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- A MODEL STUDY FOR VERTICAL TRACK BUCKLING ).

EOTHERR R R o) RN

,Arnold,D_errrl)‘
.-SUMMARY

The paper.:icontains a.study of two models which represent the mech- .
anism of;verticalibuckling of ‘a.track when subjected to a mechanical or
to a thermal :compression forpé,;respectively. The postbuckling equili-
brium curves and -their stability are discussed and a stability criterion
is defined. . The .effect-of various track model parameters, upon the
buckling load or buckiing temperature, are shown. The nonlinear equili-
brium :equations were then linearized. It was: found that the buckling loads,
or temperatures, obtained from a linearized analysis have no relevance to

the actual values obtained from a nonlinear analysis; the difference in

results being substantial for buckling temperatures.

INTRODUCT ION
' The rééént“praCtice of eliminating ‘expansion joints by welding the
rail ends to each other increases the possibility of track buckling at”higﬁ
temperatures. A .number of recent derailments, which are attributed to
buckled tracks, are reported in Ref. [1].

‘Stability analyses of the welded track were conducted in the past by
many investigators [2]. These analyses may be grouped into two main cate-
gories: when track buckles vertically and when track buckles in the hori-
zontal plane. Although actual track buckling may proceed in a more compli-
cated manner, the choice of .these two .special modes of deformation was
apparently made in order to reduce the problem to two dimensions and thus

to simplify the resulting analyses.:. .

*) This research was sponsored by the U.S. Department of Transportation,
Office of High Speed Ground Transpoptation,vWashington,’D.C., under Grant
No. DOT-FR-10019, ' o ' C -

1) |

Professor, Department of Aeronautics & Astronautics, New York Univéréity,
New York, N.Y. :




The buckling process as described and analyzed in the literature,
is shown in Fig. 1. There it is assumed that the straight rails rest on
a "rigid" base and are subjected, due to a uniform femperature increase and
constrained axial expansions, to an axial compression force Nt' For'large
values of Nt’ the track buckles out vertically, as shown. In the lift-off
region of length ¢, part of the thermal expansions are released, which
results in a reduction of the axial force, toiﬁt. In‘the adjoining regions,
each of length a, due to ballast resistance to axial displacements of the
track, the constrained thermai éxpansions vary; so does the axial force
N, < N<N. |

According to the above observations, vertical buckling is a local
phenomenon., That is, except for the length (£ +2a) the track is not
affected by it.

When analyzing a railroad track for vertical buckling, the following
questions are of interest:
1) The magnitude of the buckling force and the corresponding temperature

increase which causes it.

2) The effect of geometrical imperfections of the rails upon the buckling
force.
3) The effect upon the buckling force of an increase of the track weight.
For example, by increasing the weight of the ties.
A review of the papers on vertical buckling by K.N. Mishchenko [3],
H. Lederle [4], M.A. Martinet [5], F. Corini [6], E. Engel [7],
R. Sauvage [8]; and others, reveals that these authors used the linear
theory of beams for the determination of the buckling loads. However, be-
cause of the lift-up at the onset of buckling, these pfoblems do not exhi-
bit a bifurcation from the undeformed state, and therefore, it is not a
priori certain that a linear theory is suitable for the analysis of

vertical buckling.



The solution of the governing nonlinear differential equation is
rather involved. :In order to demonstrate the vertiecal buckling phenome-
non and its pelation"to nonlinear and linearized analyses, as well as to
obtain p;eliminary infqrmation about_qhe_qgestions listed above, in the
following we analyze two models which exhibit the essential features of
the anticipated buckling mechanism but are amenable to a simple exact

analysis.

A MODEL STUDY FOR A TEST TRACK COMPRESSED BY JACKS

In this section, we study the simple model shown in Fig. 2., ' It
represents ;he vertical_buﬁkling mechanism of a short track in a test
stand, where the axial forces are induced by means of jacks; for example,
as described in Ref. [9].

The model consists of four "rigid" bars constra;ned at the inter-
connecting joints by spiral springs. These springs represent the flexural
rigidit§ of the track in the vertical‘direction. It is assumed that only
joint.3 can lift-off from‘the base.l-The other joints cén only slide hori-
zontally. The model is'ofione degree of freedom and hence its equili-
brium states are déséribed by only one algebraic équation.with f as unknoﬁn.

