FLORIDA INTERNATIONAL UNIVERSITY
Mechanical and Materials Engineering Department

Spring 201 7 Advanced Vibration Analysis EML6223

[l‘he FIU C1v111ty Initiative is a collaborative effort by students, faculty, and staff to
Promote civility as a cotnerstone of the FIU Community. We believe that civility is an
essential component of the core. values of our University. We strive to include civility in
our daily actions and' Iook to promote the efforts of others that do the same. Show respect
to all people, regardless of differences; always act with integrity, even when no one is
watchmg, be a posmve contnbutmg member of the FIU commumty ¥

— Review: : -
o one degree of freedom systems.
o Free, forced, damped and undamped vibrations.
_ - o Forced support vibration,
— Newton's law i in non-inertial coordlnate frame .
— Effective stiffness calculation for combined bar—beam-strmg~plate systems.

'— Systems with multiple degrees of freedom. Some models. Géneral analysis.
Frequenmes and mode shapes for. undamped systems Prmolpal or normal coordmates
Damplng in multidegree systéms. . ..

*— Continuous systems with infinite number of degrees of freedom Longltudlnal
vibrations of prismatic bars. Free and forced vibrations. Prrsmatrc bar with a mass or
spring at the end. The problem of bar- lmpact ‘

. — Torsional vibrations of shafts. ' :

— Transverse vibrations of beams. :

— Transverse vibrations of membranes and plates

— Stability analysis. Introduction to. Liapunoffs method.

~— Non-linear conservative systems Free and forced v1bratrons P1ecew1se-hnear '
systems. Numerical solution. - -

— Non-linear non-conservative systems Self—exc1ted vibrations. Van der Pol's equatron

— Parametric resonance. Mathieu's equation. The Ince-Strutt. dlagram :

— Inelastic (espemally, vrscoelastlc) material dampmg and vrbratlon attenuation using
VEM _ .

Book to be used S.S. Rao, Mechanlcal Vlbratlons 5th Edltron Pearson-Prentrce Hall
. Publishers.

* . Also notes will be provided from other books as well

GRADES '
Grades will be determmed on the basrs of L :
1 Midterm Exam -~ 40 % each
"HW o 20% -
. Final Exam - 40%

Letter Grades will be based as follows:






(A) 95 & above (B+) 85-89 (C+) 73-76 (D) 60-64
(A-) 90-94 (B) 80-84 (C) 70-72 (F) below 60
(B-) 77-79 (C-) 65-69

Please be on time to class and keep up with the work. There is a lot of work to cover and it
will be difficult for you if you do not do the homework assignments. My office hours will
be posted during the first week of classes. Please come to see me if you are having
problems or have suggestions on how to improve this course.

We will be meeting twice a week T-R from 1230-145pm. Our meeting room will be
EC1116, though that may change.

My office hours will be determined during the first week of classes.

THIS IS A PRELIMINARY SYLLABUS. ALL CHANGES WILL BE ANNOUNCED
IN CLASS, INCLUDING ANY CHANGES IN CLASSROOM.
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FLORIDA INTERNATIONAL UNIVERSITY
Mechanical and Materials Engineering Department

Spring 2011 Advanced Vibration Analysis EML6223

— Review:
o one degree of freedom systems.
o Free, forced, damped and undamped vibrations.
o Forced support vibration,
— Newton's law in non-inertial coordinate frame.
— Effective stiffness calculation for combined bar-beam-string-plate systems.
— Non-linear conservative systems. Free and forced vibrations. Piecewise-linear
systems. Numerical solution.
— Non-linear non-conservative systems. Self-excited vibrations. Van der Pol's equation.
— Parametric resonance. Mathieu's equation. The Ince-Strutt diagram.
— Inelastic (especially, viscoelastic) material damping.
-— Systems with multiple degrees of freedom. Some models. General analysis.
Frequencies and mode shapes for undamped systems. Principal or normal coordinates.

Damping in multidegree systems.

— Continuous systems with infinite number of degrees of freedom. Longitudinal
vibrations of prismatic bars. Free and forced vibrations. Prismatic bar with a mass or
spring at the end. The problem of bar impact.

— Torsional vibrations of shafts.

— Transverse vibrations of beams.

— Transverse vibrations of membranes and plates.

— 3D waves in continua.

— Stability analysis. Introduction to Liapunoffs method.

Book to be used S.S. Rao, Mechanical Vibrations, 4™ Edition, Pearson-Prentice Hall
Publishers.

Also notes will be provided from other books as well.

GRADES
Grades will be determined on the basis of
1 Midterm Exam 40 % each
HW 20 % '
Final Exam 40 %

Letter Grades will be based as follows:

(A) 95 & above (B+) 85-89 (CH) 73-76 (D) 60-64

(A-) 90-94 (B) 80-84 (C) 70-72 (F) below 60

(B-) 7779 (C-) 65-69




Please be on time to class and keep up with the work. There is a lot of work to cover and it
will be difficult for you if you do not do the homework assignments. My office hours will
be posted during the first week of classes. Please come to see me if you are having
problems or have suggestions on how to improve this course.

We will be meeting 2 times a week M and W 500-615pm. Our meeting room will be
EC3327, though that may change.

My office hours tentatively are set for T-W 330-5pm and also by appointment.

THIS IS A PRELIMINARY SYLLABUS. ALL CHANGES WILL BE ANNOUNCED
IN CLASS, INCLUDING ANY CHANGES IN CLASSROOM.
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FLORIDA INTERNATIONAL UNIVERSITY
Mechanical and Materials Engineering Department

Summer 2015 _,Advanced Vibration Analysis K EML6223

— Review:
o one degree of freedom systems.
o Free, forced, damped and undamped v1brat1ons
o - Forced support vibration,
— Newton's law in non-inertial coordinate frame.
— Effective stiffness calculation for combined bar-beam-string-plate systems.
— Systems with multiple degrees of freedom. Some models. General analysis.
Frequencies and mode shapes for undamped systems Principal or normal coordinates.
‘Damping in multidegree systems. -
— Continuous systems with infinite number of degrees of freedom. Longitudinal
vibrations of prismatic bars. Free and forced vibrations. Prismatic bar with a mass or
-spring at the end. The problem of bar impact.
'— Torsional vibrations of shafts. '
— Transverse vibrations of beams.
— Transverse vibrations of membranes and plates.
— 3D waves in continua.
-— Stability analysis. Introduction to Liapunoffs method.
— Non-linear conservative systems. Free and forced vibrations. Piecewise-linear
systems. Numerical solution.
— Non-linear non-conservative systems Self-excited vibrations. Van der Pol's equation.
- — Parametric resonance. Mathieu's equation. The Ince-Strutt diagram.
— Inelastic (especially, viscoelastic) material damping.

Book to be used S. S. Rao Mechanical V1brati’ons 4% Edition, Pearson—Prentlce Hall
Publishers.

- Also notes will be prov1ded from other books as well

GRADES
Grades will be determmed on the basis of :
1 Midterm Exam 40 % each
HW 20 %
Final Exam 40 %

Letter Grades will be based as follows:

(A) 95 & above (B+) 85-89 (CH) 73-76 (D) 60-64

(A-) 9094 (B) 80-84 (C) 70-72 (F) below 60

(B-) 77-79  (C-) 6569







Please be on time to class and keep up with the work. There is a lot of work to cover and it
will be difficult for you if you do not do the homework assignments. My office hours will
be posted during the first week of classes. Please come to see me if you are having
problems or have suggestions on how to improve this course.

We will be meeting twice a week T-R from 435-620pm. Our meeting room will be
EC1114, though that may change.

My office hours tentatively are set for T-R from 100-315pm, and also by appointment.

THIS IS A PRELIMINARY SYLLABUS. ALL CHANGES WILL BE ANNOUNCED
IN CLASS, INCLUDING ANY CHANGES IN CLASSROOM.
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vector ab is rotated 107° ccw, it will be opposite the vector oa. To cancel oa it must be shortened
by oa/ab = 3.2/5.4 = 0.593. Thus, the trial weight W, = 2.5 oz must be rotated 107° ccw and
reduced in size to 2.5 X 0.593 = 1.48 oz. Of course, the graphical solution for ab and ¢ can be
found mathematically by the law of cosines.

Figure 3.3.6 shows a model simulating a long rotor with sensors at the two bearings. The two
end disks may be initially unbalanced by adding weights at any location. By adding a trial weight
at one of the disks and recording the amplitude and phase and then removing the first trial
weight and placing a second trial weight to the other disk and making similar measurements, the
initial unbalance of the simulated rotor can be determined.

FIGURE 3.3.6. The plane-balancing experiment. (Courtcsy of UCSB Mechanical
Engineering Undergraduate Laboratory.)

3.4 WHIRLING OF ROTATING SHAFTS

Rotating shafts tend to bow out at certain speeds and whirl in a comphcated manner.
[thrlmg is defined as the rotation of the plane made by the bent shaft and the lme of /
/centers of the bearmgszThe phenomenon results from stich various fcauses as’ massz

{ unbalance, hysteresis damping in the shaft, gyroscopic forces, ﬂu1d friction in bearmgs J
i._and so on. The whirling of the shaft can take place in the same or opposite direction s

that of the rotation of the shaft and the whirling speed may or may not be equal to the
rotation speed.

We will consider here a single disk of mass m symmetrically located on a shaft sup-
ported by two bearings, as shown in Fig. 3.4.1. The center of mass G of the disk is at a dis-
tance e (eccentricity) from the geometric center S of the disk. The center line of the
bearmgs intersects.the plane of the disk at O, and the shaft center is deflected by r = OS.
. 3We will always assume the shaft (i.e. ,the line ¢ = SG) to be rotating ata constant
speed w, and'in the general case, the line r = OS to be whirling at speed 0 that is nc;)t

, equal to &, For the equation of motion, we can develop the acceleration of the mass

center 45 follows:

o= 8+ alyg (3.4.1)

Thomgen ¢ Dahteh,
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where a is the acceleration of S and ag is the acceleration of G with respect to S. The
latter term is directed from G to S, because w is constant. Resolving a, in the radial

and tangential directions, we have _
a; = [(r - r6?) — ew?cos (ot — O)]i + [(r6 + 2¢6) — ew?sin (wt — B)]j  (3.42)

Aside from the restoring force of the shaft, we will assume a viscous damping force to
be acting at S. The equations of motion resolved in the radial and tangential directions

then become
— kr — ¢ = m[F — r2 — ew?cos (wt — 6)]
— crf = m[rf + 2r6 — ew’sin (ot — 0)]

which can be rearranged to

. . k .
r+ < r+ (—— - Oz)r = ew?cos (wt — 6) (3.43)
m m

ro + (;il—r + Zf)é = ¢w2 sin (a)t L)) . (344)

The ggneral case of whirl as described by the foregoing equations comes under’
jthie ¢lassification of self-excited motion, where the exciting forces inducing the motion
‘are controlled by the motion itself. Because the variables in these equations are r and

9, the problem is that of 2 DOE.YHowevervim the steady-state svnchroriotis whirl; wherp}
§=wand b = ¥ = r = 0, the problem reduces to that of 1 DOEF ~— T

’

<

i

~ Synchronous whirl. For the'synchronous whirl, the whirling. speedels equal to]
‘the totation speed w, which we have assumed to be constant. Thus, we have -~~~
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FIGURE 3.4.1. Whirling of shaft.

where a  is the acceleration of S and a is the acceleration of G with respect to S. The
latter term is directed from G to S, because w is constant. Resolving a, in the radial

and tangential directions, we have '

a; = [(r — r6?) — ew?cos (ot — 0)]i + [(r6 + 276) — ee?sin (0t — 0)]j  (3.4.2)
Aside from the restoring force of the shaft, we will assume a viscous damping force to
be acting at S. The equations of motion resolved in the radial and tangential directions

then become
m[r — r6? — ew’cos (wt — 6)]

mlro + 2/ — ew’sin (ot — 9)]

I

—kr —cr

]

~ crf

which can be rearranged to

oo C o k .
+ —p+ = = 2)p = 2 ) 343
r r ( 0 )r ew?cos (w ) ( )

7o + (%r + 2})(.9 = ew’sin (wt — 6) (34.4)

The general case of whitl as described by the foregoing equations comes under
the classification of self-excited motion, where the exciting forces inducing the motion
are controlled by the motion itself. Because the variables in these equations are r and
9, the problem is that of 2 DOF. However, in the steady-state synchronous whirl, where
= wand § = ¥ = r = 0, the problem reduces to that of 1 DOF. :

Synchronous whirl. For the synchronous whirl, the whirling speed 8 is equal to .
the rotation speed w, which we have assumed to be constant. Thus, we have
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3lo

and on integrating we obtain
0=wt— ¢

where ¢ is the phase angle between e and r, which is now a constant, as shown in Fig. 3.4.1.
With § = ¥ = r = 0, Egs. (3.4.3) and (3.4.4) reduce to

Y 3
2 [
(g,w)ing]ﬂ[ﬁu&la !

2 E——————" 1
E-g- = Eﬁi' 2)"'* (%\N)

) sidd. Brub-gh
— — 0’ R= ew’cos ¢ . gu Y
m = e e (wt - [ut4])

< oR= ew’sin ¢ (3.4.5)
m
Dividing, we obtain the following equation for the phase angle:
% © 2~
tan ¢ = = O 5 (3.4.6)
w1 (0
— —w 1 _ —
w]l

where w, = Vk/m is the critical speed, and { = ¢/c. Noting from the vector triangle of
Fig. 3.4.2 that

cos ¢ =
CET
— - +t|—w
m m
and substituting into the first of Eq. (3.4.5) gives the amplitude equation

o \?
2 ' ey —
mew )

n

T [T )]

n

R (3.4.7)

These equations indicate that the eccentricity line e = SG leads the displace-

ment line & = OS by the phase angle ¢, which depends on the amount of damping and
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FIGURE 3.4.4. Amplitude and

>~ phase relationship of synchronous
- whirl with viscous damping.

Because the right side of this equation is constant, it is satisfied only if the coefficient of ¢ is zero:

k 2) b
(m o’lsing =0 (d)
which leaves the remaining terms:
| k 2\, _ .2 .
(m w)r0~ew cos ¢ (e)

With w = Vk/m, the first equation is satisfied, but the second equation is satisfied only if
cos ¢ = 0 or ¢ = /2. Thus, we have shown that at @ = Vk/m, or at resonance, the phase angle
is /2 as before for the damped case, and the amplitude builds up linearly according to the equa-
tion shown in Fig. 3.4.4.,

3.5 SUPPORT MOTION

In many cases, the dynamical system is excited by the motion of the support point, as
shown in Fig. 3.5.1. We let y be the harmonic displacement of the support point and
measure the displacement x of the mass m from an inertial reference.
In the displaced position, the unbalanced forces are due to the damper and the
springs, and the differential equation of motion becomes
mi= —k(x—y)—c(x—y) (3.5.1)
By making the substitution

Z=x-y : 35.2)

N>
ol
<

a\ 9 FIGURE 3.5.1. System excited
77 ’ by motion of support point.
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vector ab is rotated 107° ccw, it will be opposite the vector oa. To cancel oa it must be shortened
by oa/ab = 3.2/5.4 = 0.593. Thus, the trial weight W, = 2.5 oz must be rotated 107° ccw and
reduced in size to 2.5 X 0.593 = 1.48 oz. Of course, the graphical solution for ab and ¢ can be
found mathematically by the law of cosines.

Figure 3.3.6 shows a model simulating a long rotor with sensors at the two bearings. The two
end disks may be initially unbalanced by adding weights at any location. By adding a trial weight
at one of the disks and recording the amplitude and phase and then removing the first trial
weight and placing a second trial weight to the other disk and making similar measurements, the
initial unbalance of the simulated rotor can be determined.

FIGURE 3.3.6. The plane-balancing experiment. (Courtesy of UCSB Mechanical
Engineering Undergraduate Laboratory.)

3.4 WHIRLING OF ROTATING SHAFTS -

Rotating shafts tend to bow out at certain speeds and whirl in a complicated manner.
Whirling is defined as the rotation of the plane made by the bent shaft and the line of
centers of the bearings. The phenomenon results from such various causes as mass
unbalance, hysteresis damping in the shaft, gyroscopic forces, fluid friction in bearings,
and so on. The whirling of the shaft can take place in the same or opposite direction as
that of the rotation of the shaft and the whirling speed may or may not be equal to the
rotation speed.

We will consider here a single disk of mass m symmetrically located on a shaft sup-
ported by two bearings, as shown in Fig. 3.4.1. The center of mass G of the disk is at a dis-
tance e (eccentricity) from the geometric center S of the disk. The center line of the
bearings intersects the plane of the disk at O, and the shaft center is deflected by r = OS.

