenn U‘e chord
ingram ax 2 is usxm‘i’zy ealled
 other words thddirfoii section at
os exacily the same forees as if

xv r'n‘ rwwn

e nert 4 Ly 1 M
14 wers ng ab an angic of attack op1n o

{wo-dime

- . AR
o 0L finite

he summ '"""vd '-‘s fo)
ine yertices whic .')v'o?

o o, downws

Typaniis fo Introduce r el S ab the
wing, Thixz downwnsh roiotes ctive velocity _veetor _which
(Ez‘cz,rsw‘s !:’w: ceciive angie of otntnx the res'zH:mu foree

vector | ithal o dragco npmcm is 1:11."0«11 ced.  Those twe
offects nve r‘o““o(ﬁ*rl with +he downwash velocity by the: 'cla‘;ions:
’
w D, w o
@y =a— = ; — = [1-26]
} [J ¥

L] I3 A}
The subsering (); has been attached to the d
o {act ‘x;f.‘:’zf-: Bis drag force is usually called

downwash velocily w i nlso often referred to as

wlogy s that the reintion
rticity is analogous to that hefween o magnetic
h (~ w) and the clectric current :7;_ 8 wi"(\. (~ I‘) iuducin:;’
Phe *wvrw'ica‘, comnutations involved in Prondils theory

Coveloned long ago in the theory of clee-
. !'io:z,. ) i‘nnt. the n(z‘,( c‘“'n induced ™ hag been taken

L and into a u lf.‘, snould

ran
'
Hi

he po“‘«"l out and emphasizg

fricticn sinc‘c

YEAa WaNU el X N

1T WING OF PINITIS SPAN, I

.. T TP
Aiesinated in the form of heat, but 1s lefd ©

N 2

kinetic energy associated with the circulstory m
in

2 vort loes

LS.

n up 1o this point has rclated t0 cound
tiewlar airfoll seelion of o finlle wing, In order to detr

. - 2y . i H s v 4
acteristics of the wing asaw hole it is necessaryto corry

on of these elementary ciicets ovcr the entire soan,

or ink g-aii

cultics present themselves immediantely. For, refer:

consider an clement very close to one wing tip. H(z:ﬁc.'s‘“ : ey
velocity is inversely 1'0')0“1'0 nal to the distance £ from ¥ the trailing vortex,

r
0~ 00 a8 bhc ‘-oi:‘ is approached.  Bub a fundament:
theory was thai w is very small. The complete re
tradiction was oniy achieved by Prandil’s group =
aithough it now seems very simple. Instend of
lifting line with i ociated trailing vortices, let us Y

.

=
=

]

I

[
.];5!
P
I:;il!fﬁ
—_ b
_ll!!;i!}ilg
S IO AU R S TN S N N
P 5 Y
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“ £

(&)

(o) N
T1e. 1-839. Superposition of finite strength horseshoe vartices.

A-f‘l' ads

n

of such lifting lines of forent lengths
oH
.

indicated in Fig. 1-39 (¢) where the 2 a \xi., iz an oxis oz" 8T }"’I‘!‘f-“" paratiel

to V and the v axis les along the span. The distribution of trailing

vortic o5 appears in (a) and the distribution of civeuintion aleng the span
n (3. The distribution of circulatio: 10’10“Q from-ihe foch that circ-.:—

_ ,wtm'w may be superimposed and the effcc.,._ wac i Jf_f:bmicall,

for every section aleng the span the XKutta-Joukow

I/ = pVT, holds tribution of Iift :1.1 ng the span

pertional to the distribution of T.- The supcrposition

obviously be carricd to the Hmit in which an infinite nuntber of horse-
shoe vo-i cos nfnitesimal strength is added tomether in the

manner s

D

The result indieated in Fig. 1-4-C wili
than s number of di creet vortiees, «
of cireulation (znd hence of Hf L.\ over the spun,
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1o vortex will have a finite

fq‘

nite va

\:)'ca.
L poxklblc to determine o distribu-
oshioe vortices which corresponds to any de-
)‘it,.cm over the span, The distribution of ciren

-

raiing voriices oud he

o

fiexihlie ‘“,14 [‘..(\ 1

1 e e
GOV W Ve L
that, the lift avd uo“r

\‘\':L .1

downwash in fum delor-
m_,xos “the effeetive angle

Cattack in accordance
\\""-'\. eauation 1-26 and
this, “-1 com reckion with
the alrioil scelion geeme-
Tra//mo try, spoc t'-z‘;e circuln-

vorte
She c tion ub any po
/
. . span.  Tha we 2 oub
cireulng :0'1
o v of compiex seb of

.*.:z!,m-"c‘-'tio:\m:h\* to give
a i'm wing invelves very lengthy and claborale
ealeulations wh ir"tl will Inter he discussed briefly.

w type of % dis "r;r ubion, discovered
o is vory simple.  This s L}‘c so-caiied
u represents distoa

the charectorist

-—‘ oweyve

1 i oy
ce aleng the span

,.
,4

o Tig, 1-39), b the wing span, L/ the Lilt
por unit leneth along the span ab an arbitrary poin " and Lg the value

of I/ abt iho eenier of the wing, then the cliiptic lift distribution is

w3
-
o

L =TeN1—{==1 . r1-27]

or : : -

The reason for the name is apparent since a plot of L/ vs. i has the shape

(@) The downwash is éonstant along the span.

