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CHAPTER I N

THE SINGLE FIRST ORDER EQUATION '\\-
\
N

l. The linear and quasi-linear equations, . ’ \\

The first order equations, in general, present:interestihg geometric

" interpretations, It will be convenient then to restrict the discussion to the

case of two independent variables, but it will be made clear théﬁ\ﬁhe theory can

be extended immediately to any number of variables., We consider then equaﬁions

‘of the form

(1) \ .F(¥JY;u:ux:uy) = F(x,¥,u,p,q) = 0

where we have used the notation u, ='p, u, = A-solution =z = u(x,y), when
interpreted as a surface in three dimensional space, will be called an integral
surface of the differential equation,

We begin with the general linear equation

(2) a(x,y)u, + B(x,¥)e, = o(x,¥)u + A(x,y).
K
We notice that the left hand side of this equation represents the
derivative of u(x,y) in the direction ‘(a(x,y),b(x,y)). Thus when we consider
the curves in the x,y-plane whose tangents at each point have those direétions,
i,e. the one parameter family of curves defined by the ordinary differential

equations
dy _ b(x Cdx a ‘
(3) == E%§f%% s O SE= a(x,y), E% = b(x,y),

they will have the property that along them u(x,y) will satisfy the ordinary

differential equation

. ‘ du _ ce(x,y)u + d(x, du i '
(4) H = ( ,y)ﬁ("(.\fg )Y) ’ or '(ﬁ. = c(x,y)u + d(x,y).
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The one parameter fdmily of curves defined by equations (5) are called

the characteristic curves of the differential equation,

Suppose now u(x,y) is assigned an "initial" value at a point ké;’&d)

in the x,y-plane,  From the existence and uniqueness of the initial value problem

for ordinary differential equations, equations'(3) will define a unique charac-

teristic curve, say

(5) Cx = alagyo8), ¥ = ¥,Y0Y)

\

\,

along which

(6) T u = u(x

O’YO’t)

will be uniquely determined by equetion (4), That is, if wu ig\given at a point,
it is determined along a whole characteristic curve ﬁhrough the point, . ‘
This suggests that if we were to assign initial values for u along//JI

some curve, say. I' of the figure below,

r

C

intersecting the characteristics C,, we may determine a uniqueﬁsdlgtion u(x,y)
in the whole region covered by C, ¥ by means of (5) and (6).
The curve T, which we may\call the initial curve, may not be chosen quite

arbitrarily. For clearly it must not at any point coincide with a characteristic,

since there u is determined asha solution of an ordinary differential equation. .-
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value problem, willibe given for the more general quasi-linear equations to
follow.

As an example we consider the P.D.E,
X, + yuy = Ou

with initlal conditions w = ¢(x) for y = 1. The characteristic curves are

given by the equation

d—x:—y-
dx x °
having solutions
' Yy = CX,

Along such a curve u satisfies the equation

whose solution is

As k may differ from characteristic to characteristic, i.,e. depend on c, we

have the general solution

H u = k(e)x® = k(%)xa

where k is an "arbitrary" function. If we apply the initial condition for

= 1 we Ahtedin







i
!
i
|

e i v s ST

o(x) = k(D)™

or
1,
K(s) = o(3)s%,
and hence the required solution:
Xy O
u = ¢(= B
(Hy
- The general quasi-linear equation may be written

(7) - a(x,y,u)ux + b(x,y,Wu, = c(x,y,u).

¥y

Y

v

A solution u(x,y) defines an integral surface z = u(x,y) in the x,y,z-space,

The direction numbers of the normal to the surface are (ux,uy,-l), 50 tﬁgt

equation (7) can be interpreﬂed as the condition that the integral surface at yg‘
each point has the property that the vector (a,b,c) is tangent tbﬂtheiéurface.
Thus the P.D.E. defines a direction field (a,b,c), called the char-

o .
acteristic directions, having the property that a surface 2z = uw(x,y) is an

. integral surface if and only if at each point the tangent plane contains the

characteristic direction.’