We will always assume the shaft (i.e., the line e = SG) to be rotating at a constant
speed w, and in the general case, the line r = OS to be whirling at speed 6 that is not
equal to w. For the equation of motion, we can develop the acceleration of the mass
center as follows:

a; = a5 + ags (3‘.4.1)
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FIGURE 3.4.1. Whirling of shaft.

where a is the acceleration of § and a8 the acceleration of G with respect to S. The
latter term is directed from G to S, because w is constant. Resolving a; in the radial
and tangential directions, we have

a6 = [(F — r8?) — ew?cos (wt — )i+ [ + 274) — eatsin (ot ~ O)]j  (342)

Aside from the restoring force of the shaft, we will assume a viscous damping force to |

be acting at §. The equations of motion resolved in the radial and tangential directions .
then become

—kr — cr = in[f ~ r6% — ew?cos (wt — 0)]
—crf = m[rG + 276 ~ ew?sin (ot — 6)]

which can be rearranged to

e . C. k. ‘ :
+ =r+|—= — 0 =ew? - 43)
¥ r ( 6 )r ew?cos (wt — §) (3.4.3) .,
ré + (—C r+ 2;)6) = ew?sin (wf — 6) (3.4.4) °

The general case of whirl as described by the foregoing equations comes under
the classification of self-excited motion, where the exciting forces inducing the motion *
are controlled by the motion itself. Because the variables in these equations are r and -
¢, the problem is that of 2 DOF. However, in the steady-state synchronous whirl, where -
6= wand § = r = r = 0, the problem reduces to that of 1 DOF. -

Synchronous whirl. For the synchronous whirl, the whirling speed 9 is equal to %
the rotation speed w, which we have assumed to be constant. Thus, we have







with respect to S. The
lving a in the radial

(-0l (42)

;ous damping force to
1 tangential directions
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3lo

and on integrating we obtain

8= wt— ¢

where ¢ is the phase angle between e and r, which is now a constant, as shown in Fig. 3.4.1.
With § = 7 = r = 0, Egs. (3.4.3) and (3.4.4) reduce to

k 2 — 2 V
(m w>r——ew cos ¢

¢ -
—owr = 4.
—r = ew”sin ¢ (34.5)

Dividing, we obtain the following equation for the phase angle:

%w 2§—w—
tang= — = “’c'; . (3.4.6)
E ]
m w,

‘where w, = Vk/m is the critical speed, and { = c/c. Noting from the vector triangle of

Fig. 3.4.2 that

0s ¢ =

V=) = (e

— -] +|—w

m m

and substituting into the first of Eq. (3.4.5) gives the amplitude equation

@ 2
2 ey —
mew w,

n

T G T )]

n

(3.4.7)

These equations indicate that the eccentricity line e = SG leads the displace-
ment line r = OS by the phase angle ¢, which depends on the amount of damping and
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FIGURE 3.4.3. Phase of different rotation speeds.

the rotation speed ratio w/w,. When the rotation speed coincides with the critical
speed w, = Vk/m, or the natural frequency of the shaft in lateral vibration, a condi-
tion of resonance is encountered in which the amplitude is restrained only by the
damping. Figure 3.4.3 shows the disk-shaft system under three different speed condi-
tions.jAt very high speeds, » > w,, the center of mass G terids to approach the fixed,
_point'0, and the shaft center § rotates about it in a circle of radiuse; - -
"~ It should be noted that the equations for synchronous whirl ‘appear to be the.

A ) . N - T i s . . N A e
-same as those of Sec, 3.2. This is not surprising, because in buth cases the exciting force f

|'is rotating and equal to mew*;However, in Sec. 3.2 the ‘unbalance was in terms of the’

_ the total mass m with eccentricity e. Thus, Fig, 322 is applicable to this problem wifh
| the ordinate equal to R/e instead of MX/me. | o

EXAMPLE 3.4.1

Turbines operating above the critical speed must run through dangerous speed at resonance
each time they are started or stopped. Assuming the critical speed w, to be reached with ampli-
tude r,, determine the equation for the amplitude buildup with time. Assume zero damping,

Solution We will assume synchronous whirl as before, which makes 0 = @ = constant and 0
= 0. However, ¥ and r terms must be retained unless shown to be zero. With ¢ = 0 for the

undamped case, the general equations of motion reduce to
. k 2 2
r+ | — — w*lr = ew"cos ¢
m
2tw = ew’sin ¢ : (a)
The solution of the second equation with initial deflection equal to 7, is

r= e—;-tsinqb+r0 (©)

2

Differentiating this equation twice, we find that ¥ = 0;so the first equation with the above solu-
tion for  becomes

(f —wz)(%)tsin¢+ro)=ew2005¢ (©)

m
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FIGURE 3.4.3. Phase of different rotation speeds.

the rotation speed ratio w/w,. When the rotation speed coincides with the critical
speed w, = Vk/m, or the natural frequency of the shaft in lateral vibration, a condi-
tion of resonance is encountered in which the amplitude is restrained only by the
damping. Figure 3.4.3 shows the disk-shaft system under three different speed condi-
tions. At very high speeds, @ > w,, the center of mass G tends to approach the fixed
point O, and the shaft center § rotates about it in a circle of radius e.

It should be noted that the equations for synchronous whirl appear to be the
same as those of Sec. 3.2. This is not surprising, because in both cases the exciting force
is rotating and equal to mew?. However, in Sec. 3.2 the unbalance was in terms of the
small unbalanced mass m, whereas in this section, the unbalance is defined in terms of
the total mass m with eccentricity e. Thus, Fig. 3.2.2 is applicable to this problem with
the ordinate equal to r/e instead of MX/me.

EXAMPLE 3.4.1

Turbines operating above the critical speed must run through dangerous speed at resonance
each time they are started or stopped. Assuming the critical speed w, to be reached with ampli-
tude r,, determine the equation for the amplitude buildup with time. Assume zero damping.

Solution We will assume synchronous whirl as before, which makes 0 = w = constant and ]
= 0. However, 7 and 7 terms must be retained unless shown to be zero. With ¢ = 0 for the
undamped case, the general equations of motion reduce to
. k
¥+ (— - wz)r = ew’cos ¢
m
2Fw = ew?sin ¢ (a)
The solution of the second equation with initial deflection equal to 7; is

r= %tsin¢+r0 , (b)

Differentiating this equation twice, we find that ¥ = 0; so the first equation with the above solu-
tion for » becomes

(E - w2><522tsinqb + ro) = ew?cos ¢ (<)

m
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FIGURE 3.4.4. Amplitude and
~ phase relationship of synchronous
whirl with viscous damping.

Because the right side of this equation is constant, it is satisfied only if the coefficient of ¢ is zero:

k 2) b=
(m w*lsing =0 (d)
which leaves the remaining terms:
(E- - w2> ry = ew*cos ¢ (e)
m 0

With @ = Vk/m, the first equation is satisfied, but the second equation is satisfied only if
cos ¢ = 0 or ¢ = 7/2.Thus, we have shown that at w = V k/m, or at resonance, the phase angle
is 77/2 as before for the damped case, and the amplitude builds up linearly according to the equa-
tion shown in Fig. 3.4.4.

| 35 SUPPORT MOTION

In many cases, the dynamical system is excited by the motion of the support point, as
shown in Fig. 3.5.1. We let y be the harmonic displacement of the support point and
measure the displacement x of the mass m from an inertial reference.

In the displaced position, the unbalanced forces are due to the damper and the
springs, and the differential equation of motion becomes

mi= —k(x—y)-c(x-y) (3.5.1)
By making the substitution
Z2=Xx—y (352)
m
X
m
7 c(x'fywl jm -y)
C
k k t
2 2 s

Q g FIGURE 3.5.1. System excited
77 g : by motion of support point.
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3.16.

3.17.
3.18.

3.19.

3.20.

3.21.

Harmonically Excited Vibration

A solid disk weighing 10 Ib is keyed to the center of a ;-in. steel shaft 2 ft between bear-
ings. Determine the lowest critical speed. (Assume the shaft to be simply supported at
the bearings.)

Convert all units in Prob. 3.16 to the SI system and recalculate the lowest critical speed.
The rotor of a turbine 13.6 kg in mass is supported at the midspan of a shaft with bearings
0.4064 m apart, as shown in Fig. P3.18. The rotor is known to have an unbalance of 0.2879
kg : cm. Determine the forces exerted on the bearings at a speed of 6000 rpm if the diam-
eter of the steel shaft is 2.54 cm. Compare this result with that of the same rotor mounted
on a steel shaft of diameter 1.905 cm. (Assume the shaft to be simply supported at the
bearings.)

|

|
LUV

i

4

FIGURE P3.18.

For turbines operating above the critical speed, stops are provided to limit the amplitude
as they run through the critical speed. In the turbine of Prob. 3.18, if the clearance
between the 2.54-cm shaft and the stops is 0.0508 cm, and if the eccentricity is 0.0212 cm,
determine the time required for the shaft to hit the stops. Assume that the critical speed
is reached with zero amplitude.

Figure P3.20 represents a simplified diagram of a spring-supported vehicle traveling over
a rough road. Determine the equation for the amplitude of W as a function of the speed,
and determine the most unfavorable speed.

-

FIGURE P3.20.

The springs of an automobile trailer are compressed 10.16 cm under its weight. Find the
critical speed when the trailer is traveling over a road with a profile approximated by 2

. sine wave of amplitude 7.62 cm and wavelength of 14.63 m. What will be the amplitude of

3.22.

vibration at 64.4 km/h? (Neglect damping.)

The point of suspension of a simple pendulum is given by a harmonic motion
x, = X, sin wt along a horizontal line, as shown in Fig, P3.22. Write the differential equa-
tion of motion for a small amplitude of oscillation using the coordinates shown.
Determine the solution for x/ x,, and show that when w = \%w,, , the node is found at
the midpoint of L. Show that in general the distance & from the mass to the node is given
by the relation & = /(w,/w)?, where w, = Vg/i.
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vector ab is rotated 107° cew, it will be opposite the vector oa. To cancel oa it must be shortened
by oa/ab = 3.2/5.4 = 0.593. Thus, the trial weight W, = 2.5 oz must be rotated 107° ccw and
reduced in size to 2.5 X 0.593 = 1.48 oz. Of course, the graphical solution for ab and ¢ can be
found mathematically by the law of cosines.

Figure 3.3.6 shows a model simulating a long rotor with sensors at the two bearings. The two
end disks may be initially unbalanced by adding weights at any location. By adding a trial weight
at one of the disks and recording the amplitude and phase and then removing the first trial
weight and placing a second trial weight to the other disk and making similar measurements, the
initial unbalance of the simulated rotor can be determined.

FIGURE 3.3.6. The plane-balancing experiment. (Courtesy of UCSB Mechanical
Engineering Undergraduate Laboratory.)

3.4 WHIRLING OF ROTATING SHAFTS

Rotating shafts tend to bow out at certain speeds and whirl in a complicated manner.
Whirling is defined as the rotation of the plane made by the bent shaft and the line of
centers of the bearings. The phenomenon results from such various causes as mass
unbalance, hysteresis damping in the shaft, gyroscopic forces, fluid friction in bearings,
and so on. The whirling of the shaft can take place in the same or opposite direction as
that of the rotation of the shaft and the whirling speed may or may not be equal to the
rotation speed.
~ We will consider here a single disk of mass m symmetrically located on a shaft sup-
ported by two bearings, as shown in Fig. 3.4.1. The center of mass G of the disk is at a dis-
tance e (eccentricity) from the geometric center S of the disk. The center line of the
bearings intersects the plane of the disk at O,and the shaft center is deflected by r = OS.
We will always assume the shaft (i.e., the line e = SG) to be rotating at a constant
speed o, and in the general case, the line r = OS to be whirling at speed § that is not
equal to w. For the equation of motion, we can develop the acceleration of the mass
center as follows:

ag = ag + ag/s (3.4.1)
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FIGURE 3.4.1.  Whirling of shaft.

where a, is the acceleration of § and a5 i the acceleration of G with respect to S. The
latter term is directed from G to S, because w is constant. Resolving a, in the radial -
and tangential directions, we have

ag = [(¥ — 76%) — ew?cos (wf = 6)]i + [(r6 + 2/9) — ealsin (ot - )] l. (3.4.2)

Aside from the restoring force of the shaft, we will assume a viscous damping force to :

be acting at S. The equations of motion resolved in the radial and tangential directions -
then become :

~kr = cr = im[¥ - r6? - ew?cos (wt — 6)]
—crf = mlré + 276 - ea’sin (wt — 6)]
which can be rearranged to

“w o c. koo ‘
+ - + — — 2 = 2 — R4 N
r =7 (m 9 )r ew?*cos (wt ~ 6) (3.4.3) f%
ro + (%r + 2;)(; = ew’sin (ot — 0) 34.4)

The general case of whirl as described by the foregoing equations comes under
the classification of self-excited motion, where the exciting forces inducing the motion
are controlled by the motion itself. Because the variables in these equations are r and -
¢, the problem is that of 2 DOF. However, in the steady-state synchronous whirl, where i
0= wand § =7 = r =0, the problem reduces to that of 1 DOF. o

Synchronous whirl. For the synchronous whirl, the whirling speed 9 is equal to
the rotation speed w, which we have assumed to be constant. Thus, we have
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|

with respect to S. The
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3o

and on integrating we obtain

8=owt— ¢

where ¢ is the phase angle between e and r, which is now a constant, as shown in Fig. 3.4.1.

. With 6 =7 =7 = 0,Eqs. (3.4.3) and (3.4.4) reduce to

. _
(—— - aﬂ)r = ew’cos ¢

m .
¢ 5 .
— wr = ew’sin ¢ (34.5)
m

Dividing, we obtain the following equation for the phase angle:

tan ¢ = ———— = ———n (3.4.6)

‘where w, = Vk/mis the critical speed, and { = ¢/c_ Noting from the vector triangle of

Fig. 3.4.2 that

0s ¢ =
CET
— -0 +|~w
m m
and substituting into the first of Eq. (3.4.5) gives the amplitude equation

2 e\ —
mew )

n

Y -G

n

(3.4.7)

These equations indicate that the eccentricity line e = SG leads the displace-
ment line = OS by the phase angle ¢, which depends on the amount of damping and
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w=w, w>> W,

FIGURE 3.4.3. Phase of different rotation speeds.

the rotation speed ratio w/w,. When the rotation speed coincides with the critical
speed w, = Vk/m, or the natural frequency of the shaft in lateral vibration, a condi-
tion of resonance is encountered in which the amplitude is restrained only by the
damping. Figure 3.4.3 shows the disk-shaft system under three different speed condi-
tions. At very high speeds, @ > w,, the center of mass G tends to approach the fixed
point O, and the shaft center S rotates about it in a circle of radius e.

It should be noted that the equations for synchronous whirl appear to be the
same as those of Sec. 3.2. This is not surprising, because in both cases the exciting force
is rotating and equal to mew? However, in Sec. 3.2 the unbalance was in terms of the
small unbalanced mass m, whereas in this section, the unbalance is defined in terms of
the total mass m with eccentricity e. Thus, Fig. 3.2.2 is applicable to this problem with
the ordinate equal to r/e instead of MX/me.

EXAMPLE 3.4.1

Turbines operating above the critical speed must run through dangerous speed at resonance
each time they are started or stopped. Assuming the critical speed w, to be reached with ampli-
tude r,, determine the equation for the amplitude buildup with time. Assume zero damping.

Solution We will assume synchronous whirl as before, which makes § = @ = constant and 0
= 0. However, r and r terms must be retained unless shown to be zero. With ¢ = 0 for the
undamped case, the general equations of motion reduce to
. k
¥+ (— - a)2>r = ew’cos ¢
m
2ro = ew’sin ¢ (a)
The solution of the second equation with initial defleclion equal to 7, is

r= Ezﬁ)tsin¢+r0 , (b)

Differentiating this equation twice, we find that ¥ = 0;s0 the first equation with the above solu-
tion for r becomes

m

(—li - w2)<€2&-)tsin¢ + r0> = ew?cos ¢ ©
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- FIGURE 3.4.4. Amplitude and
~< phase relationship of synchronous
whirl with viscous damping.

Because the right side of this equation is constant, it is satisfied only if the coefficient of ¢ is zero:

k 2) g =
(m wlsing =0 (d)
which leaves the remaining terms:
k 2 = ol .
(m w)ro—ew cos ¢ (e)

With w = Vk/m, the first equation is satisfied, but the second equation is satisfied only if
cos ¢ = 0 or ¢ = 7/2. Thus, we have shown that at @ = Vk/m, or at resonance, the phase angle

is /2 as before for the damped case, and the amplitude builds up linearly according to the equa-
tion shown in Fig. 3.4.4.

3.5 SUPPORT MOTION

In many cases, the dynamical system is excited by the motion of the support point, as
shown in Fig. 3.5.1. We let y be the harmonic displacement of the support point and
measure the displacement x of the mass m from an inertial reference.

In the displaced position; the unbalanced forces are due to the damper and the
springs, and the differential equation of motion becomes

m¥= —k(x-y)-c(x—y) (3.5.1)
By making the substitution
z=x-y : (3.52)
i
X
m
7 c(x'fy'){ \k(x—y)
¢
k k
2 2 4

9 Q FIGURE 3.5.1. System excited
7 : by motion of support point.
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Figure 7-19

frequency in order to reach the operating frequency, and this is an undesiz-
able condition. Also, if loss of load or some other factor results in a gain in
speed, difficulty can be encountered at the upper resonant frequency.