of L-il V.ov'“w"%“, mm the

hagt

ASa

lCSdIu is so
1~h ch Bc'"

operiies associated mt h the elliptic lift distriby ution arc

by the mm*w* wing

1My

Alkuy

10 f»c L possi om va,
ﬂt 101‘

Q’xhuOl‘iSQ.V _(.-21'

{:10 fon ccs on
sh the total V'"-"
i have the same re

r and de

caleulations ¢

a v ng Wl\,}’l "ecmn"uhr Dian

> the aoovn results we ooiain

41 .
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v of the left side by 140V28

o
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R
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47 And vem s,
the aspach rati

NITE SPAN; PRANDTL WING THZORY =

N
and V(‘AO u}’ ¥ e anaueea araz

retically occurs for an untwisted

,.O‘l.
 Fig. 1458

AL

ther words the
nh every wing
1

v 4 a 1y i -,'- .
TeNLE are aclln C.'I,\,‘..L"" ie

L4 tal Ine, T o
o the tetal induced drag and

<t
o

e carried oud for this case of
won o very simpie resuib is o‘no,inf\

¢ to most aer
theorer
fow formul

d for the down
dvnamic calculations that it

the Kutta~joukowsky lavw in

1 the &'.‘"OCL}"]"“hC-bﬁ must mem

2
5

i)

the primeary relations given
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e form of the last relation which is very convenient for

v

os is oblained by muitiplying both sides of the equation by

O
18

¢S where ¢ is the dynamic pressure Mo Ve

2 2 o
CiiS ¢S (CreS)” L-
Cogs = 22 I I
7R {[;S 7 (0° /835 TGO

rysy

Thercfore

-Df = -‘ry . | ’ [1'293

cially useful v when ealeulations of total foree are desired.
S and p?f) the quantities Cy, Cp,, T, and D; refer to

fJ

nan) q

I
>
(o]

N)
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™

(]
(%)

5 } Toperec Win

L ———em—= Fllip //co/ D/';fr/lzu/

Lift/ (Uri,

[}
..'\

-
ft

&
8

ieal and tupered wings.

the over- 'x i chnxn. tovisties of the wing rather than to the cn:nuc.crwflcs
-of ury particuinr seetion along the s p:m
Fimure 1-4 nrosents the results of exjeulations giving the distribu-

‘Lt over the semi-span of severa ] untwis tod wi INES of 2,‘.,.\"‘7(".'7'[, ratio ()

tron of it
havine toner ratios covering {the range of values normally employed on

confomnorary airplancs. ,fh cmvcs are piotted from -&;\,)}‘1 v dabe pre-
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sented by Am} ”on.* The clliptica
for comparison, and the various |

1

inirly oo«ch' t0 the cliliptical shana,

mentioned above following equation

P
boty
o+
o
jav
n
ot
3

Before discussing the fur LI or extensions of the theory to cases invelv-
ing other lift distributions it will be ro i able to consider some of the

-

nsequences of L,lc resuiis ootzunr‘q

tn 2Tt .
portant is that giving the dép

i

.Proo“mv the most in

dr rag on plen rm.,,l or,

.. . A
rnoam c%&i <.~\,u.m tion i m Lhis

more l)l‘CCl&Ci}’ on. ':"'J et rat ;.0

3

connection 18 mat the imuccd ara:: of o wing represents that portion of
' ' the total drag hich r’w“c“os on wzmr p_‘:m form, any remaining dray

depending on the shape of the nirfoil profiles which make up she wing

This assumpticn i m‘,Lcs “nab if two untwisted rectongular wings, 1and

Ly hlu\""“"' the same airf foil roction and chor (i but differ l“"' in snan or as-

pect ratio, are tested under similar conditions their drag cocfficients wiil
. differ only by the amount of the differentee in induced mag cont

¥ . CD:'—"D"=—_——_’—‘=T _— - {1'-)\:_;

ilarly the apparent angles of attack at which the fwo wings will

ttain o given value of Cz, will differ by the downwash angle difference
for the two wings:

: : 1 I\

cnft 3

NS oy — o = B
El ? ki \1'1{1 /‘32/

T 1 0
0 anc 1-3

Vo2

The relations given by equations 1-
powerful - tool whereby tests nced be made at on!

c aracteristies for o y other aspect ratio being obtai ned by siz.mle cul—

cuiations from those & &b the original one.  These relaticns als

_ reiatively easy bub powerful c.*:ncrlmontzu f'ncc‘{ to be madc of the {-Wo* ¥

i Suc 'h o check was carried out at Gotting

; soon afer the theory was devc.ovcc A series 01c wings identicnl in all

.

:
, acnaet vatin {ha
yonca -pg,Cu raio, Lae

: respects exeepd aspeet ratio was tested in the wind tunnel. T
; shown in Fig. 1-42, exhibit first the great differences in wing
: stics for the various aspech ratios, and second the remarikabie agree-
ment when ail of the resuits ave converted to an aspect ratio of 5 using

cquations 1-30 and 1-31.- When it is remcmbered t” b the theory is
based on the rev‘lz‘,ccment of a wing by o lifting line with zero croz d, the
fact that the predictions of the theory are accurately substantiated by
experiment for aspeet ratios as smaii as 2 is very astonishing.