It is suggestive then that we consider the integral curves of this
field, i.e, the family of space curves whose tangent coincides with the charac~
teristic direction. They are called the characteristic curves and are given by

the equations

(8) ax - dy - dz
a{x,y,2) b{x,y,2) c(x,y,2)

N

Calling the common value of these ratios dt, we can write (8) also;;nfﬁhé‘form'







oy ax . 4 . da
(9) ‘5T = a(x,y,z), 3F = b(x,y,z), IF = c(x,y,z).
. dt d d

[This notion differs from the one used in the lidéar case, The projeétion of the

A present chrves on the :x,y-plane will be/tﬂg curves breviously calleq characteris.

tic.] Through each point (xo,yblz6) there pas§9§"6ae characteristic curve
i d

e ~
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S L .
X = x(xo,yo,zo,t){';yf= y(xo}yb,zo,t),, 2 = u(x »¥or%gst)e

-
-

. Namely, every surface

an integral surface,

hbreover, the converse is also true, For Suppose 'z = u(x,y) is a given integral

surface 2, Consider the solution of

dx d
T = a(XJYJu(X;Y))J a—y = b(x:y:u(x:y))

=
=
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o
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0. Then for the corresponding curve

X =x(), ¥ = y(8), 2 = u(x(s), y(e))

also
dz dx - dy _
T oap R a(x,y,u)ux + b(x,y,u)uy = c(x,y,u) = e(x,y,z)

" from (7). Hence the curve satisfies condition (9) for characteristiq curves,
and also lies on ) by definition, Thus J contains wifh each point also the
characteristic curve through the point, Therefore ) consists of integra)
Curves, Furthermore, if two integral surfaces intersect in g roint. then they
intersegt aiong the whole chéracteristic through this roint; and the curve of

) intersection of two integral surfaces must be characteristic,







At this point the solution to the Cauchy initial value problem, i,
of finding a solution u(x,y) satisfying préscribed initial values along a curve
in thg X,y-plane, becomes evident, For ve may take as the solution the integral
surface consisting of the family of characteristics passing through each initial
point in space, ~_

We will again have to exclude initial curves which are characteristic
at any point, i.e, satisfy (8).  We shall even have to exclude initial curves

dy

-satisfying the one equation Qg =5, as othervise u - would have unbounded deri-

vatives., The precise formulation and proof of the exisgéngs‘theorem followss

Theorem: ' Consider the first orgéf qu@siflinear partial differential equation
(10) _ a(x,y',u)ux + b(x,y,u)uy = o(x,y,u),

where a,b,e have continuous partial derivatives with respect'tq X,¥;u. Suppose
that along the initial curve x = xo(s), v = yo(s) the initial values u = uo(s)
are prescribed, X5s Vg Uy being continuously differentiable functions for

0<s<1, Furthermore, let

dy, ax, ‘
(11) o a(xo(s),yo(s),uo(s)) - 3= b(xb(s),yb(s),uo(s)) £ 0.

¢

Then there exists one ang’ only one solutlon u(x,y) deflned in some nelghborhood

of the initial curve, which satisfies the P, D.E. and the 1n1t1al conditions
12 . = S)e ”"\\'\‘,
( ) u(xo(s)jyo(s)) uo( b)° -

Proof: We consider the ordinary differenfial equationi
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(13) “;-b(x,y,u)
cdn e
. ,a{.f'c(XJY:u)o
L oo \K\ o
e 5 " . . 3 . //
From the existence, and unigueness theorem for ordinary differential equations- . .’
we may solve for a unique family of characteriétics L e -
X = X(XO’yO’uO’p) = x(s,%)
(lh) Ty = y(XO’yO’uO’t) = y(s,?) :
:l
u = u(xo,yo)uo)t) = u(s,t), !

whose derivatives with respect to the parameters s,

that they satisfy the initial conditions

by condition (il). Thus in (14) we may éolye for s, t in terms of X, ¥ in
the neighborhood of the initial curve

for the solution : o . 5

t are continuous and such

’ﬁ : x(s,O) = xo(s)

Yo(s)

1}

y(S,O)

u(s,0) = uo(s).

We note ﬁhat £he Jacobian

X . X
s t ax d
3(x,y ) ) < 0, . Yo ; ‘o

s,t £=0 L
Yo Y¢ |4=0

t = 0, obtaining from (1) a_cand{date

oy = w(sla), W | \
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' ®(x,y) clearly satisfies the initial conditions; for

-

//"” ¢(x,y)t=o = u(s,0) = uo(s).
e ' } ' i
Moneéﬁer it satisfies the differential equations, For }
e
8 + bo = a(ussx + uttx) + b(ussy‘+ utty)

us(aslx + bsy) + ut(atx + bty)

= us(sxxt + syyt) + ut(txxt + tytt) . gs . "*:"L

=us°0+ut-l ) ,
- =Q,
since from the equations
s = s(x ;
. (%,)
t o= t(x,y), 5
g
we have 5
t
Sy =vO = 8%, + syyt

t, = 1= tXX£ + tyyﬁ.
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Moreover, ¢(x,y) is unigue, For suppose %(x,y) 1is any other solution
Satisfying the initial conditions and x', y' an arbitrary point in the neigh-

torhood of the initial curve, We consider the characteristic curve

T A it

x =x(s",t), y=y(s',t), u= u(s',t)







where s' = s(x} :"i t = 0 this curve passes through both surfaces since

here it passes thlough the initial curve at the point

| (sr,0) % xgle)y 900 = gle)s u(s'50). = ug(s")
. "\\ .