For a torsional system composed of a flywheel or disk on a shaft, an
absorber consisting of an additional disk and shaft can be employed. The
foregoing analysis can then be applied simply by substituting the mass
moment of inertia I of the disks for m of the mass elements and using the
torsional spring constant K for the shaft parts in place of k for the rectilin-
ear spring constants. Such a torsional absorber works satisfactorily, but it is
subject to the same limitations as noted above for the rectilinear-system
absorber.

EXAMPLE 7-6 A machine weighing 50 Ib is supported by a set of four

springs each of which has a spring modulus of 15 Ib/in. It is subjected to a
harmonic force having an amplitude of 31b and a frequency of 180
cycles/min. Design a vibration absorber for this system, determining the
absorber spring constant and the mass. Clearance limits the absorber ampli-
tude to 0.8 in., and standard springs are available with constants in 1 Ib/in.
multiples. v

SOLUTION The preliminary calculation for k is

P, "3 -
k, = Wm =08 = 3.75 Ib/in. |

Accordingly, select a spring so that

k, = 4 Ib/in.

7-14. VIBRATION OF FORCED DAMPED SYSTEM 241

Then
Py 3 .
X, = _0 = — = i 1
2 r, 2 To/im. 0.75 in. < 0.8 in.
m, = 8|w = .%lx.wﬂvm = 0.0112579 1b sec/in.

W, = m,g = 0.0112579 x 386 = 4.3455 Ib

EXAMPLE 7-7 Consider an undamped vibration absorber for which

w, = w, and g = 0.2. Determine the operating range of the r, frequency f
which | X, /X,| <05. ¥ »rednenerer

SOLUTION Equation 7-102 becomes
2
+05= 2
¥y — N.NNN -+ H

As indicated by Fig. 7-19(a), the positive sign will give the upper limiting

value for r,, and the negative sign will yield the lower limit of r,, for the

range extending from somewhat below r, = 1 to slightly above this value.
For plus 0.5, the above expression can be rearranged as

r5—022—1=0
whence
r2 = 1.105, r, = 1.051
For minus 0.5, the relation becomes
15 —42r3 +3=0
whence .
r3 = 0.9126, r, = 0.9553

(There is another root here, for which r, = 1.813. This defines X, /X, =

—0.5 at r, above the upper resonance -point.) Thus the range is less than

10% OW the frequency value for which the absorber was designed (w, = w, or
w\.N = H .

7-14. VIBRATION OF FORCED DAMPED SYSTEM

Forcing conditions act on. damped systems of more than one degree of
?ooaoBu. for example, as represented in Fig. 7-20. Although a damping
element is shown only between the two mass elements, this does not greatly
reduce the generality of the conditions or problem. The force P is harmonic
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have been repeated in Fig. 7-21. For { = oo, Egs. 7-128.and 7-129 become

Xl X
Xo 1-27 X,

In effect, the two masses are locked, but with a single spring acting, so that,
w=./k/2m and r = . /2r,, and Eq. 7-130 thus checks Egs. 4-16 and 4-17.
Resonance then occurs at r = 0.707. Curves for this case are also shown in
Fig. 7-21. For small damping, the curve should be similar to that for {1 =0,
but with both resonant amplitudes reduced to finite values. This is shown by
the curve for {,. Similarly, for moderately large damping, the curve should
be similar to that for {, = oo, but with the resonant amplitude reduced to a
finite amount. A curve of this type is represented by that for {5. Curves such
as those for {, and {5 can be determined from Egs. 7-128 and 7-129. All the
curves have common crossover points, as shown by the circled points in the
figures.

The preceding discussions and relations can be used as the basis for the
damped vibration absorber since the arrangement contains the same system
elements. A thorough analysis of such an absorber is lengthy and detailed
and has not been included here.t

(7-130)

7-15. EXCITATION AND STABILITY OF SYSTEMS

For single-degree-of-freedom systems subjected to some form of self-
excitation, it is relatively simple to determine stability from the physical
constants of the system, as explained in Section 4-19. However, the problem
of determining stability becomes more involved with increase in the number
of degrees of freedom, and accordingly, it is desirable to ascertain the
criteria for stability of such systems.

Consider a damped two-degree-of-freedom system to be subjected to
self-excitation which is a linear function of the velocities, that is, for forcing

functions of the form P, x,, Piy(%; — X;) and P, x,. Also assume that no

other forcing conditions act on the system. The self-exciting functions may
be combined with the damping terms, resulting in differential equations of
the form '

XyF gy Xy + 0ya% + BiyX; + Brax, =0
X2 + 024Xy + 0y2%5 + B Xy + Payxy =0 (7-131)
Note that the signs of the a coefficients are not defined here. Substituting in

the solutions x; = C, ¢ and x, = C, & and expanding the determinant of

T See J. P. Den Hartog, Mechanical Vibrations, 4th ed. (New York: McGraw-Hill, Gwovv
pp- 97-105. See‘also S. P. Timoshenko, D. H. Young, and W. Weaver, Jr., Vibration Problems in
Engineering, 4th ed. (New York: Wiley, 1974), Example, pp- 273-278.
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454 CHAPTER 6 MULTIDEGREE OF FREEDOM SYSTEMS

matrix has at least one off-diagonal term nonzero, the system is said to be dynamically COuple
Further, if both the stiffness and mass matrices have nonzero off- dlagonal terms, the syste,
said to be coupled both statically and dynamically.

NN Equations of Motion of a Trailer-Compound Pendulum System
EXAMPLE 6.2

Derive the equations of motion of the trailer-compound pendulum system shown in Fig. 6.4;_(737

Solution
Approach: Draw the free-body diagrains and apply Newton’s second law of motion.

The coordinates x(#) and 6(¢) are used to describe, respectively, the linear displacement o
trailer and the angular displacement of the compound pendulum from their respective static equilih

Compound pendulum,
Trailer, mass M mass m, length /

- x(), F(t)

FIGURE 6.4 Compound pendulum and trailer systern.
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There are external moments applied to the components, so Eq. (6.42) gives

3 a0,

/
m = - = .
Q; kgl Muc % kZ My %, o EY

from which we can obtain

o

an) = My— + Mp—+

20, Mg ‘ (E.5)

Substituting Eqgs. (E.1), (E.3), and (E.5) in L range’s equations, Eq. (6.41), we obtain for
J = 1,2, 3 the equations of motion

= kpby = M,
— ka3 = M,
= kb, = My

- kt2 O 9 1
-k (kyy + kp3) =k 6,
—ks ka 1065

Lagrange’s Equations

XAMPLE 6.9

Derive the equations of motion of the trailer-compound pendulum system shown in Fig. 6.4(a).

Solution: The coordinates x(f) and 6(r) can be used as generalized coordinates to describe,
respectively, the linear displacement of the trailer and the angular displacement of the compound

pendulum. If a y-coordinate is introduced, for convenience, as shown in Fig. 6.4(a), the displacement
components of point C can be expressed as

/ v
xc=x+§sin0 (E.1)
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Differentiation of Egs. (E.1) and (E.2) with respect to time gives the velocities of point C a3

. ., b
xc=x+;)—0cosﬂ

. [
Yc = -—Eesinﬂ

The kinetic energy of the system, 7, can be expressed as

1o, 1 .
T = EMxZ + -im(x?; + y8) + Jo6?

L .
where Je = EmIZ. Using Eqgs. (E.3) and (E.4), Eq. (E.5) can be rewritten as

1 1 126 . 1/ mP?
M+ —m| #* + — + %01 + = 2
> X 2m X 2 x01[cos @ 5 12 0

1 1 mP\, 1 .
=M + m)x* + | — > + = ;
2(M m)x 2\ 3 0 2(ml cos 0)x0

The potential energy of the system, V, due to the strain energy of the springs and the gray
potential, can be expressed as

V ==k x*+-kyx*+ mg=(1 — cos6)

where the lowest position of point C is taken as the datum. Since there are nonconservative
acting on the system, the generalized forces corresponding to x(#) and 6(¢) are to be comput‘
force, X(#), acting in the dlrectlon of x(t) can be found from Eq. (6.42) as

X(t) = O = F(t) = ¢y #(t) = ¢, x(t)
where the negative sign for the terms ¢y % and ¢, % indicates that the damping forces op
motion. Similarly, the force @(¢) acting in the dirc_:ction‘of 6(t) can be determined as
. v .

0@ = Q% = M)

where q; = x and ¢, = 6. By differentiating the expressions of T and V as required by Eqs
and substituting the resulting expressions, along with Egs. (E.8) and (E.9), we obtain the eq
of motion of the system as

1 . .
(M + m)¥ + E(ml cos 8)8 — %ml sin 06 + ky x + ky x

::F(t)_CIJ'C"Czi'
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1 N | R S T
gml2 0+—2~(mlcos O)x—-z—ml s1n.0ﬂ0x+5mlsm60x

+ %mgl sin @ = M,(¥) (E.11)

Equations (E.10) and (E.11) can be seen to be identical to Ithose obtained using Newton'’s second law
of motion (Egs. E.1 and E.2 in Example 6.2).

Equations of Motion of Undamped Systems in Matrix Form /s
We can derive the equations of motion of a multidegree of freedom system in matrix form
from Lagrange’s equations.?
T

—| — E, i=12... 6.44
di \ 9x; ax;  9x; b 6.44)

where F; is the nonconservative generalized force corresponding to the jth generalized
coordinate x; and ¥; is the time derivative of x; (generalizéd velocity). The kinetic and
potential energies of a multidegree of freedom system cap’be expressed in matrix form as
indicated in Section 6.5

|4

where X is the column vector of the

\ *n )
From the theory of matrices, we obtain, by taking note of the symmetry of [m],
o _1
ax; 2

wmr¥, i=1,2...,n (6.48)

2 O et 22 =
§Tim)¥ + ExT[m]S = §T[m]¥

“The generalized coordinates are denoted as x; instead of g; and the generalized forces as F; instead of Q¢ in
Eq. (6.44).
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kinetic energy

\/ \ (73.5)

1 summing over |

(1.3.6)

using the product

(1.3.)

dg; is eliminated.
‘-

(_)—T )dqi, and the
\ 99

(7.3.8)

iq. (7.3.3), the dif-

o
‘\\ -

0 (73.9)

iother, the dg; can
only if

v (7.3.10)

1ave a potential U.
(T — U). Because

(7.3.11)
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Nonconservative systems. The right side of Lagrange’s equation (7.3.1) results
from dividing the work term in the dynamical relationship dT = dW into the work
done by the potential and nonpotential forces as follows.

dT = dW, + dW,,, (7.3.12)

The work of the potential forces was shown earlier to be equal to dW, = — dU, which
is included in the left side of Lagrange’s equation. The nonpotential work is equal to
the work done by the nonpotential forces in a virtual displacement expressed in terms
of the generalized coordinates. Thus, Lagrange’s equation, Eq. (7.3.1) is the g, compo-
nent of the energy equation

d(T + U) = &W,, (7.3.13)

We can write the right side of this equation as

N
W =3 08q = 0,8q; + 0,8, + - (7.3.14)
i=1

The quantity Q, is called the generalized force. In spite of its name Q, can have units
other than that of force; i.e., if 8¢; is an angle, Q; has the units of moment. The only
requirement is that.the product Q,8¢; be in the units of work. We now demonstrate the
use of Lagrange’s equation as applied to some simple examples.

Example 7.3.1

Using Lagrange’s method, determine the equation of motion for the 3-DOF system shown in
Fig.7.3.1.

q1——’ qa——> Q3'—’
q k ky - A
g—ww— my AN My FANAAA
FIGURE 7.3.1.

Solution The kinetic energy here is not a function of g; so that the term 87/dg; is zero. We
have the following for the kinetic and potential energies:

T= %mlq% + %mzq.g + %m3q§
U= ikqt + kg, — q)? + sks(as — ,)*

and T for this problem is a function of only ¢; and not of g;.
By substituting into Lagrange’s equation fori = 1,

aT . d{eT\: .
T T Mgy, at = myqy

aq, aél
aU

o =k~ oy~ 4)
0q, 191 Ny~ 4

and the first equation is

mlé.l + (k1 + kz)‘h ~kyg, =0
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Substituting into Lagrange’s equation, the equations of motion are
mq, + 2kq, — krq, = 0

Jq, = krqy + kr*q, = M(0)

which can be rewritten as

ol ) - L)

Example 7.3.3

Figure 7.3.3 shows a simplified model of a two-story building whose foundation is subject to
translation and rotation. Determine T and U and the equations of motion.

FIGURE 7.3.3.

Solution We choose u and 0 for the translation and rotation of the foundation and y for the
elastic displacement of the floors. The equations for T and U become

T = dmgi? + 4,02 + I (i + B + ,)* + 41,67 \
. . 2 .
+ imy(u + 2h0 + y,) + 37,67
U= %kouz + %KOOZ + %kﬂ% + %kz()’z" }’1)2

where u, 8, y;, and y, are the generalized coordinates. Substituting into Lagrange’s equation, we
obtain, for example, '

% = (Jy + J; + 1)8 + mb(ui + k6 + y;) + m2h(i + 218 + 3,)

1Y
a6

= K,
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The four equations in matrix form become

(my + m, + my) (m, + 2my)h Lomom u
(my+2m)h (3T 4 mib t Amphd) | ik 2mph ] 6
m, mh m m, 0 ¥
m, 2m,h Lo om, Y2
k, 0. . 0 0 u
0 K,i 0 o |6
T TR 93 _ o
0 0 ! (k) + k) =k ||y o)
0 01 —k ky Y2

It should be noted that the oa:mnos represented by the upper left corner of the matrices is that
of rigid-body translation and rotation.

Example 7.3.4

 Determine the generalized coordinates for the system shown in Fig. 7.3.4(a) and evaluate the
stiffness and the mass matrices for the equations of motion.

m,J 2 2 IQJ
mﬂ \Aﬁu

%

b2 () 7 {b)
FIGURE 7.3.4. (a) and (b).

M&:&cz. Figure 7.3.4(b) shows three generalized coordinates for which the stiffness matrix
can be written as

F| Nm.: ki ksl
M =\ky kn kpni\%
M, ky ky ki 114

The elements of each column of this matrix are the forces and moments required when the
\nbﬂnm@om&nm coordinate is given a value with all other coordinates equal to zero. The configy-
/" Znps for this determination are shown in Fig. 7.3.4(c), and the forces and T 'ts necessary

‘\..-maintain these ammmoaouw are obtained from the free-body diagrams of Fi, _ \\.NR& with the




(./)



I, LETS ASSUME we HAD

L X, + (kﬁlz&) X, -lk,x, =0

7

/\ R D o , MZXZ + (kz”‘zé vx,Z, - kf‘éxl,:O,
R [m( o]()&,) e [‘2«9"?2 =k, ](Xp) . (a) ,
S - PO 33 B T T 2T T A R

7 IRk -0

.,

Cremsher ke XA si (wbed) x 2 A suflep)
L (X,): ,_,.w?.(.Al, ) %(w&_‘q)) ‘:'-‘.“,-‘-‘Ld% ( Xy ) L
)

v {wm L. [ ™

S 2_ - o ,‘W ,a‘ |
T 'é’_'W}X, + “‘L'mzéz = E.L X [M]x . X -ﬁfx] xz}"
L + - ‘

' . ¢ ; ™
Vo g k()P etk (xm) r d sy = LXK X

‘ % ww’w‘ﬁ 3 (*‘*)v-(&)wwﬁ

Xa_-»i_ AZ. ﬁw (u.)'fi'-#“\p) N

T
z
"’
I B ST
i : ,
i

‘; ?-_. ST ' o m(mé—f‘?) - W\l'v (&) A;. c?av\z(en/é:
.T= (-é— m,w ~ mzm “A )/(fg 5 (A Aa] [o }[Az]w [
\"‘["z ke, Al T l"-z (An’“-,Az) « 1k A'L] 9“;‘(“"6“\‘9) B
o] [ [
=7 2 Lo, gkl L ALY



W,



'FA is oy, to +9~L mede, smpts ) ﬂvzw w mH /oa ote@db 7%.

“ RAYIEIGH

b of @ obhs) from %Mmm e‘%m Ackal 4 wicinizes e

ewne i memen kkikg [ [ . ] %

If ij m%wuu. AT &

e «-@1 [ "] [']k[ 2[5k e
D A J [ ] s ][;}m Sm

N
NG

|  For peTUAL [/\. ]T‘["] L =y W ;-%} m*fla?«; ,,
L L W Z 0,
Dum&crwys PRMUILA R
ek {- ZZMH[K]},& Q S
p wt[c] 4o Hew  { IKI7[M] ~L [TT)k=0

ke [RTTs[o] [ Btks o k]
: : k’l Q;Fl.’.;k34‘lﬂ‘k2 » k;ky“zﬂz;ﬂe, EZ
X \ R RTN RN Ryt ky ks
e 2 Lo ok oln”
] ‘-!3)‘].- . [ 3PL | m ) ts k’\ k’b h3
‘ N



O



RN,
el U,

[2 ‘3] [» ,]I’z}g’a‘-”
. ) @ 7 )




&

w



N
17
O
13

&

Ly

A dit { [210H]- L (1]

\__-—\’,—-_\_____/
: - - (mrs)
CQum @M, Wuwmsw%m law%ﬁww({;wﬁ

{‘X""SO()&SL) i 'L . Ty
z
v -(@ ;. _L\\/\a_. gs,._o ZH uda‘

HQZ(_MI o aum “EL

W Gl P W | Hwy = wi<key  ewd Lys

————

w, wz‘?—

”

; | SR ’
O e e s w W
T e Ty g Tty Wy, P> w

G R ek ProBpy IR mamuem 4 ko=k, el

2Wl+ 2'}-1/1 =

) .". =
( > " A __Qﬁ_ o “Xééf%
SO ali m, '('%auwlz )

e

w|d.

