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Figure 4-23 k=

damping cuts down the peak force transmitted in the resonant Rm.moP it also
results in greater force transmission for r > z\m This latter effect is opposed
to the influence which the damping increase has in reducing the displace-
ment amplitude for large values of r, as indicated by Fig. 4-15. It can be
shown that the peak of the curve occurs at

V- 1+ (1 +83)7 <
2

Consideration of Fig. 4-22 should be limited to conditions for which P,
is constant and r is varied by changing w, only. Ifit is desired to observe the--

1 4-91)

r=

effect of varying the spring constant k, Eq. 4-88 can be used to.plot: TR

~-against k for various values of the damping constant c..The transmissibility

is then expressed as

TR=E1 _ K+ (o) (4-92)

Py /\QA - Sew% + ?.vaw

*For rotating unbalagce, Py= SowE\uv

%%+ (cwp?
(2 mwfz)2 + (c:.uf)2

k/ E\m 2K/ E\n v 3%/ 8\”.N 4k/w
Figure 4-24 " ——

The resulting family of curves is shown in Fig. 4-23. The initia] value of TR
and the crossover point can be readily determined, as well as the trend of the
-eurves in.approaching TR = 1 for large values of k. The peak valug occirs at
‘ (mo7 /2 + (e, )% This will be greater thafi ma?if ¢£-0,

=
i
g
S
b
e

».A Sew,.\N&Vr.:mEv.a.WBﬁEmyExmammmom ‘to a small spring constant.

Hwn‘nm,o,nm\o?w@.sm,ﬁ.oeﬁ@.nmm can be also determined, from Eq. 4-92, by

plotting TR against m for various values of ¢, resulting in the family of curves

shown in Fig, 4-24. mmn@.\.\%n;wmw;w value occurs at m= Q&w.mamzmw:m?nz&%

P T V)
’ kAN..%vB»x = \ﬁ * Annc\.v
e

A reduction in the transmitted force occurs only in the region where m is

“large. This might not be expected. In this connection it is important to note

that an increase in the mass m will, however, also result in Eﬁnmmﬁm the
static force carried by the support. .

The force transmitted for the case of a rotating eccentric mass should

also be investigated. The relation for Fr can be obtained by substituting
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¢ 060
(=1 =39 ~ 0
Py 25 .
Xo = 5= 0.556 in.
X,  0.556 .
Nnam - MNI = 2 X...O..u‘N = 1.39 :.‘u.

- 0.556 o139

X = = IN
R/\H |mN T2 x S/W| 02y . 0.980 -

4-11. PHASE >Zmrm

The value of the phase mzm_m as aomboa by Eq. A-mo aonﬁam on the %56-
ing factor { and the frequency ratio r. This can: be studied by plotting
against r for various values of {. The Rmc:Em family of curves is shown in
Fig. 4-16. For no damping, =0 from r=0tor <1, ,\\ 90 degrees for

r=1, and = 180 degrees for r > 1. This agtees with the m:m_v\m_m and -
discussion of Section 4-2. For small values of {, these same conditions are
approximated; that is, the curve approaches the curve for the zero-damping

case. All curves go through the point of y = 90 degrees for r =1. Note that

for { = 0.707 the ¥ curve is approximately mno.mn. fromr =0 Enocm: r=1.

b.

4-12. INFLUENCE OF _<_>mm >ZU m_..>m._.._n_.-.<
ON AMPLITUDE

In determining the effect of varying r on ‘the mﬁmmaw mﬂmﬁn mBn_:cao recall
that r = w,./m/k, and hence r can be <w:oa by changing k or m as well as
Wy However, if either k or m is o:m:maa E.a will alter ¢ (as £ = a\wz\uﬂl
and distort the Bﬁmﬁmﬂm:on of Fig..4-15, since a different { curve would
then have to be used. In addition, altering k will change the Hm»,ono:oo value
Xo. If it is desired to study the omnoﬂ,om <mJ:.:m k, Eo mBE:caa nm_mao: (Eq.

4-49) can be written in the moQb

T _ P @11

5k = mof + (o). -
and X can then be v_oz& against k for several values of the damping
constant c. The resulting family of curves is shown in Fig. 4-17. It should be
noted that Py, m, and w, are constant in this consideration. Maximum and
minimum points on the curves can be obtained by setting dX \&A 0. From
this, it is found that the maximum point occurs for k = mw} and is defined
by T

.y\.:..».x = —2 S A#.ﬂmv
s Cwy - .

| 4-12. INFLUENCE OF MASS AND  ELASTICITY ON AMPLITUDE 113

e
.. Figure 4-16 - o
wmo\EE\N —
| -c = o,NSE\.
o *For rothting unbalance case,
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(w\ . Po=m hewr
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Figure 4-18 M —

In addition, all the curves approach zero as k becomes large. The initial
point (for k = 0) is given by ‘

Py
Vmwi) + (o)
Reduction in amplitude is attained only as k becomes large. This means, as
would be expected, that stiff springs will result in a small amplitude of
motion for a given system.

The amplitude relation (Eq. 4-71) can also be used to observe the effect
of varying m on the amplitude. In this case X can be plotted against m for
various values of ¢, with Py, k, and w, being taken as constant. The resulting
family of curves is shown in Fig. 4-18. Maximum and minimum points on
the curves can be determined by setting dX/dm = 0. The maximum point
occurs at m = k/w?} and is given by

X =

(4-73)

Po

. X max =
max cw;

(4-74)

All the curves approach zero as m becomes large. The initial point (for
~m=0) is given by

P

x= VK + (co,

4-75)

4-12. INFLUENCE OF MASS AND ELASTICITY ON AMPLITUDE 115

As might be anticipated, large values of m result in a reduction in the
amplitude.

EXAMPLE 4-4 A machine weighing 19.3 Ib is subjected to a harmonic
force having a maximum value of 12 Ib and a frequency of 300 cycles/min.
The clearance for the vibrational movement of the machine is 1 in. Design a
lightly damped elastic-support system for the machine, so that the machine
does not collide in its movement. -

SOLUTION In order to properly limit the movement of the machine, the
allowable movement is set at one-half the actual clearance. Thus

: X =05in.
Also,
300

Wy = X 27 = 107 rad/sec

For small damping, from Fig. 4-17, the value of ¢ is selected as

193
c=0.lmw, =01 x lol x 10n = 0.057 1b sec/in.
386
. = 0.15708 Ib sec/in.
Then from Eq. 4-71,
X = Po
Jk — moi)? + (co,)
0.5 12

/T — (193/386)(107)"] + (0.057 x 107)®
Expanding and rearranging gives

k* — 98.6960k + 1883.58 =0
which has the single positive root
k = 25.861 Ib/in.

and the design is composed of an elastic support and damping device having
the values of k and ¢ determined.

EXAMPLE 4-5 A damped system is driven by the force P = 0.54 sin 121,
where P is in newtons and ¢ is in seconds. The system has a mass of 0.1 kg,
and the damping constant is 0.24 N - s/m. (a) Obtain the steady-state ampli-
tude for spring-constant k values of 2, 25, and 90 N/m. (b) Determine the
spring constant that will produce the maximum amplitude, and calculate
this amplitude.
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4-11. PHASE ANGLE

The value of the phase angle, as defined by Eq. 4-50, depends on the damp-
ing factor { and the frequency ratio r. This can be studied by plotting ¥
against r for various values of {. The resulting family of curves is shown in
Fig. 4-16. For no damping, =0 from r=0tor< 1, ¥ = 90 degrees for
r=1, and = 180 degrees for r> 1. This agrees with the analysis and
discussion of Section 4-2. For small values of {, these same conditions are
approximated; that is, the curve approaches the curve for the zero-damping
case. All curves go through the point of ¢ = 90 degrees for r = 1. Note that
for { = 0.707 the  curve is approximately linear from r = 0 through r = 1.

W)

£=0.15

r —p

4-12. INFLUENCE OF MASS AND ELASTICITY Figure 4-16

ON AMPLITUDE

In determining the effect of varying r on the steady-state amplitude, recall
that r = w,/m/k, and hence r can be varied by changing k or m as well as
w,. However, if either k or m is changed, this will alter { (as { = n\wx\yﬂv
and distort the interpretation of Fig. 4-15, since a different { curve would
then have to be used. In addition, altering k will change the reference value
X,. If it is desired to study the effect of varying k, the amplitude relation (Eq.
4-49) can be written in the form

wwo\EE\N
L ¢ = o.MEE\

*For rothting unbalance case,

wo =mpewy

5.
%
3
S

X P, - \nno.miﬁﬁ
Sk = mo?) + (co,)

and X can then be plotted against k for several values of the damping

constant ¢. The resulting family of curves is shown in Fig. 4-17. It should be

noted that Py, m, and w, are constant in this consideration. Maximum and

minimum points on the curves can be obtaired by setting dX/dk = 0. From

this, it is found that the maximum point occurs for k = me} and is defined

by .

c= ~3€H,

L

P
\/(k - mwf2)2 + ((_‘wf)z

wO\EE\N

LA
\
/

vm.:.ux = (4-72) .
Figure 4-17 k
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In addition, all the curves approach zero as k becomes large. The initial
point (for k = 0) is given by

(4-73)

Py
X= N2 3
V(mwi)? + (coy)
Reduction in amplitude is attained only as k becomes large. This means, as
would be expected, that stiff springs will result in a small amplitude of
motion for a given system.

The amplitude relation (Eq. 4-71) can also be used to ocmoné.zﬁ effect
of varying m on the amplitude. In this case X can be plotted against m .moq
various values of ¢, with Py, k, and w, being taken as no:mwm«:. The R.m:_::m
family of curves is shown in Fig. 4-18. Maximum and minimum points on
the curves can be determined by setting dX/dm = 0. The maximum point
occurs at m = k/w} and is given by

x::_x = ’ Ab-\zv

All the curves approach zero as m becomes large. The initial point (for
m = 0) is given by
Py

JKE + (cws)

X = (a-75)

4-12. INFLUENCE OF MASS AND ELASTICITY ON AMPLITUDE 115

As might be anticipated, large values of m result in a reduction in the
amplitude.

EXAMPLE 4-4 A machine weighing 19.3 Ib is subjected to a harmonic
force having a maximum value of 12 Ib and a frequency of 300 cycles/min.
The clearance for the vibrational movement of the machine is 1 in. Designa
lightly damped elastic-support system for the machine, so that the machine
does not collide in its movement.

SOLUTION In order to properly limit the movement of the machine, the
allowable movement is set at one-half the actual clearance. Thus

X =051n.
Also,

300
W, = 0 x 27 = 10n rad/sec

For small damping, from Fig. 4-17, the value of c is selected as

19.3
c=0.1mw, = 0.1 x wwﬂ x 10r = 0.05x Ib sec/in.

= 0.15708 1Ib sec/in.
Then from Eq. 4-71,
P,
J k= mw?) + (cw,)
12

STk ~ (19.3/386)(10m)*}> + (0.057 x 107)?
Expanding and rearranging gives

k* — 98.6960k + 1883.58 =0
which has the single positive root

k = 25861 Ib/in.

k”

05=

and the design is composed of an elastic support and damping device having
the values of k and ¢ determined.

EXAMPLE 4-5 A damped system is driven by the force P = 0.54 sin 12t,
where P is in newtons and ¢ is in seconds. The system has a mass of 0.1 kg,
and the damping constant is 0.24 N - s/m. (a) Obtain the steady-state ampli-
tude for spring-constant k values of 2, 25, and 90 N/m. (b) Determine the
spring constant that will produce the maximum amplitude, and calculate
this amplitude.
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damping cuts down the peak force transmitted in the resonant Rm.woP it also
results in greater force transmission for r > /\M This latter effect is ohvo%a
to the influence which the damping increase has in reducing the displace-
ment amplitude for large values of r, as indicated by Fig. 4-15. It can be
shown that the peak of the curve occurs at

: 2
1 M+ - (@o1)

Consideration of Fig. 4-22 should be limited to conditions for which P,
is constant and r is varied by changing w only. If it is desired to observe the
effect of varying the spring constant k, Eq. 4-88 can be used to m_ﬁ.: .N.,x
against k for various values of the damping constant ¢. The transmissibility

is then expressed as
TR = Fr_ . K+ (o) {4-92)
Po k= mw}) + (cw,)?

Y =

4-14. FORCE TRANSMISSION AND ISOLATION 123

s ~
c=0
HO.MN\E\.
4
_ / .

%9. rotating unbalagce, Py= SomE\u

k2 + @uwp?
k- mc,.)fz)2 + (ch)2
W

%

Kl 2/ ? 3kfeo 4k

Figure 4-24 "

The resulting family of curves is shown in Fig. 4-23. The initia] value of TR
and the crossover point can be readily determined, as well as the trend of the
curves in approaching 7R = 1 for large values of k. The peak value occurs at
k=mw? 2+ /(mo? 27 + (co r)*. This will be greater than mw? if ¢ Q.
Thus the peak occurs to the right of the k = mw? value. An appreciable
reduction in the transmitted force is achieved only in the region for which
k < mw? /2 by light damping in addition to a small spring constant.

The effect of varying the mass can be also determined, from Eq.4-92, by
plotting TR against m for various values of ¢, resulting in the family of curves
shown in Fig 4-24. Here, the peak value occurs at m = k/w? and is given by

(TR)ppe = YK+ (e,

08\.

A reduction in the transmitted force occurs only in the region where m is
large. This might not be expected. In this connection it is important to note
that an increase in the mass m will, however, also result in increasing the
static force carried by the support. .

The force transmitted for the case of a rotating eccentric mass should
also be investigated. The relation for Fr can be obtained by substituting
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SOLUTION
‘e P, _ 0.54
Sk — mw?) + (cop) [k — 0.1 x (12)7]* + (0.24 x 12)*
0.54

J(k — 144) + (2.88)°
a Fork=2 X =004242 m = 4242 cm
For k=25, X =4916 cm
For k =90, X = 0.7138 cm
Py 0.54

b X  =— =
T cw, 024 x 12

for k = mow? = 0.1 x (12)* = 144 N/m

=0.1875 m = 18.75 cm

4-13. ROTATING UNBALANCE

A common source of forced vibration is caused by the rotation of a small
eccentric mass such as that represented by mo in Fig. 4-19(a). This condition
results from a setscrew or a key on a rotating shalft, crankshaft rotation, and
many other simple but unavoidable situations. Rotating unbalance is inher-
ent in rotating parts, because it is virtually impossible to place the axis of the
mass center on the axis of rotation.

For the system shown, the total mass is m and the eccentric mass is my,
so the mass of the machine body is (m — m,). The length of the eccentric
arm, or the eccentricity of my, is represented by e. If the arm rotates with an
angular velocity o, rad/sec, then the angular position of the arm is defined
by w, t with respect to the indicated horizontal reference, where ¢ is time, in
seconds. The free-body diagram for this system is shown in Fig. 4-19(b),
positive x having been taken as upward. The horizontal motion of (m — my)
is considered to be prevented by guides. The vertical displacement of m, is
(x + e sin w,t). From Eq. 1-8, the differential equation of motion can then
be written as

d*x d? . - —k dx
o:lssv%+_:om~|~ﬁx+mm5 wst)= — Xx—co (4-76)

which can be rearranged in the form

4’ + nmx + kx = mgew? sin w,t (a1
m—— - =n -
ez dt om 4 )
Examination of this and comparison to the differential equation (Eq. 4-38)
for motion forced by P = P, sin w, t enable the steady-state solution to be

set down, from Eq. 4-48, as
x = X sin (w;t — ) (4-78)

k/2

Figure 4-

where

and
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Figure P7.32

“Figure P7.30

Pump curve, s = 1500 rpm .
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7.33 Consider the V-shaped container treated in Example 7.2.2, whose cross sectipn_
is shown in Figure P7.33. The outlet resistance is linear. Derive the dynamic :
model of the height &.. .

Consider the V-shaped container treated in Example 7.2.2, whose cross sectlon
‘is shown in Figure P7.34. The outlet is an orifice of area 4, and discharge
coefficient C4. Derive the dynarmc model of the helght h. oo
Consider the cylindrical container treated in Problem 7.8. In Figure P7.35 the
tank is shown with a valve outlet at the bottom of the tank. Assume that the

flow through the valve is turbulent with a resistance R. Derive the dynarmc
model of the height h.




Problems

727  An electric motor is sometimes used to move the spool valve of a hydraulic
motor. In Figure P7.27 the force f is due to an electric motor acting through
a rack-and-pinion gear. Develop a model of the system with the load

displacement y as the output and the force f as the input. Consider two cases:
(a) m; = 0 and (b) m; 0.

2 ,g Figure P7.27
7.28 In Figure P7.28 the piston of area A is connected to the axle of the cylinder of
radius R, mass m, and inertia I about its center. Develop a dynamic model of
the axle’s translation x, with the pressures p; and p, as the inputs.
Figure P7.28

Figure P7.29 shows a pendulum driven by a hydraulic piston. Assuming small
angles ¢ and a concentrated mass 71 a distance L from the pivot, derive the
equation of motion with the pressures p; and p, as inputs.