face»

t in common w1th an- 1ntegra1 sur

racterlstlc curve has one poin
it 11es entirely on the smface° Thus the characterlstlc curve lles on both

s B e
we have : e T

iBut if a cha

ces, and in particular for t°

T IERDRICRNE (s,

v | : .:‘&'(xl’yi)

"As an examplé consider the P.D.E.

uu, +u_ =1
y
with initial conditions X =8, ¥ % 5, U = %S for 0 <8 < 1, We note that .
condition (11) is satisfied; for
.4y ax, _ 1
Fa- 50 =3 s =140 for 058 <L
Solving the ordinary differential equations
dx _ dy . du _
SN A

with the initial conditions

};(S;O) = 5, y(S,Oj = 5 u(s,O) =

we find the family of characteiistics







£ -
12 1
X = Eﬁ + ESt + 8 !
i
y=1%t+s ¥
u-_-.t-i--g—. 3
\//
When we solve for s and t in terms of x and ¥, ve obtain ;
y2 »

*- 77 vy - x .

s = , b= 5 X
1-2 1 -3 ‘ i
2 2 \
and finally the solution - ;
2 i

2(y-x) + (x - L3)
u = e .

2. The general first order equation for a fundtion of two variables,
The general first order partial differential equation for a'function

of two variables z(x,y) and its derivatives z, =D, zy = q can be written

) (l) - F(X:Y;ZJPJQ) = 0.

It‘w1il be assumed that F has continuous second derivatives with respect to its
variables x, y, z, p, q.

Surprisingly enough the problem of solving even the most general i
first order‘equation reduces to that of solving a system of ordinary differential
éauations. The geometry, though, is not nearly as simple as for the quasi-linear
€quations, where we were concerned principally with integral curves., In- the
general case we will require, as we will see, more complicated geometric objects,
called "strips",

Suppose now at some point in space (xo, Yoo zo) we consider a pqssible
integral surface gz = z(x,y) and the direction numbers (p, q, -1) of its

tangent plane, The equation states that there is a felation +







F(XO, yO’ ZO’ p,q) =0

between the direction numbers p and gq. That is, the differential equation
will vestrict its solutions to those surfaces
having tangent planes belonging to-a.one para-

meter family,

In general this one parameter'family "//

of ‘planes will envelopea cone (see fi

called the Monge cone, Thus the dif< .
ferential equation (1) describes a . -

’ ) . . ,.//
field of cones having the property : ///////// 7

that a surface will be an integral surface if and only if 1t is tangent to a cone
at each point. We note that in the quasininear case the coné‘degenerates into a
straight line. | '

Let us consider for a‘moment.that wg_ha;e a one'parametér family of

integral surfaces

. (2) ) z = f(x,y,c),-

where ve assume f has continuous second derivatives with respect to its vari-
ables %, y, ¢. As we may suspect from the geometric interpretationvdf the dif-
ferential equation, the envelope, if it exists, will again be a solution,

We may find the envelope of a family of surfaces by considering the

points of intersection of "neighboring surfaces”
= £(x,y,¢)
and

‘z = f(x,y,c + £e).
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Subtracting and dividing by 4e,

oA 5 e ey g S

o = f(x,y,¢) - f(x,y,c + /z)
= = -,

{
by
H
1
H
¥
£
y

and passing to the limit Ac -0, we have the envelopé:defined by the two equa- -

tions

2= £(x,y,¢)

(3)

:fc(x)ch)’

If we may solve for ¢ in thé;second eqdation and eliminate in the first, we

have the envelope expressed as

z = g(x,y) = f(X,Y;C(X;Y>)-

The envelope will satisfy the differential ecii;ation° For
v -

e e

P
gx = fx + fccx = fx \\\ .
(k) ‘
=f +4fc¢c =1¢
&y y cy v’

since fc = 0., That is, the envelope will have the same derivatives as a member

of the family, and the differential equation is just a relation between these

derivatives to be satisfied.