* Raymond 1. \nderson,- ctermination of txm Charactoristics of Tapered
Wings,” N.A.C AL Tech. Rep. 572 (19036} :
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assume an especially useful form if the sec- . adented.  The symbol Cur,,, means that the moment cceficients pro<
i 1 o 025
amy azed‘i,_‘ taken as having infinite aspoct ’ ~ sented are referred to a moment located on the chard Hie 23 per cont
i npiied %o the Cp and o for this wing to Indi- . . f the chord length aft of the leading edge. If we coneider only the
eaie thah ihe corrosponding aspeet ratio is infinite. Then drovping S ——— : — ,
Y D S o7 _ ; P oo TR b
the subseniny (Oz : i [.07!; P oo I N
2 s : i i o -
ooy L2 : : IR DY S S | P ol :
© Cp=Cnt | : N T
“ LN - : o i H ' H
| - [1-32] 067 o = : B
’ C i ! L floment Axis HIER
o= op L | § ] ! T : :
TR 05— — —
' P L ‘.
L v R { 1 i | i H
% "’g f‘Ol“‘CQ“O‘lCJ‘l"‘ to 1mﬁrm;e aspech ratio is called g 0A§ P : b :
> L_{pe!
Tnc :m:; of tack Olg *or une SAIMe ease . P i |
s ! .
BOUP (24} x: ; l
only on '”1’\ hape end are mdeor\nuo Wb of 03726 [ -
5 e e R g ! .
In the pash ib was w1 customary to present airfoil LGy o ‘ —
. . : - i H ! i
araeterisiics corresponding to scme stondard aspect ratio (usus ally 07 8% ; S
5 or 6) and ihen to convert these d!(" +o any partieuiar aspeet ratio 3 ! i
cosirad using equations. 1-30 and 1- 31. In recent times the muen : R 5 -
simpler procediire hes been wr idely adopted of presenting infin ite aspect { i ;
H ( i
vatio charnctoristics Cp,(C 1) and ep(Cr) and converting these directly ; i |
. : , P
to any aspect rafio wing pquations 1-32. — 8 /fn
It il he noticed that in the ')lcccdmg sentence og(Cr) was written i__| S Y
vather then €, \C‘.'r\) This was aow in order o emphasize the fach that o ;
. 4
the fundemental variabje in the me; ority of probiems involving wings is . 0/,;
mosh conveniently taken as Cr. O“o ig likely o think of the geomotat ea, I —_ S R ,' %
varinble, ancie of attack, as the independent varinble and ali others as . —1T ; i
25
depenacnt. However the fundamente posatlon of O in the Praundil s—-——i—oi
theory makes it much more catiefactory to give this variable the basic %__F_y_' o : : >
role and to concider the others as depending on it m other words, it is ’ ! 404-; i {
- N . 3 B f l
preferabic Lo think in toerms of setting & Cr, and finding to what angle of o i { l) )
stinck the wing must be rotated, rather thanin fc'""s of seith ‘{: an i L ; { T
) - e b kot i i i
ond caleninting the Cp, to be expected.” We ¢hall wco later that this'is 3 ]-00g L IR '
s vt i : i i

ll i R
tht of an airplanc. :
1

even more anplicable when we consider the actual flig
W : : 116, 1-43. Typical infinite asp e et ]
One resuli of the Prandil induetion theory which has not yet been ; S1G L Typical infinite aspeet m tio wing characteristics.
Teredd andd whicl HES tod without prool is: ““The relatior : (From lests at ihe CAJJCIT = 1,200,000.)
wod ang which will be qx'm d hout proofl is: ¢ relation ; ,
; . tho v ‘
3 mement coefiici at Cx nd Cy, is inde c'lc’c*ﬁ: of the . . . .
.J. : ar 2 " of 11 = region between zero lift and €y = 1.0, which corresponds to the normal
is not true of the yelation e fveen :

fiying range, we see that the curves exhibit certain very s:nmlc chax-

an additional reason for the choice of acheristics:
EAA GV GR AR b 3 V2 § 60 Y

38} “u‘l‘t ariable.

al infinite aspect ratio ros: alts for o con- : (2) The Cr, vs. ap curve is practically a straight line.
ny - ®) The Car vs CL curve is also nrac*ical Iy a straight line,

1+cd in 2 form which has been widely
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in the sce

s

_».Zu;,«m (,/u‘:r/.'/.'._ eristy

- - - . . 1 M
moar relntion between Cz and o has already been ¢iscus geq in
s

1.5 where {he symbol 7 was chosen for

e

(N
§

L]

(c) Ch, is \"“ v *ovg"‘lv constant.  (This is much less accurate

tion on

soint oub thatb the

seeiion

the €, vs. ap curve.

& ratio. -

k o
f '11 1ypi (x '; i: :’Eni‘.'c aspect ratio charactevisties (a) and () above
nations 152, it ix pessible to draw cer: tain con-
charneteristies of ‘"m’r\ with finite aspect
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Trg. 1-44. Tolar diagram for o, wing.