From Fig. 2(a) it follows that § = 0 is an egﬁilibrium state for any
P. To determine if equilibrium states do exist for § > 0, we consider the
free body diagram of bar §Z, shown in Fig., 3, and set up the moment equili-
brium about point 4,

The resulting equation is

L cos B

— - PLsin 8 =0

286 + sf + qL
or rewritten

sin 8 ; ) : ) )

where

,_i v q =6S 2)




X
The corresponding equilibrium branches for 0 < 8 < % and q¢ = 0,04, 0,06,
0.08 are shown in Fig. &4, as solid lines, and are denoted by II., Also

E
2

and is denoted by IIO° The 8 =0 axis is an equilibrium branch for any

shown, as a dashed line, is the equilibrium branch for 0 < 8 <« and q =0,
q>0 and is denoted by I.

Note the different character of the equilibrium branches for q>0
as compared to the one with q=0., In particular that branch IIO inter-
sects branch I at P* = 1,0, whereas all branches II approach branch I
asymptomatically at infinity.

Whereas branch IIo represents the usual post-buékling response of
beams, branches II exhibit the characteristic response associated with the
1ift-off problem for q > O.

In order to determine the stability of the equilibrium states on
branches I and II,.We utilize the Lagrange energy criterion. According
to this criterion, an equilibrium configuration of a conservative mechanie
cal system is stable if the corresponding total potential energy Il has a
proper minimum with respect to all kinematically admissible displacements,

For the model shown in Fig. 2, the total potential energy [l .for
8 > 0.is

M=2(Fs08% +3s(20F - 2 (PL(l-cos 9):\ + 2 [qL(—%L sin 6)]
or rewritten
% =%92 - P* (l-cos 8) + q* sin 0 3)

* '
Equ. (3) was numerically evaluated for q = 0.06 and the results are pre-
sented as energy level curves in Fig. 5(a). The corresponding equilibrium
branch, based on equ. (1), is presented in Fig. 5(b).

First, it should be noted that according to the principle of



stationary total potential energy

=0 - (4)

yielue rhevequilibriuﬁ eouarionA(l) ‘Hence'.poinrs on.thevenergr 1eve1
curves‘w1th‘a horizontal tangeurl'correepond to equllibrium confiéurations.
This correspoudenee ﬁa& be‘ea31lykver1f1ed by correlating\the graphs in
Fig. 5(a) and (b) | o | |

According to the Lagrange stability criterion minima on the:energy
1euei;eurves correspou& to stabie;equilibriuﬁ configurations, While mekima and
horizontal 1nf1ection points correspond to unstable equilibrium configurations.
Hence, according to the energy . level curves shown in Fig. 5, the undeformed
equillbrium etates (w1th 9 0) are stable, the equllibrium p031tions on branch
AL are unstable, and the equilibrium p031t10ns on branch 1B areistablei(L is
defined aslthe lowest p01nt on a branch II)

Consider branch II for a fixed q*, say q* = 0,06, shown in.Fig.‘4k

and Flg 5@) It maybe‘seen that when P < P ouly oue equilibrium con-

L’
figuration is p0351b1e,name1y the stable undeformed one. However, when

P> P, say P = 1.2, there exist two stable equilibrium configurations;

L’
one on branch I and the other on part LB of oranch II. TFor the structure
to spap-out from:branch I to branch II, the energy barrier AHM hes.to be
overcome, The necessary energy could be supplied-by outside .disturbances
such as vibrations or impact loads (caused by a moving rrain) or by.an ex-
cessive lift up (during maintenance of.a track),.

‘Therefore, for design purposes, it appears reasonable'to consider
PL a "safe buckling load" and to stipulate

S A | | )

as the stability'eriterion’[lO].“




It should‘also be noted that with increasing P the energy barrier Al
is decreasing. Hence, for increasing P, smaller disturbances are needed to
overcome All and snap the system into the deformed state with 6 > 0; There-
fore, although the undeformed equilibrium state is theoretically stable
for any P, from a practical point of view, the system becomes less stable
with increasing P. For more details on energy barriers, the reader is
referred to Ref. [107.

An actual railroad track contains a number of imperfections; althoungh
small they may have a profound effect upon the buckling load. To demon-
strate this point, we assume that the model in Fig. 2 has a geometric impér—
fection SO, as shown in Fig, 6(a). It is assumed that in this state, the
system is stressless. It is anticipated that for large compression forces
P, equilibrium states exist for which the beams_§§Z do not touch the base,
as shown in Fig. 6 (b).

Considering the equilibrium of the free body diagram of beam 34, or
using H»(@,eo) in conjunction with condition (4), the following equilibrium

equation results: %
o 2 (9-90) +q cos f

sin @ ' : 6)

As anticipated, for 90 = 0 above equation reduces to equation (1).