Finding one more solution when we already have a whole family of thém

is not much gain, However, suppose we know a two parameter family of integral

surfaces, say

(5)

2 = f(":)’)a)b)'







()

Then we can find solutions depending on an arbitrary function, For if we let

e

d b = ‘1’(8.)_
~ “
//
_where ¢ is d%fféfentiable, we obtain the family L
- - )
z = £(x,y,a,¢(a)),
z = f(x,y,a,0(a))
- ]
0=f + 0 (a)

will be an integral surface depending on the function ¢,

This suggests that if we were given a two parameter family of integral

surfaces, we may be able to select a one parameter family of these surfaces whose

envelope contains a given curve id space, i,e, find a solution to the initial

value problem, We note th fv’t iszuite reasonable to expect the existence of a

two parameter family of solutio

bitrary family of surfaces, say

(6)

“ For suppose we are given to begin with &n ar-

)

Z = f(‘x;Y;a)b)"

If we may solve for the parameters a and b in the two derivatives

we can eliminate in equation (6)

]
N
il

= £, (,,8,b)

=2 = fy(x:Y)a:b);

and obtaln the partial differential equation
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et

(7) ‘ zZ = f(’f;y;a(x;y)PJQ): b()‘()YJP)Q)) =0

having the given family as solutions, We will call a two parameter family of

solutions a complete solution of the differential equation,

Suppose-fiow we have a complete solution z = f(x,y,a,b) . and wish to find

an envelope containing the initial curve, say

x = x(s), ¥ =y(s), u=a(s).

We consider the two equations
= t

?

(8) . » G(é,a,bj = z(s) - f(x(s),y(s),a,b) =0 - o .- | ;/,ﬁél
and S ‘ ‘ ’ S o
(9) 6 (8,8,b) = 2'(s) - £2(s) - £97(s) = 0,

o

obtaining a relation between a _and b, say in terms of the parameter s

a =a(s), b = b(s). The envelope

N
n

£(x,¥,a(s),b(s)) | \ :
(10)

O
i

'faa'(s) ; fbb'(s)

will contain the inifIzl-curve. For both equations are satisfied identically in
s by x(s), y(s), z(s), the first as a direct consequence of equation (8), and

the second from the derlvatlve of the first .

21 (s) = fxx'(s)' +Ey'(s) + fa1(s) + £0(s),.

or i







0 = Taar(s) + £,b! (),
where we used equation (9).

unit distanqe from the origin, i,e, the Pplanes touching the unit sphere, They

are given by the equation

.‘ z=—~.i____~x_~.___~.,\y+_\l*__

\\ V1 - (807 VA -” (a.2+b2) V1 - ¢ a2+b2)

and can be shown to be g complete solution of the P.D.E, ////// -

c1rc1e of radius % about the z-axis,

~—
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Z = - % X cos 6 - E y sin 6 #+

3

which can be computed. to be the cone

All this is very well if we already have a two parameter famlly of inte-

gral surfaces, We continue therefore w1th a more systematlc attack w“th the b~

Suppose we are glven an. 1ntegral surface z = z(x,y) having continuous

second derivatives with respect to X vand Y. At each point the surface ‘will be

tangent to g Monge cone, See figure below. The lines of contact between the

tangent

called the characteristic directions, and the integral curves of this field de-

fine a family of characterlstlc curves,

In order to deseribe the characteristic curves, we obtain first an
analytic expression for the Monge cone at some fixed point (xo, Yor zo) It is the

envelope of the one parameter famlly of planes

2729 = p(x-xp) + q(y-y,)

where p - ang q - satisfy

A

.
}
¥
}f

D —







.

(11)

and therefore

(12)

From equations (11) we obtain

(155 if‘- 

dg

. —:"‘7 dq
0= (x-xo) + (y-%p) 3p °

so that == may be eliminated from (12) and the equations describing the Monge -

dp

cone written

(14)

We nofeffnat given

thé cone,.i.e. the line o

F(XO,YO,ZO,PJQ) =0

z - 2 = p(x-%;) + a(y-¥,)
%y ¥ ¥

F F_
. P q

p and q the last two equations define a generating line of

£ contact tetween the tangent plane and the cone, .

" Thus on our given integral surface, where at each point Py = p(xo,yo)

and 9 = q(xo,yo) are known; the tzzgent plane

= ey -
Z -2 = Fph4 KO) + qo(y yO)

~
1%

together with the equation

e R A







S : . o

* ?

deterhinevthe line of contact with the Monge cone

%=X ) ¥-¥, z-2, ‘ v i i

p q Pty
' e
or characteristic direction : S~ .

-

(Fp,Fq,pr + qu).

s

It follows then that the characteristic curves are determined by the system of

ordinary differential equations

() - dx _ dy dz *

F°F "o oo : . ' ST
p "a Pptg . SRS

or i
' ax dy _ dz _ é
(15) TPy F=Tp - PF, + oF . .