Corsi oring first the drag cocfiicient, it appears that o wing polar (Fig.
BS
1 1

44}, os .f"'T’N has hporoximately the sha

Gt jy 3

c ')‘Ou 0~ C[, A (,]) 14

- fahl] v

apc of o

paraboin | ’rw' 0 < ¢, < i Thisfista pp roximation of a parabelic poiar

will be the ~‘-':~tuw ')'n"xt, for much of the lnter performance ant
is

res

Turning now to the angie of atiack, it 3

:ot tion \],o—aJ orCr, =10
O = @ — QL

éomvenicnt Lo intred

lysis,

uce the

(18

".‘

uJ
l_._J

Note that, in accordance with equations 132, at C f = 0 the geometrieal
t1

ive angic of altack ave equal, o = eo. so that ag, vefers
to o ond agp. \0‘\ we have seen that ul‘vow and experiment ¢

vqwulv
agree in

erer NN

e s

cren WING OF FIXITE STANG ¥ PRANDTL WING

- 1 : y £ peamariione
civine a linear relation belween ¢, and aq, the constont oo prodor: Lion
1 o FR S .
ality having been wr 1tue'1 qg, SO thab
: ri.04°
CL = Go(do - OlLo) L LA

Tn view of the linear relation bebween «, ao, and €y, civen by equation
1-32 o similar relotion would be exneeted to hold between CI ““Q o
5

- . . 1
If the constant of pror)o*‘tzonaht'r in thig Yot tn

b1 ase is writben as ‘o’ the
snticipated relation would have the form - -

{0 ™o end

/ ., N O

T4 33 row necessery to verify this velation and at Lhe same time find the

sonnection between a and qg. By su )t"act,mg ay,, from both. sides of
the second equation of 1-32 : S

QX — G, = (ag - aLg) -

From equation 1-34

Cr,

ap

(O.'o - aLo) =

~and substituting this in the-equation just above

CL_‘_CL:CL/.’_L‘CO\

¢ — O, = n —
. e Co Pt ag \ TR/
Henee
2}
CrL = (o0 — ar,)
Qo

which is exactly of the form of equation 1-35 X

imple Prandtl theory for the case of eil
ore gives o definite relation between the
infnite and Anite aspect ratio. The relation

M .

apnear later very importantly in the Al ione St

i

T4 only remains in eonciuding this section 0 outhne ‘v.s :noc’r feations
to0 the ahove results which are introduced when the lift distr ihution isnob
elliptical.  Although the sheoretical caleulations are much more com-
niealed in this case because of the fact +hat the downw a\*“ is no lonzer

~emstant across the s')wn, the final results for untwisted wings appearina
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guite simple form.  I% is only necessary to modifly equations 1-32 os
{oilows:

c? )
CD=ACD,.,+ . 1+9 |
wan } Non-cllintic 1ift r1.37]
1. .y . ’ . O
C, i istribuiion .
a=aoF )
. ™l J
where § and 7 ave small correction factors depending on the deviation
of the lift distriln hon from the ideal eiliptical for'm m'rum 1-45 shows
1 4
values of the induetion factors 6 and = as ealeulated b C}'Lu""b for
) : ; :
JZE ;i i f T : T T ?
S P e
\ T T A |
1 . .
: b , i / : n T‘”'
C 0N 3 ; l 7 [ l 1 R = (" ‘*
1 i H : H
ar N | 3 ¥ | LA :
é | 1 L :
1 N | i |
0 N ]
0 0z o4 06 08 1o

/ _Cr .
or Retio =Cr E

Fig. 1-45. Induction fn. ovs for non-ellintic 1ift distribution.

straight-tapered, untwisted wings of aspeet ratio about 6. It appears
that for normal taper ratios, C,/C,, the corrcction for induced drag is o
small as to he negligible, \vm’.c that for angle of attack may become lzmre

enough to require consideration for nearly rectangular wings (Co/Cr = 1).

L

1-7. Effects of Viscesity at Large Reymolds Numbers; The J.»o‘;naa-’y
T ovar ’ sl
e ¥ -~

All the theorchical considerations thus far have heen based on the
Qccuvn‘)*?mx of perfeet fivids, i.e., viscosity has been entirvely neglected.
Even with this extrome over-simplification the theory hns explained a
eroup of phenomens of “V'r.‘mcnuous importance. The Iift of airpin e
wings and the assoelated induced w'aq have not only been mlyumﬂV
clarified, ’mt q itative nredictions agr (,cmf: remarkably well with
experiment have (‘V’"l been made possible.  Three types of phenomena

have, howev h the theery hos been

0

cady heen cnecuntered which
lcgn are

1ed

(@) The deviation of the flow pattern from that p: edicied at the
rear of bluff bodies Hke circudar eylinders.

,f:',c;uonl'f C\DL: ¢ hy the famous rwounm

o T LLUlR O VIROOSLLUY AL 200y SN T DD G sl e el

% () hc Tmitation to Jnn values of €, which can be aftainec with
airfoils, and the deviations from the predicted airiail ehnrncter-
tebing In Ial e TLTO 140
istics in the maximum l.i‘u region (cf. Fig. 1-12, 1-43).