MeTE ThAT FoR W, < ),

: RoAL
wob"ﬁs Best | Fore vmy LARGE SYSTEMS ~ MULTI DEEREE™ SYstsnse

ey
B B }e [ v | 20] =239
. HC | 2.7 .

P

1 [asy . [l . r,aéf;
AL L3 ,

= 2.39%

S A +2.% il ot —’,.‘3 =4 =L wn':..i
22 2r ' ‘

f i . 19
Ay M, +dyy Py + Qgy My 2 ?}: +2

@

T
o
g






!

: TN

4 G

280,08 8,67 5 2,93

L - Y . 3 2.83
[ 7. - ] -y (o O /[ ] [7 .3 "/3] [21] B
4

— ~—_~’“Z§53

Q—‘é\‘ ei D

S -/ﬂ{

| sl
b Do bl o 2 e bl LT 0T fd

- f N 1

N

s )“'[,Z] AR FTRRY
B .,/} o A R ST R T

Cddu[mz[&a_

LA AT s [:’ fd M “1“‘*«%,

 diseude r;fs

> Lo SYSTEHSOWHERE MK ¢ st at oo ho. o phs

& INEINIFE

o DISCRETE  SYSTEHS AREN_ O:/D- ’ |
O CoNTUoUS  SYSTEMS  AREN_

DEALT  WiTH  DISLRETE  SYSTEMS 1€ Mass e/anhal? dm/mf af”

= Counnloss Systns
d

P CoNTmpYS  SYSTRN /S MoST ACCORATE DEXCR(PTION
¢ CBOILE OF (UMPED OR CaNTINGOUS “DEPENDENT ON Wﬁ‘yﬁfﬁ? ANALTS (S

TRANSVERSE  VIBS 0 STRING

L ° CowspER A

DISPL ALEHINT 13 W(x,7) |
r+df
e

¢

ds= de [ )4 w'?

PRLE  LoweTH L SUBIECTED R

(P+dP) e (buds) ~ Psii 41(015:

ds
f’?ﬂw

w'e<) s> dw=ds at>



Poolbe88)-Pon
af 2. (8+46)

b
= P [6x (8+d0) -50] a0
I

e (DsaD) = 62 Dendl + ab o

J_Y! ) » !! -i:_ﬁ
dx de

e

\_,/"



)

L]

20006842 29)

[7 .3 Y
RN
b0 o el [n] 5 fold @ aud mordeo

o ° °
o DEALT W ' ST, <g Y
DEALT Wi DISLRETE  SySTEMS e Wass e/w;ﬁaﬁ]/ d'ﬂ/mf)w«j/ af”
discute phs -
° SYSTEHS wiERE M K ¢ otk af o> ho. of ph = ConnnJeas SYSTHGS

4 INFINITE  DEGREES of FREEDY

° DiSCRLTE  SYSTEHS ARE  O.D-E< (wMPLfD)
" Go-lTolip 10 SYSTEMS ARF - -'i?;/";

° ConTodS  S75TE] /S MosSr ACCORATE DEXcRPTTon

¢ CHoIcE OF (UMPED ©OR CoNTINUOUS  DEPENDENT ON M47 THE M4L7S (S

z W
TRANSVERSE VIBS ©F STRiNG ﬁ N N

LonsDER A TAUT CoRuE  woward L Suguecsp T A face (v, t)

pev ) Ie.w% f.

TRANSVERSE  DISPLACEMSNT 1S W (x,7) wois smatt wrt L
pP+df
A*P\'J et 6+48

By (P+dP) gin (8448) ~ Pl J{Agfgs,
w » iV\N—dW SR ’)Zw
P ; dy I - ds = a(xJ b wiE w'e< ) = dxads at*




a
)



dP= 2P 4y

oX
u\;\ = d & ;
a swb - g2 ai% far 6 ) IR
8 ?.;‘,;(Buto)-Pe,.;asP[gxgn;lz Ik Py = P
. (0+d9) N (84»49) ) 21:: N aa:, I M‘&A(.Gfow)n%e'dz.[é; +;w ,(,4] ’P‘“’Axl
S (?-h:l?)ﬁ.' (9449) Pﬂu-e = ) (Pap )J-;{
?wl/ whp D\ﬁ, E%«/\ fon 0 o) Bl +b x .“
[ hukie 8
I'pbw] F F bt” .
) P 2w L o, W . - N
.i Pz consk % flo?ﬂ?—?-b l xY 'a Y4 >lc W w{t—ﬂ( C—j},
B.e QW(X ) £) — """’l”‘“’“‘“‘“‘/"JH’b .
P“'“Fﬂ* R PR by /}/”“‘&J
I.(— - . ~— . L. ? = T
905 te0) S
w(x,t=0)z0 e vdmm.)
Cu L\.J:w‘m S'EPMW oé VQ,M.:JJI‘(L-S IJJ" (Af()()'t) = X(ﬁ) T(:f)
| CET cg kT m Y. 4i g
) ' 1% X é%T -
. Xu"" As:uklgéx+ Bemki x
1;: C sen bq.t +D&bk¢t
Hem =z nZ XkT"_ | e
Longt hockuine Vibs 4 & rod. & (1) &andmd aﬁi
T 1—r legju m AL =
‘ ___x___>oc\,‘ M*?/azdx €= A;_ “ ._.:' A'B"Gﬁ ’
e A 18’ Tledx. A8
. bl
I Alxs0x ¢ isbu]-]
= = Ju »
PacA= EAw ([m,q.._x})g
R g
V "AB=AX
= f’Aalsc Uu =“,_/-——-—’“A:x“‘”
3t
Mano
| EA2 ]dx‘*«FAX sphdy Uy = EA Uy spA Uy, ] fro ¢EA= et
B gu“wwu%p ¢y e n nd vy




.//__\

~_



Tif1icaL  BC (W.de on F% 372 . 512w ¥y

599 4y e
m o sy,
Te. u(x){}:O\:‘:uo 4 4"5:4./,
11()( t:O\ = &2
EA’au(Xt) =0 'ml{m& SWM&' erneetef Fo & pun that Can mive
aherd

L dox, eud camal suppid 4 hancrerae frce

r
k '/*/dw
= TRW wrrks '

of e ok ] ? 9% Pdw, Fra
.......... "ﬁ_ @ fhs M2 ek
lovle at sha..uz) n rd fuel o fRat % wlx t)20 ahx-0 d x=4

=7 u.—.Z-T:O w’t\_u«)(za 4 x=ﬁ V'(: =S X:o @ Xeo0
Xza @K:e

u]x

= A0 +Bsid = A=a0
0=M + Bkl = hl=nm h:v\%
"Zc Cn""?t +1> M’h'wt
;19 u(x,’czo):uo ——> U, (Ee Civ 75 *ZD /ﬁt\:fmmyx
0

Cn Lf“o fm__ﬂch Smee, quufaw,z‘”h Immmmmxdx{ ’

[4

r—(N

N

fﬂo Apn fnmd,

d,()()t=0):uo = u, = S’(M‘% ib ’"'ﬂCm'n f)sﬁnnﬂx :






m |
I—T—'—( ' 2 2
Pu . L 3u i
axt - ¢t ‘-I% @
4 ulxof)=0 @
@ x=L fna, = %—- ,t)-—-m (x-l't) @ JT..D
| A
Stnce.  Sotutiam r( (D w u= Z(x)T(t} K”T':Z';:K:I;" c% »r”k

wd  Rx) = Acankx+-3$'mkx
) = Ca:/zqt;bbemle‘ot

e tndibin @ = X)=0 ¥t = Aao

ul,t) = 2 sitlex [Ea—,bt +‘Bﬁ;l«’c:( C:c¢8 DaDE
. c
AE %ﬁ =[SEZ k_wl;g_ﬂ, [Ca-.alq&- +D;u_lul::) =+m Zk&“w-!gz [C Coolegt +D§a.]¢o‘f.’]
cC ¢ <

or  Atkcrkl = mhFemel AE , ookl o AE
< 3 c mGk

§ e ikl !'g bhﬂ\kén ‘6—52_&“
. c me* C 2 ¢ ¢
AEL = ki it eEE | - L
so AEL %Hma bt gl w o A%_ _k_éCM?
MAff-mW
L. ou
v M., €

:Z n,, <<m
%, = p&l = ;—900 C‘.-/E—’./T
= A 50 4 kbl —>
mc? 3




woo-
18
77 SRR

Y
th
< .- 7
. .

o .
i
’ 3
= N
3 |

<R




2 gl &7

- 40

ab

\}}

1]
| g
AS v)

M

T 364
A%

2T = 0(3-6 %g)






,c,, . ,‘,/; 7%”" % J%J g,]/gi'

7‘44 tolfc @Ww ” ﬁ /mg,ﬁww/ meOia/W

. ZTW I 60()( , W‘.M.L 1;) bth/m&A-

AT-Z _J_'Q_A_Q) 2 2

Mo dTafdx =TOde o Mo 2 (T6My

Trusioned Shﬁ.w

f Toent Ju ofezb;  iffeo 8.1

 la |

G= _‘—f- L ec=c¢c._L_ s CG<LCE
( ) 4  Y20+p) /_

,, %% mopg 8GRl




.}5\;-"0. {f'f\"\h

)

-

R

ES YA

Py

o

)
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(a) Longitudinal; vertical section
(plane of symmetry)

z

(b) Longitudinal, horizontal section

Fig. 4.11

\ ig. 4.11 when the member is subjec
the couples M and M. Since all the faces represented in the tw
jections of Fig. 4.11 are at 90° to each other, we conclud
Yo = Yo = 0 and, thus, that 7, = 7, = 0. Regarding the three
components that we have not yet discussed, namely, o, o, and 7
note that they must be zero on the surface of the member. Since, _
other hand, the deformations involved do not require any interactic
tween the elements of a given transverse cross section, we can as
that these three stress components are equal to zero throughout the mig;
ber. This assumption is verified, both from experimental evidenc
from the theory of elasticity, for slender members undergoing sma
formations.t We conclude that the only nonzero stress componen

ubic elements considered here is the n
component o. Thus, at any point of a slender member in pure’!
ing, we have a state of uniaxial stress. Recalling that, for M > 0,;
AB and A’B’ are observed, respectively, to decrease and increas
length, we note that the strain € and the stress o, are negative ij
upper portion of the member (compression) and positive in the I
portion (tension). o

It follows from the above that there must exist a surface parall
the upper and lower faces of the member, where €, and o, are
This surface is called the neutral surface. The neutral surface inters
the plane of symmetry along an arc of circle DE (Fig. 4.12a), and:
tersects a transverse section along a straight line called the newusr
of the section (Fig. 4.12b). The origin of coordinates will now:

Neutral
axis

(a).Longitudinal, vertical section . (b) Transverse section:
(plane of symmetry) ' :

Fig. 4.12

lected on the neutral surface, rather than on the lower face of the m
ber as done earlier, so that the distance from any point to the ne
surface will be measured by its coordinate Y.

TAlso see Prob. 4.38.







noting by p the radius of arc DE (Fig. 4.12a), by 6 the central
rresponding to DE, and observing that the length of DE is equal
gth L of the undeformed member, we write

L= po

fing now the arc JK located at a.distance y above the neutral
we note that its length L' is ' -

L'=(p—y)0
the original length of arc JK was equal to L, the deformation of

=L —L
s substitute from (4.4) and (4.5) into (4.6),
6=(p— )0 —pb=—y0
gitudinal strain €, in the elements of JK is obtained by dividing
“original length L of JK. We write
‘ s v v

L po.

o be positive and, thus, the beam to be concave upward.

se of the requirement that transverse sections remain plane,
deformations will occur in all planes parallel to the plane of
- Thiss the value of the strain given by Eq. (4.8) is valid any-

train €, reaches its maximum absolute value when y itself is
enoting by c the largest distance from the neutral surface
rresponds to either the upper or the lower surface of the mem-

onclude our analysis of the deformations of a member in pure

)y observing that we are still unable to compute the strain or
‘a given point of the member, since we have not yet located the
surface in the member. In order to locate this surface, we must
cify the stress-strain relation of the material used.t

note, however, that if the member possesses both a vertical and a horizontal plane

(e.g., a member with a rectangular cross section), and if the stress-strain curve
e in tension and compression, the neutral surface will coincide with the plane of
{cf. Sec. 4.8). :
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) in Pure Bending
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8.5.7
Effect of Axial
Force

Thus the response of the beam is given by Eqg. (8.110):

| . onma | nmwx | , (E7
$in —— sin—— sin w .
(k- ! )

M

_2f
w(x,t) = p Al ;

The problem of vibrations of a beam under the action of axial force finds application in the
study of vibrations of cables and guy wires. For example, although the vibrations of a cable
can be found by treating it as an equivalent string, many cables have failed due to fatigue
caused by alternating flexure. The alternating flexure is produced by the regular shedding
of vortices from the cable in a light wind. We must therefore consider the effects of axial
force and bending stiffness on lateral vibrations in the study of fatigue failure of cables,

To find the effect of an axial force P(x, f) on the bending vibrations of a beam, con-
sider the equation of motion of an element of the beam, as shown in Fig. 8.18. For the ver-
tical motion, we have

"2
£V +dV)+ fdx= V + (P + dP)sin(® + d) — P sing = pAdx(;%

dvafde + d(Reinb)yy 8.118)
and for the rotational mption about 0, o
(M+dM)+(V+dV)dx+fdx%—M=O (8.119)
dM 4+ Vdx 0
f(xr {) )
. dv .
-p J;Jx 4 {Ax + J.S".‘(&mﬁyx
e x

4
- dM d (piw
4 i (P

fdx .
w(x:t) 4\1”+%L.wdx
M(_VV VAL p+fax
. IR gt -
— o ,& p+5Edx

FIGURE 8.18  An element of a beam under axial
load.
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EXAMPLE 8.9

8.5 LATERAL VIBRATION OF BEAMS 621

For small deﬂections,b

| 20 - 2
sin(@ + df) ~ 0 + do = 0 + f_“dx = (—’K + (——v;dx
dx dax dx

With this, Eqs. (8.118), (8.119), and (8.75) can be combined to obtain a single differential
equation of motion:

9* 9w *w 9w
—| El— |+ pA— - P—=f 8.120
ax’ [ axz} P Py (®.120
For the free vibration of a uniform beam, Eq. (8.120) reduces to

.4 .2 .2
}w I'w Sw-
EI=: + pA= - P*— =0 8.121
axt P ax* ( )
The solution of Eq. (8.121) can be obtained using the method of separation of variables as
w(x, 1) = W(x)(Acoswt + B sin wt) ' ' (8.122)

Substitution of Eq. (8.122) into Eq. (8.121) gives

d*w. aw o
El - P—— = pAo*W =0 8.123
dx* dx? paw ( )
By assuming the solution W(x) to be
W(x) = Ce™ (8.124)

.

in Eq. (8.123), the auxiliary equation can be obtained: '

4 P, pAw?

S e il - 8.12
ST S T Er 70 (8.125)
The roots of Eq. (8.125) are »
P P2 pAw2 112 )
253 = + + 8.126
BT <4E212 EI (8126

and so the sobition ‘ceip.-ba gxnressed as (with absolute value of s,)!
W‘('x) = (| cosh s\x*+ C,sinh s;x + Cycos s,x + Cysinsox © (8.127)

W' 52 Goh 455Gl ~52Cn ~352C, s
where the constants C; to C, are to be determined from the boundary conditions.

Beam Subjected to an Axial Compressive Force

Find the natural frequencies of a simply supported beam subjected to an axial compressive force.
L amma e s B Y .
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622 CHAPTER 8 CONTINUOUS SYSTEMS

Solution: The boundary conditions are

\ ' dg“;fO) =0 €+ CGzo ( A ;‘.)C")LEUU
] _ Lo 220 V8. -
T2 =0 KRG -5 det oo =d (E2)
_ € iG=°

: - Wi =0 (E.3)

|

iE 1w

‘ ‘dxz h=0 (E4)

Equations (E.1) and (E.2) require that C) = C; = 0in Eq. (8.127), and so

Catuhst + Gtunt{z0

W(x) = C,sinh s;x + Cy sin syx ‘.a“ sahs -G:Qﬁiht"(E'S)

cantd inh$,t sut, \lGy -
The application of Eqs. (E.3) and (E.4) to Eq. (E.5) leads to Simhs, . )(( ]
PP q q (s}‘“s‘( s .)
. * ..o .
sinh 5,/+ sin s,/ = 0 (“t;“‘h(""‘"“ms'() (E.6)
"t

Since sinh s,/ > 0 for all values of sl # 0, the only roots to this equation are

8§l = nm, n=20,12, ... 5":’_‘! (E.7)
] ;L . . . . . s:“n‘"&ﬂ 'E. -
g Thus Eqs. (E.7) and (8.126) give the natural frequencies of vibration: T &

pA TE]l E8)

w* [ET ( 4 ;12P12>“2
w0y = — = n* +
)
Since the axial force P is compressive, P is negative. Further, from strength of materials, the small-
est Euler buckling load for a simply supported beam is given by [8.9]

2 .
’T—lf—l (E.9)

cri T

Thus Eq. (E.8) can be written as

S o~ B(ELNAL 4, 2\2 G
E Wy = 12 <pA> Kn n ‘ . (EIO)

-cri
The following observations can be _,rhade from the présent example:
1. If P = 0, the natural frequency will be same as that

Fig. 8.15.