If the intééral surface is.as yet unknown, it is clear that the tﬁree
?éﬁéfidéé (14) or (15) will not be enough to determine the characteristic curves
eémprisihg the surface. For one thing the equations contain two too many unknown
functions, namely p and q. However more information concerning the behavior
of p and Q along a characteristic curve can be obtained, For along such a

curve on the given integral surface we have

—
dp _ dx dy _
at = Px GE " Pyt T Bfp t BF
(16) |
dq _ dx dy _ : ' : !
at T % gt 9 3¢ ~ qup * quq' : 5

Returning to the differential equation (1) and differentiating first with res-

Peet to x and then with respect to y, we have







FX + sz‘+ Fppx + F qx =0

q

-+ F + F‘ + F = O.
Fy 22+ FpPy aly ’

so that equations (16) may be written

QICL
cirg
I

(a1)

DaiQa
ctha
i

where we have used Py = Qe : :;» o ' ‘ -
We have then associateé with tﬁe given integral_surface z i/z(?j;)

a famlily of characteristic curves on the surface such that ﬁhe cpofé;;ates of

the c;;Qe x(t), y(t), 2z(t), and alongvfhe.curve, the numbersﬁ/p(t), q(t) é;e‘

‘related by the system of five ordinary differential equéfions (15) and (17).

These five ordinary differential equations are called the characteristic dif-

ferential equations related to the given P.D.E, (1).

éuppose now the inteéra} surface is as yet to be determined, We are
“led by the previous discussion to consider the partial differential equation (1)
£ogether with the system of characteristic equations (15) and (17), as a system

of six equations

F(x,y,z,p,q) =0

&18) g% = pFP + qu
L..F -Fp
g%=-Fy-qu







.
. . EH

for the five unknown functions x(t), y(t), =(t), p(t), a(t). This system is

overdetermining; however the finite equation F(x,y,2,p,q) = 0 1is not much of a .-

13
' !
restriction, For along a solution of the last five equations, 3
o 8%, pdy, pdz, . dp, o odg, S
A A AT R - :

=FF +FF +pFF +qF F -FF -FFop-FF -FF -

xp " Nyq T Bty AT - FpFy - FFp ay qzqv-_,._. :

= 0, o :. J.f.fi: i

S

Showing that ¥ = const, is an inteé

ral of the ordinary differential equations.
It is clear then that if :F)é 0 is satisfied at an initial "boiht",
say Xy, Yoo Zgs Pys 9 for =0, the five characteristic equations will deter-

mine a unigue solution x(t), y(t), z(t), p(t), a(t) passing through this point

and along which F =0 will be satisfied for all to.

A solution to (18) can be interpreted as a strip. That is, a space

curve x = x(t), y = y(t), z = 2(t) and along it a family of tangent Planes de- , '

fined by the direction numbers (p, a5 -1). See figure below,

P

For fixed to the f;ve ngmbers XO’ Yo Zgs po, 9 will be said to

define an element of the strip, i.e., a point on the curve and the corresponding

tangent plane,

Note not any set of five functions can be interpreted as a strip.

Namely we require that the planes be tangent to the curve, which is the condition







(29) '_ﬂﬂgl‘=p(t)i’%{l+q(t)il§—?,

called the strip condition.A'In our case the strip condition is guaranteed by the"/

first three chalacterlstlc equatlons.

We w111 call the strlps which are solutlons to (18) characteristic strips .~

N -~
and their correspondlng curves' characteristic curves, ) }/)7‘ oo /g/

. - \\v - / .
oy We w1ll show that 1f a characteristic strlp has one element xo, yo,

Zqr Py» %Y in common with an integral surface 3z = u(x,y), 1t lles completely

on. the surface.
For, given a solution u, consider the

tions

3t Fp(x;yxu(x;y): -ux(x:y) uy(x,&))
(=0)

mlm
g
n

Fq(X:YJu(X;Y), ux(x,y) uy(x)y)_). .

for x%(t), y(t) with initial conditions x(0) = g y(0) =y, They will uniguely
determine a>curve x = x(t), y = y(t) along which the corresponding curve on the

integral surface

ey x = a8, ¥ =9(8), 7 = u(a(),¥()
satisfies
. du _  dx dy _ '
(22) T Seaw Yy oar T W e
. dux .
(23) o T Yafp t Uy’

and

s







" . . . o
» 4

du

= 1 >F +u F,

(24) vk 'p T Uyya

2]
¥l

vhere u(0) = U(Xo,yo) = 2 ux(O) = ux(xo’yo) = Py» and uy(O) = “y(xo'yo) = e
By assumption

~_
(25) F(X:YJU(XJY);U-X(X;y);uy(x)Y)) = 0,
and thus

Fx + FuuX + Fuxuxx + Fuyuyx =

R
o
.