The corresponding equilibrium branches are shown in Fig, 7. It may
be seen that for'eo =1%°and P increasing from zero, the structure does
not deform until P* reaches the value P:. At P: it snaps out into a
strongly deformed equilibrium state on branch II, as indicated‘in Fig. 7.

The load Pu is denoted in the stability literature as the "upper
.buckling load". Note, however, that under the influence of outside dis-

turbances, such as vibrations or impulse loads, the system may snap-out



"at,smalle? 1qu; EL<E<<Puf Hepce, glso in th?s casei stability criterion
6) ts velsa. | | -
i | ”Itiis éf_ine;egt tg.ngFe Fhétqu diminish@s with.increasing éo and
tth foyl90l> ?,4?0 thg loads Pu“and PL coalegpe ap@ no snap-out fagg
placg_(Eig, 8). It may be shown, using the corresponding energy_levéll
curves,(thgt in such cases the.entire equilibrium branch is stéblef Héw_
ever, a‘sma}l increasevof the axial'forCe beyond.Pu_= PLvleads ;o:very.‘
large deformations (see branch for 60 = 5% in Fig. 7). Therefore, for )
reasonably small imperfections, criterion (5) is generally valid.

The response‘df an actual railroad tfack'is governed not by an
algebraic equation, such as (1) or (6), but by nonlinear differential equations.
Because it is very difficult to solve these equations, the authors of
References.[37] to [87] analyzed buckling in the vertical plane using a
linear differential equation*. It will be shown in the following that the
linearization of the governing equations may lead to erroneous results.

In order to study the effect of linearization, .equilibrium equation

(6) was linearized in 9, It becomes

' %
_ (®-6.) +q

""‘,@
P 5 | )

It should be noted that for q = 0 and 6, =0, equ. (7) yields

P*’("' = Pv’r =1 .
cr (8)

namely, the Euler load.
A comparison of the actual with the linearized equilibrium branches
is shown in Fig. 9. It may be seen that for the considered 90>>O and :3> 0,

the linearized equilibrium branches are hyperbolas with Px£=l as an as,aptote.

%) It should be noted that the assumption that Il is a quadratic functional
for a given problem, is equivalent to the assumption that the problem
is governed by linear equations.




By means of the energy level curves, it may be shown that they are unstable.
FIt should also be noted that for the linearized equilibrium branches shown,
fz==1 for any 5°. and q>0, whereas for thebactual branches the corresponding
P; values are higher and depend upon 90 and q*. This difference will be
much more pronounced in the model for thermal buckling discussed in the
following section, which in turn, suggests that the use of linear equa-
tions for the analysis of vertical buckling with lift-off may not be
admissible,
A MODEL STUDY FOR VERTICAL TRACK BUCKLING
DUE TO A UNIFORM TEMPERATURE INCREASE

The rail region to be affected by buckling is represented by four
bars constrained at the interconnecting joints by linear spiral springs
as shown in Fig, 10(a). It is assumed that the bars deform axially
according to Hooke's law and the law of linear thermal expansion, but are
"rigid" in bending. The flexural rigidity of the track is represented by
the spiral springs at the joints. 1In order to study the effect of the
energy released from the adjoining regions upon the buckling load, each
of the two outside bars, 12 and Zg, is assumed to be of length nlL, where
O<n< o, To simulate the effect of the track beyond the region under
consideration, it is assumed that joints 1 and 5 can not move horizontally.

We consider a model which in its weightless state exhibits the geo-
metrical imperfection 90, or ho’ shown in Fig. 10(a). bue to the own weight
of structure, the model deforms, as shown in Fig. 10(b). 1In order to
simplify the analysis, it is assumed that tamping of the track model re-
stores h to ho as shown in Fig. 10(c). 1In the following it will be shown
that in this state,also § =90 and hence the model is stressless. We ﬁhen

analyze the model when it is subjected to a small uniform temperature in-

crease which causes only a horizontal motion of joints 2 and 4, as shown in



Fig. 10(d). This is followed by an analysis of the case when a further in-
crease of the ‘temperatur'e‘ caus'e'é" also a 1lift-off of joint 3, as shown in
Fig. 10(e).