5% () The existence of profile drag (of. Fiz. 1-44).

The physical mechanism by which cireu ulation develops arcund o wing is
“nlso mot yeb clear, Al of these points repr sent failures of the theory,

associated with its ow, ic assumption of gcrf o xnid-‘f, ana all are satis-
K _

e

to deseribe she inf
holds number flow conditions.

The starting point of Prandtl's consider :thg__i_s*l;e em:

e

e

Prandtl 1*1 100

' _f' d “condition of no Qh‘) This Qt,;_tes that whenever s, real Avid,

matier how small its '1sco<1i.v, fiows_over.a solid_ ..Luaco, lwox'wvr“'
q'noow., .AC‘ 1o layer of fuid immediately 'Lf jacent-to the surface QL'(, Xs 10
the surface without, any sl

8 ip Wi m.,evﬂr * All of our pnumu luid_con-

v

<

v

S
Q

94 / Thir-Flcte

—

x=£

Fie. 1-46. Notation for fow alon 2 a flat plate.

&

siacratmns have been hased on the assumption of zm-o shearing stress so
that the theoretical Aows, heretofore considered, slide over solid surfaces
wi uhout any retardation. In order to investigate the implications of the
no-siip condition consider a two-dimensional, steady flow, with uniform
veloeity and hence constant static pressure, over the surface of o smoeth

J}

plate set parallel to tnc Jow. A coorriinz.te system attached to the v)m. e
is choven as shown in I ’g 1 46, and the undisturded velocity foar'from
the plateis denoted by . Theple te is takei ng infinitely thinso thatin

the case of perfect fivid ﬁow it coineides with cne of the undisturbed -
streamiines and nroduces no disturbanece whatever, since the fuid ad-
iacent to the surface slips over the latter with the velocity U.

* The only exception to this statement which has heen found experimentally
oceums in highly r..xvu_r] gases when the mean free pw_‘l o" the molecuies hecomes
;""'.:"‘ comnared to the GAILCY"\‘O"‘: OA tilC SOhO. OOu" in C\ tion. s_‘L'C_'). CSes never
sreur i proetieal acronauiicnl problems. "
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- . Y hid 3
47 contning o“ ihe lef4 the velocity profile ot some point made ! rm of statements that dimens
L made In the for m of
r = Z ")" s porfect fuid § On the right are drawn a corresponding - vory Y,q.rfrc or very e'rmh compared to 1.
-gories of profiles for rond ,’Lxr_- s wi 1'1 different vahies of 2. All the profiles . © the fas plate fow of Tig. 1-46 actuaily lea
on the richy '3: vor {he ecommon fentures that ~ ’
X . . . - .
- - . e - 0~ —e  wher rg.=ﬂ' r1.307
(a) Iar from the surface (y — ff‘) the local velocity v = T, and ZN Tz Wiere  Jug , I
(h) ob the surfuee (y = 0) 2 = 0. ‘ _ — e :

%3 i ' : Sountion 1-39 leads 4o the conclusion thy
3 s small 1t is physeally apparent that the disturbing ‘ TEguation 1.:38 leads 10 U
: _so that the fow ovn'

'-1 cxtf‘ < only a relat lVf‘I r short distance from the

1

becomes vory smal

¢ yer bocomes Dm"t‘cwm' identic Lo
s Inrge the layérs of fuid much further away , ; B e B
o : ud an 1 reic.  Let us investigate the behaviorof t

hese concu{,iou Tor this purpose consider Fig. 1
— O_tho. Ve om*v pro:

' ‘ notation given in Fig. 1-48. As i
beco*aes fuiler and. f‘s.i" » SO That

S g b
'

slope of the oul
' and_ also “PI’O“ : o Sl -
5 that the ndient du/dy = 1/tadi 6

(du/d Ulo — 0. Here the subscript (Jg denotes cone,
y =20 I o
’ . . ( du,\

@
RS9

was_socn é.tu‘

cns af the !: h-.,C’

U. T ) % ..__\,QLLIA[’_O_&
ey (2] ' ' ' - which in the limit p — 0 becomes

Ferfoct Fluid Feol Fluid®
T = 0"3'3

T1c. 1-47.  Velocity profiles for the flow of Fi6. 1-4S. Boundery -
e 1 LAR Yo . . . . AT
Fig. 1-46. ipyor notation. ' ,’L his is on indeterminate form whieh is shown by Prandtl to be prepor-

1wl to 1/A/R,. Henee even_ uLo*x'm nz _becomes_very

1 N FATNOSY
large, o fnite

will be slowed down mr the dragging action of the plate.  We denote the - .