2. If EI = 0, the natural frequency (see Eq. E.8) reduces to that of a taut string.
3. If P > 0, the natural frequency increases as the tensile force stiffens the beam.
4. As P— P, the natural frequency approaches zero forn =1,

of a simply supported beam given in
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8.5 LATERAL VIBRATION OF BEAMS 623

8.5.8 If the cross-sectional dimensions are not small compared to the length of the beam, we

'f’”\E h Effects of Rotary need to consider the effects of rotary inertia and shear deformation. The procedure pre-
" o Inertia and sented by Timoshenko {8.10], is known as the thick beam theory or Timoshenko beam the-
(E2) Shear ory. Consider the element of the beam Shown in Fig.-8.19.-If the effect of shear

‘ Deformation “deformation is disregarded, the tangent to the deflected center line O'T coincides with the

(E3) ' normal to the face Q' R’ (since cross sections normal to the cente1 line ren‘lmn normal even

' after deformation). Due to shear deformation, the tangent to.the deformed center lme o' T

(E.4) ,-will :not-be perpendlcular to the face Q'R’..The angle ¥ between the tangent to the/ .

“ideformed center lme (O'T) and the normal to the face (O'N) denotes the shear deforma- Jf
tion of the element Since positive shear on the right face Q' R' acts downward, we have,
from Fig. 8.19,” '

(E.5) aw o
y=¢ - — ] ";(8.128)_
where o) denotes the slope of the deflection curve due to bendmg deformatlon alone Note
(E.6) _ . that because of shear alone, the element undergoes distorfion” but no rotanor;‘
' ‘ The bendmg morftient M and the shear force V are related to ¢ and w by the formulas? -
M =EI 99 |
= — (8.129)
(ET) ax
2
L pA dyv P
Yo -
(E.8) . pldx "‘f ™ [Q\ ¢ ! M +dM
ot \ \,/—‘: ‘
v
N M
5./ )mall— ! M
(E.9)
(0]
(E.10) FIGURE 8.19  An element of Timoshenko
beam.
given in R 2Equation (8.129) is similar to Eq. (8.75). Eq. (8.130) can be obtained as follows:
' Shear force = Shear stress X Area = Shear strain X Shear modulus X Area
or T=VYA =

V = yGA

This equation is modified as V = k AG'y by introducing a factor k on the right-hand side to take care of the shape
n of the cross section.
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624 CHAPTER 8 CONTINUOUS SYSTEMS

and

- kAGy - kAG<¢ - ﬂ)g (8.130)

!,, ax

where G denotes the modulus of rigidity of the material of the beam and k isa constant
also known as! Timoshenko’s shear coefficient, whlch depcnds on the sh"lpe of the cross -
section. Fox a rectanguhr secuon lhe value of k is 5/6; for a circular séction ll is 9/10 7
8.1 B
The equations of motion for the element shown in Fig. 8.19 can be derived as follows:

1. For translation in the z direction:

—[V(x, 1) + dV(x, O] + f(x,t)dx + V(x,1)

= pA(x)(I\ .2 (\ 1)

= Translational inertia of the element (8.13D)

2. For rotation about a line passing through point D and parallel to the y axis:

(M(x,t) + dM(x, )] + [V(x,t) + dV(x, ) dx

+ f(x, 1) dx—dg - M(x,t)

P .
= pl(x)dx )T(f = Rotary inertia of the element (8.132)
(¢
Using the relations
1% M
av =a—dx and aM =a—dx
dx Jax

along with Egs. (8.129) and (8.130) and disregarding terms involving second powers in dx,
Eqs (8 131) and (8 132) can be explessed as

4 Ry
\ —kAG (—— < 5—) + f( =pA—y (8.133)

(U,,. 2 RER - - SR 2 R .'/l
i aw\ ¢>

LEI =5~ kAG | ¢ = 2 ) =pr=y T 8.134
512 kao 4 ax) F







8.5 LATERAL VIBRATION OF BEAMS 625
By solving Eq. (8.133) for d¢p/ax and substituting the result in Eq. (8.134), we obtain the
q desired equation of motion for the forced vibration of a uniform beam;
‘ .130) ) e \
a4 < E ) a4w 21 34 j'”;'
EI — + A — —.pl{ 1+ —
: ax p P kG axor? kG at
constant, Ll - . ;
the cross L ET ()Zf _ ~1', Yo _ ,3\
| p ad f ) .
it is 9 e e e — f =) 8.135
it is 9/10 4 KAG 3~ KAG o f= -_ / (8.135)
s foll g . e
> rotlows For free vibratiop, f = 0,} and Eq. (8.135) reduces to
Ow o atw ( “"E)“a‘*w'“ Pl §'w .
.‘;EI——+ A—-— 1 +——-——-*O 8.136
7 ax* p P kG J-ax*t> kG ot J ¢ )
. The following boundary conditions are to be applied in the solution of Eq. (8.135) or
(8.136):.
(8.131) 14 Fixed endy
L 4=w=0]
2. Simply supported encl{: Ml Weo ][
d
El —(é =w=90
ax
3. Freeend: ViM=zo0
o 32) .
) kAG<a—W—¢>—E1%=O
ax » dx
I Natural Frequencies of a Simply Supported Beam
EXAMPLE 8.10
Determine the effects of rotary inertia and shear deformation on the natural frequencies of a simply
supported uniform beam.
vers in dx, Solution: By defining
' [ a2=E_,i and  rt=L (E.Ib)w -
(8.133) ‘ p A
A Eq. (8.136) can be written as
(8.134) 28w Pw 2< +£> otw_, pratw _ B2
T T\ G ax’ar® kG ar* 0 E2
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CHAPTER 8

———’-_/
Ewley

CONTINUOUS SYSTEMS

We can express the solution of Eq. (E.2) as

nwx
w(x, ) = Csin —”[-T— cos wyt (E.3)

which satisties the necessary boundary conditions at x = 0 and x = /. Here, Cis a constant and w,,
is the nth natural frequency. By substituting Eq. (E.3) into Eq. (E.2), we obtain the frequency equa-

tion:
2 222 2,22 4,4
af P n'wore  ontwirt E a’n’m’\
e + + — |+ =0 .
w"("G) <l r L kG) ( r ) 9

It can be seen that Eq. (E.4) is a quadratic equation in w? and for any given n; there are two values
of w, that satisfy Eq. (E.4). The smaller value corresponds to the bending deformation mode, while
the larger one corresponds to the shear deformation mode.

The values of the ratio of w,, given by Eq. (E.4) to the natural frequency given by the classical
theory (in Fig. 8.15) are plotted for three values of E/G in Fig. 8.20 [8.22].}

Note the tollowmg aspects of rotdry inertia and shear deformation:

1. P If the eftect of rotary inertia alone is consndered./the resulting equation of motion does not
“contain any term mvolvmg the shear coefficient k. Hence we obtain (from Eq. 8.136):

kzw  sme V= KAGY ¢u{wsﬁwd«{ﬁmfm=>x 0 bl k= fn Vgo

I a w. aw : a W, )Y
‘ oxt P2~ Pl axr RIS

1.0 T
For E_
0.8 \ kG
. \
§< ror £~
\ kG

(E.5)

)

w, given by Eq. (E-4)
w, given by classical theory

0.6
E
F =
0 A e
. —
N

* G 0.2 0.4 06 08 1.0 172
| —

FIGURE 8.20  Variation of frequency.

3The theory used for the derivation of the equation of motion (8.76), which disregards the effects of rotary iner-
tia and shear deformation, is called the classical or Euler-Bernoulli or thin beam theory. !






(E.3)

ant and w,
2ncy equa-

(E.4)

two values
10de, while

1e classical

oes not
6):

(E.5)

of rotary iner-
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In this case the frequency equation (E.4) reduces to

5 ot

“n = 2,22
14<1+"[ )

g
2. It the effect of shear deformatlon 'llone is consrdereq the resulting equation of motion does
not contam the terms originatirig from pl(a%/at>) in Eq. (8.134). Thus we obtain the equa-
tion of motion

(E.6)

T gt ow  Elp a'w i
'EI——-+ pPA— — —— / (E.7)
L TP T KG axt? /
and the corresponding frequency equation
2,44
a'n'm
wy = (E.8)

2,22
" n*mre E
+
[<1 2 kG)

3. \‘If both the eftects of rotary inertia and shear deformatlon are drsregarded Eq (8 136) reduces |

§to the classrcal equauon of motlon Eq (8 78) o

4 w
g, P E9
()x4 P (7!2 ( !
and Eq. (E4) to
[ 244
k= a n47r 5 (E.10)
; ! i
. n
,8.5'9 The transverse vibration of tapered beams is presented in Refs. [8.12, 8.14]. The natural
Other Effects frequencies of continuous beams are discussed by Wang [8.15]. The dynamic response of

beams resting on elastic foundation is considered in Ref. [8.16]. The effect of support flex-
ibility on the natural frequencies of beams is presented in {8.18, 8.19]. A treatment of the
problem of natural vibrations of a system of elastically connected Timoshenko beams is
given in Ref. [8.20]. A comparison of the exact and approximate solutions of vibrating
beains is made by Hutchinson [8.3C). I etzady=stete vibration of damped-beimy s 2o~
sidered in Ref. [8.21].

%
)

8.6 Vibration of Membranes

A membrane is a plate that is subjected to tension and has negligible bending resistance.
Thus a membrane bears the same relationship to a plate as a string bears to a beam. A
drumbhead is an example of a membrane.
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Table 3.5.1 gives the first few values of these frequencies in dimensionless
form. The solution for the membrane displacement uo in the vibration

eigenmode n,m is then

unm(r,e,t) = A _J O 1) cos(nb - y) cos(w_t-¢)

(3.5.14)

The phase angles ¢ and Y, and the amplitude A remain undetermined.
The lowest frequency occurs for the 0,1 mode. Note that for n =0
the motion is axisymmetric, and has no nodes. The next higher frequency

occuts for the 1,1 mode. This mode has one diametral node.along which the

TABLE 3.5.1
' DIMENSIONLESS MEMBRANE FREQUENCIES

n m Jam T wnmro/a
0 1 2.40483
11 3.83171
2 1 5.13562
0 2 5.5.008
301 6.38016
12 7.01559
4 1 7.58834

membrane does not move. (The phase angle of this node cannot be determined
without initial conditions). The third mode is the 2,1 mode, which has
two diametral nodes, and the fourth is the 0,2 mode, with one circular
node at the point where JO(AOZr) =0, i.e. at Aozr =Jo,1 = 2.40483.

Figure 3.5.3 shows the nodal lines for the first several modes.
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Florida International University
Department of Mechanical and Materials Engineering

EML 6223 FINAL EXAMINATION Dec. 13, 2004

This is a takehome examination that is due at 1200 hrs. Dec.
15, 2004. You have access to your notes and your book and
nothing else.

DO YOUR OWN WORK -~ SHOW ALI WORK

" Please sign the following:

1 certify that I will neither .receive nor give unpermitted . . .. ..

aid on this examination. Violation of this will result in
failure of the examination and the course. : ’

PRINT NAME SIGN NAME

.This examination consists of 3 problems. Several problems
have multiple parts. Do all problems and show all your work
and any assumptions you make.

PROBLEM #1 25 POINTS

PROBLEM #2 30 POINTS

PROBLEM #3 15 POINTS

PROBLEM #4 = 30 POINTS

s ke s S G ot v Some oo st b

100 POINTS



Problem #1. For the following two degree of freedom system, using Lagrange’s equation
derive the equations of motion.

FIGURE P7.15.

_ Problem #1b. Read the following example, then answer the question below.

Example 7.1.1

Consider the plane mechanism shown in Fig. 7.1.3, where the members are assumed to be rigid.
Describe all possible motions in terms of generalized coordinates.

22

FIGURE 7.1.3.

Solution As shown in Fig. 7.1.3, the displacements can be obtained by the superposition of
two displacements ¢, and ¢,. Because g, and ¢, aré independent, they are generalized coordi-
nates, and the system has 2 DOF,

The rigid bar linkages of Example 7.1.1 are loaded by
spring and masses as show in the figure to the left. Using
Lagrange’s Equation, derive the equations of motion.
Assume that the springs are unstretched when the upright
bar linkages are vertical and the longitudinal bar linkage is
horizontal. The vertical bar linkages are of length / and
the horizontal bar linkage is of length //2.

FIGURE P7.18.



Problem #2.

“

i
N

FIGURE P9.6.

dY()  1dY()

1) Shown is a flexible cable supported at the upper end
and free to oscillate under the influence of gravity.
Show that the equation of lateral motion, i.e., y=y(x,t),
is

2) If a solution of the form y=Y(x)ecoswt is assumed,
show that Y(x) can be reduced to a Bessel’s
differential equation, viz.,

dz*> z dz-

tr@=0

with solution Y(z)=J¢(z) or Y(x)=Jo(2@ \/E) by a change in variable Z>=40"x/g.
g

3) What are the boundary conditions for this problem?



Problem #3

Given the functional U[w(x)] = J:{ %EI [w"]* -~ pw }dx for the beam shown below, for

which we then replaced w(x) by w(x)+ef(x)
Y and obtained the governing equation of
equilibrium and boundary conditions

required for this problem, you are to do the
W following:
— X  Modify the Lagrangian L to include the
Q kinetic energy of the beam, namely,
2

) pAw.v dx and repeat the process we

followed to derive the governing equation of motion and the required boundary
Aconditions, -



Problem #4,

1) Derive the governing equation of motion for this

Yo €05 2! . .
L AAA oscillating support problem.
l
"\, 2) IF y, were zero, then this would become the simple
5 pendulum problem. Apply the perturbation method to the

! ‘ simple pendulum problem with

FIGURE P14.38. sin 0 being replaced by 0 - (1/6)6°

Use only the first three terms of the series for x and .

3) Show that if y, is not zero, then the 8; or 6, differential equation must satisfy the
Mathieu Equation, namely, an equation of the form

d*y
Pl +(a—2bcos2z)y =0 where z=ot



FIU

FLORIDA INTERNATIONAL UNIVERSITY
Miami’s public research university

December 3, 2004
TO ALL TENURED FACULTY

Dear Faculty Colleague:

Academic Affairs is pleased to announce the sabbatical application and review procedure for the 2005-06
academic year. In order to save on duplicating costs, we are making the FIU Sabbatical Policy and
Procedures statement, and sabbatical application available online at
http://academic.fiu.edu/docs/budget personnel sabbatical.htm. Please take particular note that the
Collective Bargaining Agreement(CBA) has expired, nevertheless, FIU intends to maintain the existing
policies and procedures for sabbaticals.

Full-time tenured employees at the time the proposed sabbatical is to be taken, with at least six years of
full-time service within the State University System, are eligible for one semester, full pay sabbaticals or
two semester, half pay sabbaticals. Faculty are not normally eligible for a second sabbatical until six years
of continuous service are completed following a previous sabbatical. The six years are measured from the
end of the first sabbatical to the beginning of the second sabbatical.

Sabbaticals for two semesters at half pay will be made available to all eligible faculty whose applications
are deemed to be complete according to the FIU Sabbatical Policy and Procedures. Sabbaticals for one
semester at full pay are fewer in number and highly competitive. We are authorized to award 11 one-
semester, full pay sabbaticals for the 2005-06 academic year.

Sabbaticals for two semesters at two-thirds pay are available on a competitive basis to tenured faculty who
have at least nine vears of continuous service at FIU without having had a sabbatical. These sabbaticals are
usually equal in number to the required number of one semester, full pay sabbaticals awarded each year.

As with the two semester, half pay sabbaticals, deans have the prerogative to postpone a two-thirds pay
sabbatical for one year if a faculty member’s absence would create a hardship for a department with respect
to staffing academic programs.

Insofar as departments and colleges are able to do so, faculty performance while on sabbatical leave will be
included in the annual review process. A report on activities pursued while on sabbatical is required upon
completion of the leave. ,

The deadline for receipt of completed sabbatical applications by Geri Plummer in the Office of the Provost
(PC 526) is 5:00 p.m. Monday. January 17, 2005, The Sabbatical Committee will be unable to consider
applications submitted after the deadline.