To prové vth‘ét the vt.mdeforxlned state., shown .inb Fvig. 10(c¢), is in
equilibrium when subjected to q, we form the corresponding [[. Since in

this case the work potential of q is equal zero, it follows that

1 = 3s (e-eo)z +2 [% k (AL, )? +%_kn(ALa)?] (9)
where , sin 90
ALy = L-1L =L<1-sin6>
. (10)
AL, =nL - (nL+u0)= -y
Noting that _
1)
u =L cosB -17 cos B ; k = k/n (11)
o o n

we obtain

sin 0 \2 2 2
- 2 2( 1. o) kL (_ . cos f
() = 3s (8-6 )° + kI (1 " > + cos§ + sinf ———-Sine> (12)

It may be easily verified, that O0l/00=0 is satisfied for 8 =90. Hence, for
the equilibrium state shown in Fig. 10(c) the model is stressless,
Next we analyze the equilibrium state shown in Fig. 10(d). The

corresponding [[ is as given in (9), with

) sin 90
AL, = L(1+aT) -L =L<1+o<T - — )
sin 6 (13)
o _ _ , cos@)
ALg =nL (L+oT) —(aL+u) _L(nO{T cos 80+ 51n90 sin§
where T is the temperature change, Hence
sin B o 2 - 2
_ o . ) O 3 ( i - 9.9&)
T (®=3s (8-8_)° + kL <1+aT sin@) + 5 \naT-cosf + sinf ) (14)

1) For a beam of -length L the axial force is N=k AL=EAAL/L, where A is
cross sectional area and E is Young's modulus. For a beam of length
(nL), N=knA L =EAAL/(nL). Hence kn=k/n.

9




and the corresponding equilibrium equation is

sin 9
(9-90) sin®9 +k*<,1+oz1'— E-i-gg-o>sin90coss
-1 k*<nOéT—cose +sinf —-—-—C?SS> sin9 =0 (15)
n o o sinB o
where k':'c _ k_lf
3s

*
Solving above equation for 0Tk we obtain

L} L3 2
K ' cos 9 v/ sin 90 ® -90) sin® B
= \lcosfH -sinb —)+k Kl- - cos § +——r—s— :
% n o o sin0/ sin 6 sin eo (16)
aTk = /
(1-cosB)
Next, we analyze the structure after lift-off takes place: as shown
in Fig. 10(e), Since q is the weight of the track, it follows that
qL=q'L'. Setting
u = ¢(nL) (17)
and noting that for the present case
cos 90 -en
A = L<1+O',T- cos B >
(18)
Al = nL(aT-¢)
we obtain
. . cos § -eng , .
ne,e) =3s(-9—90) + kL <1+ozT- ppew >+knL (xT-¢) +
, (19)
2 sin b .
+ qL \:(cos 90 en) pppr: svlneo}
The corresponding two equilibrium equations are derived from the two
conditions
a _ - | |
ae =0 ’ a€ =0 . (20)
The first condition yields
' * % * %
(Q-eo) cos B -k <l+ocT-e )e sin9+q>e = 0 (21)

10



where

LT R T B

" ‘co.seo-en

The second condition yields:an equilibrium equation which can be solved
explicitly for ew. It is
, m(L+aT) + (c0sO_-naT)cosf -t sind 29
e = e e =
» (n+cos®9)
Thus, equations (21) and (23) are the two equilibrium equations.
The axial force in the lift-off region is
N =kAL = KL(L+QT-¢ ) - (24)
* v :
where efzis given .-in (22)." Or rewritten
r ': .‘ . %
\fka’01+cos6) +,k*(cose -coseoi]cose-+qcnsin6
ok NL . v : '
N =%T== - : e —
3s n+cos® (25)

To study the response of the model under«consideratién, the above
equilibrium.equations were evaluated, “at first,; for the case when track
model is perfectly straight, i;e.-when'éo==0;1 Equilibrium equation (15)
is satisfied by 8 =96¢=O:for any ¢q>0, oT, 'k*, and n. The numerical
evaluation of eduls (21) ‘and (23) for:8 >0 is shown in'Figﬂ 11 (a).

The general characteristic of this equilibrium branch is very
similar to the branches II shown in Fig. 7. Also this branch does
not bifurcate from the undeformed branch, but approaches it asymptoti-

cally as 6 -0,

By means of energy level curves it may be: shown that the undeformed

branch (6 =0) is stable for any oI, that the branch to the left of point:

11




I, is unstable, and that the branch to the right of point L is stable,
Hence, when T<:TL/«xk*L the only possible state of equilibrium is the
one With f =0, which is stable. But when T:>TL/«xk*)there existbthree
equilibrium states; two stable ones and an1nnstablé oné. Thus, any T<:TL
may be considered a "safe'' temperature increase.