Figure P7.30 shows an example of a hydraulic accumulator, which is a device
for reducing pressure fluctuations in a hydraulic line or pipe. The fluid density
is p, the plate mass is m, and the plate area is A. Develop a dynamic model of
the pressure p with the pressures p; and p, as the given inputs. Assume that
mX of the plate is small, and that the hydrostatic pressure pgh is small.
Design a hydraulic accumulator of the type shown in Figure P7.30. The liquid
volume in the accumulator should increase by 30.iri.? when the pressure p
increases by 1.5 Ib/in.2, Determine suitable values for the plate area A and the
spring constant k.

Consider the liquid-level system treated in Example 7.4.8 and shown in
Figure 7.4.9. The pump curve and the line for the steady-state flow through
both valves are shown in Figure P7.32. It is known that the bottom area of the
tank is 2 m? and the outlet resistance is Ry =400 1/(m - s). (a) Compute the
pump resistance R and the steady-state height. (b) Derive a linearized
dynamic model of the height deviation 8 in the tank.

405

SRS ey

"n..%é

=




o section has a length of 4 m, a mass of 240 kg, a flexural stiffness (EI) of 2.5

HARMONICALLY EXCITED VIBRATION

x(t)= xo sin ot

P

k Uniform k

4 ‘l— bar,r:llass m
®
t

C 2]

5
V4L
S

FIGURE 3.53

NI~

given by 10° N/m and 2000 N-s/m, respectively. If the unbalance of the compressor
is equivalent to a mass 0.1 kg located at the end of the crank (point A). determine
the response of the compressor at a crank speed of 3000 rpm. Assume r = 10 cm
and [ = 40 cm. : '

Flexible hose

Rubber mounts

FIGURE 3.54

3.43 One of the tail rotor blades of a helicopter has an unbalanced mass of m = 0.5 kg
at a distance of ¢ = 0.15 m from the axis of rotation, as shown in Fig. 3.55. The tail







mpressor
letermine
= 10 cm

= 0.5 kg
. The tail
[ of 2.5

PROBLEMS 257

MN — m? and a damping ratio of 0.15. The mass of the tail rotor blades, including
their drive system, is 20 kg. Determine the forced response of the tail section when
the blades rotate at 1500 rpm.

Tail rotor blades

Tail section, Ef

FIGURE 3.55

3.44  When an exhaust fan of mass 380 kg is supported on springs with negligible damping,
the resulting static deflection is found to be 45 mm. If the fan has a rotating unbalance
of 0.15 kg-m. find (a) the amplitude of vibration at 1750 rpm, and (b) the force
transmitted to the ground at this speed.

345 A fixed-fixed steel beam, of length 5 m, width 0.5 m, and thickness 0.1 m, carries
an electric motor of mass 75 kg and speed 1200 rpm at its mid-span, as shown in
Fig. 3.56. A rotating force of magnitude Fy = 5000 N is developed due to the
unbalance in the rotor of the motor. Find the amplitude of steady-state vibrations by
disregarding the mass of the beam. What will be the amplitude if the mass of the
beam is considered? ’

F, Fy

wt (073

-~

777
ANNNNNY

o~

T

FIGURE 3.56

FIGURE 3.57

3.46* If the electric motor of Problem 3.45 is to be mounted at the free end of a steel
cantilever beam of length 5 m (Fig. 3.57), and the amplitude of vibration is to be
limited to 0.5 cm, find the necessary cross-sectional dimensions of the beam. Include
the weight of the beam in the computations.







Equation of motion: MX+ecx+kx=med?sip wt
"

where w = M = 314.16 rad/sec, M = 100 kg,
m=0lkgande = —

T e St A T

By

¢ = 2000 N-s/m, k = 106 N
0.1 m. Steady state response is: ' @

Xp(t) = X sin (wt —¢
-sSpwhere X = me

o i vl

1
(k =M ?) 4 (c w)2|?
_ 0.1 (0.1) (314.162) f f ]

— —68
7 = 110.9960 (10%) mm

2 .
{106 — 100 (314.162)} + (2000 (314.16))?

and ¢=tan-1( cw 2000 (314.16) J

= tan~!
k—=Me? | ™™ 1705 100 (314.167)
* = Spring constant of

= —0.07072 rad = — 4 0590°

? Tail section
Cantilever beam . (sels mass = 240 %9)
= 3EI _ 3(2:5 x1°) 4 EL= 2.5 MN/m , T=0.15
I Sl ,
4 ; ,
= 01172 x10° N/ m < 4 m —>| sé
ﬁ L
wn=\/ s _ 0 1172 x 10° 2g _ 4
@ = 2T (1509) /60 - 157.05 rad / sec

r= 0/, = 157.08/33. 2753 = 4-1040

, r*= 16. 54238
Forced response is given by g, (3-79) -
% (5 = X sin (ot —ay " €

where

me r?
X =

™y ./(1—1"")2 + @z3r)>
_ (05)(o15) 65423

=
20 \/0‘ (6-8425’>2+ (2 x 0-15 x 4--1040)2
= 3‘974—7 X ‘0_3 m =

3:9747 mm
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Less He eceenhie maes Le. 20kg- 0.5 "'ﬁ = 19.8 /u} = (m-mo)

o T Lgeenhit mass mo—,-o.Slz.}f ) e= 015w
o 3 AL 0,15 . |
Tﬁz taid sechon ONLY ack bswmdnmﬁsm and blades axd taus

me’dw% eLaAMH)(SFm«% %alwl’) and hdw&\% (Mw,:q,wdwb)

k- 3EL - 3(2.5x10°N-w") | iz ww0f A ﬂ"'——
4 (41* m3 '

. : ; ,.,c.‘ju./‘lz;z;
. mwmwuw%ww&w“m .
WW][U'/ wn:\/-%

| ~<Fo;&3

< 0.25M, ., = 20+o,25(24o)f
m“-‘r B Mdrfﬂ:ys * tal

+

bladss
[fy = [1a7esie® o 3927 ndfc.
Meq o

50m radgy, = 15708 CAfec

Wy

!

1]

. = 1500V x 2mred x fwin
f min rev LD See

r= fff— = /57'08:-‘;4/
“py 3%.2)

. mms,,;’wa L fordins %/k”l_l\;; puct of {::/L%T,

|
. THE MASS OF TAIL DOES NOT PLAY A PART IN x,, T ) /{/-f-o
- NOWBW‘H?LM%wngCrM}WMJvM ' _

XF = m,o_?_ » rz Sbw(w+£'+>

"))

whaae wmo_ _
" mdri«s\.,a-loluh = 20 k?[

_ 0.003975m
Mo = 0.5 kg r= 4/ } —_— ZRU =
e = 0,15m T=0.15
- = Mo€
Wham w{ —»pp =p —> ™ XKU = 00375 m :9

P (23":) o —4.Y5°  WHEN mMaw MASS 1S AT x=o , ECCENTRICITY Wil BE AT
b= M ANGLE OF 4.45° BELOW HORIZONTAL
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307 W= lb FLt) = 200 in looTrt X:" O.1m

= RDSMM*C
In nder fo nsune. X< 0.lin  Fmhe Xm,‘ = 0,05,
2 | —-
loced may 1 £<. 7 |
?‘F | ﬁm‘a 2er0 4o >
" f
Xmm = —gf. — = 0,05/
254
Chone T = 0.0 m:)
X = 0.05 = Xo

K= -——’O::O = 20xs0% /b

ﬁ /'7
K= .L_"j = Cberxnl sne 35pn3»7s
3 n

§ =L C, = 2.//4,_1»1 = 2 [20x10" - 500 1t
CC m 39‘#_,_;1
=719.5 lb-see sec*

n
Ceg =5Cc = 0.01C, = 7,95 Ib-sec
/n

C=Ch o2,¢4lb-sec
3 in






st = (:o‘;o m= :”_;(2 = 3801: =

ie. k= 82,840 N/m

= [ =B - wrcas redfree s con LI

p= A 183:26  _ . .., , = 183-26 T4fec

n 1476438 5 r°=154.056¢
(i )Amplu{:ude of wl:ra.t'«on
X = r* _ o5 154.0566
M ‘/(1 r*) + G@yr)® T 380 \/(;r,-a-aseg)"‘-;—a1

= 3-9‘_732 X 10 q m
(i) Force transmitted to 9ground

= X = (82840) (39732 x:o—q) = 32°9/40 N

4

* I= (05 (0e1)? = 0 dt67 xio m
— & .
192 EI - 112 (2:07xi0") (o-4167 x o ") = |-3248 xi0 N/m

® =
(s)

‘l
(00> W, / /13 7.4-8x|o = 420.2856 ra-J/Sec

W= 2W(1200) [ = 125 664 rad/sec

/;
r= %n = |25'654‘/420'2356 = 0.299 , Y‘z: 0-0894
Amplitude of steady-state vibration is given by Ep. (3-30)

w:.f‘\ T=0:
X = Sst _ R o Sooo
B lr‘z-—il ‘kl(rz—()\ (1.324?)(!07)(0-‘?/06)

04145 x16°m
qS—-‘hM"( ) 0 Sme mdw

(b) Using the effective mass due i‘o s‘elf Weaght of beam
(for a cantilever) to be valid tere also,

W, =
M+ 60,2357 m
Where M = mass of motor =175 k9 , and
= 73
T el of beam = (sxor5 o) ( 765 k") = 1949 53103 g
. -2
@, = / 13.248 x 10 - 9-8
75+ (1949.5313)(0.2357) = 157-4339 rad/sec
r= /s, = 125:664/157. 4339 = 07982 , r®= 0.637
)( = F!yn - Sevo - /'0‘/)(/0_3)7) ,
[r | (n.szv?x/o"')(- 35Lﬁ)
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Florida International University

Office of the President

October 23, 1991 -

DOE PREP Program

Associated Western Universities

4190 South Highland Drive, Suite 211
Salt Lake City, Utah 48124

RE:  FIU - PREP (Pre-Freshman Enrichment Program) Project

Dear Sirs:

I am writing to express my strong support for the above proposal, being submitted by the
Department of Mechanical Engineering. Our College of Engineering and Design is the fastest
growing Engineering school in the State of Florida with all programs fully accredited in record
time. We are ranked among the leading national Engineering schools in research and scholarly

productivity. Last year, the Department of Mechanical Engineering received $1,201,941 in
research grants. - :

Facul:fy' and staff enthusiasm and academic strength have been attracting increasing number of -
students into the Engineering bachelor's and master's programs. Minority enrollments - are
especially strong, as a matter of fact, we have the highest levels of minority enroliment in the

State of Florida. Our Fall 1991 minority enroliments were as follows:

Blacks 9.3%
Hispanics 53.6%
Women - 12.6%

Indeed, FIU's Hispanic Engineering enroliment is 49 times the national average. The College of
Engineering has the largest percentage of Hispanic students in the nation. '

University Park, Miami, Florida 33199 (305) 348-2111

+jieal Wpportunity/Equat Access Employer and Instinsdion
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Florida International University -

MEMORANDUM

TO: All MLE. Faculty
O } I4 ’

- FROM: Ali Ebadian //

' SUBJECT:  Fall 1991 Teaching Evaluations

DATE: November 12, 1991

'Our teaching evaluations are scheduled for the week of November 18-22, 1991. Please announce this

in your class so we may have the maximum participation by the students. As usual, the ASME club
will be conducting the evaluations.

Thank you for your cooperation,

Office of the Chairman ¢ Department of Mechanical Engineering ¢ College of Engineering and Design
University Park, Miami, Florida 33199 * (305) 348-2569 ¢ FAX (305) 348-1932

Equal Opportunity/Equal Access Erployer and Institution
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‘Please contact Gloria at Media Service (AT 139 - inside Library) on time. Thank you for

[‘ ~ TIME Nov. 19 (Tue.) Nov. 20 (Wed.)
©10:00 - 10:15 :' Orozco

| 10:15 - 10:30 Perl/Levy

" - 10:30 - 10:45 Hopkins/Ebadian

II 10:45 - 11:00 Cherepanov/Bigzadeh
11:00 - 11:15 El-sayed

0 11s- 1130 Wu/Tansel

14:00 - 14:15 | Munroe ' Chellaiah/Richard
14:15 - 14:30 _ Swift | Jones/Jiang |
14:30 - 14:45 | Radin  Yang/Yih -
14:45 - 15:00 | |

I 15:00 - 15:15

" 15:15 - 15:30

Florida International University

MEMORANDUM:

TO : All ME Faculty

T. C. Yih /f/

November 15, 1991 ' |

PR s T - -

The schedule of taking photograph for this year’s ME research Handbook is listed below.

your cooperation.

University Park, Miami, Florida 33199

Equal Opportunity/Equal Access Employer and Institution



fdx=x+C

fcydx = cfydx

n+l

fx"dx =2

+C n#-1
n+l

fx"dx=£nx +C

fe‘“dx—; e +C (1.6.11)

Q-

[sinxdx=-cosx+C
fcosxdx=sinx+C

fcoszxdx= % +.‘_lt.sin 2x + C

fudv=uv-—jvdu.

This last integral is of'ten referred to.as "integration by parts." If the integrand (the coefficient of the
differential) is not one of the above, then, in the last integral, - J' v du may in fact, be integrable.

1.7 DIFFERENTIAL EQUATIONS

A differential equation is /inear if no term contains the dependent variable to a power other

than one (terms that do not contain the dependent variable are not considered in the test of linearity).
For example,

Y’ +2xy - ysin x = 3x° (1.7.1)

is a linear differential equation; the dependent variable is v and the independent variable is x. Ifa
term contained y?, or y'2, ot sin y the equation would be nonlinear.

A differential equation is homogeneous if all of its terms contain the dependent variable. Eq.
(1.7.1) is nonhomogeneous because of the term 3x2 -

The order of a differential equation is established by its highest order derivative. Eq. (1.7.1)
is a second order dif ferential equation. ’

The general solution of a differential equation involves a number of arbitrary constants equal
to the order of the equation. If conditions are specif ied, the arbitrary constants may be'caleulated.






1.7.1 FIRST ORDER
A fir;t order differential equation is separable if it can be expressed as:
| M(x)dx + N(y)dy=0. (1.7.2)
“The solution follows by integrating each of the terms.

If M = M( x,y) and N N( x.)’) the solutxon E( x,y) C can bé found 1f Eq. (1. 1, 2) is exiaet,
that is, dM/3y = N/dx; then M = 9F/3x and N = 8F/8y. Note that Eq. (1.7.2) is, in general,
nonlinear.

The linear, first order differential equation,

Y+ h(x) y = g(x) ' "(1.7.3)

has the solution,

yx) =L J'u g(x)dx +
4 u

3 Ko

, (1.7.4)
where

u(x) = e Jr0% (1.7.5)
~ The function, u(x), is called an integrating factor.

- 1.7.2 SECOND ORDER, LINEAR, HOMOGENOUS, WITH CONSTANT '
COEFFICIENTS

The general form of a second order, linear, homogeneous differential equatlon with constant

goef ficients is:
Y'+ Ay + By = 0. (1.7.6)
To find a solution, we must first solve the characteristic equation,
m'+ Am+ B =0. ' (1.7.7)
If ;m, # m,, and both are real, the general solution is:
y(x) = ce™ +ce™, (1.7.8)
If .m, = m,, the general solution is:
f(x) =ce" +c,xe"”, (1.7.9)

Finally, if m, = a + ib and m, = a - ib, the general solution is:

¥(x) = (c; sin bx + ¢, cos bx) ™, ; (1.7.10)
-A V 4B-A?
e

NOTE: Egs. (1.7.8) - (1.7.10) are the homogenous solutions, y,:(x), used in the next section.






1.7.3 LINEAR, NONHOMOGENEOUS, WITH CONSTANT COEFFICIENTS

If Eq. (1.7.6) was nonhomogeneous, it would be written as:
Y’ + Ay + By = g(x). (1.7.11)
The general solution is found by finding the solution, y,(x), to the homogenous equation (simply let
the right-hand side be zero and solve the equation as in the Section 1.7.2) and adding to it a particular

solution, y,(x), found.by using the following Table 1.2:

TABLE 1.2 Particular Solutions

| 8(x) Yo(x) Provisions

—

a C

ax+b Cx+D

ax*+bx+c | Cx*+Dx + E

e~ Ce™ if morm#+a
Cxe™ if morm=a
b sin ax C sin ax + D cos ax if my, # tai

Cx sin ax + Dx cos ax | if m,, = *ai

b cos ax (same as above)

NOTE: b,a are general constants; not the same as those in Eq. (1.7.10).

