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Examination in Function Theory

January 17, 1974 10-12:00 Rm, 613 Prof. P. ILax

1) Prove that the points represented by the complex

numbers Zir 2y, Z3 are the vertices of an equilateral

triangle if and only if

[10

2) a)

b)

[10

2 2
Z; t oz, + Z3 = 27z, + ZyZ3 t Z,z.
pts.]

Which of the following functions are analytic in

the indicated region? Give very briefly your reason:

i) £(z) = g4 in ¢

i) £(2) = in |z|, <2

iii) f£(z) = x2 - y2 +2ixy in ¢, z = x + iy .

Show that if f(z) is analytic in D,

g(z) = f(2)

is analytic in D .

pts.]



‘o




Examination in Function Theory - Prof. Lax
January 17, 1974 10-12:00 Rm. 613

3) Suppose that the power series for f:

_ n
f(z) = X anz

converges for |z| <R , and that the power series

for g:

converges for |z|.<s .

a) Prove that the power series

nh(z) = I a_b_z®
nn

converges for |z| <RS .
b) Prove that for |z|.<RS ,
_ zyaw
h(z) = f f(W)g(W) w !
the integration being over some circle, around the
origin, on which

|z |

= <|w|. <R .

[20 pts.]

4) a) Suppose that f and g are analytié, and that
g(zo) = 0, g'(zo) # 0. Calculate the residue
of

£(z)
g% (2)
b) Find the value of the integral

2T

J de
5 {(a+cos 6)2

[30 pts.]






Examination in Function Theory - Prof. Lax 3
January 17, 1974 10-12:00 Rm. 613

5) The function

a 1
2 (w=3)
F(w) = e2 w

is analytic for w # 0 for all complex values of

the parameter a. Therefore F has a Laurent expansion

a)

b)

c)

d)

e)

oo

F(w) = I g (a)w" .
Show that
T
_1 s
Jn(a) = = J cos (n6-a sin 0)de
o
Show that
[Jn(a) I \_fl

for aireal.

Show that Jn(a) is an analytic function of a in

the whole complex plane

Show that for complex a
lJn(a)IL::eIIm al

Show that

. 2k
- k z

Jg (z) = & (-1) =

° k=0 27K (x1)2

[30 pts.] (Hint: go back to definition of F(w))
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