The axial force in the lift-off region obtained from equ. (25) for
90==0 isvshown in Fig. 11(b5. Note, that according to (25).tb 9;=90==0
there corresponds ﬁ*==affk*==T*. . From Fig. 11(b) it may be seen that,
for example, when T==8/«1k% the axial force drops, due to the snap-out,
to about a quarter of its value.

To study the effect of geometrical imperfections, equ. (15) or (16) and
(21) and (23) were evaluated for q*==0.06 and 90==0°, £°, 1°, and 2° as |
well as for q=0 and 90==0°. The obtained equilibrium branches are shown,
as solid lines, in Fig. 12,

Although the general nature of these branches is similar to those
shown in Fig. 7, an important difference should be noted, Namely,
the deformed equilibrium states, which correspond to the points
L, exhibit deformations of only a few degrees, whereas the corresponding
equilibrium states in Fig., 7 exhibit much larger deformations (over 30°).

Thus, after snab-out takes plaée the deformations are of a different
order of magnitude when track model is subjected to a thermal compression
force N, which reduces after track bﬁckles out, or to a mechanical force
P, aé shown in Fig. 2.

This finding also implies that a lift-up of joint‘3 by a'e of only
1.57 is sufficient to cause a snap-out of the track model Wﬁen sub jected
to therﬁal forces, whereas when model is subjected to a mechanical force

P, much higher lift-ups are permissible.  The question of "allowable

12



liff—ﬁpﬁ ié éfvimportancé iﬁyconnectidn with.the méinfenance 6f a track
at high temperature.

tAléo:ghGWh iﬁ‘Fié} 12;_55 dééhe&xliﬁes, érexthe eqﬁilibriﬁm bfanches
whiéﬁﬁébkreépdhd Edztﬁe‘iineariéed'equ;'s (21) and (23) (with respect to 0)
which become |

W

®-0) - k' (L1+aT-¢)e 8+q e =0 (217)

and_

S W

=
+
=]

=

Using the corresponding energy level curves, it may be shown that the
presented linearized branches are unstable.
It should be noted that the Tz-value for a track model with a small

. b3 . . *
imperfection, is much higher than T =1, which is the T

I,avalue for all

linearized branches, and is also the Euler load when q=0 and 90==0. For

example, for 60=;0.5°, the exact T£:=4.15, whereas the linearized analysis

ate
W

L 1.0.

yields T
In formulating the differential equation for the response of an actuél»
track, various assumptions are made in the literature regarding ballast re-
sistance to axial displacements of the track. Some authérs assume that
the friction force at each point of the adjoining regions is constant,
whereas others assume that the ballast resistance at each point is pro-
portional to the axial displacements at this point. The different assump-
tions vary the élastic eﬁergy which is released by the adjoining regions
during buckling which in turn affects the safe temperature increase, TL;
To study this effect, equations (16), (21) and (23) were ‘evaluated

for different values of n. The results are shown in Fig. 13, From these

graphs, it follows that the T£ - values are not very sensitive to small

13




variations of n, which correspond to the different assumptions for ballast

resistance.

Also shown in Fig. 13 is the equilibrium branch for the linearized

equations. It may be seen that for the
T;:=1 for any n>0. Thus, according to
tions, the variation of n has no effect
response,

When designing a railroad track it

of heavier ties upon T To study this

L'

linearized equilibrium equation,

the linearized equilibrium equa-

upon TL’ which differs from the actual

is of interest to know the effect

effect on the track model, equa-

tions (16), (21) and (23) were evaluated for different values of q’c and

the results are shown in Fig. 14,

From the obtained graph it follows

that doubling of the weight of the track model (without changing its

flexural rigidity), raises significantly the value of T

L’

Also shown in Fig. 14 are the equilibrium branches for the linearized

*
equations and different q -values.

It may be seen that irrespective of

% *
the value q’, all these branches approach asymptotically T£==1. Thus,

according to the linearized equilibrium
has no effect upon TL

sponse,

CONCLUSIONS
The analyses of the two models, and
(1)

the response of the structure when

from the response when ¢q = O,

(2)

\?

w
equations also a change of q

, which differs significantly from the actual re-

the presented graphs, show that

q # 0 is very different

when q # 0, which is the case for the vertical buckling analysis

of the structure under consideration, the linearized equilibrium

equations are not suitable for predicting a "safe" buckling load, or

a '"'safe'" temperature increase.

14



(3)  the Euler buckling lead, which results from a linearized
analysis [for example, eq. (8)7], has no relevance to the actual
problem under consideration.