1.8 PROBABILITY AND STATISTICS

Events are independent if the probability of occurrence of one event does not influence the

probablhty of occurrence of other events. The number of permutations of n things taken r at a time
is:

n!'

) = e, 1.8.1
. plur) = = i (1.8.1)
If the starting point is unknown, as in a ring, the rihg permutation is ORDER DEPENDENT
-1t
p(n,ry = (21! (1.8.2)
(n-r)!

The number of combinations of n things taken r at g time (it 1§ not an o,rder-,;ggnsg;ious arrangement)
is given by, . TR BC S o :

Clnr) =— " (18.3)

|(n - r)'

For mdependent events of two sample groups, 4; and B;, the f ollowing rules are necessary:

1. The probability of 4, or 4, occurring equals the sum of the probability of occurrence of
A, and the probabilty of orcurrence of Ay that s,
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~ PART I —- SERVICE LOADING i

!

Historically, the most important automobile structural design :

critexia have been those attributed to service loads. The reason for

this 1s simply that the loads sustained during normal operation were
extremely severe prior to the development of an extensive paved highway
system, Field failures were due to extreme and/or repeated terrain !
roughness loads and were more common in the suspen31on components than
in the body structure. Of course, the forces were greater in the
suspension particularly as body isolation methods improved however,
another reason ‘for the relatively low frequency of failure in the body
structure was the requirement for overall body stiffness which was
auployed by body development engineers. 'Body stiffness criteria were
imposed (and still are) to ensure minimum deflection during jacking
of the bumpers; towing, and other static load conditions. " The static
stiffness criteria normally insured that the body could adequately
sustain dynamic service loads [2. l] In addition, the increased stiffness
criteria inherently reduced unwanted passenger compartment vibration and
vehicle shake. Nevertheless, the v1rtua1 elimination of automobile
structural'failure which has evolved over the years can be attributed
largely to the:utilization'of comprehensive criteria for vehicle service
loading. These criteria, which 1nc1ude terrain and maneuver loading
conditions, will be discussed in detail Prior to that discussion,

however, the operating conditions of the automobile must be con51dered

“Numbers in brackets designate References at end of chapter.
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USAGE SPECTRUM

Pharacterizina the automobile Operating spectrum in a statistically
accurate sense is a uniquely complex task, if it is at all possible.
The operating spectrum for a commercial or military aircraft is rigidly
specified by governmental agencies, and the performance limits are
caxrefully observedlby trained pilots. The usage spectrum of the auto-
mobille, on the other hand is as diverse as are its drivers and its

4

operating environment, For this reason an extensive effort has been
made over the yeafs to determine the automobile usage spectrum with
adequate statistical confidence. For instance, automotive engineers
have conducted several field test programs recently in which thousands

of prjvatelyaowned automobiles, taxicabs, and police cars have been
instrumented and pertinent data recorded during tens of thousands of
miles of normal operation [2.2-2.4]. Recorded data include strain and
acceleration at critical locations as well as more general usage variables
such as vehicle speed, trip duration, number of brake applications,
number of turns, and so forth. Results show that there are two primary
modes of vehicle ooeration: highway (both rural and city expressways)
and non-highway (atteries through and around‘cities end suburbs).

Highway driving is:characterized by few stops, little idle time and
moderate speed; it‘occurs approximately 41% of the time, ‘Nonhighway
driving is characterized by moderate stopping, lower speed, and increased
idle time; it occufs 597 of the total driving time. Table 2.1 shows the
average operating conditions which were recorded during the spring and
summer of 1974 andfreported in [2.2]. It is also interesting to note

that the distribution of vehicle speed is bimodal (Fig. 2.1), reflecting

the two primary modes of vehicle operation, highway and non-highway.
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From the operating conditions given in Table 2.1; we can conclude
that the average automobile will experience about 325,000 braking.applica-
tions and almost 100:000 turns during a service life of 160,900 km -
(100,C00 miles) Although necessary, this information, in itself is not
sufficient to guide the structural design of an automobile. Additional
rarameters are required to define loading magnitudes, frequency content,
and directions:for the various maneuver and terrain loading conditidns;
vehicle specifie’data are also required including statistical information
describing, for instance, probabilities of load exceedance.

With sophisticated measuring and recording equ1pment, load amplitudes
and number of occurrences have been monitored during normal automobile
operation, These data are obtained.by measuringvstrain or acceleration
at various locations on the vehicle. Usually, time histories of the
regponse are recorded on magnetic tape and later_digitized and analyzed
with soPhisticated time series analysis methods. ' - |

For assessing structural durability, load exceedance behavior is a
key parameter. The fatigue damage caused by repeated dynamic loading
depends upon the number of cycles as well as the frequency content.

This 1nformation can be extracted from the time history by measuring the
number of times the signal crosses discrete threshold levels. The data
are frequently displayed as load exceedance curves or as number of
crossings per unit distance traveled. Examples are shown in Figs. 2.2
and 2,3 [2. 4] : Figure 2.2 shows vehicle lateral acceleration as miles
traveled at various acceleration levels, per 1609 km (1000 test miles).

The figure shows that accelerations (from maneuvering) of 0.35 g or less

are observed 80/ of the time. Figure 2.3 shows the dynamic loading in a

R






steering componenti-- the number of times that various force amplitudes
are exceeded are indicated for three different drivers.

Data of the type described above have been in use in the automobile
industry for decades.» The efficiency of collecting such data has; of
course, improved substantially in recent.years' thererore, tbe avail-
abllity of load spectra bas also increased The most exacting method of
utilizing this information to eliminate service failure is experimentali
evaluation of the vebicle prior to its introduction into the market.
Thus, field data bave been collected and used in extensive "proof test"
programs. Major structure and suspension components areisubjected to
laboratory durability tests in which the life cycle loading is applied
at an accelerated rate. In addition, in order to ensure vehicle integ-
rity, prototypes are subjected to severe durability schedules at a
proving ground. With the application of more accurate 1load spectra such

as those described previously, the automobile has become a very durable

means of transportation.

VEHICLE OPERATION MODEL

Butkunas*and Bussa t2.5] have described the use of a "vehicle opera-
tion model"” in determining the external forces which act upou the vehicle
system. The approacﬂ requires calculation of vehicle response for an
envelope or spectrum of vehicle usage.. In addition, characteristics of
the vehicle environment, notably the terrain condition, must be specified.
In the following, Vehicle operation will be discussed (for instance, in
braking and turning maneuvers) in application to the load analysis. We
will begin, however, by describing the'general requirements of the .

vehicle operation model. The first requirement is a description of the

rigid body vehicle dynamic parameters.,







Historically, the rigid body dynamic parameters have been separated

ianto two gronps: the sprung mass parameters and the unsprung mass

paremeters. xzi.%‘fiﬁ”‘ﬁ”‘ S

ng’ o} i
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'eej‘m"m BUTH ERovE T WIERIEHER? This division of the system is convenient

for the structural engineer as well as the ride and handling engineer
because it permits convenient application of the system synthesis
approach. For a particular vehicle, the unsprung weight is essentially
constant for all load cases, however, the sprung weight includes passen-
ger and cargo and, therefore, is variable. For load analysis purposes,

two total vehicle weight conditions are of primary concern. These are

the curb weight and the maximum design weight or gross vehicle weight.

R nas;;mr
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%eﬁ%mg%fzimﬁat 68 kg per passenger) and the maximum weight recommended
R . . . )
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for cargo and luggage.

_In.addition to the vehicle weight, the mass moments of inertia of
major components are required in defining the basic vehicle operation
» Lo I

: XX vy zz
about the longitndinal, lateral, and vertical axis are required for the

model. Moresspecifically, the moments of inertia, I

combined sprnng mass and unsprung mass items. The standard SAE direc~-

: ) : ‘
*Vehicle Dynamics Terminology, SAE 7670d, 1975. For brevity, much of
the automotive-engineering terminology will not be defined in the text —-
the reader should consult this SAE reference.
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tional control axis system to which the subscripts X, y.;band z
refer, is shown in Fig. 2. 4 The inertia parameters‘for the larger-com—
ponents are generally obtained from laboratory tests.' Moments of inertia
for the total system, referred to the center of gtavity of the entire
system, are computed using the parallel axis theorem.

Dimensional parametets required in our simple operation model are
iessEes. RREBNE I e
&ﬁﬁﬁmm%hﬁéﬁﬁtﬁgﬁ§§§§§, §§§§§gﬁ§hd location of the centers of gravity of

I

Qﬂ

B

the @prung mass, unsprung mass components, and the_totat/ﬁehicle for
various loadinghconditionsu -

Definition’ of our simple operation model requites character121ng
the elastic behavior of the components which connect the sprung and
unsprung masses° The typical suspension of the- present day automobile
is an extremely complicated system composed of coil springs (or leaf
springs), shock absorbers, control arms, "bump stops"’(which prohlbit
metal-to-metal contact between the sprung and unsprung masses), and a
variety of other components (see for example, Ref. 2.6). For small values
of vertical wheel travel, however, the behavior of the suspension is

adequately tepresented'by a simple linear elastic spring. For a given

whael and load then, é&éﬁéﬁ%ﬁ‘% i’:‘éﬂg‘s@heem %?@ggt gpﬁeﬁgﬁ@

s, mx g bN

‘b hiiTe aks

for front and reer wheels on a particular automobile, is a standard
design parameter. |

In many respects; the pneunatic tire is the most important element
in the automotine dynanic system., Unfortunately;bthe tire is also one

-

of the most complicated elements. Tovdate, many of the tire dynamic

g







characteristics cannot be predicted from basic tire construction para-
meters, but nust be directly measured. Indeed, measurement of the tire
properties is itself a very complex undertaking. As in the case of the
suspension, the tire behavior will be- greatly oversimplified for our
‘vehicle operution model. For a thorough introduction to the behavior

of pneumatic’tires, the reader is referred to the excellent monograph
adited by S. k. Clarkv[2,7]. Initially, our interest will focus on the
vertical stiffness of the rolling tire. Measurements made on rolling
tires indicate that for small values of wheel vertica} displacement,
_the effectlve tire spring rate behaves in a linear fashion although

the nonrolling tire does not [2.8]. The vertical rolling rate has been
measured on several hundred automobile tire designs ~= it has been

found that the rate depends upon basic construction, inflation pressure,
rim width, and preload

In summary, we have gathered sufficient vehicle information to

describe the. mass, stiffness, and dimensional characteristics of our
simple vehicle operation model, 1In addition, we have sufficient infor-
mation to compute some rather important vibration resonance characteristics
for our model. These are the vibration modes of the sprung mass supported
on the suspension and the v1bration modes of the suspension system. The
frequencies and mode shapes can be determined by solving the eigenvalue
problem associated with our dynamic model, a schematic representation of
which is shown in Fig. 2.5. Our model has seven degrees of freedom:
sprung mass bounce, pitch,»and roll, and vertical motion for each tire,
The matrix equations which must be.solved gor the gystem frequencies are

of the form:

M] {X} + [K] {x} = {0} | ' (2.1)







where the mass an& stiffness matrices are readily derived using a Lagrangian
formulation [2.9]. |

As an example the parameters required to define a vehicle model ‘for
a production compact size car are given in Table 2. 2 For this same model,
the eigenvalue problem was solved on the computer to determiné the modes
of vibration of the spring—mass representation of the car., The results,

l

arn shown in Table 2.3. ' The terminology used in defining the modes is of

comnon automotive usage (Vehicle Dynamics Terminology, SAE J670d, 1975).

. : )
The descriptiona are self-explanatory with the exceptlon of "tramp" -~

El s WW@% R
S B

The 31gnificance of these vibration modes will be brought out in

sections which follow. For example, we will show that peak terrain
loading normally'occurs for excitation wavelehgthé Vhich excite the
suspension or spf@ng mass resonances. Of course, thé‘vibra;ion modes of
the elastic struc;ﬁre aiSq can contribute to the loéding response --

these structural modes are discussed in greater detail in other chapters.

- : DYNAMIC LOADS ANALYSIS s

We are now pfepéréd‘to calculate vehicle dynamié loads using the
operating modeI; thex;errain environment and usage spectrum information
which has been présénted. Let us coﬁéider the vehiéie‘loading which .
results when an automobile is driven over a rough road.

We assume tokbegin that the automobile can be reasonably accurately

modeled as a linear dynamlc system. It 1s well known from random

vibration theory, that for a linear system, the input and output power

10







il
spectral density matrices are given by:

[0 ()] = (@] (8] mwit @)

where the elements in H(w). are the frequency fesponse funcqions and
% and T denote conjugation and transposition,1respe¢tive1y. The

root-mean-sjuare value of the response quantity, X is obtained by

19
integration:

o = RMS (X)) = Jf oy x. @) du | (2.3)
(o] 11 K
The response PSD and RMS value are important vehicléiioading parameters.
Other importaﬁt parameters which caﬁ be derived from Eq. (2.2) under
certain simplifying assumptions, are the threshold crossing or exceed-
ance statistiés. The»exceedance‘statistics are indicative of the fatigue

damage incurred by the structural members. For ingtance, the fatigue

crack growth as a function of time in service ié,'in funétional form
[2.10]: |
ACE) = £(Ags £, ¢, N, o)) | 3 I (2.4)

where A0 is the initial crack size, ¢ 1is a ﬁatérial coﬁstant, and
N is the zero level crossing rate. |

It may be instructive at this point to conéider typical dynamic
analysis resuits. Our vehicle operétion modél of the compact unit Body
car was used to'compute statistics of vehicle”response for travel over
a rough road,‘afﬁer agding representative system damping coefficients.
The power spectral density functién for acceleration response at the
floor is shown in Fig. 2.6. Two curves are includéd. The broken line
shows rigid body .response for the curb weight configuraﬁion with one

vccupant, the driver; the solid line shows the response when the first

13-

e






2"’

elght flexural body modes plus engine modes are included (all resonances
up to 40 Hz), As anticipated we see that the most severe vehicle
loading occurs at the resonant frequencies, in particular the body : ;:
bounce and pitch, and the suspension resonances. The significance of
the system resonances in design criteria is also quite evident. Clearly,
it is desirable to avoid coinCidence of the resonant frequencies in
order to minimizezthe vehicle loading. It is standard design procedure "
to require that the first body flexural resonance occur at a frequency
well above the wheel-hop frequency. ,
The linear analysis which has just been-described cén.be used to
avaluate vehicle response for the average driving condition. The linear
analysis finds its most significant design impact inethe evaluation of
vehicle shake, noise, and other‘aspects of'bassengericomfort (these
topics are considered in a separate section). Howeyer; during thellife
of almost any autonobile, unusually severe terrain loads (caused by
potholes, for exanple) are encountered, These extreme load COnditions
must be analyzed using a dynamic analysis which accounts for system

nonlinearities. It can be shown (e.g., Ref. 2.11) that the peak dynamic

loads design a significant percentage of the major load-carrying struc-

. ture.

The modifications required to convert our vehicle operation model
to a simple nonlinear load model are not terribly extensive. We must
include suspension nonlinearities which arise from excessive vertical
travel of the wheels, ‘The‘effective stiffness and damping of the tire-
suspension system become nonlinear for the large displacement problem.

These nonlinearities were modeled for our compact car and used in tran-

12
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sient analysis simuiations° (More sophisticated nonlinear analysis
methods which are‘used for suspension design have been described in
[2.6].) A special digital computer program was‘written for performing
the nonlinear‘transient analysis [2.12]. For estimating peak_dynanic
forces acting on the wheels and suspension, it may be necessarfhto
neglect the higher frequency elastic modes to keep computer costs at a
minimum.

For the transient simulation, we are faced with the problem of
specifying the terraln roughness. Two approaches find frequent use in
nonlinear transient simulations.' One approach is té‘generate'on'the
computer a sample profile which has.a specified:pouer spectral density
function. This technique has been used to generate 'random profiles"
for various types of excitation [2.13] The other approach is to use
discrete harnonic profiles of various amplitude and wavelength. The
latter method‘has been recommended for use in.estahlishing‘the taxi load
critetia forinilitary aircraft [2‘14] Both methods haVe been used in the
automobile industry. In the following we will discuss the results of a
nonlinear load analysis for which the input was a "l-cosine bump." It
should be recognlzed that with this type of analysis we do not attempt
to simulate an actual road condition; instead the purpose is to sweep
through excitation frequencies and identify the most severe realizable
load conditions. For discrete input, maximumn bump heights of 20 cm have
been recommended for automobile design [2.15,2.16]. However, in the
present analysis,.bump height was selected accotding to the wavelength
| of the discrete profile. Figure 2.7 shows the input amplitudes which

vere arbitrarily chosen for our example.
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For a large nﬁmbér 6f disérete profile.and vehicle»speedléombinations,
simulacions were ﬁefformed using a nonlinear version of our previouslylb
described seven—deéreé;of—freedom compact car model.v The maximum 1oad 
values of various‘véhicle componenfs were augomaticaiiyldetected énd
stored during each transient simulation. From these data, it was possible
to plot an "envelope" of maximum load values for each component as a
function of input pr?file wavelength normalized by vehicle wheelbase.
Figure 2.8 shows, for instance, the peak loading in the front coil spring
resulting from travel over l-cosine dips or depressions ﬁé 50 mph. The
effective input'fréquency is eqﬁal to vehicle speed divided by bump waﬁe—
length. It is not difficult to show that the vehicle sﬁeed and bump wave~-
length combinations which cause the two peaks in Fig. 2.8 are:those which
yield excitation frequencies close to the vehicle resonant frequencies.