Sincerely,

-

Arthur Herrioft
Executive Vice Provost
Academic Budget & Personnel

¢: Provost Staff
Academic Affairs Deans

_ Office of the Provost
University Park « Miami, FL 33199 - Tel 305-348-2151 + Fax 305-348-2994 www.fin.edu
. Florid Internntional University is wn Equnl Opportunityf/Access Employer and Institntion * TDD via FRS 1-800-955-8771
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OUR POST-PRODUCTION SYSTEM UPDATE

INSIDE THIS ISSUE:

deanther 2" JNews

+. Transition to.System: =1

Project Updates

Online Registration
Online Grading

N NN

CHECK THE FACTS:

8,751 PURcHASE
ORDERS PROCESSED...

68,086 TIMES A STUDENT

'SWAPPED' A CLASS ON
PANTHERSOFT

IN OUR NEXT ISSUE:

Additional information on
Phase 11

And much motre!

PantherSoft News

Volume 11, Issuc 3
December 2004

University Community Transitions to
New PantherSoft System

Four months ago, on July 1, the PantherSoft Financials System went live with
the General Ledger, Purchasing, Accounts Payable and Asset Management mod-
ules.. A few days later, on July 6, the Student Administration System became avail-

““able to the University Community as well. Sincé then, many students, faculty and

staff have been taking advantage of the new features PantherSoft offers its users.
This includes access to real-time information, faster processing, direct deposit of
financial aid funds, online routing and approval, and access from anywhere
through an internet connection.

However, as with every system implementation, the transition period has
brought many new benefits, as well as several challenges. As the University Com-
munity transitions to the new functionality PantherSoft provides, the Project Team
has been monitoring and tweaking the System based on valuable feedback received
from users; such as the class rosters, and the class search page. As we continue to
move forward with improving the System, thé PantherSoft Project Team appreci-
ates your cooperation and patience. Below ate just a few facts based on transac-
tions in PantherSoft since its full implementation in July.

FINANCIALS SYSTEM STUDENT ADMINISTRATION SYSTEM

Online requisitions processed 9,240 Total students enrolled for Fall 2004 35,046
Highest amount of students using the

Purchased orders d g g

urchas processe 8,751 System at the same time 2,000

Total online vouchers (invoices) proc- Total fi ial aid di -

assad 17,123 otal financial aid disbursed through Pan: $42,000,000
therSoft

Checks / payments processed 10,277 Number of times students added a class 287,752

TARs processed 2,427 Number of times students dropped a class | 48,661

Cash advances processed 132 Nlumber of times students swapped a 66.086
class :

Expense / Pro-card reports processed 12,782 Total number of times a permission num- 13.853
ber was used to add a class '

Journals processed 19,353 Total number of transactions in Panther- |, /oo

- i Soft... and counting '
Phone calls handled by FAST (Financials 3535 :
Application Support Team) : Phone calls handled by the UTS Support 13.487
: : ! : Center pertaining to PantherSoft '
Faculty / staff that have attended training : ;
for Financials System 1,500 Number of seats filled in training 1,588







Florida International University
Department of Mechanical and Materials Engineering

EML 6223 FINAL EXAMINATION Dec. 13, 2004

This 1s a takehome examination that is due at 1200 hrs. Dec.
15, 2004. You have access to your notes and your book and
nothing else. '

DO YOUR OWN WORK -- SHOW ALL WORK
Please sign the following:
I certify that I will neither receive nor give unpermitted

aid on this examination. Violation of this will result in
failure of the examination and the course.

PRINT NAME : SIGN NAME

This examination consists of 3 problems. Several problems

have multiple parts. Do all problems and show all your work

and any assumptions you make.
PROBLEM #1 25 POINTS
PROBLEM #2 30 POINTS
PROBLEM #3 15 POINTS
PROBLEM #4 30 POINTS

st St i B s g i e e

100 POINTS






Problem #1, For the following two degree of freedom system, using Lagrange’s equation
derive the equations of motion.

FIGURE P7.15.

Problem #1b. Read the following example, then answer the question below.

Example 7.1.1

Consider the plane mechanism shown in Fig. 7.1.3, where the members are assumed Lo be rigid.
Describe all possible motions in terms of generalized coordinates.

& 02
L 4 A
FIGURE 7.1.3.

Solution  As shown in Fig. 7.1.3, the displacements can be obtained by the superposition of
two displacements g, and ¢,. Because g, and ¢, aré independent, they are generalized coordi-
nates, and the system has 2 DOF.

The rigid bar linkages of Example 7.1.1 are loaded by
spring and masses as show in the figure to the left. Using
Lagrange’s Equation, derive the equations of motion.
Assume that the springs are unstretched when the upright
bar linkages are vertical and the longitudinal bar linkage is
horizontal. The vertical bar linkages are of length / and
the horizontal bar linkage is of length //2.

FIGURE P7.18.






Problem #2.

' T+dT

TV &k
Py dx

FIGURE P9.6.

1) Shown is a flexible cable supported at the upper end
and free to oscillate under the influence of gravity.
Show that the equation of lateral motion, i.e., y=y(x,t),
is

oy _ Oy

o
2) If a solution of the form y=Y(x)scoswt is assumed,

show that Y(x) can be reduced to a Bessel’s
differential equation, viz.,

dY(z)  1dY()

dz* z dz

+Y(2)=0

with solution Y(z)=Jo(z) or Y(x)=Jo(2@ \/——;— ) by a change in variable Z=4n’x/g.
4

3) What are the boundary conditions for this problem?






Problem #3

Given the functional U[w(x)] = f{ %EI [w"]* - pw }dx for the beam shown below, for

, which we then replaced w(x) by w(x)+&f(x)
Y and obtained the governing equation of
equilibrium and boundary conditions

P ])(I:} e required for this problem, you are to do the
) m following;:

\ ! ¥  Modify the Lagrangian L to include the
ﬁ A kinetic energy of the beam, namely,

2
5 pAw dx and repeat the process we

followed to derive the governing equation of motion and the required boundary
conditions






Problem #4.

. 608 2ot 1) Derive the governing equation of motion for this
‘\3‘\#— oscillating support problem.

2) IF y, were zero, then this would become the simple
pendulum problem. Apply the perturbation method to the
simple pendulum problem with

!
J
|
A
5
i

1

FIGURE P14.38. sin 0 being replaced by 0 - (1/6)0°

Use only the first three terms of the series for x and o.

3) Show that if yo is not zero, then the 0; or 6, differential equation must satisfy the
Mathieu Equation, namely, an equation of the form

Y aen _
Y +(a—2bcos2z)y =0 where z=ot






Using the relation fsfn ot sin Bt M_zt{s.‘n(d-p)t _ sin (:u-p)t}; g

| & - (EB) can be sx'm,p!'j-'.'egl ad -3 x+ g |
" Am“ = 41«)’ [Sln (m ')Trz ('nh-t%lr: od -L SI.HG‘_'ZWJ g‘.n(n'f"b)-rr] L
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o o b
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4 Wy o . b
AI( = "'a—;—' fo ﬁnz -7-7-&5- dx j; S‘n'r\z —7-[.5- JJ = ’hJ'o (EB)

o 'w"(x,ﬁ)t) = tlJ; S'l'n —T\;‘-?- Sin H cp{ w“ t

. 7
with ‘*’u= {C (e L")} :
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(£2)

ET o + pPA 'U,,z + % =o0 (E12)
whose voots can be expressed as
Xo= t (@+ib) Gy =1 (w-ib) (Eis)
with X 2
' o= Jl-—C A ; L: JH—C J > 'Va

€S —~—
. ,4511: (E )
y/ T 14
and d= (4-———1;I>4 P*A }

Thus the solution of (Ep) becomes
) '
w(#) = A e ‘ + A, ea('.',y + A_; G%: -+ AJ, e (E“)

where A iz, 2, 3.4) arve constants which can be determined
From the following conditions:
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d W oF -
o =0 4= oo Zero ok Y =
_g!iﬂ' =0 ok Y=o } s‘olpe s zero under the foad
d
3 4w
EI A——-—% L _=P shear force has
7 ly=of " ly=o0 . ..
1t b J.:s‘c.ora{:mucfj
€, ET ————A#,‘_ = 7 under the load
Z
W)= Co X" ;¢ .2 - T g v gy
8.57 24 €1 (A=%) = os: (x* 4" + x -2k x*)
dw _ G 2 3 g2
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J*w _ <o i z 2=
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| PwN\?
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2 55
= ¢ [
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: zZ0: W ¥
——9“7‘ Pax =7 & G
=f. ow _
At %= L. P =-%w (:
General solution s
w(xE)= Wx). T(¢) = (A cos &F + B sin %’E>(c Cos wt + D sin Wt
EZLLCL{’I‘OY)S (E') and (E;) 91‘\/8: (
{P(_Aﬁc’;s(n‘_‘.’; + B..‘*CZ cos i’;)(c c.:sa;w‘:-}- Ds«‘m&f:)
= —-mwl (A cos -“—“c—l + B sin &-?L)(C cos Ot + D r«'na.‘)t)}xzo
A (mat)+ B (P2) = o (s
Ez" (Ey) and (E3) yield ' '
' 1 . W
P-4 A s.-,.i"_ci + BY cos -“—’é):-k(l\ s L2 4 B sin =5

i-€y

A('—E_CE":_ s"ngc!+k cos E’-a&)-f-g(fg Cas("-—)cz +k:(ng§ =0 (Es)
Eps- (Es) and (Es5) give the :Fre&uency egua.tion: '
(m w‘) CP“%) = o
G—?.C(‘_’sfn_(%i+kw$&i_x) (r_c‘_’cgc_@ax_.f. ksinf‘_’é)
which, u}oon Su'm,nlffo'c,ai«'on, becomes
Pmc? ;2
Px — ; ) o
tan A = £ = . (E()
2
c’ w4 p* c
( 7 )cr + (__1 ) ~r
| —p (a) Axial vibration: m, I,
8= Mo _ mass of rod 4 v t
m end mass a ¥
Using p = 76.5 kN/m® for steel, we find ‘t¢ X
2
_nd®tp |5 \ | 76,5 (10%) | '
mp 153117
= = "0 = 0.1531

From Table 8.1, the value of oy for § = 0.1531 (using linear interpolation between
values of f = 0.1 and 8 = 1.0) is:

o; = 0.6099 (0.1531) + 0.2503 = 0.3437

ame o .\/'E_ 0.3437 '\/ 207 (10°) (9.81)
= =— L = 1770.7958 rad /se
M ST OV o T 76500 rad fsec

(b) Torsional vibration:

In this case, we use the result of Example 8.6.

,3=de Jpé

L

where J = polar ‘momént of inertia of the shaft:







(E3)

€
(Es)
(€¢)
(€7)
(8;)

I= it = =5 (0.05)" = 2.4544(107%) m*
| p =16500/9.81 kg/m® ; £=1m
Tooa = (b 074) 5% (1) _ 1014010 kgm?
_ 19140 (?6%) "'7“_;
| f= T =li?71§0‘ (107)
Since f is close to zero, we have from Example 8.8,

TR 7.043
~ & 1 /G A _ (80 (10%))
Wy 7 ﬁ = —p— —-v 7650(‘)('9‘8{) =}4~9Y26/rad/sec

3 -
I= 4_'{("‘1) (0+3) = 2-25 s d w4 |
A= 003 m*, f=2m, E= 20:5x10° Nfm?, f= 783 xi0? ®g/m3

Fig. 815 gives the values of g1 -

o (B[220

Here EXI _((zo0:5 xtolo)(2u2§ XIo_") %
pALY T = lo-7814

7830 X 003 x {6

(@) For pinned- pinned beam :
pl= T, = (10.7804) = 1093.3737 radfec
Pl=2C, ;= 46 = 4373.4948 radfoec
pal= 3T, ;= 9w,= 9840.3¢34 radfsec
(b) For fixed - fixed beam:
Bl= 4730841, &, = 2479.3926 rad fee
/52£= 7:853205, W, = 6832. 2023 Y‘G-A/S'ec
{531 = 10:995608, = W;= 13393. 8474 rad [sec
(c) For fixed - free beam .
fr L= 11875104 , &= 389.509( vod frec
@»,_f: 4.694091, W, = 244(. o117 r‘a.o{/sec,
‘53;{ - 7.§S 47517, Wy = 6834+ 9030 mal/‘ec
d) For free- free beam:
Gil=0, w=o0; A l= 4730841, W, = 14-79.387..5 rod /sec

Mmode sl\a.‘bes: The mode sha,‘pe.s are given in Fg. 8.5
............... (eguations only). They result in the following .

[ S ——  — E e eeememmme e coe.
T ——————, a ———
30 0. 4 ) 0.224 orre
@Qg —
0333 Q667 0359 641 %-etiﬁ:&k T 050 08

Pinned- pinned Fixed- §ixed Fixed- free Free - free
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" Department of Mechanical and Materials Engineering
Florida International University
EML 6223 Fall 2004 DR. C.LEVY
Midterm EXAMINATION

3 November 2004

General Instructions -- This examination is 75 minutes long. Put away all your books
and other material except for:

a) your 4 8.5” x 11” pages of notes
b) your calculator and straight edge.

Please sign the following:

I certify that I will neither receive nor give unpermitted aid on this examination. Violation of this
will result in failure of the examination.

- PRINT NAME SIGN NAME

Problem 1. ‘

The rotor of a turbine 13.6 kg in mass is supported at the midspan of the shaft with bearings
0.4064 m apart. The rotor is known to have an unbalance of 0.2879 kg-cm. Determine the
forces exerted on the bearings at a speed of 6000 rpm if the diameter of the steel shaft is
2.54 cm. Compare this result with that of the same rotor mounted on a shaft of diameter
1.905 cm (assume the shaft is simply supported at the bearings). Also determine the critical
speed of the shaft.

Assume the shaft has an E=207 x 10° GPa and that I,=nr/4 where r is the radius of the
shaft and z is the axis perpendicular to the page and passing through the centroid of the
shaft.

Problem 2.
Derive the equations of motion of the system shown in the figure using Lagrange’s
equations with x and 0 as generalized coordinates.
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vector ab is rotated 107° cew, it will be opposite the vector oa. To cancel oa it must be shortened
by oa/ab = 3.2/5.4 = 0.593. Thus, the trial weight W, = 2.5 oz must be rotated 107° ccw and
reduced in size to 2.5 X 0.593 = 1.48 oz. Of course, the graphical solution for ab and ¢ can be
found mathematically by the law of cosines.

_Figure 3.3.6 shows a model simulating a long rotor with sensors at the two bearings. The two
end disks may be initially unbalanced by adding weights at any location. By adding a trial weight
at one of the disks and recording the amplitude and phase and then removing the first trial
weight and placing a second trial weight to the other disk and making similar measurements, the
initial unbalance of the simulated rotor can be determined.

FIGURE 3.3.6. 'The plane-balancing experiment. (Courtesy of UCSB Mechanical
Engineering Undergraduate Laboratory.)

4 WHIRLING OF ROTATING SHAFTS

Rotating shafts tend to bow out at certain speeds and whirl in a complicated manner.
Whirling is defined as the rotation of the plane made by the bent shaft and the line of
centers of the bearings. The phenomenon results from such various causes as mass
unbalance, hysteresis damping in the shaft, gyroscopic forces, fluid friction in bearings,
and so on. The whirling of the shaft can take place in the same or opposite direction as
that of the rotation of the shaft and the whirling speed may or may not be equal to the
rotation speed.

We will consider here a single disk of mass m symmetrically located on a shaft sup-
ported by two bearings, as shown in Fig. 3.4.1. The center of mass G of the disk is at a dis-
tance e (eccentricity) from the geometric center S of the disk. The center line of the
bearings intersects the plane of the disk at O, and the shaft center is deflected by » = OS.

We will always assume the shaft (i.e., the line e = SG) to be rotating at a constant
speed w, and in the general case, the line 7 = OS to be whirling at speed § that is not
equal to w. For the equation of motion, we can develop the acceleration of the mass
center as follows:

Tag = ag t+ ag (3.4.1)
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and on integrating we obtain '
’ 0=t — ¢

where ¢ is the phase angle between e and r, which is now a constant, as shown in Fig.3.4.1.
With § = ¥ = r = 0, Egs. (3.4.3) and (3,4.4) reduce to

(k - wz)r = ew?cos ¢

m

c :
— wr = ew’sin ¢
m

Dividing, we obtain the following equation for the phase angle:

5 w

m <,

tang= = RV (3.4.6)
BERENE

m w

n

‘where w, = Vk/m is the critical speed, and ¢ = ¢/c, Noting from the vector triangle of
Fig. 3.4.2 that

m
cos ¢ =
TG

—_ — W + —_—

m m
and substituting into the first of Eq. (3.4.5) gives the amplitude equation

N ) ’ @ .2
: mew? ' e( ;n )

AT [T )]

These equations indicate that the eccentricity line e = SG leads the displace-
ment line 7 = OS by the phase angle ¢, which depends on the amount of damping and
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W = Wn w>> Wn

FIGURE 3.4.3. Phase of different rotation speeds.

the rotation speed ratio w/w, When the rotation speed coincides with the critical
speed w, = Vk/m, or the natural frequency of the shaft in lateral vibration, a condi-
tion of resonance is encountered in which the amplitude is restrained only by the
damping. Figure 3.4.3 shows the disk-shaft system under three different speed condi-
tions. At very high speeds, w > w,, the center of mass G tends to approach the fixed
point O, and the shaft center S rotates about it in a circle of radius e.