F +PFPu +F u +PF u
y uy ux xy uy yy

so that equations (22) and 23) can be written

(26)

X
T " Ty - F o

and

duy
at - -Fy - quy’

where we used u_ = u .,
Xy yX .
Examine now the five functions x = x(t), ¥y = ¥(t), z = u(x(t),y(t)),

p = ux(x(t),y(t)), q = uy(x(t),y(t))° They determine a characteristic strip.
For they satisfy the five characteristic eQuations, (20), (21), (22), (26), (27),
and the finite equation (25), Moreover, they determine the unique characteristic
5trip with the initial element X9 o5 Zgs Pys 9y But this strip lies on the
Surface by definition, and thus the theorem is proved,

It is elear now from previous considerations how we may procéed to
solve the Cauchy initial value problem with the help of these characteristic:

5trips, For consider some arbitrary initial curve







X = XO(S)’ y = yo(s)} z = Zo(s)°
© 31 nlong this curve we can assign functions po(s) and qo(s) such that
together with the initial curve xo(s), jo(s), to(s) we will have defined a

. ~ e
oy O wppvopriate initial elements, i.e. égtiéfying the equation

\

() F(ag(5), 90805 20(8)5 B85 90(5)) = 0,
. _ .
and being tangent to the initial curve, i.e. satisfying as well the strip condi-
LI ’
dzo ) dxo dyb
() s Pt E

w,

W WY azgeet to construct the integral surface by means of the characteristic
sivips Sssaing from the initial elements.

roe initial elements xo(s), yo(s), ZO(S)’ pb(s), qo(s) satisfying
QSRS LARY 2%) and (29) will be said to define an initial strip through the initial
Quev . L

“ote that there can be more than one integral surface passing through
thhe iesaial Surve, For there can be more than one pair of functions P, and 9
ssraeliiig 322 two equations (28) and (29). However, once po(s) and qd(s) are
alasely, 3-a1 1s once an initial strip is determinedeé can expgé?lthe solution
1o o aiiiwes  In the quasi-linear case we note that both equati;né (28) and (29)
v ;Uuﬁm 2 p and g and thus only one solutionuig\gsneral occurs,

igain we will require that the initial strip be non-characteristic. 1In

1 we will require a more stringent condition

% 4
F F °
b q

P

Hﬁq-;;ﬁ;g;.ﬂformulation of the initial value theorem ahd proof followss







.

pheorem, Consider the partial differential equation

(30) . F(x,y,2,p,9) = 0,

where F has continuous second derivatives with respect to its variables
X,¥,2;P,q. .. Suppose that along the initial curve x = xo(s), y o= yo(s), 0<s8<l,

the initiéi‘values zZ = zo(s) are assigned, Xy Yor 2o having continuous second

derivatiﬁéé. Suppose further that continuously differentiable functions po(s),

qo(s) 'have‘been determined satisfying the two equations

e //
E(xo(s),yo(s‘),{()(S),po(é'),qo(S)) =0
(31) d e a
“az %5, . o
"a‘% =P st % T

Finally, suppogeAthat the five functions Xqr Yoo Zg0 Pyo qo satisfy
dxb - dyb
(32) 35 Fol%oY0%020:%) = s Fpl¥02¥or 20 Por %) # O
s -
‘Then in some neighborhood of the initial curve there will exist one and only one

solution z = u(x,y) of (30) containing the initial strip, i.e. such that

I}

Z(XO( S),yo(s)) = Zo(s), ZX(XO(S),VO(S)) Po(s))’

FEXORACIEENOY

Proof, We consider the system of characteristic equations

ax _.
at - Fp’
dy _ dp _ _
(33) at.~ Fq’ at = “Fx - Py
dz _ gg _ ’
I pFP + qu, T ~Fy - sz’

¢
I3
i
t

o
¥
|5

A
i
i







()

© with the family of initial conditions x = xo(s), y = yo(s), zZ = ZO(S)’ p = pb(s)!-

q = qo(s) for t =0, From the existence ang uniqueness theorem of the initial

_ value: problem for ordinary diffeféntial equations we can obtain a family of solu-

tions depending on the ipitial parameter s

/ ‘ "‘\\
b= P(S:t);

= q( S':t)l

(54

[Te]
i

s‘ and %

i

yO( s), 5,0) =

i
N
o
—
1]
~—r
.