These findings suggest the possibility that the results of vertical
buckling analyses for an actual track, by means of differential equations,
will exhibit a similar pattern. Namely:

(a) that the actual postbuckling response of the track will be of the same
type as the nonlinear branches II, with a "safe'" buckling load PL
or "safe' temperature increase TL’ respectively, and

(b) that the corresponding equilibrium branches of a linearized analysis
will, with increasing deformations, approach the wvalue of the corres-
ponding Euler load. This second point may be easily verified using
results of Reference [3-87.

It appears, in view of the above, that all‘published results for
vertical buckling, which are based on linear formulations, should be used

with caution.

#
<L (N L Mlernd

yetehen ee () )

}LU/{C . 6“1/{‘&.4‘(5' /2@»{*/.7-/ /A’) /"[zﬂ.\ need. Cade, (/\/:r\

15







REFERENCES

[1] Rose, C.F. "Railway accidents", Her Majesty's Stationery Office,
London, 1970.

[2] Kerr, A.D. "Bibliography on the stability of the welded railroad
track" (In preparation).

[3] Mishchenko, K.N. "Stability analysis of the continuous railroad
track under the influence of temperature effects" (in Russian)
Trudy Moskovskogo Instituta Inzhinerov Zheleznodorozhnogo Trans-
porta, Nr. 21, 1932, pp. 23-41, Also "The Welded Railroad Track"
(Besstykovyi Relsovy Puf) Gos. Transp. Zh/D Izd. Moscow, 1950,
Section 8.

[4] Lederle, H. "Sicherheit gegen Verwerfung im durchgehend geschweissten
Gleise'", Organ f.d. Fortschritte des Eisenbahnwesens, 1935, pp. 235-
238.

[5] Martinet, M.A. "Flambement des voies san joints sur ballast et rail
de gronde longueur", Révue Générale des Chemins de Fer, 1936, pP.
212-230.

[6] Corini, F., "Track laying for high speeds" Bulletin of the International
Railway Congress Association, Brussels, English Edition, 1936.

[7] Engel, E. "Die Lagesicherheit luckenloser Eisenbahngleise", VDI
Zeitschrift, 1960, pp. 373-382.

[8] Sauvage, R. "La stabilité des longs rails soudes" Doctoral Thesis,
University of Paris, France, December 1966,

[9] Amman, O. and Gruenewaldt, v.C. '"Versuche Uber die Wirkung von
L%ngskf%ften im Gleis", Part IV, Organ fir die Fortchritte des
Eisenbahnwesens, 1932, pp. 115-126.

[10] KArmin, T.v. and Kerr, A.D. "Instability of spherical shells subjected
to external loads', Topics in Applied Mechanics, Elsevier, 1965, pp. 1-22.

16







AXIAL FORCE

" (a) BEFORE BUCKLING

(b) AFTER 'BUCKLING

Fig. 1




p : i

o [ P
77%77777‘7777%/////////‘- 7777777
o e R LD

(a) BEFORE BUCKLING

i |
| | 260 %
\ , ] ’[ I
P/ T ) B
/777;‘?777777777#7////// 777777777 7///////7%7‘
L ! Lcos@ | Lcos@ _| L o

(b) AFTER BUCKLING

Fig. 2
~ q
| PL T |
L sin BI s(20) N p
l| s8
! L cos@ 4!




0.8

0.6

Fig. 4




0.008
(a)

0.006
q*=0.06

0.004

0.002
. [ . . .8
60° 90°

-0.002

2.0

o 30° 60° 90°



O, @ | (9o
P A P 7 .
""’..lic ;7—15‘ 99 %ﬂ' 99,; '@L . Sl
L L L cos 8, L cos 8, L i
(o) BEFORE LIFT -OFF
| %
P (8- TN Trspf b
= 7 85y -8 2y
CTL  L'cos’§" " ""L'¢os 8 "] L |

(b) AFTER LIFT-OFF

Fig. 6




7ot

60

PR W S | [

U RESPUN DU SO I S S
o0° 40° 60° 80° 100° 120° 140°

Fig. 7



Fig. 8




i
90°

i
60°

o8

0.6

Fig. 9

nonlinear, — — — — — linearized)




%HHH?

///////////////I ST S
i f )
(b) DEFORMED STATE DUE TO q#0
| L
A _ /q
TIVITTICR == [ 815 NESERERR
uo nL

™

(c) DEFORMATIONS AFTER h, IS RESTORED

. q. ‘ .L'
ql

ERRREER!

—_ 8

INREREER]

I7 777777777777 7PFFF77777 77777/ | 7777777777777

cl

(d) D

nl

11\
777777777777 77877

EFORMATIONS DUE TO T, BEFORE LIFT-OFF

REREERN!