It should be noted that the equations for synchronous whirl appear to be the
same as those of Sec. 3.2. This is not surprising, because in both cases the exciting force
is rotating and equal to me«?. However, in Sec. 3.2 the unbalance was in terms of the
small unbalanced mass m, whereas in this section, the unbalance is defined in terms of
the total mass m with eccentricity e. Thus, Fig. 3.2.2 is applicable to this problem with
the ordinate equal to r/e instead of MX /me.

EXAMPLE 3.4.1 .

Turbines operating above the critical speed must run through dangerous speed at resonance
each time they are started or stopped. Assuming the critical speed o, to be reached with ampli-
tude r,, determine the equation for the amplitude buildup with time. Assume zero damping.

Solution We will assume synchronous whirl as before, which makes 0 = @ = constant and 6
= 0. However, ¥ and r terms must be retained unless shown to be zero. With ¢ = 0 for the
undamped case, the general equations of motion reduce to

. k
F+ (—— - wz)r = ew?cos ¢
m
2rw = ew?sin ¢ (a)
The solution of the second equation with initial deflection equal to r, is

r= e—z-wtsinq§+r0 , - (b)

Differentiating this equation twice, we find that ¥ = 0; so the first equation with the above solu-
tion for r becomes

m

(_]i _wZ)(EZQtsin¢+ro>=ewzcos¢> ‘ (c)
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FIGURE 3.4.4. Amplitude and
phase relationship of synchronous
whirl with viscous damping.

Because the right side of this equation is constant, it is satisfied only if the coefficient of ¢ is zero:
k 2\ .
— —o*|singd =0 (d)
m

which leaves the remaining terms:

(E - wz) ro = ew*cos ¢ | ©

m

With @ = Vk/m, the first equation is satisfied, but the second equation is satisfied only if
cosp=00r¢= /2. Thus, we have shown thatat 0 = V k/m, or at resonance, the phase angle
is /2 as before for the damped case, and the amplitude builds up linearly according to the equa-
tion shown in Fig. 3.4.4.

5 SUPPORT MOTION

In many cases, the dynamical system is excited by the motion of the support point, as
shown in Fig. 3.5.1. We let y be the harmonic displacement of the support point and
measure the displacement x of the mass m from an inertial reference.

In the displaced position, the unbalanced forces are due to the damper and the
springs, and the differential equation of motion becomes

mi= —k(x—y)—c(x—y) (3.5.1)
By making the substitution
z2=x—y (35.2)

FIGURE 3.5.1. System excited
by motion of support point.
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3.21.

3.22.

Harmonically Excited Vibration

A solid disk weighing 10 Ib is keyed to the center of a ;-in. steel shaft 2 ft between bear
ings. Determine the lowest critical speed. (Assume the shaft to be simply supported a
the bearings.)

Convert all units in Prob. 3.16 to the SI system and recalculate the lowest critical speed.

The rotor of a turbine 13.6 kg in mass is supported at the midspan of a shaft with bearing
0.4064 m apart, as shown in Fig. P3.18.The rotor is known to have an unbalance of 0.287
kg - cm. Determine the forces exerted on the bearings at a speed of 6000 rpm if the diam
eter of the steel shaft is 2.54 cm. Compare this result with that of the same rotor mountec
on a steel shaft of diameter 1.905 cm. (Assume the shaft to be simply supported at the
bearings.)

1]

(ITTTTRNN R S L RN

FIGURE P3.18.

For turbines operating above the critical speed, stops are provided to limit the amplitud:
as they run through the critical speed. In the turbine of Prob. 3.18, if the clearanc:
between the 2.54-cm shaft and the stops is 0.0508 cm, and if the eccentricity is 0.0212 cm
determine the time required for the shaft to hit the stops. Assume that the critical spee«
is reached with zero amplitude.

Figure P3.20 represents d simplified diagram of a spring-supported vehicle traveling ove
a rough road. Determine the equation for the amplitude of W as a function of the speed
and determine the most unfavorable speed.

FIGURE P3.20.

The springs of an automobile trailer are compressed 10.16 cm under its weight, Find the
critical speed when the trailer is traveling over a road with a profile approximated by :
sine wave of amplitude 7.62 cm and wavelength of 14.63 m. What will be the amplitude o
vibration at 64.4 km/h? (Neglect damping.)

The point of suspension of a simple pendulum is given by a harmonic motiol
x, = X, sin wt along a horizontal line, as shown in Fig. P3.22. Write the differential equa
tion of motion for a small amplitude of oscillation using_the coordinates shown
Determine the solution for x/ X, and show that when o = \%wn , the node is found a
the midpoint of L Show that in general the distance  from the mass to the node is giver
by the relation & = w,/w)?, where w, = Vg/L
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M= € 0005017) %+ (—0.001742) = 0-005311 g = 531 3

- 1 e Q017 ° 0__ . [
Op= tan ( 0-00t 4‘%0.005017) = {9.1480 +180°= \31%-14380

- —p - K i 2 haad R N iz
351:.,, A:28,¢ozl }+3-5436 X = vaw(Co%GLg,+meL 'k)
e 28- 4021
nE m s 6 = =~ = 0:01036
- (0:25) (104:72)
m o Kin Q= 35436 = 0001293

(0-25 ) (10 4-72)"
™= \/(0-0‘036)z+ (0.001293)2 = 0:01044 &g = 10-44 F
o = ta' (0700129%6.01036) = 7-u41° |

Note: Angles are measured clockwise From 3Z-axis whi le fooking
from A towards B ‘ "

93 S‘El’ffheS'S' of steel shaft between _ ﬂ —
) Bea_n'ngs = 4= 4861 -|- e Ll ﬂ, -I_.
- e
= 43(30)&106) . | z Tz
* = (30)3 (54 (‘) > 2618 l,b/m. |
(@) critical SFeeol = W, = /_E_ = \/26l8 (38¢. 4) ‘Oo,s—,g,vmd/m
{00 ;

(k) Vibration a,m)al itude of the votor (steady state \mL(.u&)
Eg. (9- *32) 9¢ves the ampli itude 'n x-direction as

2
Yn
%= D mw'e when olamlotnj is zero = w-e

. , - (‘k— wm ot ‘
Here W= 1200 rpm = (200 (27) /6o = 125.664 rad /sec
e= 05", mw?= 35;2?4 ('425-664.)2 = 4086 -818
X loo 2 . 1 174
X = (25- 664 ) (0:5)— = 1.39i2
(336'4'>( ) (o5) l2618 — 408¢. 919l oo
Sum‘(a.rl‘tj the O—mpl {:ude in Y- direction is 9given Lj
Y= X = 13912" ' |
Resultant Q,mrln{'uole o_-F 'er. ﬂyw/—»ee[ = R :\/X + Yz: (.9675f/

‘(c)- Force transmitted to the bearing supports

= & R= 2618 (1:9675) = 5i50.915 tb
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13
Let r= vawable POS(":!OYI oj: (,er\“:er
OJC mass , an
Sy = static radial oQ:sPla,Cement
of center of mass.

Then e?/u(ﬂ?«bn of wotion is
mr 8= k(r_ 8“_) s

Considering bearings ot Simple supports, the spring constant of the
beam i k= 48EL where = distance between bearings.

«-mw" Sst fe—wm w?
pyna,ma'c force - F= wr @w? = h\wzk Sst '
— m‘az
Since F octs at the wmiddle of ’che beam, . 5~ = M. Frmax _ FL _é__
C Cwex T T 4 a1
‘where  d= dlameter of ghaft. ,
‘ 2

J;\axz FXJ = mw«SX&KA

ST

Substi fu{'mg the expressmn for %,

o = 285, 1 d (49 ex){ i }
8T ‘(4'__.-—“;"' _m(82'>

’ . mass 20 kg
SONNNN 2'5 &m /

» —
w@« T ] \"

L .

|

AP

Stiffness of a simply supported beam:

48 (207 (10%)) [ (0. 0254)]
48 EI _

o 13

Natural frequency of the system:

k = —~ 19.0521 (10*) N/m .

/' 19.0521 (10%)
20

= 97.6014 rad /sec

Frequency of rotor (speed of shsft): w = —— (2 7) = 628.32 rad [sec

ar?‘

‘Whirl amplitﬁde of the dise: A = — '
' V1 =22 +(2¢r)?
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(2) At operating speed:

P W 82832 4 4376
w, - 97.6014
2
A= (0.005) (6.43767) — 0.0051%4 m

V(1 — 6.4376%)% + (2 (0.01) (6.4376))*

(b) At critical speed (Eq. 9.34):

Critical speed:

W, . 97.6 |
W= Wy = - — = 97 014_ —— = 101.7565 rad /sec

2 | 1 ,39.0406,|2
1——(—) ] — o (2D N2
{ 2(%)} { 2-(97.60_14)}
where ¢ =2 Vikm ¢ =2 V/(19.0521 (10%)) (20) (0.01) = 39.0406 N—s/m

w _ 1017565 _
wp  97.6014

N
(0.005) (1.0426%) — 0.06074 m

\/(1 — 1.04262)% + (2 (0.01) (L. 0426))2

(c) At 1.5 times critical speed:

. 1.5 Wi 152.6347
| Wy 97.6014

A=

= 1.5638

\ |
(0.005) (1.5638°) — 0.008457 m
V(1 — 1.5638%) + (2 (0.01) (1.5638))"

. (a) At operating speed: .
r = 6.4376 ; w = 628.32 rad/sec. Deflection of mass center:

1

L arey z | '
R= {(1—1-2)2 T2 §r)2} 1
1+ (2 (0.01) (6. 4376))2 }?‘ = 1.2465 (10”4) m

= (0.005) J\(1 6.4376%) + (2 (0.01) (6.4376))"
m o? R = (20) (628.32%) (1.2465 (107%)) = 984.2015 N

m® R

A =

Centrifugal force:

Bearing reactions: Ry =Rg = = 492.1007 N

I= EZ 4t = — (0 025%) = 1.9175 (10—8) m*

436







en THY RS DAY WéE Sove

T

3 1 ' , - \
V W - ??._\;\.'[ =0 N A CRCULAL Re G :;,\

C‘L b{,z . /,./ \\
“=d

st W(not) =W ;

ARD W (r=a,8%)= Y]
S }nﬁ}lia,.ﬂ d few nerred] .'ﬁmc o

we Can S Qr G de

By vt W = wlnb)- T

2 A 4 LA L W
VV\; = é’g;,/ Y B{ ‘r)/ ae,z,

@

L Bﬂ;\j—— = TV:{ - lw’T =

(A
e A -
Z .EJ . ’ . - . IO
oY @}—vw’ - I - _wz O T= g‘f@wwt A+ %Mw w(}
W T . . -
w l . _ o= 6!” é%w4;tce/ & bt’“ﬁ,f}w‘m

: 2 z g
=y Vu + (%l) W o= el %JL ="\

2 2z o , -
7 Vi + ANw=0 tea to  an Elﬂ vt_Z;ﬁW‘d,éug‘, pro blesm

To SOLVE  EIGENVALVE FROBLERT , LET w(r,8) = R(r) @)

Vi o= (R LR)O+ L, @ P NRG@ =0

\ L / 2z ,
==y I R+ LR Y+ AT , ot e o
‘ </ r ) = - @ _+k S CE ) FudCi 1o mUST BE FERIOD/ C
R @ | |

= (D = Aokl ¢ & A 2B
L RYL PRIe (PR R 2O ST Ca on R ey (g7
I X=NC
R-Y
J
p=k






SOLWTIONS  ARE

o T

j = C 3}4(}() + dz; *j: P(R) = ]qupl O o an n /éxf/;/
e C,J,(x) + 0, X, (%) jFp IS 2000 FL an 4 feger
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Table 3.5.1 gives the first few values of these frequencies in dimensionless

form. The solution for the membrane displacement U in the vibration

elgenmode n,m is then

unm(r,e,t) = AnmJn(Knmr) cos(nb - ) cos(mnmt-¢)

(3.5.14)

The phase angles ¢ and 1, and the amplitude A remain undetermined.
The lowest frequency occurs for the 0,1 mode. Note thét for n=20
the motion is axisymmetric, and has no nodes. The next higher frequency

occurs for the 1,1 mode. This mbde‘has one diametral node.along which the

TABLE 3.5.1
.DIMENSIONLESS MEMBRANE FREQUENCIES

n n jn,m = mnmro/a
0 i 2.40483
1 1 3.83171
2 1 5.13562
0 2 5.52008
3 1 6.38016
1 2 7.01559
4 1 7.58834

membrane does not move. (The phase angle of this mode cannot be determined
without initial conditions). The third mode is the 2,1 mode, which has
two dilametral nodes, and the fourth is the 0,2 mode, with one circular

node at the point where JO(kozr) =0, i.e. at A = 2.40483,

02" = Jo,1

Figure 3.5.3 shows the nodal lines for the first several modes.
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FLORIDA INTERNATIONAL UNIVERSITY
Mechanical and Materials Engineering Department

Spring 2013 Advanced Vibration Analysis EML6223

— Review:
o one degree of freedom systems.
o Free, forced, damped and undamped vibrations.
o Forced support vibration,
— Newton's law in non-inertial coordinate frame.
— Effective stiffness calculation for combined bar-beam-string-plate systems.
— Systems with multiple degrees of freedom. Some models. General analysis.

Frequencies and mode shapes for undamped systems. Principal or normal coordinates.
Damping in multidegree systems.

— Continuous systems with infinite number of degrees of freedom Longitudinal
vibrations of prismatic bars. Free and forced vibrations. Prismatic bar with a mass or
spring at the end. The problem of bar impact.

— Torsional vibrations of shafts.

— Transverse vibrations-of beams.

— Transverse vibrations of membranes and plates.

— 3D waves in continua. _

— Stability analysis. Introduction to Liapunoffs method.

— Non-linear conservative systems. Free and forced vibrations. Piecewise-linear
systems. Numerical solution. :
— Non-linear non-conservative systems. Self-excited vibrations. Van der Pol's equatlon
— Parametric resonance. Mathieu's equation. The Ince-Strutt diagram. -

— Inelastic (especially, viscoelastic) materlal damping.

" Book to be used S.S. Rao, Mechamcal Vlbrations 5t Edltlon, Pearson—Prentlce Hall
Publishers.

Also notes will be prov1ded ﬁom other books as well

GRADES s
Grades w111 be determined on the bas13 of '
1 Midterm Exam . 40 % each
HW . 20 % ’
Final Exam 40 %

Letter Grades will be based as follows:

(A) 95 & above (B+) 85-89 (CH73-76 (D) 60-64

(A-) 90-94 (B) 80-84 (C) 70-72 - (F) below 60

B-) 77-79 (C-) 65-69







Please be on time to class and keep up with the work. There is a lot of work to cover and it
will be difficult for you if you do not do the homework assignments. My office hours will
be posted during the first week of classes. Please come to see me if you are having
problems or have suggestions on how to improve this course.

We will be meeting once a week T from 330-615pm. Our meeting room will be EC3327,
though that may change.

My office hours tentatively are set for T from 230—330pm; R 1215-145pm and also by
appointment.

THIS IS A PRELIMINARY SYLLABUS. ALL CHANGES WILL BE ANNOUNCED
IN CLASS, INCLUDING ANY CHANGES IN CLASSROOM.






FLORIDA INTERNATIONAL UNIVERSITY
Mechanical and Materials Engineering Department

Fall 2004 Advanced Mechanical Vibrations EML6223

— Review:

o one degree of freedom systems v

o Free, forced, damped and undamped vibrations.

o Forced support vibration, v ‘
— Newton's law in non-inertial coordinate frame.
— Effective stiffness calculation for combined bar-beam-string-plate systems.
— Non-linear conservative systems. Free and forced vibrations. Plecewxse-hnear
systems. Numerical solution.
— Non-linear non-conservative systems. Self-exc1ted v1brat10ns Van der Pol's equatlon
Kryloff- Bogoluboff method. o
— Parametric resonance. Mathieu's equation. The Ince-Strutt dlagram
— Inelastic (especially, viscoelastic) material damping.
— Systems with multiple degrees of freedom. Some models. General analysis.
Frequenc1es and mode shapes for undamped systems. Principal or normal coordmates
Damping in multidegree systems.

— Continuous systems with infinite number of degrees of freedom Longitadinal =«
vibrations of prismatic bars. Free and forced vibrations. Pnsmatlc bar with a massor -
spring at the end. The problem of bar impact.

— Torsional vibrations of shafts. Vv
— Transverse vibrations of beams.

— Transverse vibrations of membranes and plates.
—- 3D waves in continua.
— Stability analysis. Introduction to Liapunoffs method.

GRADES :

Grades will be determmed on the bas15 of A
1 Midterm Exam 40 % each
HW 20%
Final Exam 40 %

Letter Grades will be based as follows:
(A) 95 & above . BH85-89 | (CHT3-T6 (D) 60-64
(A) 9094 |  (B)80-84 (C) 70-72 ~ (F) below 60
S (B-) 77-79 (C-) 65-69 |







i

Please be on time to class and keep up with the work. There is a lot of work to cover and it
will be difficult for you if you do not do the homework assighments. My office hours will
be posted during the first week of classes. Please come to see me if you are having
problems or have suggestions on how to improve this course.