. . ] v : sl ix riction remains wmcq d()LS not : =0z, ¢
v fyer +3 T <~ lyy 1 o 2 CF, . 3 z - - L . . N
distance frem the wall al which the drageing cffect of the plate has 10 & true perfect fuid. Henee for xeal fi uids 3..L,A very small viscosity,
T , P N . X " X !
become negiigible by § (of. Iz, 1-48), so thut . ie., flows with ve"v lf'"f*f- Tk"\f“ovc.. number, the rol How pa
uw=Uaty=3 . {133] _ ; B clow o'y app omcnc\ L.mx, of o porf cL_mmL. b tres
" : wall remains finite a8 long as Iy vanis
- : - Q= e - - . e . -
Pm‘atl’s houndary laver assumption may be very crucely stated as i This finite value of shearing stross Tneans thas oven ok eno nous Revnolds
has very small viseosity, g — 0, the thicknoss of . o numbers there is a definite skin friction and henee a drag foree.
by viscosity is very smail, §— 0. *ni“. syer, : ha rosults outlined above can often be carried owver wit y minor
( houndary layer.” The 5' atement in this form, :  medificat io 1% to the case. of flow around a hody with curved surfaces
cpresents the essentinl clements of the theory, Is actually x such as an airfoil or -"lsclaf_gc. An explanation of phevomenon (¢ of
“small ™ Is not compared to anything. A mere cor- the frst pavagraph of this section has thus been furnished. For it new
ssparent, stalement is the following: ““II1 represents . appears that for large movnolds numbers the offect of viscosity may be
downeirenm along the surface from the leading edge of o bedy S such as to leave the main perfect fuid ”ov' unaltered so that the air

U, and.5is the bonndary myor thie el "-'w*m"utzm already deduced are pract unafieeied, while
UZ/’ > 1 then 5/l 1.7 In this rietion iz infroduced.  This skin 31 etion is, in fact, \uo Py
ven a precise meas ung since they are was completely Hnexy lained by the eavlier perfect fiuid

s v 1 1 ¢
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D . PRI W .5 wdal i

y more detalled diseussion of skin friction in o later
ve with more general co:
phenomena (¢) and (B) rests upon a different
v laver pletures Con the boundary laver
fow whoere the
1
ccted boun
the v coordinate

Tava i
idorations

. . -y
crcruar C:.'l!!!(.i’.‘l’ i oa ret

seale onormousiv expanded. fioure the c00"fh wte sysi;om is
M " v Txerryer o vl FAE M 1
pe roaxis lyving of wrince of the eylinder and the v

1

U represenis the velocity in the
v layer ab any poing z along the
U is thn free-siream wvel oc‘( - far from the cylinder.

yor ')""'\"“"I" i

fiow outside the

Unox

- . N it

F1g. 1-40. Doundary layer along a cireular cylinder.

1 in seetion 1-3, U increascs from
2z = 0, $0 iis maximum valuc at
on deereases amain as one goos downsbrearn

Bornoulil’s theorem 1 fo lows that the nres-
downs’c-rcmn [mm 2 =0 and .};‘J“l INCreNses

co'v tnc boundary layer
008 1;<_>t hange iz going pe:‘pﬂa(uculzm's.y to

m'y ’“yﬂ“, so that the pres

e RETOSS ANy

alue com-
'7:1@ bcm* lary LLV"“ where

. he hot ‘vla"y layer are quitt different in the
regions of decreasing prossure on the front facc and ofin g

11‘.»"91‘ 2% the min imum pressure

some T U O VISCOSTIY S

ERTA T EF OIS TTUS WAN UEFIPH. R R USRI

':n.., L £ Avee
AL-(.~ FRNO AL

N - . .. 1 e
i on the poar face, Lo, the regions of acceiers vco and Qo0

o 1 Alpg ave O wenlied
in ihe first region the '\"\‘oc S PICILCS are 01 v similar o those ¥ hich
LAt

Llavitr

occr-" in 1hc fat plate fow (c;. Tig. 1-48). The é‘w v difference i
sure gmdic‘nt vhich tends to aceelerate all tnc fuid

‘\()\" LTy

houndary laver

- LA

P P 1 T v vt £
he profile o i vler in the 1cg.on.,c,;

) 1 42 3 LAy F: .
&,CCC IetiENS 111 '\n'L ;IZ‘. nOW,

”’11 mmum pi(_‘

ver,

~L're po;nt Is passed i

5
ntoct

.-.nL-

les in the poundary !'Wcr :u'c deeet
rue of the g

the DOL n 4’ ary

, of comee,~
Tor this outer por rtion of the g the ki LOL

o
- deey v 3 M .y a + Ja
attainea "t the minimum pressurc point, 8005

i

carry the fiuid against the pressure gradient around
“{ion point before the velocity drops to zero. Howey

1-3

point the kinetic energy is Iess
than V4o Ul since friction has
been retarding h-v fow and
consuming  kinetic ecnergy
which “L.'.)‘-J’?III‘S as heat through
the action of viscosity. Tience

3
\ .
the pressurs gradie:

Cppﬁ/—g nn_/
Point

]

£ will glow

thesc particies down and bring

them to rest before the rear ,

stwnaﬁ‘ov point is roached. p%g’;fe :

This will obviously occur fixst e 1.50.
ext to the wail whera the veloe-

«*y was lowest at the mininoum

pressure poink.  Accordingly in the region of decele

{ the pressure zmcucnt is to increase the boundary layer thick

+

1"‘1'“." vhorhood of o

the "u"C'»

ess and

fu‘lcuxnenbahy aiter its shape by greatly s'zownm down the veiocity near

A .ry Ser tyvervmator v He d . - SRR L
the wall. As is nmzc:ducu in Fig. 1-49 a “separation point’ iz even-
'1