INEERENE|

V /7777777777777

nL

//////////////

nL

/

(e) DEFORMATIONS DUE TO T, AFTER LIFT-OFF




6
0 1 1 L g
0 I 4
(b)
8
O : 1 1 1 i",
0 |o 4°



Fig. 12

nonlinear, — — — — — linearized)




0 |° | 20 30 4°

Fig. 13

(—————— nonlinear, — ~ - linearized)



T*aT k*

20

Fig. 14

nonlinear, — — — — linearized)

615686




B




("

[Pk Seks G eby Ged L k) and £ <6,

o M" Gt 0;‘/) 4 St 5 Lol 52 Sot oh 6 @it Lisanta w ”
: @f: 2 {,LM ph nol tn
Yol Lt b b (Nm bas. J«i‘ '
\mc\utﬂ < fw‘uue ww tr’ %4'(( és [ o &l /f"’/g* bedonas,.o fo E tnd £y
1‘5 v;\:!hi« HRam Lo /‘*L& ﬂE\, b ‘;2) L.ooodd f{‘* OMQ‘,M‘% % cLU {€.e.
ey _
Wi o Sels ¢ E\UE, i xe (6 UE) ~ Xe& or X6,

VEL (i xe by fo mak
Diffesces o) o ke £ -, f oxel bt xdg
E Uk, = 61 + E -G, |
\2\:2&0&».\ Seds 0w sk E) auol 7 aae c/M/af,,f o ENE, = b
et diafoint 1f NE; =P

,“, e

6‘(’:&&4‘&{34 ;?(., [ﬂ, 3 [2

[/\r:i 4,(\ Q( o :
o 5 UE, = EyUE  (lommlitin lor 0 busi)
E, /) E, = & /)l; ( - o Wv/mgickf‘-‘!‘/)
(L VE )UZ: E} U(fz(.)/u (Czlv.:am. I, 74»«, Lirtisms )
(ENE)NE, = ENENE) (v Do e
E /")(L:""z /(:‘% = (aéf /n:g) u /’7(”3) Dbl |
xe € xe kg xek, xcE‘ﬁCd

-
i’i‘:z,i.i?,;‘, ' X & &tf ﬂ(C M E ) o e de
| 35T xe £ UE et d xet, %ﬁmf

}f xe ENE, or xeENE A, (é“m)u( /)zzts>

- & U . f { 5 ‘:;:‘“:3?
L 3 Xe 5//7[53 xu,cﬁ X’&?Ej



J‘?wu} C(ﬂ&) F
Lt Xe CCE) > X CE = xef
xe & = x¢g CE —» xe C(CE)

?M i ko ek gll o ek s é:; »w 4 /‘3 1“%@ Gudrm e 63}7{ & ¢f

wote;  If ENE =@, M5 -E,2E,

Y ENE, = el eEret,]
¢ (UE,) = CENCE,
C(E,/)E:"v)-

§3

CEU CE,
C(l:',-'l?z’)f CE}U E,
¢ - abd (s¥ « /76‘ 7) 0,‘5,,/ 4 b : €>o

Mié(/’)“ﬁ/xj IX-N%
Bl g = o5 bosmdon b 3 N()ES

Brescoy pl sl e ncts o g €30 ()5 &4
’ : M (p )/)c*:,; kb

DM Mﬂg«rﬁ 4. ﬂ« b H,» 4 act S Xe S 3 ﬂl@%lxwlﬂ«{,é

M \t (C&w‘{tm F‘t dﬁffﬁwnm{uﬁw pf”) b ,Ad’
;ﬁg?&' dﬁ«eﬂkd M(,?é é’mfiﬂﬁ%d/ ;7 MHJMwM porads y%t'

P ateed f?\«@f ﬁuﬁ'&? hS



: 0’6’»@&'/6@/ Né CD) « CS
{N&{p) ,)} S 4

Dused S« #kS: gt of alf bund phof S
5—3&@ Zéxﬁq s ngm“}
0 logun S, @/ o Sl
S+S’_ |
Clowsed Sl S0 elmed 1f - §cs

Og&v vgi(’ ) tvf &é&a»}‘ /}"&' L:G G &w\zél\.ﬁ;?"l 1){: &+~$

() Mles Sfas vy 84

(«?m p{° bl sl L oa )’m»w(}bv */ ﬁ"}e"‘“? %6
/ j
= Ss %'&,) 3 ¥ i b c,&m,;\::é’
\TL\/\N\s’J