An extensive‘parametric study of the type descfibéd prodﬁced a
number of curves resembling Fhe one in Fig. 2.8. Study éonclusions based
on the compact vehicle analyéis are:

1. The maximum Qerticai wheel spindle loads frequehtly exceeded

three times fhe deadweight load or.3.0 g. This total load

includes a 2.0 g dynamic load supefimposed'on a.l.O g grévity

load. Wicth very few exceptions, the peak loads were less than

3.5 g. ,/

2. The peak loads generally occurreﬂ forlinput wav;iength and

vehicle velocity combinations corresponding to effective

excltation frequencies of:

14







a. from 1.0 to 2.0 Hz corresponding to rigid body bounce
and pitch modes, and
b. from 10.0 to 13. O Hz corresponding to wheel hop and tramp
modes.
3. Two consécutive l-cosine dips generally produced more severe
peak loads thén did two consecutive l-cosine bnmps.

4. Load severity generally increased with increasing vehicle velocity.

”

The conditions are not necessarily applicable to other vehicles; however,
there 1s evidénce in the literature that the 3.0 g lééd factor is some-
vhat consistent‘across vehicle types. To conclu&e the discussion of
terrain loading, vertical load criteria recommendedvby other investi-

gators are listed below.

Recommended Vertical Load Criteria

Wheel Jounce - Wheel Rebound Reference

0 Schilling, 1951 [2.17]

0 Garrett, 1953 [2.18]"

0 Johnson, 1956 [2.1].

5 "+ Yamamoto, 1961 [2.15]

5 ©  Pawlowski, 1964 [2.16]

0 Skattum, Harris, Howell, 1975 [2.11)
Having discussed the vertical loads caused By road roughness, we

will turn our attention to the lateral and fore-aft loads incurred

during braking and maneuvering. These maneuver loads have long been

recognized for their importance in design criteria (e.g., Refs. 2.17 nnd

2.18). Unlike the terrain loading, however, the makimum attainable values

of the maneuver loads are physically limited by the tire traction char-

acteristics. That is, maximum values of the forces transmitted to the

vehicle structure are limited by the tragtion coeffigient between tire
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and road surface. Thus, the aﬁalysis of the maneuver loading does not
require as sophisﬁicatedja vehicle operation model as is needed in the
terrain analysis.j | ‘
It should also be noted that the lateral and fore-aft loads are
more directly regulated by the dfiver than are the vertical loads. It.
has been shown in numerous vehicle handling studies that the average
driv: @ rarely, if ever, utilizes the limit handling capabilities of his
automobile (see, for example, the study by Rice, Dell'Amico, and
Rasmussen, [2.19]). It was pfeviously shown in Fig.‘2.5;£hat lateral:
accelerations achieved during normal driving are 0.35 g or less, 80% of
the total driving time. This value is well below the maximum lateral
acceleration which results during an extremely severe turn (e.g.,
Ref. 2.20). Indeed, during most maneuvers, the lateral acceleration
does not exceed 0.25 g; below this value the beﬁavior of the car can be
accurately described by linear eqﬁations‘of motion. It is for this
veason that the linearized handliﬁg theories, such as have been described
in [2.21,2.22], provide accurate methodé for vehicle handling design and
analysis. The peak loads may be estimated from tire traction considera-
tions with conservative results. For braking, for instance, Studies of
tire traction have shown that the longitudinal force at the contact
patch varies with tiye slip. The percent slip defines the proportion of
tire sliding to tire rolling. The maximum Braking force occurs at about
20% slip. Although the braking force varies considerably with tire type
and road surface»chéracteristics (e.g., wet surfaces, dry pavement,

etc.), the maximum value for optimum stopping conditions is approximately

the normal force value or 1.0 g. Experimental studies with a variety of
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&
vehicles used ;n full-scale tests show that a 1.0 g deceleration is a
conservative e;timate [2.20].

It can be assumed, therefore, that the maximum fore-aft maneuver
load condition for the vehicle is 1.0 glas incurred during a severe stop
on dry pavement. In the final stage of braking, the body pitching is
balanced by a reaction at the wheels. For a vehicle with four—wheel.
brakes, this load transfer produces front and rear vertical tire forées

given by [2.15]:°

1 s

rp = 2
' ~ (2.5)
Fo=2Z 3y

r . L

where a and b arevthe distances from the center of gravity to the
front and rear'wheels, respéctively, % 1is the wheelbase, and W 1is
the thicle weight. The traction coefficient yu is recpmmended by
Yamamoto to be 'taken as 0.6 or more."

The horizontal tire force which can be achieved during a turn is
also limited by the traction coefficient. Road tests have-shown that in
severe steering maneuvers, the maximum lateral acceleration is approximately
1.0 g [2,26]. Therefore, the peak lateral force transmitted to suépension
and body structure is appfoximately equal to the tire normal load.
Accounting for load trénsfer, the vertiqal loéds in the outer wheels

during a sharp turn are.

1 nwh
Feo 3 Fre * t. + 2,
' . f b r
1 (2.6)
F_=21F 4 _ovh
ro 2 "rs __tf 4t
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where te and tr are the front and rear track, the subscript s

dencotes static and n, is the load factor; (The other symbols have t#e
sane meaning they had in Eq. 2.5.) The lateral force at the vehicle |
center of gravity is nw. Yamamoto has recommended using 0.6 for the
load fuctor, n.

To conclude, we have summarized recommended criteria for maneuver

loading which have been cited in the literature —-- these data are given

in the table below:

Recommended Maneuver Load Criteria

Lateral Fore-Aft Reference
0.6 1.0 Schilling, 1951 [2.17]
1.0 1.0 Garrett, 1953 [2.18]
0.6 0.6 or greater Yamamoto, 1961 [2.15]
0.7-1.0 0.7-1.0 Pawlowski, 1964 [2.16]
1.0 2.0

Skattum, Harris, Howell, 1975 [2.11]

The manner in which these and the previous criteria are used in vehicle

design has beeﬁ described in [2.23].

18






2.1

2.2

203

2.4

2.5

2.6

2.7

2.10

2.11

- REFERENCES

P. 0. Johmson, "Automobile Body Loads," SAE Transactions, Vol. 64
pp. 12-16, 1956.

T. M. Johnson et al., "Measurement of Motor Vehicle Operation
Pertinent to Fuel Economy," SAE Paper No. 750003, 1975.

E. C. Sage, "Vehicle Test Development from Field Data, SAE Paper
No. 740942, 1974,

J. R. Peterson, '"Vehicle Field Data Collection," SAE Paper No. 740941,
1974. Y

A. A Butkﬁnas and S. L. Bussa, "Quantification of Inputs for

Vehicle System Analysis," in SAE Publication SP-392, Vehicle Analytical
Design for Structural Criteria -- An Overview, February 1975.

J. S. Majcher et al., "Analysis of Vehicle Suspensions with Static
and Dynamic Computer Simulations," SAE Paper No. 760183, February
1976. '

3. K. Clark, ed., Mechanics of Pneumatic Tires, National Bureau
of Standards Monograph 122, U. S. Department of Commerce, November
1971. '

R. E. Rasmussen and A. D. Cortese, "Dynamic Spring Rdte Performance
of Rolling Tires," SAE Paper No. 680408, 1968. :

L. J. Howell, "Power Spectral Density Analysis of Vehicle Vibration
Using the NASTRAN Computer Program," SAE Transactions, Paper No.
740328, 1974.

J. N."Yang and W. J. Trapp, "Reliability Analysis of Aircraft
Structures Under Random Loading and Periodic Inspection,' AIAA

Journal, Vol 12, No. 12, December 1974.

K. S. Skattum, J. F. Harris, and L. J. Howell, "Preliminary Vehicle
Structural Design for Comparison with Quantitative Criteria," in
SAE Publication SP-392, Vehicle Analytical Design for Structural

Criteria ~- An Overview, February 1975.

51

ragree






2.14

2.17

2.18

2.19

2.20

2,21

2.23

2.24

2.25

g

M. F. Nelson, unpublished data, Engineering Mechanics Department,
General Motors Research Laboratories, 1973.

M. Shinozuka and C. M. Jan, '"Digital Simulation of Random Process
and Its Applications,”" Journal of Sound and Vibration, Vol. 25,
No. 1, pp. 111-128, November 1972.

Anon., "Military Specification: Airplane Strength and Rigidity,
Landing and Ground Handling Loads," Military Specification MIL-A-
008862A (USAF), March 31, 1971. L

M. Yamamoto, "Strength and Rigidity Requirements for the Automobile
Structure,'" 1961 SAE International Congress and Exposition of
Automotive Engineering, Paper Number 298B, January 1961.

J. Pawlowski, Vehicle Body Engineering, Business Books, Limited,
1969,

R. Schilling, "Operational Stresses in Automotive Parts,'" SAE
Quarterly Transactions, Vol. 5, No. 2, April 1951.

T. K, Garrétt, "Automobile Dynamic Loads," Automobile Engineer,
pp. 60-64, February 1953. : -

R. 8. Rice: F. Dell'Amico, and R. E. 'Rasmussen, "Automobile Driver
Characteristics and Capabilities —- The-Man-Off-The-Street," SAE
Paper No. 760777, Automobile Engineering Meeting, October 1976.

H. Dugoff, L. Segel, and R. D. Ervin, "Measurement of Vehicle Response
in Severe Braking and Steering Maneuvers," SAE Paper No. 710080,
Automotive Engineering Congress, January 1971.

L. Segel, "Theoretical Prediction and Experiméﬂtal Substantiation
of the Response of the Automobile to Steering Control," The Institu-
tion of Mechanical Engineers, Automobile Division, August 1956.

D. W, WhitComeand W. F. Milliken, "Design Implications of a General
Theory of Automobile Stability and Control," The Institution of
Mechanical Engineers, Automobile Division, August 1956.

J. A. Auguétitus, M. M. Kamal, and L. J. Howéll, "Design Through
Analysis of an EkXperimental Automobile Structure," SAE Paper

No. 770597, Second International Conference on Vehicle Structural
Mechanics, April 1977.

D. G. Stephens, "Comparative Vibration Environments of Transpor-
tation Vehicles," in Passenger Vibration in Transportation Vehicles,
ASME Publication AMD, Vol. 24, 1977, PP. 59-72.

F. Pradko, R. A. Lee, and V. Kaluza, "Theory of Human Vibration
Response,' ASME.Paper No. 66-WA/BHF-15, November 1966.

52






-

2.27

2.28

2.29

2.30

2.31

2,32

2.33

2.34

2,35

2,36

2.37

2.38

2.39

.

D. T. Aspinall and R. J. Oliver, "Vehiclejkiding Comfort," Motor
Industry Research Association Report Number 1964/10, February 1964.

L. F. Stikeleather, G. 0. Hall, and A. 0. Radke, "A Study 6f Vehicle
Vibration Spectra as Related to Seatin

720001, January 1972,

g Dynamics," SAE Paper No.

A. J. Healey, "Digital Processing of Measured Vibration Data for
Automobile Ride Evaluation," in Passenger Vibration in Transporta-
tation Vehicles, ASME Publication AMD, Vol. 24, 1977, pp. 1-17.

R. W. Shoenberger, "Human Response to Whole-Body Vibration," Perceptual
and Motor Skills, Vol. 34, pp. 127-160, 1972,

J. H. Varterasian and R. R. Thompson, "The Dynamic Characteristics
of Automobile Seats with Human Occupants," SAE Paper No. 770249,

February 1977.

s

B. D. VanDeusen, '"Human Responée to Vehicle Vibration,” SAE Paper

No. 680090, 1968.

A. G. Woods, "Human Response to Low Frequency Sinusoidal and Random
Vibration," Aircraft Engineering, Vol. 39, PP. 6-14, 1967.

A. J. Jones and D. J. Saunders, "Equal Comfort Contours for Whole
Body Vertical Pulses Sinusoidal Vibration," Journal of Sound and

Vibration, Vol. 23, No. 1, pp. 1-14, 1972'\

T. Miwa, "Evaluation Methods for Vibration Effect —- Part 2, Measure-
ment of Equal Sensation Level for Whole Body Between Vertical and

Horizontal Sinusoidal Vibrations,

Vol. 55 pp. 206-212, 1967.

" Industrial Health (Japan),

Anon., "Ride and Vibration Data Manual -- SAE J6a," Society of
Automotive Engineers, SAE Infdrmation Report, December 1965.

J. P. Carstens et al., "Literature Survey of Passenger Comfort
Limitations of High~Speed Ground Transports," United States Depart-

ment of Commerce Report PB168-71, July 26, 1965

Anon., "Guide for the Evaluation of Human Exposure to Whole-Body
Vibration," Draft International Standard Is0/DIS 2631, 1973.

T. K. Dempsey and J. D. Leatherwood, "Vibration Ride Comfort
Criteria," presented at the Sixth Congress of the International
Ergonomics Association, College Park, Maryland, July 1976.

M. J. Griffin, "Subjective Equivalence of‘Sinusoidal and Random

Whole-Body Vibration," Journal of the Acoustical Society of America,

Vol. 60,-No.. 5, November 1976.

53







&

40 A. R, Kuhlfhau, ""1976 Workshop on Vehilcle Ride:Quality," Conducted
by Task Force on Ride Quality (A3B51), Transportation Research Board,
Fairlee, Vermont, October 1976.

N

2.4% H. M. Jacklin, Human Reactions to Vibration," SAE Journal (Transactions),
Vol. 39, No. 4, pp. 401-407, October 1936.

2.42 H. A. Hicks and G. H. Parker, "Harshness in the Automobile," SAE
Journal (Transactions), Vol. 44, No. 1, pp. 1-7, January 1939.

2,43 J. W. Young and D, N. Wormley, "Optimization of Linear Vehicle
Systems Subjected to Simultaneous Guideway and External Force
Disturbances," ASME Journal of Dynamic Systems, Measurement, and
Control, Vol.’95, Series G, No. 2, pp. 213-219, June 1973.

2.44 K, S. Skattum and R, J. Lobbestael, Unpublished Data, Engineering
Mechanics Department, December 1975. ' , :

2.45 W. H. Park, J. C. Wambold, and R. G. Vashlishan, "Prediction of
Objective Passenger Comfort From Road Profile," Journal of Engineer-
ing for Industry, Tramsactions of the ASME, pp. 503-508, May 1974.

2.46 A. J. Healey, R. K. Young, and C. C. Smith, "Automobile Ride
Quality Experiments Correlated to ISO-Weighted Criteria," presented

at the 1975 Ride Quality Symposium, Williamsburg, Virginia, August
1975. - -

2.47 C. C. Smith, D. Y. McGehee, and A. J. Healey,ﬂ"The Prediction of
Pagsenger Riding Comfort from Acceleration Data," ASME Transactions,

Journal of Dynamic Systems, Measurement and Control, March 1978,
ppn 34'_410 M '

2.48 8. K. Jha, "Characteristics and Sources of Noise and Vibration and
Their Control in Motor Cars," Journal of Sound and Vibration,
47(4), pp 543-558, 1976.

2.49 L. L. Beranek, Noise and Vibration Control, McGraw-Hill Book Company,
1971,

2.50 M. E. Bryan, "A Tentative Criterion for Acceptable Noise Levels in
Passenger Vehicles," Journal of Sound and Vibration, Vol. 48,
No. 4, pp. 525-535, 1976.

2,51 P. E. Waters, "Commercial Road Vehicle Noise," Journal of Sound and
Vibration, Vol. 35, No. 2, pp. 155-222, 1974.

2.52 D. C. Apps, "Automobile Noise," Chapter 31 in Handbook of Noise

Control, edited by C. M. Harris, McGraw-Hill Book Company, Inc.,
1957- e . ’ )

2.53 T. Priede and §. K. Jha, "Low Frequency Noise in Cars," Journal of
Automotive Engineering (Institution of Mechanical Engineers),
pp. 17-21, July 1970.

54

Fer






.\/

2.54

2.56

2.57

2.58

2.59

2.60

2.61

2.62

2.63

2.64

2.65

2.66

ax

J. W. Dﬁnn and D. T. Aspinall, "A Study of the Vibration and Acoustic
Characteristics of Saloon Car Bodies," The Motor Industry Research
Association, Report No. 1969/15, September 1969.