X(s,0) = xo(si,, Y~(s",0)

H(5,0) = pi(s), o(s,0)

]
&
~~
n
g
N

indeed form a surface. Namely we would like to solve for s and t in te?ms
of x and y in the first two equations then, substituting in the last, obtain
the surface z = 2(s(x,y),t(x,y)) = z(X,y) as a function of the two variables x
and y. This can be done for some neighborhood N(&,7) about each point  (&,7)

on the initial curve since along the initial curve the Jacobian

: X X
t dax dy.
(X, Y) s 0 0
(36) N5ty =0 = Hm Ty m A0
, Yoo Y, [t=0 -

by condition (32),

We bave then defined in N(&,n) the functions




Pty



oo Kl )

X(S(XJY);t(X)y))’

s = s(x;y); X =
t = t(x,y), y = Y(s(x,y),t(k,y)), .
(37) z = Z(s(x,¥),t(x,y)) = z(x,y),

~_ :
p = B(s(x,y),t(%,y)) =b(x,y), q = Als(x,¥),t(%,y)) = a(x,y).

We wish to show that 2z(x,y) as a solution to the P.D.E. (30), i.e.

i

F(x,y,Z(x,y);zx(x,y),z;,(\x,y)) = 0.~

Since we know from previous considerations of characteristic strips that

F(XJV)Z;PJQ) =0,

all that remains to be proved is that

We consider the expression

(38) U(s,t) = Zg - X - QY.

|
For t =0

. N V‘\ﬁ‘_‘“
dz dx dy.
0 0 0
U(s,0) T ds ” pO-;ds "% Es 9

by the strip condition for the initial elements (31). We would like to show

that U =0 for all t, which expresses the fact that the characteristic strips
fit smoothly together., To do this Qe consider the derivative of U with respect

to t : ’ s







= 3a(Z-PXy-Qy,) + P + Oe¥g = Q¥ - BX,

4
-
- mvﬁﬁ»ﬁ.m\ﬁ*—r-wm—w.‘.y—,

=0+ FPPS--+ 'F‘IQ.S; +, __(,F)'(}FZP)XS + (Fy+FzQ)Ys»,
se of the cha'racteristik:‘ equations (33), we have further, by add- .

L

where we.made,

-

ing and subtracti‘ﬁ:g FZZS and then rearranging terms

D

R i N

94

= FoXo + FyYs +F,2 + FPPS' + FqQ,s - FZ(ZS—PXS‘—..QYS). :

T e e, s e

since FSEO in s ang ¢,

_ That is for fixed s ' the function U satisfies the ordinary dif-

ferential equation

du
& = FU,
having the solution .
t
-g F dt
U = U(0)e .

"‘;_Since U=0 for t = O it follows that U=0 for all t, i.e,
ZS = PXS.+ QYS.

We observe now the four équations

ZS = PXS +Q,Ys

(39) ' z't = PX, + QY



i ——
e
e



™~
i
N
><.
+*
N
<

Z, = zXXt +.szt',

///&he first follows from the previous discussion, the second is just the third

charac}efistic equation, and the last two are obtained by differentiating the
yd

identities of (37).

The four quantities P, Q, Zs zy can be considered as two solutions

for two linear equations in two unknowns. However, since near (&,7) the deter-

minant

by virtue of equation (36) the two solutions must be identieal, i,e,

B(s,t) = 2,(x(s,t),5(s,t))
Q(s,t) = Zy(x(s;t):Y(S)t)):
or
p(x,y) =z, (x,y)" ‘ \
(ko)
a(x,¥) = z.(%,7),

as was to be shown,

The solution =z = z(x,y) contains the initial strip. For

2(xg53p) = 2(x(5,0),¥(5,0)) = %(5,0) = z,(s)
2,(%g:9) = Bl30,¥5) = B(x(5,0),5(s,0)) = B(s,0) = py(s)
zy(xO’yO) = Q(XO;YO) = q(X(S,O),y(S,O)) = Q(SJO) = qO(S),







e

» by virtue of equatlons (35), (57), and (ho) To shox’ihgtv-zfs z{x,y) so
_detelmlned 1s unique we suppose there exists some othex Solution 2 = 2'(x,y)

defined in N(¢, 1) and containing the initial st11p. he choose an axbitrary

T ——— _M______..M,.,.,ﬁ

point (x', y" in N(g,n) and solve for the Jef and t'. associated with it from '

the equations

o

.‘ 5 = S(X:Y) 'i | . ‘ ‘
t = t(x,y)_.