(\G-) ('*' (e o /fv.:;m,, ﬂgc«‘ C(: P C(:J‘;}—g,,.{&/
et T F fesopes Yo CE b closanl ) St CE contiln all s Q”&/; P
Aa{ X e b pt ";/ ¢e s XE€CE
(;u//;@at §<f:/ o }(,c} é’ - X la B et s 9('9 £ wein F ff (K}C: &
2 M Oe) gt F = X ot a Leaid, pt Q__/M
{} f é‘ b (’6@ @“«’?! f£"w {éx e &/zxm\, .
7(& T O\ 4.4(-1u\ ~ et ftm/ ha 0/ Ehésme §{/f§ g«?; 6,)[}& “
(d? ,?[\i? ¥ enaer f g 75 Joaned {c Y ¢ wheat “3'€~'{"5 o e’”i’.{.v(u.\.-w ‘
(E) M’{J‘, é‘zam.-b.@tfé“ SRV D YR SN {/1 ufe},, e g ! ey 2t 7) pebt, L {’g"'}m;fi
( ﬁ) W At Agren lj L 4. Juwé‘(m AP r%, Kf{iu,’g\ 5t 4/; “ M
Sf va  thracdd , '
31) Cbtune. “f,/ AN l;a z‘:.&iw;n-.ﬁ?j
?;a}*ﬁ«) nbtanin g /* 6 gels @ é.(/ﬁac’

{rranda b, ﬁ!),u,xé?(i g,f 55;!& ,! ’*f'{?’ﬂf\/



y-2-73
\T—“Am& :““D’Z o ci(_y@.ﬁ\ -0 <> X=y
T T
3. adly) € dlyy) +~d(\3)r{§

d
d: &% =g Goy) = d(x,\,ﬂ (\

I%~j.\<€ Ryt
- dlay)<f (p>e)

ook -MGhame, (o T)

Chaple T Diff & Onbgpell Gt
Veekns tn 24 aA\m

Clakle. T

%T\/.VAC‘ L‘"H?' ] 9’( F),- oY AREl \s‘&‘"‘#‘\.!al&."‘({/‘r\”l)

dam,m\j‘,m- (FL%«)J% m G \v,Qmwau\ ~Y1 e L l?, ; (KV;D ,:S.;a '1(,(”"')‘1\ <
K ROREY) [+Perk ey

P : B ,\W\ Mn’*’”\q 4l = \sﬁa,we«

be Coog) e ot
, c‘{mwiw 0:10* %:,L,e,n,. )L-*( (&m&.‘!) I Clegqg o g/ﬁ O e Fso
/\ZLH Do blen o repews ! ( é/ 4 o : 5(

Sbw»h?fw\ Cm/\u.-u(?»uﬁ) M&Tk\ v Ca‘\wg,,\p"&.ug ) 4;«44.‘,., o
| élw!{,w‘.lW Sufe vaai M Heso F §-5(ee)>0 2, | foo - £ ] < L, Ixale
o Ve Fe>o T 858 € oo . ( RM} -§ Q"%‘ja)‘ < (ﬂ <{{(¥s;‘vo),5<,"

" iz
oot ok 0.0 el Sy || of My 6000 NR 0




e

CL X’w \vuu, QLQ @ﬂw‘l‘wwmu 9 ’Agy»;' el /&ég,\uqﬁ)Q(, ?ﬁ? G‘M,&j}(ﬁh A M}(« Yo 6 s &

<§V\ ,FQ.,Q,Q U”&m«aQwQﬂ }
& ’C(‘A) \ﬂ‘\ 'z é(v‘m 3 'X\r‘éw)‘l!)D

w¥ wm.j g

Lok 314/ b oxeso ey 2 ok xoy o

Jf\qu
6\ L; "\,{ <‘m7’?w1ﬂn Log &.v‘{ (?I?’}w} b '},1(} A, ‘/""/"f et /(/Jj>n CMP/%‘}X?QA')'
7 = oo

%.%; A J S(xo '} deabt 4 o
Q«a@ ~9 (o 3‘) L)~ L“::;‘f}:)jb ) c/rz/u% {F—
\ 3,7{‘

b
W
Ada .

fevo 3 &leng)>e o, fja}.aam&o)’?(y‘:fé’“<sz J
o) S - 2 <e. deleled 24§

“Llere Led .

R Y- ;W) o~ 586* M‘?O

J&{K ((,;,%QL 9\, P gl'maku Q<

@> C) Mo '(itw‘k"ww\,