L. E, Kinsler and A. R. Frey, Fundamentals df Acoustics, Joﬁn Wiley
& Soms, Inc., New York, 1962, . ‘

K. D. Krytexr, The Effects of Noise on Man, Academic Press, New York,
1870.

8. S. Stevens, "Received Level of Noise by Mark VII and Decibels (E),"
Journal of the Acoustical Society of America, Vol. 51, No. 2,
pp. 575-601, 1972,

P

J. D. Miller, "Effects of Noise on People," Journal of the Acoustical
Society of America, Vol. 56, No. 3, pp. 729-763, %974.

Federal Motor Vehicle Safety Standards and reguiations,,with amend-
ments and interpretations. Washington, D. C., Dept. of Transportation,
National Highway Traffic Safety Administration; U.S. Govt. Print.
Office, various dates.

R. A. Wilson, "A Review of Vehicle Impact Testing: How it Began
and What is Being Done," SAE Paper No. 700403, Int. Automobile
Safety Conf. Compendium, also SAE Transactions, Vol. 79, 1970, pp.
1453-1467. : '

R. H. MacMillan, "Vehicle Impact Testing," SAE Paper No. 700404,
Int. Automobile Safety Conf. Compendium, 1970, Warrendale, PA.

R. R. McHenry and K. N. Naab, "Computer Simulation of the Crash
Victim -~ A Validation Study," Proceedings of the 10th Stapp Car
Crash Conf., SAE Paper No. 660792, November 1966, pp. 73~94.

M. M. Kamal, "Analysis and' Simulation of Vehicle to Barrier Impact,"
SAE Paper No. 700414, Int. Automoible Safety Conf., 1970, Belgium,
also-SAE Transactions, Vol. 79, 1970, pp. 1498-1503.

K. H. Lin, J. A. Augustitus, and M, M. Kamal, 'Computer Simulation
of Vehicle-to-Barrier Impact -- A User's Guide," General Motors

Research Publication GMR-1943, August 8, 1975, GM Research Labora-
tories, Warren, MI.

T. Ishisaka, et al., "Analysis of Crashworthiness of Automobile
Body in Collision," Mitsubishi Heavy Industries, Technology Review,
Vol. 132, No. 2, June 1976, pp. 125-131.

J. T. Herridge and R. K, Mitchell, "Development of a Computer
Simulation Program for Colinear Car/Car and Car/Barrier Collisions,"
ASME Paper No. 73~ICT-34, presented at the Intersociety Conference
on Transportétion,'Denver, 1973.

55






Pr‘o t;\e,w\ # ’L - V;brmd:wg wasant, Mt'«frt.z =Wi’uo&,q :Z, Iw«'!/ .K
k=288 1b)un  C2 Qblbsicfin 5 WE 193 o f sl
Amr-(u‘u.&cr W\«JA&"AK&(‘&X A'*‘aw ‘KQ g M.MM(/ I;) 073 b = Z

19 o ﬂlﬁ.:\}?:?_.() 2 =4 = 3.
€ "vé 4.012 tadfe, £ # 82 Hy

Coz 2mw = 2Ww = 2399 lbosee/in = $=2 & =.4

e Cp - ===

re % “"‘,,f. = 3 643

wn P, Z 2 0,73 i r=3.663 C=2,4% ue Z = —am{;:;:::;:;,;;;:‘; Y foford ¥
) y Sl ") #(23?) /

x

é?%‘ij«:sﬂ
To fiud W free honsnitlef s Y1025 o o 2l (TR - st lb
J @y e (2™ ' .
Problun 4 2
. c ____J“m»‘i Ko rm.,mm X |
[ - ' IF X, X
T (%))
OB NI ICHE (D maxy = lelx -xy)
Chasse, A, %u'«»-(wf;'+(]s) = X, Xq = Ay Sun (w{;v# 75) and  puk who (1) 4(2)

To 6Er [ le= v w® - ke :](A' ) - (0> |
- e l”“"‘W‘LWZ' AZ 0 o Th, 3,{.:\)-6,9 He g/\u‘zrupw&w\ e,-%n. |

mgm w” h(w tan) = O

it

et o o T8 P it K it o

T

T §W¢a W =0 W, = /? ( (M7 ”’)A) . W= A a 4&,5;{.‘,;@‘15&!& f6..L

Fn ) . 2 ';"‘:""‘f‘::a-,
MW,}&,? »&oﬂv M a0dlg Mo, %?»(;,cfimf mhfx /fuc«w%w.ﬂj /ﬂfamu lf— Xz A‘LFB

‘-,[VN M«t lone wWhaa /é., 2750 /b Jun W =900 b W A Youoo lb

s
= /ﬁ(m;—/m;, //e(w,-f-wz = 10,23 ndfec and 7[=:;‘§1>3 ® /,é‘z/?/
< e

TR






,?‘ “ﬁ‘g‘eb\,u‘ ‘ﬁ} 3

v Wb, e awzwqd paaq o] S0 /f? we o fﬂu{ Phe G«/o,f,ww w2 A/nw-j’ Crratinde
Semee, - A /r‘e = b = (Zn][)m whane, 71'_ $Hy o Thiuls
“”[7 He 50 Ag ' mass anel He rutual fig ey 07 GHy  wen ;ww
v Whew e Aode dutata % e systom b0 trnscdiind tnbatased
with e wnbabrvce§ macs M, 4(1¢<;a§ e temnirnimg 3 losla v /2hg s =,
o The Aotad ovaad wow b 52)!&2 - 4 l&? ( M«w) o Ak a/ bt ééagaéc,) __@mm
o The Hades potihe & 1200 1 Pm = 125 LY reel fsee, = Wy
Y P adews k= (2/;7[ = /26330, ?’A;L Npy + o §z.1S wio ?oim %vy;%

. NIHK o Mmead e ;bﬁuw éam{fv 7451,&» s b) “Jﬁ —//24 33/ éﬁ/m = .52 Yo W/s&c_

[Srmvrpeasiine ety md

Note. +KAW k. m/;w/“.s '7114(1 6?4»«,4/‘ 2l e dr é/)/\-wt)ﬂ Hat %W 7%.6 Mm Hae. J"M
Jo e mana.  and 1o WQ penclend 7 what Aa?//éﬁ.w Lo He roton,

h e

’ MT% €= 0./58m (;.w&% /D/M@) e, %AW ) h7) ﬁ7O/ 3' m

/"“7 \/(/""Ft)bq‘» (2}."_)}»‘ n

C o fid Mo doatuin of e sobatinid misi vo A= Y
} =¥
$oufbl® o= 1997 ad.

NO 71& f[ﬁm’/ f?td‘u«"lfmé ] 7%( ;, W@-&Aw dﬁd & Zolt. fw /ﬁ %“iﬂt\; ﬂp)m«ﬁm 4"}56( M 74)
‘ffu, ‘/"‘&@ Au«lum ¥ wﬁ@l [ W] Mﬁwf Wikl 7’4& /EWQJ /M«ﬁ/pmwa@ GZ H’u,, "ﬂu_«é /%Ntwax-
wﬁml« LA \/&L %/;Mé«m






Al 2060. o Frew fhe hace Thew ead _4._,97&_’44 /s = dHz :,_-F_,,_,=>,_ s Smired)s

= 25,133 rd/fs . ,71& ity et ‘_45/\/ = Xg- {M wtew /\?“:af"f'.,'.é}_’fﬁﬁ‘

#
—tl W-L<‘ ‘,f(u/pg(, M~ % W 6&0/) CJ%‘(A‘“{ 74’\ ab{\((j 7%1_ 507121254«4.. C‘Md":’ Vé’ ‘( s/rf‘!_.’.__,,__
o Tees  uN = 30-,5 - 7375 am

- WA )

R 4

S me f -~. s, -y / ‘/ g 4
N O / a*'.j,/ /\/ o= (4?‘/! _"f’tg,.a__,_,_ . z&_k_ .: M - —4f /)7 7 = ’%?I - 7’ 37‘) Mapa v 0{ 7375”)

K k L ) o

LHET

}
O
AN
~I
L]
~3
W
TN
3&
™
NN
11

243 Coee miloks ke 3wolfn and Kys /00 e Kpr O, pw . lE

('/_2)(/0)(5.5'1) s 03929 m o 3.92Y mm
K K ¥ 3000 -

!
k'!'-;\
£x
=z
T}
=
I

B
X

gt ’E;ﬁmu o ne - 4,.1@/,.7_4::
k. e 4(372‘;‘)

>>>>>>>>>> 7[«444« at e (/ul'if é deg ﬁt /&:/)(ﬂa, nend to Juxa_z b -"l[ié«__]q‘- X X(,. "'AA",‘_E‘:_’?.?.é

o X3 B 82 e _"«440 Xé O smee X poptsens TR Myl pcos Mioplidioss

. 2 ™ e . R . . A . T
f \ /F\ | o 5820
e \“ !i ; . ', L ~ . J‘ (/--T- 5 . é U o

! / 7 [
N ! - - :. Zreend T F L Lo
i T /] / & -
; .\‘ ff/ \ - V \; ‘ \w J‘/"&A‘!’\ { ——rnt /
L \\Pc " -
| N
it
U TR ik sded W e sl N splan deal 50800 e (reanencd o flc

T }’LL‘((.\LS L("\"q“‘\" a’éﬂb‘ (OTVV'«,\N[>: 7“!{4&4 ha '{{‘( I/).(.u(J.-HA GUI((C, H-{_ NS 2 g,e—{,{_, - Ml

{ IR LA N N RN
{ |

o= 10 B = 1teme 1 wor2r b Gl Ky e IO /4 X,z L0 pem







2/3

«4 adeo ..,-._‘i,k;’i_s*-Wx,g'x,ft._,,._,,QYJ_ SMHEL -}i Koo Xy = -L- l?,m" :0,/5%3
L2 4 4N K 4. Mg 4

b e 0 DRSPS [ -

L sk A et X 4K, b ks of you e j 7./ "’/ '

~-’.~~;~ | et

? : : ks ‘MM. - O
Ll SRV \-1 e - Wu;@ b {&L uﬁ,«, MMJ% aMA .
i G v \/ 9 e ) f:-/,« N e ‘»J.;.'.,.c.‘..i % &gﬂdAL:j;/;‘(_,

f o / o , */AN » whn cour fea C,éb-clx.lr‘c'/ab Ttu—q
) Wen
RS L ;91 ‘1‘*J'~Wﬁ ZTMW abeuk e condey [aw Irsnnn
B 0. Fn 870 I,b:--Wsabl -{d
| o 76 - it :ﬁfd/A
_ \_/'ﬁwo,w_ I & + WSIM &é /a W(J)&a/ wl }4 ) 59-.«411.' r.:a{z.(nr/ﬂuf;r—;ﬁ d(;) 99 f..; Szug?’f
L ,2’4941449 - W >, AB +AB=7 A

Tn pun Cowlomd Lt,-}u,a.a‘w)\ we had mx v £x =it and we wam’ Vha &o/}&a,w/

v 4 2 4 A e fa Nl a4 A pd < 2pd pecrd
' K A, A4, 2( Ji P

é .
_Alse wq ‘./E{

&) _if 6=8, and 620 e Mo stekin fo 3,64 WLS

1

i
SUSUE Y S

i

1

| + {4 n b uillle

) SR ddfi(.u_»(«;.&, . Soe{«}‘\cl-'- will L(. 9({} A Q*;w,‘t 4 Bou., w,\{ 4 /‘:‘_,’(j et e

‘F ’\1’ Q?uwwzz\fn @({20‘ :go G_a,“-! e(l\ ()‘\‘ - 0 —__—> -B:..O O 4\ /_‘\ - eo - ‘/f:(i{
24
%
~ J ‘
80, - . (90 /‘ )c: wiod =+ /AJ
N ' ‘NF +LU Mu«c\hnw %ou( ALD ‘!C( W‘O{lh\ et L G O U‘('lc,, pleu % ‘v(../"u\ (»4-',{ . ..“.
- / | |
Tl b, ol ‘H’»&\«’f ‘hw.x, 9“' > - <éu - /;it(!) 4 }J > ~‘f,_93 - ,l:o) a,u_:! ((;.A,»,
o j
w»U bue " ‘}‘e‘x WX E af T 'f ‘1{\1 Cledlioin 1 L vl L~ ; e s, 0 0o [y e ol

A }

/\) ( ) :-,v {’ H{AL_, f 0 (9 + Wja 9 EE {: a/.\A, ‘(u ¢oloud o L.[J

~ a . os —
6({3 = A Ceo LO,,:{ + B bun u}ht - /-_‘_ J wheto 1= { - W, A
~ »\'t ¢ A .
/ Bllsotony, Ve - (80mpd) w Cffra i o0 DB b







(C\‘ F"/ ‘ﬁJ V&«O(‘l.(’y\ ‘l‘p 5!0?

W yaal  hewe Heot ‘

Hore

# ‘57(/64

3/3

Oo - Q{M:ﬁf’ o

i ,1 tutcicq
= 90 - /4%( , R

———

7




9



2

3.1

3.¢

B wds
CLen adao
nean

/Lb‘" edfins heter Cae Cdacge, 7L/L(/J w é’rA, /(«0'7\- . 711 J& 4 fftékd /ﬁ( e é(’(\ V hsdd .

ERTIN koo tiyag Mo, P = 6oN { = bHy =% w= znf w 37,7 rad/;
&(,T = W 0’“» v o2 12,8 b) Xt‘)': __E{z_ =, o,‘.‘;hh = /-J;m«u\.»
__f< _ k,
[ k 2 2,)?. 0/"7'3 PM/, > w w /3 l/.)"?
n j -y’gL } 74 /UJ,,

-------- S 2 A Sy

7l_.-r ;5,5A/2 7{7 z Y00 /‘/,a. /5'/7% = ./ #é =3 U,, HJ = z;r( /)' g
T, o= WL = 2 8 e, = ' m}
(w,,--m)/z L29
13 7 = ! 4
k2 40 Moy /o s oM ]{: 44//2 @y W ?7/'][ 52460133 el /g
X = R0 = 20 = X, -y Xu = xo o ﬁ?. =.028m _
P Jop ¥ ré. ke
Low hb = ierts L e L 6128 2 W) w2 ) 042 rad/,
ZD - A Wy ‘ 7 ) s
Wn ~// =y e 240878 A”;,.
,n ...._.-......,«.( ............ ey /' 274_8 /%-' 7-2
“g‘ - il - - 2‘.-/ - L . r= littES - i’i} = W, = "‘5:5?5? rn«//s
o - 0.25

sy = _,é‘ RtV (2 'Aﬁw%f# ‘71‘1

n T

[

L th ”\4 4\4«‘(.‘114 SQ:\A.:.M\ haue ﬁfa‘u.«:»ﬁ toraland R p Ttw,a eacd.,

" , ’w,.[,(, o A)Iu..:m,( 25 ros ittt k, slegn 2 le.. SI.«Q,EQ 1. unu,»‘ M,’.-‘.(A.A,l.ﬂ
* t" X», :"‘ %‘ (A-\mll_...\,- ‘H‘u 'f’\“u f&. P o) W'tMM.., T)( \> x ff, ‘%l,w w't
m Lx \9& db!w Wy ,ml aﬁmb (t\&&w P t) ()fhw¢a ad 1y wasa.
Rw }(M 12‘4 o % (/LU Pf{.(m, : n 0@. N G‘Q/l qu eﬁ(

w i Foo Yoo $«1ﬁ\rm«a o e e s,

i W - ‘;,\ ur I Cr s w ¥ i, on

L—.m.} ,! p{(z k- Y/oo,% 8 Mt' Y Qui(- XQ ’ E 2 Pa g_q' . pﬂ!“.” g;?/z,

Hoan we werst Wit Yok Yv\y. +lex = ?‘u}({:)

k ».{—-. .:::> M;é + h-tx ki %‘. Sun W 't . :"{ }3\»: = ‘Pﬂ/‘q‘ v ‘%/'“g

L‘..l : : Po/
s w [ ok ’ o Z-a .
%o 7 Rpoiaty = 3 e wle oTfndowt



O

)



3.7 qu‘ at r=1 X=.015m = o . wh.\‘

.&’.:.95.-.'{" X:.OIZ»\

524 Wn
X :-———-83%.:-, > _X%s = .an2
J Q-r2 )% r)? § G -(35)*) 4 (X . 35)
-01§ O0YLI7 m
Solm;.\’ for X, > _Ko =.02 = B, =

0770062 + EE(3200.17)

. - 0oyLr7
S o5 = _5_9_ = = = /514
2y 2%

3.8 Gwew W =20N fwr @ maso —‘a}prb;f qlul‘,oot

575/&-... Fond N ¢ e

whow T =30N  Camses K =.0/ m 1}:.25 ewd re=1.