We will be meeting 2 times a week M and W 1140-1255. Our meeting room will be EAS
1104, though that may change.

My office hours are M and W 1-4pm and also by appointment.

THIS IS AN EXTREMELY PRELIMINARY EXAM DUE TO THE PROBLEMS IN
SETTING THE CLASS. A MORE ACCURATE ONE WILL BE PROVIDED WITHIN
THE NEXT WEEK.



TN




Please be on time to class and keep up with the work. There is a lot of work to cover and it
will be difficult for you if you do not do the homework assignments. My office hours will
be posted during the first week of classes. Please come to see me if you are having
problems or have suggestions on how to improve this course.

We will be meeting once a week T from 330-615pm. Our meeting room will be EC3327,
though that may change.

My office hours tentatively are set for T from 230-330pm, R 1215-145pm and also by
appointment. ' '

THIS IS A PRELIMINARY SYLLABUS. ALL CHANGES WILL BE ANNOUNCED
IN CLASS, INCLUDING ANY CHANGES IN CLASSROOM.



FLORIDA INTERNATIONAL UNIVERSITY
Mechanical and Materials Engineering Department

Spring 2013 Advanced Vibration Analysis EML6223

— Review:

o one degree of freedom systems.

o Free, forced, damped and undamped v1brat10ns

o Forced support vibration,
— Newton's law in non-inertial coordinate frame.
— Effective stiffness calculation for combined bar-beam-string-plate systems
— Systems with multiple degrees of freedom. Some models. General analysis.
Frequencies and mode shapes for undamped systems. Principal or normal coordinates.
Damping in multidegree systems.

— Continuous systems with infinite number of degrees of freedom. Longitudinal
vibrations of prismatic bars. Free and forced vibrations. Prismatic bar with a mass or
spring at the end. The problem of bar impact.

— Torsional vibrations of shafts.

— Transverse vibrations of beams.

— Transverse vibrations of membranes and plates.

— 3D waves in continua.

— Stability analysis. ‘Introduction to Liapunoffs method.

— Non-linear conservative systems. Free and forced vibrations. Piecewise-linear
systems. Numerical solution.

— Non-linear non-conservative systems. Self-excited vibrations. Van der Pol's equatlon
— Parametric resonance. Mathieu's equation. The Ince-Strutt diagram.

— Inelastic (especially, viscoelastic) material damping.

Book to be used S.S. Rao, Mechanical Vibrations, 5% B dition, Pearson-Prentice Hall
. Publishers.

Also notes will be provided from other books as well.

GRADES
Grades will be determined on the basis of
1 Midterm Exam 40 % éach
HW 20 %
Final Exam 40%

Letter Grades will be based as follows:

(A) 95 & above (B+) 85-89 (C+) 73-76 (D) 60-64

(A-) 90-94 (B) 80-84 (C) 70-72 (F) below 60

(B-) 77-19 (C-) 65-69




Please be on time to class and keep up with the work. There is a lot of work to cover and it
will be difficult for you if you do not do the homework assignments. My office hours will
be posted during the first week of classes. Please come to see me if you are having
problems or have suggestions on how to improve this course.

We will be meeting once a week T from 330-615pm. Our meeting room will be EC3327,
" though that may change.

My office hours tentatively are set for T from 230-330pm, R 1215-145pm and also by
appointment. ' '

THIS IS A PRELIMINARY SYLLABUS. ALL CHANGES WILL BE ANNOUNCED
IN CLASS, INCLUDING ANY CHANGES IN CLASSROOM.



FLORIDA INTERNATIONAL UNIVERSITY
Mechanical and Materials Engineering Department

Spring 2013 Advanced Vibration Analysis EML6223

— Review:

o one degree of freedom systems.

o Free, forced, damped and undamped v1brat10ns

o Forced support vibration,
— Newton's law in non-inertial coordinate frame.
— Effective stiffness calculation for combined bar-beam-string-plate systems.
— Systems with multiple degrees of freedom. Some models. General analysis.
Frequen(:les and mode shapes for undamped systems. Principal or normal coordinates.
Damping in multidegree systems.

— Continuous systems with infinite number of degrees of freedom. Longitudinal
vibrations of prismatic bars. Free and forced vibrations. Prismatic bar with a mass or
spring at the end. The problem of bar impact.

— Torsional vibrations of shafts.

— Transverse vibrations of beams.

— Transverse vibrations of membranes and plates.

— 3D waves in continua. _ _

— Stability analysis. Introduction to Liapunoffs method.

— Non-linear conservative systems. Free and forced vibrations. Piecewise-linear
systems. Numerical solution. "

— Non-linear non-conservative systems. Self-excited vibrations. Van der Pol's equa‘uon
— Parametric resonance. Mathieu's equation. The Ince-Strutt diagram.

— Inelastic (especially, viscoelastic) material damping.

Book to be used S.S. Rao, Mechanical Vibrations, 5t Edition, Pearson-Prentice Hall
Publishers. '

Also notes will be provided from other books as well.

GRADES
Grades will be determined on the basis of
1 Midterm Exam 40 % each
HW 20 %
Final Exam 40 %

Letter Grades will be based as follows:

(A) 95 & above (B+) 85-89 (C+) 73-76 (D) 60-64

(A-) 90-94 (B) 80-84 (C) 70-72 (F) below 60
- (B-) 77-19 (C-) 65-69




Please be on time to class and keep up with the work. There is a lot of work to cover and it
will be difficult for you if you do not do the homework assignments. My office hours will
be posted during the first week of classes. Please come to see me if you are having
problems or have suggestions on how to improve this course.

We will be meeting once a week T from 330-615pm. Our meeting room will be EC3327,
though that may change.

My office hours tentatively are set for T from 230-330pm, R 1215-145pm and also by
appointment. ' '

i

THIS IS A PRELIMINARY SYLLABUS. ALL CHANGES WILL BE ANNOUNCED
IN CLASS, INCLUDING ANY CHANGES IN CLASSROOM.



FLORIDA INTERNATIONAL UNIVERSITY
Mechanical and Materials Engineering Department

Spring 2013 Advanced Vibration Analysis EML6223

— Review:

o one degree of freedom systems.

o Free, forced, damped and undamped vibrations.

o Forced support vibration,
— Newton's law in non-inertial coordinate frame.
— Effective stiffness calculation for combined bar-beam-string-plate systems.
— Systems with multiple degrees of freedom. Some models. General analysis.
Frequenmes and mode shapes for undamped systems Principal or normal coordinates.
Damping in multidegree systems.

— Continuous systems with infinite number of degrees of freedom. Longitudinal
vibrations of prismatic bars. Free and forced vibrations. Prismatic bar with a mass or
spring at the end. The problem of bar impact.

— Torsional vibrations of shafts.

— Transverse vibrations of beams.

— Transverse vibrations of membranes and plates.

— 3D waves in continua. _

— Stability analysis. Introduction to Liapunoffs method.

— Non-linear conservative systems. Free and forced vibrations. Piecewise-linear
systems. Numerical solution. "

— Non-linear non-conservative systems. Self-excited vibrations. Van der Pol's equatlon
— Parametric resonance. Mathieu's equation. The Ince-Strutt diagram.

— Inelastic (especially, viscoelastic) material damping.

Book to be used S.S. Rao, Mechanical Vibrations, 5t Editioh, Pearson-Prentice Hall
Publishers.

Also notes will be provided from other books as well.

GRADES
Grades will be determined on the basis of
1 Midterm Exam 40 % each
HW 20 %
Final Exam 40 %

Letter Grades will be based as follows:

(A) 95 & above (B+) 85-89 (C4) 73-76 (D) 60-64

(A-) 90-94 (B) 80-84 (C) 70-72 (F) below 60

(B-) 77-19 (C-) 65-69




Please be on time to class and keep up with the work. There is a lot of work to cover and it
will be difficult for you if you do not do the homework assignments. My office hours will
be posted during the first week of classes. Please come to see me if you are having
problems or have suggestions on how to improve this course.

We will be meeting once a week T from 330-615pm. Our meeting room will be EC3327,
though that may change.

My office hours tentatively are set for T from 230-330pm, R 1215-145pm and also by
appointment. ' '

THIS IS A PRELIMINARY SYLLABUS. ALL CHANGES WILL BE ANNOUNCED
IN CLASS, INCLUDING ANY CHANGES IN CLASSROOM.



FLORIDA INTERNATIONAL UNIVERSITY
Mechanical and Materials Engineering Department

Spring 2013 Advanced Vibration Analysis EML6223

— Review:

o one degree of freedom systems. .

o Free, forced, damped and undamped vibrations.

o Forced support vibration,
— Newton's law in non-inertial coordinate frame.
— Effective stiffness calculation for combined bar-beam-string-plate systems.
— Systems with multiple degrees of freedom. Some models. General analysis.
Frequencws and mode shapes for undamped systems. Principal or normal coordinates.
Damping in multidegree systems.

— Continuous systems with infinite number of degrees of freedom. Longitudinal
vibrations of prismatic bars. Free and forced vibrations. Prismatic bar with a mass or
spring at the end. The problem of bar impact.

— Torsional vibrations of shafts.

— Transverse vibrations of beams.

— Transverse vibrations of membranes and plates.

—- 3D waves in continua.

— Stability analysis. Introduction to Liapunoffs method.

— Non-linear conservative systems. Free and forced vibrations. Piecewise-linear
systems. Numerical solution. "

— Non-linear non-conservative systems. Self-excited vibrations. Van der Pol's equatlon
— Parametric resonance. Mathieu's equation. The Ince-Strutt diagram. .

— Inelastic (especially, viscoelastic) material damping.

Book to be used S.S. Rao, Mechanical Vibrations, 5™ Edition, Pearson-Prentice Hall
Publishers.
Also notes will be provided from other books as well.
GRADES. P
Grades will be detemnned on the basis of
1 Midterm Exam 40 % each
HW 20 %
_Final Exam 40 %

Letter Grades will be based as follows:

(A) 95 & above (B+) 85-89 (C+) 73-76 (D) 60-64

(A-) 90-94 (B) 80-84 (C) 70-72 (F) below 60
| B-)77-19 (C-) 65-69 |
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Florida International University
Department of Mechanical and Materials Engineering

EML 6223 " FINAL EXAMINATION April 25, 2011

This is a takehome examination that is due at 1200 hrs. April 27, 2011. You
have access to your notes and your book and nothing else.

DO YOUR OWN WORK -- SHOW ALL WORK

Please sign the following:

I certify that I will neither receive nor give unpermitted aid on this

examination. Violation of this will result in failure of the examination and the
course.

PRINT NAME | SIGN NAME

This examination consists of 4 problems. You must do Problems 1 and 2; you
have a choice between Problem 3 and Problem 4. Several problems have
multiple parts. Do all problems and show all your work and any assumptions
you make.

PROBLEM #1 40 POINTS

PROBLEM #2 25 POINTS |
Choose either of these two problems

PROBLEM #3 35 POINTS

PROBLEM #4 35 POINTS

s 1 e o s v o e o

100 POINTS






Problem #1. For the following two degree of freedom system in r and 0, using Lagrange’s
equation derive the equations of motion.

FIGURE 1

Problem #1b. Read the following example, then answer the question below.

Cuonsidor the plane mechanisn shown i Fig7.  where Uhe members ie nssimed 10 be-rigid,
Desurtbe a1l possible mol;mus interma of generalized mt;n‘dm‘mcn

quns?

Solution Ashown inFg. 7 the displacements can, be obtained by the superpdsition of
two displacements g nnd 1y, Bucause: 1 ant ;- are independant, they arg generalized coordi-
nules, and the system [uﬂ 2 DL’J[‘.

The rigid bar linkages are loaded by spring and
masses as shown in the figure to the left. Using
Lagrange’s Equation, derive the equations of motion.
Assume that the springs are unstretched when the
upright bar linkages are vertical and the longitudinal
bar linkage is horizontal.

The vertical bar linkages are of length / and the
horizontal bar linkage is of length //2. Spring k4 is
connected halfway up the vertical linkage. There is a
torsional spring K at the juncture of the left vertical
linkage and the horizontal linkage. The masses and
moments of inertia are concentrated at the joints.

mi.Jy Mada

FIGURE 1b






Problem #2

Given the functional U[w(x)] = f { —é—EI W' -pw }dx for the beam shown below, for

which we then replaced w(x) by w(x)+ef(x)
Y and obtained the governing equation of
equiiiorium  an oundary conditions

p(\'.) ilibri d bound diti

required for this problem, you are to do the
A — A %X Modify the Lagrangian L to include the

following:
\ kinetic energy of the beam, namely,
§ X
5 pAw dx and repeat the process we

followed to derive the governing equation of motion and the required boundary
conditions






@

Choose This Problem:

Problem #3.

Ly

FIGURE 3

1) Shown is a flexible cable supported at the
upper end and free to oscillate under the
influence of gravity. Show that the equation
of lateral motion, i.e., y=y(x.,t), is

62y
—_—t e X
P g(

62
_'y2_+i_ay_)
ox" Ox

2) If a solution of the form y=Y(x)ecosmt is
assumed, show that Y(x) can be reduced to a
Bessel’s differential equation, viz.,

2
d Ygz) _I__l_dY(z) +Y(2)=0
dz z dz

with solution Y(z)=Jo(z) or Y(X)=Jo(2@ \/E ) by a change in variable 7*=4e*x/ g.
g

3) What are the boundary conditions for this problem?






Or Choose This Problem;

Problem #4,

Y. €08 2wt 1) Derive the governing equation of motion for this
O oscillating support problem. DO NOT MAKE SMALL

AAA~ ANGLE APPROXIMATION.

2) IF y, were zero, then this would become the simple
pendulum problem. Apply the perturbation method to
the simple pendulum problem with

i
: sin O being replaced by 0 - (1/6)6°
FIGURE 4 Use only the first three terms of the series for x and o.

3) Show that if y, is not zero, then the 0; or 0, differential equation must satisfy the
Mathieu Equation, namely, an equation of the form

d’y
—5+(a-2bcos2z)y =0 where z=ot

Hint, see the handout given to you with the last videotape lecture.






Florida International University
Department of Mechanical and Materials Engineering

EML 6223 MIDTERM EXAMINATION:  July2,2015

This examination is a take-home examination and you have access to your book and your notes
only. This examination is due July 6 at 12 noon in my office, EC3443.

DO YOUR OWN WORK -- SHOW ALL WORK

Please sign the following:

- T certify that I will neither receive nor give unpermitted aid on tlns exammatlon Violation of this
will result in failure of the exammatlon and the course.

PRINT NAME SIGN NAME

This examination consists of 4 pféblems. You are to do ALL FOUR problems. ALL problems
have multiple parts. Do all problems and show all your work and any assumptions you make.

. SCORE
PROBLEM #1 25 POINTS :

PROBLEM #2 25 POINTS
' PROBLEM#3 25 POINTS
PROBLEM #3 25 POINTS

100 POINTS






PROBLEM #1.

(a) Derive the equations of motion for this two degree of freedom system by deriving the
equations_using sum_of forces=mass x acceleration and sum of moments=mass moment of
inertia x angular acceleration. The compound flywheel is pinned at O so that it rotates by an
angle 6 The mass, m, is constrained to move vertically only. The compound flywheel is
composed of a double disk, one with radius, R, and one with radius r. The compound flywheel
has a moment of inertia I about point O.

Assume that motion for angle 6 and for vertical displacement x is measured from when the
springs kl and k2 are unstretched.

(b) Now, suppose kl and k2 had values of 7500 N/m, the radius r=1 m and the radius R=3 m,
the moment of inertia of the compound flywheel is 500 kg-n’ and the mass m is 20 kg. What are
the natural frequencies of the system and what are the 1 values for this system?






PROBLEM #2.

A weight of 77.2 Ibf is suspended by a spring having a modulus of 80 Ib/in. A harmonic force
having a frequency of 152.8 cycles/minute acts on the mass, resulting in a steady motion with an
amplitude of forced motion of 1.111 inches.

a) What is the system’s natural frequency?
b) What is the frequency ratio, r =a/on

If a damper were added to the system whose value was 7.5 Ibf-sec/in,
¢) What would the amplitude of forced motion be reduced to?
d) What would be the force transmitted to the support?






PROBLEM #3.

In the case of a beam of length L undergoing torsion, mass moments of inertia are attached at both
ends of the beam.

Assume the beam has its own mass moment of inertia per unit length Iy = p I, and, at each end, the
mass moment of inertia is I, at x=0 and I, at x=L, which are not necessarily equal to each other.
Assume that the beam is supported by frictionless bearings. Let the beam have shear modulus equal
to G and a density equal to p.

(a) First determine the governing equation for the beam in torsion.

(b) State the boundary conditions you would use at the ends.

(c) Solve the governing equation and boundary conditions so that you can find the
eigenfunction equation.

(d) Find an expression for the angular displacement, @ (x, t)=...

(e) How would you find the frequencies o for such a problem

—lo -
P oty S et
P ¥ '
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PROBLEM #4.

Starting from the equation of transverse motion of a beam, derive the eigenfunction equation for
tranverse motion for the case of a beam that is fixed at x=L and free at x=0. Also determine the
first 3 frequencies of vibration.