- N 1 ~rapds M
Q,A_moﬁzo has & ,-.c1 tienl u:Lh:cnt at

il ¢ _99‘,'9:?10 ﬁui@__;za
1o rest. Immediately downsirearn
will ‘obvicusiy he driten bacxwa.ro_
iont. Ienee o reverse fow oecurs near i
\
f

o » somarates from the surface ot *h
rves or separates from the surface ab

oh
&l
5]
3
" 1"3
('\
1
<
fea
ia
3
e
o
e
%
-O
,4

{1 .
LOW
e Tigneyd Yyer 4 s 13+ tor e, 2
indiented Hy {he streamline pattern ol Fig. 1



- . N . . .
» downstream from such a separation point the main fiow has an entirely
different chn m( .+ than that which would be e.:pecocd from the earlicr
periect fauid i Figure 1-51 S"’lOW%‘ schematically the gen-

reular cylinder where the

Woke——

F16. 1-51. Wake behind a cylinder with separation.

)

separation *)01:1ts oceur shortly behind the minimum pressure points.
The reverse flow behind the s opz ration polnts is very unstable and breaks

2w aa
up into 2 large number of edd
eddies are arvanged It a c’c.unce pattern known as the IGdrmdn vortex
street, an exampie of which is shown in Fig. 1 -52.'-“ At higher Reynolds

s — - - ———

Courtesy of McGraw-1Iill Booiz Co.

6. 1-52. Kdrmin vortex strect behind a cireuiar cylinder.

i

numbers (ahove, say, 100,000) the flow is complele Jy irregular and
i or 1“'9\4( ‘i in cither ease the region oceupied by the cddy-
notio Lix eadled the “wake.”  The existence of such o wake means

that he main dow <troa aiines ﬂm to cl()\c n oc,.mm me ody 50 tna

"* Reproduced from Prandtl-Tietjens, loc. cil.

At moderate Qc ynolds numbers shese .

-

_other anmcx.__

N B mre T A e . A A e e M N a4 A% A e m s ddan . % e ATaacasatn - v

.:m.o 1 ;)* essure is nod ckcvelo“cc\ over tae rear surfoce.. This
: ! in oW 'j{'_‘\:‘n and hence of the

11 w() rtw-\ o

¢ bluif hodics.
The former are bodics w“lc' w_to_.s_,o shaped-that thc pressure increas
do*»_ : 'tz'co,;n frem the minimum preg ;.;onmt is #0 gradual that separa-
mgm uqc> I’lOu O at loast. oc;o"chu e rear_oi _the body is practic ’-,.:}.y_
reached. I ywhere extremely thin and -
the £ o*v and pressure dist
are . nealy 1<(<,n:,1<,:01 ¥
\\'m"éfl-\\ ould be. expected-in-the
case of a 1)(‘I'lCCu_:TLhC.‘110“ The

CJ‘"‘”‘ of ch hodics ZS \' 1’ 2 S“’l“'i

arising aImo i ont‘“

mc tion. \»'Hm-

.O

e

__:10 bou 1d Ty 1’**70?" Is then ¢

ibution

rith those

rapid enou ';

occurs well ”.cwu of the ’,9:.___ - \\ _
Docy, w 11‘1 tne resulting formati ‘0;1 / T

of 2 3 V\'Z‘.J\(., which serious}

fhe perfect 1’11.*0 flow patiern  Fie. 1-53. Alternative fows about an
wnd leads to a_pressure drag. airfoil neer the stall.

Svcn bodies },»L\ “LYS, h.we 3 high
cla'r of which the Alcu- friction s omy a
Axn explanation of phenomenon (o) of the AN s thu
been given.  That for (D) ix vezy similar and rests upon “.10 faeh that a
ziven body muy ull into the “streamiine™ ea tm*ow at one attiinde and
into the “bDluff” catezory at another. This is the case for alrfoils which
ab low imd moo@'a‘tv angles of ottack behave like streamline bodies (&
1-53a) and, apart from a small frictional profiie d L, 0’.\"11"
teristics which are essentially those predicted by perfect :
For many airfoils this state of affn h: continues as e increa i)
critical angle of attack is reached at which a separation noint sudd “:.i};r

'wp-)emb,on the upper surface near the leading edge (cf.

The fiow hen suddenly ct honges its charaeter from the strenmi
Dbiulf body type, o large pressure drag is developed, the iy “L.L.uo

1 1

1ifs drop off, and the aivioil is said o ha wg §‘L,
.at \;“g»_d‘ \giswo'g_c}r” is sometimes calier the » 3
rather idcalized description Is not always a “uc WBie, 1he st‘:ii froq ‘:cnr};'
occurring over a small bus finite ronge of « during w:‘.ch the seporation -
poing rapidly moves forward without actually jumping to the leadin:
Hluf-. In =uch cases the drag increase is less precipitous and the peak

.-
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nded instead of hoving o sharp maximum.
Tual