. - e
11201 =.28 =

1
: W
P=F smhwl ='30s:n (31.416¢)

Sc;m. Wy = /."% => k:mw,f = __“_’w,:' = 2072. /6 /V/m

= Bo= Ry = 049/ m ad X] = %o = Ko o 01491
7k 37 m ’ﬂ, 2% = 3 2% 03 |

THUS ¥ =. 497

Atso ¢, =2mw, = 128.098 N-S  eud
m

B Gwen  mzloks ks 20 Nfy cx4f Neshm B = /b0l f=3.cH .
. ore

,‘; X(t=0)=.0/Sm  ¥X(f=0): Sm/s find %= X, +X

P
wib and, = w =7 R P= Rsinwt w = 21.99 mdfs
Ned #o fid S¢r Sine x,: —Fo s (wt-¢) wie "‘h;'?%
JO- e+ (@B o) 1-r
S T . @ s ‘,~%=15.3INJ/S). re®. 53909

alo € :2mu, = 2(10)(15.#1)=316.23 N-s/, ;8

-

= == = W=z /OT=381brdfs sw, S e/

Y=y

c=X¥c = 63.645N-5
»w

@y
=& . 1923
C

Vet (B0 ) o (4236 ) 2250 s - ligoy - red
. -1

Z.

— = ._'_?_ZE_ =z .07/085m
YO-rY 7y > 1013y




/'\\‘
f )
N

.



T

Xp = .0T10S 5., (2199 +22.9¢°)

b X, i smee Y <4 Xh = Ce S;n[wt-ﬁé)

| whoue  Sw, = 228 0d ; =00, [77FT = 1568 ) To fuid C 4P

we. muot At.”m_ x-x+x

h™"P
x(t) = Ce ?Zsz;m (/545t+¢) + .07/08 s.,.,[m 99t +22.94°)

x(t)= C[z 252555, (r5.65t+d )+ 15.05¢ 22t en(rs. l.:tu})]+ 07105 (21.99) »

Cos(21-99¢ +22. %) |
sinee X(f:o): OIS m

Csing +.o0p05 s, (+22.96°) = Csmgé-.omz |

C[-2255ing +15.LSend [ + .07105(21.99) eos(+22.9¢ )
ufy CCOS%: L2257 af{k—b S@Sﬁ"w‘wg 'fll Cs..ui,
fandh = Csmd - 0564 = Ppo-323°
Ceqg |

=> C =.2187 ?
~2.25t
st (15 est- 3 23%) +. 07/08 51 (21 77t+zz $6 )

o

Stnee 1;(520) = Sm/fs

K(t) =.2257 €

) = a5 e (it v provad®) w Lop en (2195t + 22,50 °) | t
3.6 = é"ﬁ m* , t-‘-‘ /¢ovo /V"'n/ra.J , G F 2/0 N-m- §/nu/ /f T/QSI"U:t.
whew 7;-- 400 N-m awd O =2°:. 0349/ padf fu w, |
Hose. @-‘-‘_____9__3.__ whiwe eo—T MC} »ZI&J 4 w,= _éé-
Yr-r*)+(23r)* < Za
6, =/_g:0 £ . 03214 red Wh= 4§-308 "'tj $79.6 ¢ ”""'%u/ d
C=2¢= 200 3623, 7hee
e $29.60 | . 2
6= Lo Cen de solved for 1

V- g

(.0:)2 (-r) 4 (23502 12 202 0%, A Yo r% (¢5—z)r +/7 - (0)j:o

Yhaae r¥er475r>s . /C24 =0

r'a 14752 [ vzc) S) - 40)(1529)

oo 1= /.3632 ov  rt . ni@

£z 10676 o I 2> W SY Y o .53 nd)

Thu,lo &Mﬂl— MF vs r ewwe {ﬂ— 6/0'?1 ocamafzwlu,#r

g, > 1 Porasd gl 4. Seq 9 ey fa‘b fz.atlg(;ﬂh}wkk‘)‘ Qlﬂﬁa .0%&







Ty

“Huws m;’ttzgavao: k(’-' K) ~CX mx+cx +kx: k = k Yanwt

Ty = 250

o Ty e b
‘ -r*) e (2xy

b) Qo in class e sk o ey 13 x‘Fz- Y .Y (] \P) fﬂ.w{‘ __K.
' J(t~r‘)’+(zrr)
¢) Fnee Pramsullel b P @ F: c;P = o CwY -mcu;tftp);-.zgr kY s
Jo-rYeee) (G- a5y

3.70
| ~ ‘-»a»ﬂ ’——-» j(ﬂ:‘/@;wt ) Zg %>x ’\‘h(f{w 1;14«1 ‘ P
Pl _‘:__‘,[_a—:;._.uw ,} e Mins ’;s X — |
L':j-—-—-—- k(1~x‘)

3./2

{—97 — X= Xanwb ) S "
L“”””“mﬂ“{ - F®) Kk ﬁu%mwﬁ

fhe maso 15 L
| | e®-y), e F
Thiea m§=2f»a«» - F- ¢(x'—]') oy Mxtex = /-"+c)} |
b) wkélpza fiee WLOJD»WN 5 ao fllows
<4
T a — (X - )’) =D m): E/nua‘-c(xy) k)/ Z)’ufmdé? >0

Smee.  fotf ‘#LM ? dompty havt 40 pesas ;‘&,7&,«4“4 ﬂf&m//
heve 2o Mmoo (admo offanwreae, %afwf) Thwa CX = ¢y +k/ -‘-CtuXSmwf
I we thiroe «So&/m\]‘r7 M‘/‘h/)m q= Asmwt + 8wl wd put
b He u}a,a}u:v\ Ve | N
~ew X su, ot = ‘[chwUé «w&o’wut]+k[/4a;ut +Bmwi] |

= cewX = -cwB + kA §.+ A=l X \32_52}_?.

0 = cwhA +£B =[x s(‘“')t \} kz{w’))z
- | 2 "L-&._':._.X = @8 : X
Huo y = X2 [-—Sa'»wé + 23r cmat] 1t @) e
. |+ (ZS'()
1 +(2%50)>

o~

)







)

03,36

) P R bkl ab P foly x kX G50 [-siuut s 25 cont]

i+ (25¢)* |
e A E [t o] bt s ety
4 Czwl
e s vl el Ry = kKB N s it F el
Y liv G |
X b gl qu’l"’“—‘('ié;)' Qlso y= FF/kz X @3r) m(“’t’*“f)):YCWﬁd{‘#f

Vi+ ()
Heo jawal Foooaw o FLA,{,L» Note Hob Fmoy = Y o 25
kX X J i+(2%5¢)*
I/gu(, apded F((;) 40{,/,{,3' on T Wd.pq = /ﬂ,{ -+C;{ ~-C}l = h’))?*—k/ fmw/w‘ll’z

Ve [ = —mszeaow‘é + _k.gf_zi) m(wé+¢)
| V i+ (23r)*

320 Guen Hat a Wsa = Spnp~didpel Systesn . fuis Vikpahon (i msiscx theso)

Undestnes  danping  Such ot X0 tm K = 10 b N=0eycha | Fuid

hay W‘Mé 7 btsu at prorramce ;f a[t): 23um ot (a t5 Motrn ‘l'ﬂu LM!»)

Frowe whal MU{L dont va elagn l'f o baae mowes 4o 3: Ysun wt

How  xp = VI @A sl wt-p-y)

-+ 2577 |
aud e may Guplitude fﬁ{c beans & Y1t(g)" b prasnance, V=i
‘ ‘/Z.;_'_:;_F:er()z

He olen, w}\ wil dlmu*u&&( T, Revwiter  Huaak g((c}dlmm—]/)z-‘%ﬁ“(%)

M §= any = 5 =,0074f  aud Moy anpli hde = YV 1+(25)° - 57. 2% my

Jl«’g" 2%

o 0892 m L M Y= 2mm

1322 Gwen *ﬁ\: .2H2 = W, z.?fr{ﬂ:: 12, 5¢¢ lfm//q







and V:éO"‘gﬁM:’é-é'I m/s, o

hr
(T TAKES THE CAR _@_é"_:_n =z 2./ See. TG0
o — . , 16,47 mfs :
f»m/)m.lck/:adc.%/s kz/bew-z/ and w:;}[/_T: »?.99.2/::%

77:4-:& y = . /m -S/;*) {2,75’.25) Wi \/.-. Am
we wankb f,&( may Wza'/ulc ‘e Y,/T;Zz}f)b ?w;»«. Y=./m

: 8= 0,15
2 .
(t-r?) "*(‘g;/) e 2299

Yo n ke 5 . /0J”7’.J’ m . Wy /2.50
ey 4««/-1« | | D Ry







ﬁ:kx 7 |
LG~ P o
R PO ATINTITY. Yoo

\|

|

[

50 r‘)m){73 e W:‘.‘)'I?-'o md,s_ ,
pwd Ky Cro
)

= 'O\ZW\ RM«A UJ:

/w o M7 50 k% ) Mg = \O\M\
_ \ = (7 “f’ = 3.,7005 - Also cé\\!m f«-r {ur v%bra,l*\.tew;, T»QAL Hat Xp= borwe
n
omd ’&N u‘clw 0\ Jodre A ¢et (: A‘E\ .
fge » OT 7 L Lw( \ = -‘\«.-M,)Sf?_:n.olnoq‘a
- gwn A E ) tin (%n\
Wb, 045 W tam WA the w\%wle e b‘Y
g - e e ¢ 0,21 ,Aw:é)fiw | - . 00258
™ \\ (."fz\tf(z'Sf’Y‘ \\(j -(3 74:05 2’+[§~(:0t’;ﬂ ‘@)(‘\L?gpi}]"
_TQ Ao Mi_ (";(‘o\\?\btm \&w M!»clt_g e Q S . y Wt (\mwu) f\m Wy 4 W (wn Wi /ﬂ-MMJ /Mm
A;T) wd § et fwm Yhe M{nwn‘w. f The /ﬂu_ w/;rzxjuu, /m\, ,
. - . - - - M()‘
3,27 Guon X\r:. ..o0m 7 mrc;’ :2_5,. Ag o0 X{f,”: ,a0l m T
I Eron
= 25 = 75 Ay o417 ("iﬁ o __/_é_ =27 )
LBr=d
PRV L i (5} L%
Knd I z

[(JA Y /l\ w‘

F the, fwtl, y1 'am.fu;‘v‘«a )MAJ‘ 94,!/ i
) - .0%9%F .

v
RE 3135 adso Y B
J {a' lm
. e, = BT = TR W, = 2 Aw(X L2.712
a«,So fuw& phovts 4 see. Soop ( o n 3 (%n)s
ov f)ww_ A;&%\M,L whaeds shaoro ﬁl 10 Ha (/OcL’c:/m/g) % 207 r‘ﬁ//sfrwd ¢ Wo* [_f';'gL;
B
! j0./03/

.EM, ——
e f: I) [P.(O oqwﬂ ]
/f3.2é I‘-\II,A 2 )

Fu,‘fw\ /}vd‘ﬁ‘&d»m 3. QL ' /75‘0 ["/)M ==
Lm = ,__,_C;M, A Y

i) o 1750 0P
me \l(l v )4 2){*)’*

ﬁ‘uw_( [t =
&n “Tr '} )2
wmumwﬁwmvmﬂﬂmlmm.lmzlmnu»m.vmm

wv-'mwumvmmnmmu«mum

cpw s

L. o



)



K »umwmﬁmwuﬂiltﬂi?ﬂiﬁ’)‘hu (.

R . ) . .‘r____ 7‘2_“ ‘.' L. )
326 A= II . f /\l Asmnc =004, “n = J}T;' :/W? N jgsf
’ 19523 ey s
J [ . 50 ka ) MO::lO l‘(&i ) @,:‘:,Olzw) M.ol = '750rf)mxilr- /?3 26 f"&d/
| = r=y 3.7008 | Also :é\\:'e {w He, /w., v»bmhm f’o“*'t ‘f‘ﬂa,(/ Xah 40 m»JX ity
wp
Gud fw 4 aclco Lk Jakeo 1 cep ’(:dt)
4 AT = ) L .’.(.9) = Ly %o # . 0boyg
/ e Sw, ™ (x,, i ) " (x )
/ Witk, i}S e da,. Mooy {l.«:d Yo, Mf,”ﬁdﬁ awﬁw [
X+ moe re < loCoz) 4 ZooS)* = . 0025,
j T “»"-::::::*:;:;;,:::;.Qu-wm‘««x:u A ST
/ " J(r»-r‘)%(zs ) i R L [z (060¢9)(470 ?)]”
| o do ‘IM ,f,.ob!em aou t\l.t.dt‘é ro4 S . F ., wiund M w, ¢ «
Asr) dnd f' Cange g ﬁﬁmu /ﬂ( ‘H-

[ AJ,, g /uu«//sﬁm

vnmﬁ‘w«n ? Mﬁ //75 J‘IM

© pa),
3.2 Grvew, X 012, < Pee s CAs ry, X o 9 = e
/ { T 27 / 2
@ ,25:_- "'-v-,.....

o _}‘:.-.0"//7 _ (__X_[‘”" ={ -2 v
/2 Xr’.::/ 2 I)
|

! 3.30 /:'Low\ Ml,ﬁ

L 1/'1 Lra.. /tz' ",

|
,(4}‘ f(,,/f 7}/ /ﬂiauf%:b\mé 6({&'\44“5 & J:'"-‘/- ,&1 ..)_(fj.‘: -..-L -ﬁl") i
” *n/ 1o z |
T ako ¢ _ u;::“_{w T ovgug
” \/f Yy
) e, o . / Xo [75 S o o ;
//} ko fiom s Jtee = ap _ e,.u( ) oW, F («/::) = 42,9, z |
/ I’ S o /Mm 0(4;?\?\6.«\,« “)“/Qf'.f\‘ ‘SAJ'! o ]f( F 0 He‘ (""‘7""‘*’,’3) :?-ét)}f /‘U// = af{ ¢ &J,, :"""w‘gi:‘-
| /g
f 3 : |
l) wd Auaeud,mq ,2_{"1 = w--/:;;:_-.;» o n /0'/03/
’\) ! M €. /(7:) f[z(a w}w,‘) / -21‘ \
[’ /;) ‘; Q“}' /7:;"6) A/f'l“-? ,t}(hu /bl!"ﬁé’-u 3; -?/ s /'a}'c‘f llf,wu e ""‘9* ‘?@ ll—ﬂ’/ LR |
’/ | dod -8 M‘:‘?’“‘ # Ao
il s
Y



O



33 e Agp = .048'm "z 380&:2 and TEO» Orew. M8z 0.5 k“j““"
,..:{m;, "fM.AA A (@ 17150 rpw tondl F*T?Au_s = kX
A AR _ |
From,  3.26 1150 rpw ® 18326 vw:l/‘g = W From Bep  @ye Jju TR XS
2 . ot
r= 4y 12,412 &\ 3 Ml \...E.....\ = 018 Sl?:;ff.'l“i- . L 0003973 m
Wn 0 mo| =k W0 1o onen)

Frams = kR = w:‘:\mX 2 32,94 N

e 1 RN A 1T AR BT ) )






3,56 Givew  am aceed., ur/ ‘f J“; Zon ond €= 8 N-s/fwm . Guew shictin w/

n

sz-_— \j:: 7.5m/3 MJELL;:-F:SOHE 2Pwn = § mfy Fnd k¢ wm
2 2 j A
Nous ]?pwn l = Yu R s— and ,?_ﬁf:ﬁ} = :5:3_'__ = .8.:1.0‘7—me»:__
U= (5o | Yor Yr 28 SO,
bt re @ o d o Son s G can Sobat frv §= l( )‘-(.-r’)" TR

r fn o hob? 4r2
Lu,t = L o C= L = /4,038 ’!..‘;:5 = > Co = 2t o mae C¢
S S © 57 m ‘ ? Z-Zn

Wy 2nf = 502,655 rdy, oo ome Leon owé7 VR TR o 3527 % Njm

20, —

3.57 Goven 4y = ‘;‘? 2.02m . Vbro. rends 2= . 00002 m nth ;‘n 2% = 1o My
f e Y, Yw, Yw?,
: - - " # - ./5.. n Ka .. NMM‘-. S
Frfcw = 620 3187 redy Wy = [ £ /“‘Wﬁ . /5%;-‘ RS .-.»23 37
Charoe § =0 tew

Z2:Y r_z. =Y(;.om) = Y:l»ﬂ%?Sscufgm

ri.