We cons1der now the initial element xo(s ), yb(s ), = (s ), p (st '), qo(s')

By assumptlon this element lies on both 1ntegral surfaces. Thus the uniquelyfﬁ

determined characteristic strip issuing from this element

u

P(s',t),

Q(s',t),

x = X(s',t), y = Y(s',t), z = Z2(s',t), p

q
must also be contained in both surfaces.szgat‘is

z'(X(s',t) ¥(s?, t)) Z(s' t) = z(X(s",t), (st 5t)),

and ‘in particular for t'  we have’

Z.'(X';Y') = Z'(X(S':t'):Y(S')t')) = Z(S';t')

Z(X(S',t')’Y(S',t')) =, z(x',y').

Note that 50 far we have only constructed g unigue solution for a
nelghborhood N(&,n) about a point  (£,7n) " on the jnitial curve. We would like
to have the solution extended to include the compléte curve. This can be done

vith the help of the uniqueness proof and a proper covering of the initial curve
with such neighborhoods N(g, ), /



‘“.\\,\\\\..\.\
e



We suppose then tﬂat a reglon about the initial curve is mapped homeo-
morphically onto say the"u,v—plane such that the initial curve maps into a portion
I’ of the line u =/6. The system of neighborhoo@s N(g,n) ~will map iﬁto a system
of neiéﬁ?g;héods N(u,v) which by properly restricting the size of the N(E, ™)

e

we may assume to be ciféular. We consider now a finite covering S of T by
¢ = b

- ‘1/

the CN(u;v). $h1§ can be done since the initial curve and thus its image I' 1is

compact, ThHe intersections of this covering will have a minimum distance, say T.

QSee»fiéhre below, . -

/

Suppose now we cover I' with a second set T of the N(u,v) having a maximum
diameter of r/2. This covering T will then have the property that intersections

of any of its neighborhoods will 1ie entirely within at least one of the nelghbor-

hoods of the covering S.

Consider the solutions

{( V) thch have been constructed for the
neighborhoods of the covering T. It is clear that they will define a solution
of the Cauchy problem for the whole curve, For all that has to Be shown is that
the zp agree along the intersecfions of their respective neighborhoods. But
this is clear by the uniqueness proof for the neighborhoods of the first covering
S,

We have seen before that we can solve the Cauchy problem with the help
of a complete integral., There is yet another type of solution which is also con-
venient for this purpose, Namely, at each pointh(xo, Yor zo) in space there is a
one paraﬁeter family of elements X, ¥ys %o’ po(s), qo(s) through each of which

we can pass characteristic strips. This one parameter family of strips will in

general form a certain conical surface with a singularity at the point (xo, Yor zd}

:
H
A
¢
;
H







It can be proveqd in a manner similar to what has been done in the existence
theorem that thisg surface, called a conoid, will be an integral surface. Note
that the first approximation to the conoid at the singular Point is given by the

Monge cone,

The figure beloy indicates hoy g conoid may be used to solve the initial . -

problem,

Surfaces which may pass through the given curve, A

A complete integral 5 = £(x,¥,a,b), besides being useful %b solve the
Cauchy Problem, can also be useq to obtain a1l charactefistic strips and conoids,
For suppose the parameter b is given as a function of é;.'wé:éonsider the en.

velope

o’
L]

b(a)

= f(x,y,a.,b)
fa + fbb’(a)

for a fixeq a the above expression represents a curve of contact between the en.
velope and family, The curve of contact ig bound to be characteristic. The

associated functions P and q- are given by

P=r£

q =1,




e T A———

— e



o ('Y
‘ We need not take b as a function of a,
equations
Z = f(X)Y)a:b)'
o 0Oxf +fec 2
(n)° , B e P i
. . P = fX,
= 1. :
4 y

For any a, b, ¢ we will 6bfain a éhéracteriéﬁié str%p,_ For a function b can
be found for which b =1bv(a) and c =b'(a). The conoids are obtained by taking

v

the family of strips which pass through a»éiven point.

3., The general first order equation for a function of n independent variables,

The general first order P,D.E. for a function of n variables z =

X,

u(xl,...,xn) ‘with first partial derivatives p, =u , i ='1,...,n, can be
; i .

written -

) .
() - . F(xl,...,xn,z,pl,...,pn) = 0,

A solution =z = u(xl,..,,xn) will appear as a certain nﬁ_,dimensional hypersurface
imbedded in the n+l space (z,xl,...,xn). . ‘

The theory of characteristics can be extended to equations (1) in a
manner simply analogous to what has been done for the case n = 2, Namely, we

consider the P.D.E. (l)‘together5With the system of characteristic equations

i .
-t = FPi . , i=1,,..,n
’ n
(2) : Sdz oy p.;F :
&~ oipy i
dpi %
~f = -F, - b;F i=1,...,n, i
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