‘ocesses, although more gradual, are still the

— f\
i+
by
re
<t
[ 2
s
743
]

o o

.
[gakt
The essenfia 1

oOMp

Deidiase -
Phenomaens (@) 1o (6) of the Srst paragraph have now heen explained.
fa Py ’y

o & schemaiic summary of some of the more important

<

icare 1-52 g

Bernoulii’s Eguation: p+, pVi= Const.
Note:in the Dicgroms ( }-Mecns 'uf‘70// 'end { )+ Means "Lerge”
Venturi Tube
—5= e L
— T s
- / \———_——)__

S:f’PGf"‘/’/‘)C Se Qc‘nc Norrow : v High: p Low
Wide v Low; pr/lgh

Perfict Fluid V/’ScoDus Fluid
. roG
No Dreg . rag —e

> V%

4
‘7* D"’ _~— No Circulation >——":H D p:\ T

; ‘/- v/—’, V /~ i p
Ao vl N’ M\@

P — '_{\\\ Smell Angle
= ~__ of Atfack o’
Smcll I

Large <t
Large

16, 1-54. Qunm"z v of perieet and real fiuid flow characieristies; two-dimensional
motion.

L1

0w pheno nen ain this conn cction. It only remainsin conciuding this

-chap 1% <
~

and ckcvo;opm(\:w of the circulation around an airfoil
Tt wii Bbe remembered thet in general the fow without circulation

about an sirfoil involves dow ar md the sharp trailing edge. When an

Giv

. to complete ihe physical picture by describing the actual origin -

LT SPFROUS OF VISCORITY AT LARGE I‘:‘_’.\ﬂ,uDv \"J_\l?. z

o)
[\

airfoil is set In motion in a stationary fidd this s is the tyne of "o which

aetunlly oceurs in the fivst m«tmi as has been repeatedly demonstinicd
by visual flow observations. The flow around the sharp corner leads to

the formation of a vortex as shown in Fig. 1-33.% This is ocm’:cd

Zool: Co.

f'ourlcw of & ‘cGrr weif

Fig. 1-55. Vortex ereated by flow areund a sharp cornar.

with the fact that the fivid involved in the formation of {he voriex has
been in the boundary layer and hence must be considered as a viscous
rother than o perfeet fivid.  As the motion proceeds this vortex is de-

'1' =",
o)
4

Stor? /r'q' /
Vortey

Eal P
e e e it

—— -

.56. Development of circulation around an airfoil.

‘tached from the airfoil swrface and remains in the fuid behind as 2 free

21

VOrieX. t \,::1'* 'th.”'C in the Y')I'OCCCC‘C' nas con sider Z« coniour surreunding

ang

the airfoil and some distancee avay asia a*c“Lch n'’¥ 1!:. i-536. This con-

* Reproduced from Prandtl-Tietjens, loc. ¢t -
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souris atiached toa do"u site se t { f‘ vid "§'t‘cl os.  Weadopt the point of
view of an observer ail ached ¢ o airfoil so that we have a rectilinear
fow from infinily which suddeniy starts from rost. Initially (¢ = 0)
everyihing was at rest o the cirenlation around the contour Was zer

At the later thne (¢ = &), when the lrailing cdge voriex Las been de-
Lo contour has moved downstream but is still far from the air-
the Auid particies composing it have nobs been contaming t<~d
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by the ¢ c“o‘x of viscosity. In other w ords, this contour may silil be

considored aslying in o per oot fuid so that the Thomson theorem of the

constancy of direulation (cf. section 1-6) i8¢ *)-*)l‘czx’mo. Flence the cir-
culation aroind the contour rema ‘ns zero at the time ;. The circulation
around any contour is the aleebraic sum of all & the circu}at-ion% enclosed
by the contous. Wow we have abt & & cireulation, say Iy, & ound the
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A Vortex
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Corupicte vortex patiern (idenlized).

froe voriex which hoes been shed from the trailing edge. In order that
the eireulation may he zero around the large contour we must also hav

an ccual and opposite circuintion, — I'y, which will eancel the Ty con-

t y the s mm" voriex. This cir cmzmon, —T,, is the airfoil
ulation for which we were jooking. It is clear that the strength of
the ¥ sharting *v)“to‘c, 7 as it i3 called, will be Just such as to make the
fuid fiow smoothly off the frailing cd"'o sinee s long as there is flow
around the \'n:v D e "c w( Gitional starling vortic s will be formed which

ait aleng the unper auince.  Visual fow

lahoratory show that the above picture is nob

obzervaiions ab b umc s
.

ih’s least Setitious bub corresponds very closcly to the conditions
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Ono i'ur'; ~or remark completes the deseri *onn cf an fiow couditiens
around o finlie span w ing. Irom the Helmb 4theorent, stating ihat

vortices cannob end in +he fuid, it is at onee seen tlmb the starting vortex
must aeiun 1w he conn ceted with © he tr.u.nw vortices from {he wing mps

adation around the airfoil and move the rear

+final vortex pleture s i“d?“%tcd in the sketehv of Tig. 1

starting vortex of o wing moving in a stat ona“ r fuid is left behind a3
wing moves forward, until finally it i so far dowystream s ’s(‘- be cffec
: . - » .: ad L Ullodas 2 s RN LA U=
tively removed to infinity. This tmq vortex formation occurs nob
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only when a wing is first seb Into mot tion, but also when the ciretlation

wound the wing is subsequently cha -'cc‘-. for any reason whaiever
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