Ywz , 01258 m/y ad  Yu's 7,886 m/s*
3.58
1.03 c e g , e

- ! “fow The dato. ArE —---"-m_, - Gt
yo— L Y25
N ) 5 ]CN Yo ramar. v{ M&W(A«La wiat b sua thalk
— W st T et peste wthiin the
r* mant r(,g}:7‘5'H2

Wy baand , AM.J e mas. Mu&nh il alag
Lo wivin the band  (See {15,327 4 Exagl. 309, 21)

it the Mo%*h twwe, 9 stk Won et 3% r& TJNMM 1{,,; e
| S (-2
—l LA W W T Jlm.’t.‘g\« amd  Ha way "} ), ﬁwac‘"wv\ w =103

RS AT, RS

% .
From thin = 0108 o 7878, Ondy §zobilt will posdice o r:J'uz;?— el yead






e

|

' .
amdl Pz, 49, Fr s el v& Sz, blbYy uae, _m'w - = a7 ’9301»41 I”MW
\[(l - )2t )

THIS REFPRESENES P 8 oN SRAPH

m"\ zu).(g | - 7442 [ N 'H\.c, NL\ SU‘{A«{‘\;‘\\ ’ TLL .75 H,‘Ll' I;) .‘w«.t, ifu,‘q,wuul r4, 'HM, 0’35‘«“«\,‘(—1&‘
bed +/~fn: W, =¥ = £, = 'P/r* 97,886 Ha, wp  wpa 6250382 rd/

Sunce. g: ;» 2. bty and ¢ 2 So H*S/M 'd> Ce ‘C/S = 8112 A f? > Zmuw,
¢ m
M= Loz, 066 b oud wymz ko= 290460 N
2w,
2 3,6/ Since. Soo <M<Joou = #= 9""%( w < 2eco xg:’f’z and /av
& vibinehy  F ot de lg o Biarn &G e@ L S @/__..,C.f_ ~ 1
“, > f7r
~r*)a2e)”
fr G )"ﬁm 'k owill wﬁa.%a) SW/7 The, Mguntmant b I
Frv Yhe wnn o »&c /m /’{M\r 3% /&f _é_. = /.03
i) e =0 Z - ...!.‘.’...2: 2103 Simce >4 S’a’\lu:n.? fwf r o= 5.8598
_ Y .y
new r= & v Wy, = M = Sooxlm o £ 93.\"3 m,,‘//s f;rv Tz 0
“n | —- r bo (s.589¢) —
R - e
i/) ]n, $=0,6 Z =/.03 = ZMWW s.,lmls; /w fy= 1534 and 5227206

\/(h/ e (2yr ’)

'y

hed (%) b-teany at r= _ / = 15898 R Fhwo He vadus, % I'; W,h >f‘
- 2 ) ,
fl 'zg $lV‘\w (..%) w103 Vlo(n}twﬁ He 3%
r¢ ‘

‘f - ""““r\\\ . TC’OTWM' et
; A . '
PR S S o~ Sim. 1= 2720k = W1 oy w, =
$ z - v
/ i {» W, = 19.2457) rad
153t re 27204
\







?\\\5

‘/:z, %5 4.9, .15 417

)

= ;Sm.u; ?(’t) = A

1

; ,
i U T Y S

3 A 1T
4.2 Since. 1+ oo T secondsy jﬂ/ 4M Hew w= 2T onal Z=wt=_2_£'é
T T
it

Sine.  Pt)= A 6 £t< Ty ov 0Lz £ X

3
0 T<tge 2T 2 &2

New PH) = 4,1‘2 el + ZloL Al = [ Z A Sm Zﬂ{mﬂ.y« ZA[g c.oz"l]
_ simta

Wt)s G+ 3 M i (Lot-§) +2 B si(tut-4)

kR : ‘l (“-'f_&z)'l.+ (qu)z ’ ("frtl)l'*(z-;’(')z

Xe Umk»\f&es:w:u as alwve =20 ¢ 1
T

< 1= :2 T

a.<l7£T-'/2 = 0525 @l:9, 2=2m.T=x

= -.-21&.1‘,.-,-2

at-T = oL w

[{
Pt - A ?< tE<e =D g<La2Llvr

| —)

smee PE) 15 ow odd fu = atf the A dous aw

aw ur w 2w
0., SPJ% = L gAa\%-r—-s-Ad% = L Az -h.LA%l =
° : D 2“- “-

i

-
2w 2w 2w 2w
*

= -T’Ff Pdz ersde = T_‘Fg Aceolady » —-J Amhd% = [A"*L%‘""/‘M 1a Zw]:o’/
° w ° -
g

\ T r
| Pl pndr = %SA&A& 4%—-——JA§w.l%A?- A [cnh( -cph] ]
o

nl 0
. -A [(-n-\ (-t - *2‘1[ (_n]



)



Semte zawtz- _{_lT_é

Plt) = 2 ;’-ﬂ cA el o i K= 20
L= b3S e
or Py = ? [.20-] M[{zv-u)wtl

T

New  x(t) = Z bt/ sen (Lt -

W“l (=) +(23ry)
= _ﬂ\_ Z l I

sw,(,l.w(: ‘l‘)

L135... \Rn )+ (&)

4§  w= 3ooo rpm X2 radfs = 314159 reslfs
éD rfm

Soe, He. pri s ussadel oty by b o i . Avage bngue = Fower

[W Fv= PBwer = F"-'5=M&J] Theo T =
wiklkW = ilowW-imNm/S . wa.‘l'n% mel Ha

anu(./u.wt T= %}.ﬂ::.ozue.

Soo lew )

= 1591.5457 N-m
ﬁa“lﬂ\w T T, ~'73‘ 232

_ _ _ T o<t <y
T = G, + ZQI&:Z2 4+ 2 L)i’,du«i% un"'kizwt T = ° 7
2 | : 0 ueg tse
Q,=zlSsz whae  0SESHe = ogz<Ur
x
° t<es1: => J—Lﬁézézn
1) 12 b
,a{.a a.o = ‘é";t {TO d-% = -‘:-!i ,0
o
‘ e '1&"' 7 ! ) [
[Tt ot Pt gty gt
X ] o T b

hne L Ldﬁ:.mugduw, Now %64«&9:1-

ey

one [B

Y .
k, = 16 . 1d'G wik G 1 = 79.3 %100 N/m This ques R = 7.7853%10% N-m

P“’”‘J" i do g W with Tz 4 Nomos®

aud W, = 882, 3435 rad /s |
SEE PAGE 4 FRR ResT




)



4‘-/7 From owr widt. tueloss
X))« L / o) S w,(t-2)de  whue Pl)= £ oS tS4,
7({') O Z.‘,Sf;:po

x(é)z_./_ /E,'Sa;,w,,(é—t)dt fr tsto
nw

= ;,_1/:) _/F Cr w,, (Z'I-‘C)/ /"o [/__ en Wy, ] fo [1-ca>w,, f]

Wn

fr t>1,

¢, - ¢
x(t) = -—/-//a;mw,,(e-f)d-c . L / 0-si. w, (i-)de.
m o ’)I(U,, é'o
wan(‘t’to)
"

?./;f Frpom w 3 o clies e gfvomwy Q%u.aﬁa'h 15 mx+kx=0 t<o
and e moa &:d'nm‘ X=o0 )2-0 74-;7"<0/@-«#4w7'ﬁ1/ﬂuéw
Mo He Solatum 7@/14 'fﬁo. alreve

()= L [ryss oe)de R e Tl o
mu, o

Fo
oty " v t>x,
x(t) = L 2 I “F (1-enwt) suw, (t-<)dc _,.f Fo puie %(bt)h]
hw,, s 2 ",
r Ve t
= 8 . X { S Una'-'d dt - enwe s&.w,, (l'-‘t)o\t} + o S S M“U:_.t)ok‘
Ly o ® ® muwy, g '©)

*f—Mu,,o @D and @ ant U\Aj to bu.‘-tx\a.k.' gs‘;\w ({'-1)&‘: Y Cd")(d.,(l‘-t)
e second Y uae tha fask that Son g (£-1) = Sl wyb @, T - S W T emunt






2

J

okt Hhat sww,t dem w,t tn ks ae sie He vavalls r[mkzmh;wl;l.
R WT Sua W, (t-1) de 3[50;«. w,t thw Terwl - e Wpt Seaw,T &nwt]d-c

tnd o w,T rwT 3,1[':""’ (wn+w)T + Co (wn~Q)tJ

Sumw, T & WT = l[sd-.(w,,-w)'c + iu:\(w,,-w)’tj @
s oWt Sww,(t-t)dt = Shw, [ i (1 #19) T +/w(wn-w)f] + cauw, t[m(‘” w)t,
2‘ Wb W~ W b3 Wy, + W
U)(ww"‘"

U“-'!J v

X(t) :if_ Cnldn é ‘t)l ..E__ (é-‘t)l o Smw,‘ } }"'a’wnt@]f
2mw,? bl A me,, 2

\f W=0, '*&LWM:.w A oand B mll tihabn Mrcramce.

}} W+ W,
x= ko [mw,,(\l- %) -c«w,,{J + F ! ~tr o, (b-1) | = Foseromt [S:'ntr(w..m)/u + SunTi(wae))
2K mw 2 T fma, Wt Lop—Ww

4»\0113 W +w Wy ~Ld Wit W

- ._E"__ﬁn wat [C"’W(“n*“’)/"’ 4 Gl ("’"‘"")/"3 Y A Y )]

4§ (ConT)  FoR THE DISPMAGEMENT

x= o + O ag [k ; &&L(th-‘!’z) Y "i/lct/t«.;([wt-‘!’i)

| -1
t JG-g2) +(2§r0 [G- D )
whae T \LL =
« = G 215 A tollwt) +bjsi(lwt) 4, - “,
Re Ry e ;* W






v, -



/'/ |
' | _ J
‘% " ‘ M= 1000 ke T rar= 1000(.%) = B0
e ’j". 4_,?# ) % Kr
i : A e - y { 3\ \fJ:— O—OES ‘
Yo 49 g Yo (gt <A .
«in"‘-\wxs k= — % (x=4,8) - ,.(m.A6> + F(e)+R()
Ag = \v N
kf_ = \%QC)O }J/w\ I@ = K‘c (X —'Q\®>J\ - Kr-(x *-'(7,@)17_ + T<t) +T‘l(t)
Ke = 2ETOO N
r(—t> k\

Nz 1O poriod o droued vusiakon o = k\g““)

A -= ! ™ ) '\ =

V= <QK/ Sonyf;_&L) |2 “ZB\M/S Ve

poddo T=) = L0 - =2 -

fndmge 0 e 1RO A w&— 2T = 3737 e
/

é OQSM—».%WZW'&> fB=0 v
= O 05 er~ (g? ’7""” %Cé_)__m @/a KR A7 - 7/2 = ,5‘\7/0%
\3‘_ 365 e (‘Z - )S‘?o%) v /’J A(S}
. e S tar whetds mohon laa(o{\awlfw{ulmh""

f(;%‘—-;,sl::ge F) = Ky ¥ A

3 |
& 1' S PN S W ’ 200 S -ﬁ“('(g’,.?z,.){’_. (»’5"/)\3)\
AT D (\@%Q)(Q.QsN.,,w\(Z, 27 ) @ o)(0.0S _ )

\/

N

00 e (8.727¢) T 1109 (B TRATE R i)
T =Ky d ke de

—{(1000)( 0.0 mm &7 8() +(22000)(00 e B.227¢ —/.S?oz))( LS

= 1650 e (8T727% 7 1570%) — A0 e 21E V4



-

L
%+ (=4 8) + ke (x4 ) T8
MX + KeX - KA O+ kex HF (+)
Mx + (K; FRryX +(\<JL-L\<§_?(£\

) gooo(ﬁ) o= F (+)

1000% + (14000+ 22000) X boo(1:5)

- 1.570‘3)

o an (2T727¢

: ' + 11O
1000 X + 40000X + SO0 e?\:r\gow (4727 €)

=T

-

I@ — Kg(X—»@.QM‘ + ke (X 4 ’L)_‘;
1o b x4 K,Q%@ = T{%)

.

Eé — k;XJﬁ- kg

I® + (Kr\Q,_’*k'g-D\)x + (Kg_h _,rkrjla;'r(":}

o 5 o= ] ' th)
30 & + (20000 (13) - l?(\}QQ(\)?( + (1eoool)” ¥ 22000().5) ) e .

T 0%)-00 £)
. " 1650 - (%,—\2‘]—{_— - 1.37
56 &+ 1Socox + 675000 = WO T L —







Hw ) 1)3 4 1.

1, 7 u".;./u WAwtu = wwl W - vt wh Nz Lyoi
I by, w ce™ oo ,r2+/m+wff=,,c7 - F
\ :: o . \ L - ‘)\
/“ L L

o . Yo M nw. éf’ = A Ve wt +Az$me
I Yoo W ["A‘Swl-»d{f'fA&Qrwitiwﬂ;w Mo ww [A wiwt +Ag sl ‘a{_[

,,‘j; *f/««mf + Mal‘jp = et [,,"NZA: ﬂ'}“ﬁ"-Az* ,Na_-At}*MWﬁ[ﬁw,Az "/MUA,; ,“’"?,,_,21
: s wiiw
o Wwwwwwﬁmmwwfzfﬁﬁ%ﬁ}“ﬁWA\?O . A = [\ , o 1 ; "4wo-m)
A,z;ft,,u)f,,f ,[‘,‘,’,RTZT,,‘?‘?L],A,\; =4 , ["/,"', W ‘_""z‘ﬁ_} _ "'(w" , z) Va ')2,

Wi’ s
I U R [ "‘/AO.) - [
I o ]A‘z.r"iw { uigte w® 4 - ,[_:w

Wa&-i

- (w‘,mwz) -p/uuﬂ (w Al +/u

e Yz pe pmed j* G )W_@ b
(wol-wt +/0- 't : ‘

B Y7 Y +jh —N [c oAt 4c2 w?ﬂ

/Awﬁw\u)t + (wo W )Crawt '

(wawt) e p

I ,_,,,,,,,,,,,,,,,,,,7,2;-We),,g,',l,,,,t,?fj,f*’ .‘;_:]..??_‘2,@?. o dﬁt«f&;ﬁv/wwg 0DE b r=Sreb=0 n(r1)r2)

2x% B .
. y’: cle’ . +C2,€f,,, e
h

: e f M yp: 4", y, + 442 4.'/& T

2% 3x ° ¢

. - 4<
S S ”'24, e 4 ""z e”=0 ey %’=/ze X3e}", " 22. g

) " L e = Ry
2m,e™ 4 3% . 2e e TR 3e, zeg" Les

M o= S 2¢ o‘t’ = +l& o o v L

) ~¥
- =-le




/
Uy =

»
(]

1]

e 5

Yo = MY+ MaYy

2k)

|

2e

Aoy, ~ Cemx

|

I e+ Y = Cremnt + Cosulent =+ trx (&w,bﬂj),tﬁtfiw%

5y a8yl = g()

W

W ”

o { 3

oot s s it

20" -e" - o
s e (e

L R

[ ~
Yoy E e Yy ®
Lo Yp = U EPR + Uy At
’ - 4
U wox + My pnn =0

- % .,.%ﬁ( ~* /uf,,’mx = Mei
0 Sthx

- = dex
4 s { A

st o ‘
-Gt Lo

o T

: 4 MUy =

Yp = (meox emx 4 Mpiare

Cilrmn+Cy Arge

SN S

2 3
Yp = W <M

Yo

). 2% 3x
U e +m)e” Lo

m, e w3m) e = %)

$ 3

\1]

| ~gee” . ~g0e”
esx eSx _

|1

| | o L
ope has sl o y=Gee et frem()

o

9™ = qle




N

e fgeete we [ eta o

BRIl IR Pt S Sl WO G Y

Y t

B TC) Dt

A M 3(><)-2<’- -

~Yp ng
2

3&) 2—6 o

ix t) Ve?—e‘-t)} Jt

. R
. [e*" e e,z""bl_ e
JL
T %1 C2x=t X X %
z{-e_f +e"J e 2 -g+e]=2g":e"«
2 2 2
> 4. ;f C:0 fww( + wa_ wwl = us+ k Boenwl = W iw, ws oo
& M
o The Ww%,,eo b} ~ o -
W= Ctnw, t+clﬁww,t
My # Acemwt Rk
S t oY = “ O (wwt) -
B - o Us G onwet + G Suwot ¢ Zo(w_ru;;%af -
. woze =y Cz-Fo
(W )
S 4,‘4,(9);0 =GB
B ] - mix)s o [mutsq—;y t] o A= B = 23 (AB) S (B=A
) i) '
= tho Son (W) b sn (wy-w)E
i (wer-wt) [ T ("2“:“') }
) A wer 14w wpswe 24w WomWx o Aw
N
Mm oz 2Fs f Ao (105wt A (.osu;t}

m (. 2\!.&3"} L




LMk 2ws,0S0t 2w ot T 0 2w (105w) = 148wk

e o5
ame2d = 47,05wt

Sm(vogut)se

e W oe.oSub L e | (1:05w) = toSwt

,08Ww T;S-w o . \k
L2 = qefwb 0w (A.uiw\');o(j o
Jb am o .osat ar et 77T oA (105w) = toesut |
¢ 2osw) 2(.050) |
_ : 63T = foSwt & (nogur)s N
2
e
b ceset T o T T R (leguw) = feswl

¢ 2 080) 2(080)
' z‘izj-'r & 1’OSWtA :?S-;(Lo\'ut):b:[z_: +4 B
i

oy 74'957’u7{t = 2w t= . wk = 20 Tam: tog ,“‘1‘“ eotey Yo
1.65w 1.0 2 S

cofwk=27 uwb= ZT

T.,-,-n:,a,n ,wb,

C



iy

k-\‘? guo N,/rm B

. 2w . 2m

£l = 667 sex
TR )

A / , oo
o Suwcu}mﬂ(?m&ﬂd;' k= 2y -

?

4 T T e oy
e T e W W Wy W) o e

: i

= 4 (e b 5(—\27 th

- [

loé + Wewbd=0  d=2"

fergett & T,0+Wd8:0

R J‘Alé.
J:\c, 3 T I
{ / WL Znd I,

S A Tﬁ’?:"ﬁ IRIAGDE 2,’,‘,1,(:,3_")-,5:,_,;

2 g 15,989 B
= 15, Ha
I, :‘,IG+'/'W\A7' _I._E’ = J¢. _c’lf , -
: ; , 5 , )

2 w Hg

f ; 5 1

°

R
s

"
iy

; .
v 0ty 2, Lo=.oszig2 2,

S W= —‘3L21 :.éﬂ% 3 IBQ "'(WS'M&)X':O‘
2r 2T 2B e

= =[2n(,6)] = 42023 _/_‘f_i‘q' o _‘EB - '047,034)(.&,’1 i






U Eg 2 To v mx® ev

o XP 2208785

ds = —EG"’ x* .
) W W 5.‘ - {’ . v

L0036 x = s0S2i92 + XT

A

@Gz.2yr2
+20.767 20 ) '
[ Ty

L sblghroxgie Xe TR 2geGReriE
P Y / . |
2% 4‘144/ St
_ _ Zj,,,,,,,‘@ e b ~§ 4 .
AN : ’f? y L - -
B e T A B e
3 ks Sk A= ,5“/'\;,,, _
E‘jrm. fj IA-;,
FOR STATIL  EaUnBY
o EMaz0 = P-Waz0 w P=We . bu PaiyA . As Ve

L -

W o L
Foo A bt the lboad®

 thue Vbl sk dep e A tW

As')’d“‘ﬁ = ”A‘ +_‘C\'~ =
Re

 Thee MY kgD e

ke X meaasnd oo sk tqual posihen (Aar8,) .

AL S I o Lk

wld T . W [ rflka
e o] B

2%

,,,,l%g& ER

lz| /l‘,‘»p le .,,0\}

W 3,% = } Ji% - x‘ k\k"L

zr 0 Zm Vw20 (T k,at)

24.. lgzazl ;e % s Wwwu‘é ngwl'wu;}!m{mi

iRy




SN




2-3)

Sumtt ’ﬂ 549 glew b U Aira

)

. L _; 2L .

[ 3%, o]
XENRORE

10+w'fzo | ] o
awx 4,047 JIQD"

67 R

mszll, 4(1}
wu“erfna CAREE AR

- [br  [36
“11- \-{321[

DD, ]
A+ LB

by, = 1O
o B

_ Sinet defluchons ave e sem we

ton fnd am tguivalu fpaing sqplen
by bkl ok The vevkiat dquidib.

e Y YA sww Ag<a b
S dw{E s Smty ASRAR

G

Wz JMQ;\:JM‘ qu 7
[+

whon ¥ 10 messunn from Y tguilil, pogibon

M

an |

a



.

)



?ov‘- Com cdaeo obdomns Hia s th '51 &M“Lews'l‘ﬁw emd ol W&w )

vl qg he wosa  and AYM ok ﬁuﬁﬂ%pﬂwwﬂwﬁ o

|foR ExamPE: b

T S

[ ‘u; '*‘0" ,
r@oims; L

v nm,m*nw&\s.ﬁ\m olon Wb
T = —@ATH b]+w}> "‘
-

12
\)

b TS )
uhe T Mb ofp I Eoo

b § 4+ @bO[ 1+ E] = Wb =y § 4 Q[m] b W

bt 7;{&*& _ (ﬂe) W'M'L ')"WAF (Ah-wa 1’9&% o L e

@Az relow 4 4 kb GO[Rs]aW
b

‘H&m radwg, c;;{ S’\’A’ﬂ - Eoul LWW-?J'\ b i’dr“(Y Yo Daluker = Qsm'ng,,A,,M,W_,__A

G, o tpsuatd {’WW‘S‘*““’“

el b B = 9+9sﬂm Cwheve

TM “Hhsan M««:Lg to

&ﬁ\ﬁl%?ﬁgl“’ﬁxb‘\m . 7
é MEJ,,E; 0 whot w=

—f‘.o
r—":a-

u' o e AMW«X Ja Oan rz,q,mm@k W5 "a(

J;.g:.a.
3*\ hb ot do Vs

e 3BT BAC A TS -

Stnce Hh @rﬁ;wf) ot tn Prosliel, % @ "‘M‘j bfprartntes Het goands A««‘;&W |
kytle o | 36T k3

H‘“ﬁ? k?

= 3&;;!*!& i Wz

A\

m..

J

wm L3

amd X+ NZX:EO

Y

X 2’4&«.@ Méﬂe‘m&g ’(fu)’w& ‘Q&A q}’ﬂu’(‘ﬁé«* @Q A H M’JU‘W\



J




3"9,/0//7"/‘)1

310

g
g
i~
?

% Jo AU S B FY- R 2 N

ot Togue deedo demee . Rica ] Rye cx = caB

o

] b 7(;4.,29’
o Toge e o gY”‘“ﬂ _ Feb Foz lex,z bl o Tow,,
, NMSW, Ao boomana N,Q,)

Q{VJ« . L'..’a?@,

IO s - kR0 - el fo Bl

I T S I A Ty G arsuneS do b A0 Sunce chanelutie

) M‘»:’"M “a He, o << Mwﬂuwﬂﬂﬁ /MMW
MU"G + ’ebl@*m«zg = WL

L e bk o oh shebe equllib,. ZMuz0 2 WE-Pb o P2 WO

D

P
U . 141 . 1\___, Y. - . P= le AS%J-{L = hb@sru"'ﬁ
- I {bepe,

e B 2 _W_'_q:. )
© kb*

3 har e 17@,{-@0@4,,@1@4;‘!&@,.H @) w B, = W

) s

e LT RE T 4?80 whie B4 messend abed fie sWyL,,@«;rui\fb '

B

A S G i fre mea§ 4 o84 g 020 oy edhid domspung tovatend

—C;Eg o= \!—,’2—;&7: \I k¥ - 7%7‘
ALY ea, mLt 2m

a 12 LT AL

LS Y



U



TN

.Z.IT

ca, b Ymhit

‘ﬁm%" 7

)

k= 30/,

w//eg-;

m"-b = 07.5\b s«&
{e

o/ ifeestly dunapid Syshe K24

50 = 34k by rid .

025

See

Gt

X‘(O)z 0

X{o)22m

@ t=

2. {

()= (2+u28t)e
@ k=00 sec

=7
eyt

Xz /904 n

¢, z2mws 1732 lorjte

A= z,‘n). Bz Aw £09.28 oo

Xz.2798)m

3-/9

e

x=Ce

@ t-=14

WJ =82 L

Iry

k.= 7878 N/m

Xo
Xn

2
X

«»Ewt

M= 9,'7,'@6} L
. [e
L = o =z 30 ,-w/m

=

= T(e)

77Xf :-/0¢m @ \/7? -

M(ud'&%(ﬁ)

Nd \ll (“’\;J 29, %gful/g_‘_ ’ MX o T(‘-bv\ 4%4)

S=.1

 X(0)=/0 tm

Cz2maw = 128 éig 2 120 Nogee

2rns

m

Ji-35%

=

)

T 7.2928 em

un(/)
X, = loem & Ty

Swe

iee]

~Twt

S )t e

10 _-x:CQ Wfi

- 2r%
An ;‘Xoe, - ,"',S'i B

Cx@)=o

2 _("3!8,,' =

s
wyw(

]

= C(-‘m')

C= 10,05 ewm

Sw 3

s 2988 2 44¢ &=y

e —




Y




Hw #7 3-24, 27, 30, 3¢
3-26 kzdslbfn  W=4.30 ¢=.057 lbsefin Xoz 3im fmd X,
W = % - ‘% = Jo.01bred /sees |
Ce=2muw = 2 (143 1b)( 3008) /(32.2%12 ) = 248Ib-See/ v
4 S = £ . 057 =m , 019
. * Uy, 143
- ~1.4328
N = J_I,:_SL km.(y_\_gy = XV\ :.Xo e ﬁ'sz‘s -fw n =172 X‘zz.BQ
21 Xn
327 Fov he wo. o cyelee vn Hh kot - e,
\ = J__‘_:__Sl M(&) M Xn'g"!“xa
2y Xn 2 7
n = \r:—gz ’L"L 2 = vm!xa-.-.e 'L"\z = 5'8( GL]&Q}g
“3’;,”{ .1"34 v
P e mi_.u%
BsnT = N2r. = L An2 s odee 2 o M2 o255
- 3-30 = ska) k= 48 Njm T LA X=X,#0 k=0 @t=0
wenant, = “25%o 5 T e 1:4;:73 fre i do happan 0 Jg He Imfn} 4
- € - .
mwj&ua_@;s Hws  Xo s 4= € /z¢ W=J°§,=3M/sm
X freds YA ey
om:_ = 4: 0 /i 5
thuno  (d)T1-3t] = 32 2 hdy o %o
() D=5t =57 & (B = 5= dow
————
I1+ (%)
« Ce . . - -
W= W G mw = 2(5)(3) = 30 hyfy,
S = € = ¢ = C¢§'= 12./) /Qj/s}«.y
Ce
3-35 W=k k=30 lb/n A% koot c\,‘clm Aesrseae ,Lw«,wé«,) = Couland
decuctor s Ax = 4k .. 0§ i N Y-S A A S L = 1N

2 1158 m



i

)




/ Y 1”“‘"‘ X“X%w{t « tj)—h"“" "
c /

S s B L

b)) k= -kLX- PP ],"‘,f"’,ik%,?,,k‘j*“? o
cn; R(x- 3)

. B

L4 my s 0= Ry =

r«—_‘h._» -
kx= C‘1+kq = kXSMung 1
e) ‘j" l—é‘j«j = ?:@’X’ su&;u:{ﬁ 5 Ab y= Aan,;b-#Bm w{ | '% pud unks DE,

o (A s EB)saerk e (Buy ¢ BA)eowb < EX siub . Sohe fnAdB
5T ke X

I ‘ 4= "‘E [ e @.m{{l o mww )'j

w_‘h h;‘ z, Jw’f + V%}'.

pb). mew  X= Xw(m%i ¥) = Y ~//2 'fo:‘x‘} 7 gmmf{ 7

il ?\—*J =t . ew Ak fj"“ /gm(a?, 'wA) m Y g,
R ) ‘: f__{m
)fw. @M%de }:(;mu% o N
P= (-mw++h.)z swu¥t + %X Auw {: ))

frmsmpreiricr el

ﬁ) G D F_ :Cj | w_f-;-”/c,

3 % % C‘m(w,zf«’ A) = Cu Y%(uy D) e
r.

e ‘f?

. Q"‘“’f"“ ‘{ = 715,“,'?//!??1}1,,,,,,, = X‘é‘ :,é,,‘,’f'”f _— (F) “‘t"‘? 7§ }b . k’g /?/76/,;,7 I
c= 0%y /b,,(’:-a/a.; 7 fbw‘n, W, m a»»a’ Y |

4g (#~100)
wed do fod o bog Y i ey *‘”’0 ;

Caa h\ Lovdean,, “q ab P, We§ [ can
0 ] ] i
‘_f) Nayss) /;;. )k = !&){ X ton (L'L - 10 L}) =H M= Sfifl,:‘“,% o ﬁ:zslé“ z/,3/ ?Lé,;‘f:

2 A FH—-
™ wt X (78422 ) 6w
e.) = f:% = T ““”%;A,, e 341882683 ”‘d/ﬁf e







SN

ba»«..eﬂg [ \‘IQU Vﬂ"?ﬂ'\{l \(ﬁ kRS ) C. N u){ ) b ) X 0‘64‘0»;&:@8 - W Qaen rav) "-A'.;lfl \(
d / &

Yo X (G
N W

bl 3,0!‘"2 \:w

<
PR
- N

) st e tABien w X = 3.069 . 5 fnd €

reo

Feak (x“b),%@fc‘f‘,"jﬁT,m,g,E,m@f,t,g,,%E{F@

4“‘“"””"/@)‘ ,‘\& {,f’? 3"0.“")/”“&“"“ gHi =y X '755"“”

= mw’X e ﬂwfx = 20lb  (Lom)'(,793%) = Lo.51 b,

| SOy, iy

‘ R 2 2 n . Y
how 2 e Y[ 1rerr = 450 =Y ) e o %=l Tea
e 2 2 YERE = BEEY)eYE e ge Lo

wmww  C= C’GS Aol Co = 2P o Z/mi,; 3:1{:: ma. o {/f,,ff‘“’
e e e - o D T - . Sl . ,./;‘f‘, - 3 . ‘ ———— N - ,,})7 B — =
<7 = e
" 1¥) ,






- P x W 'Y 4 ' ' H o
& é P(?) "/i'(r ) DER &I o sy ki fe :A\}IL z.JcL(? 2 ’”}’:” & g?f .

I
-o/bn.m{'u: lw 2

AR R

ga 8 \)!X:‘j: /{/\” ' w s
% “ :
henf //7 o P = WZ”_@,,, g-ng  * 2. ‘é Lm ng
heo Frr
N e T e R R o .
@y @ ‘,’7/ Py 5:;/ 3?% da 4 / ( 24»/)343
) 2 ), |
ée/f& ( 0 422) s Ra2(aupl-F) 0
ot 5, s g 3 2
- , éE; - 2 S -
e ® ;’é— 71@,@4@: da = ~~ ?e’&;%id% E .f?_/ [QL‘%/)zfﬁ‘}7%Ja - B
° & B S ki
© B } 2 S 3’)’\’, MO‘)%J 2‘3 A-‘A\, M%J + i [‘éf;ﬁf éd‘D’HE]
ﬂ'i N mde W T e [ A Hedw
. o ) o
! L(n;)” [ B ey (=N"Tr0
T re y)a /I L~
o - 2R A T N , -
we b [ Pamidy 2 B[ 2piids f -2+ 2 Yynds
Tl MEJs Vi B 2
B . - =5 B f-%m«%.;.mn%} -fZB_mrnz] B M2 ./.;Wh%]
7l P nz J, T 2 J.—r 771 T ntly
- 2, [ R [ e 0] & [ owr ()]
T Ead n7’ hn
] = Eév,,f;',é_"f',,, ] I

L n

n+/

o o
P(f = ——3/2 ___'_ S h2
. 77 e e DTN

ol i B o o
Eﬂ 7Cn 7'{14.‘ WLM /;.ef &75)[%/“ B T
x= -L / Pz) $m w(t-<)de. . .
o whewe o o o
Plz) = Bruw N
-z W
= B for R
L Therq ‘ t
T\ ) 3 3‘% Jf WT A, W (=) dE “/J-ﬁsfifzz)’?‘iA‘—‘
X = e

Vil B2 ; -

s fo"“"wiﬂwwli T)el ¢ fne t;ig ”




)




: t
-/m‘” - ‘f £ 2 = B 1 { WT Cua(el «wt) 4 . {L-gt;cqfcf)}

w - Y 3 0

x = B L. { wi -,A,M,Jt} |

v A e 2 L W c" wltt) 4 pun (wt-we j
{ ) 7 ] 277‘0) \/;;/3, ‘ ( ) ( ) B -

U)

ST ’ : C«r‘awt - '7544\; b)b S _ l
n Lo X B mL.. { 2m c.n(wt 2;r)+,¢wu(wé er> wM(wL)f

('.u; m'L

L,
N

B N e *
. w Jmke ¢ .
b tpor o x= o 7
n{
K bl e D par 4 He M)bww” {W ut €21

s o thes Sints vasakin, abook Hhe fostonprd
Jrv B daopl sebudure gVl €27

T e e Y e I SO Wtk e
W 2r 3y 4

¢ — e




-

MW?\M) -



ﬁ»‘!“* /18 = ,7./)-‘«/}7

New ek At =0

! Ry (a-%))
ik . |
ﬂ-fw Mo b MaXy T kz,(?ﬂrx‘), e M " Lg%y - k, ¥ =0

o i'Jt"" My > ml;(‘\ = k"l,(x:lfxo - k‘\,x,’l o
) b mzmza ealysk

2

.X +(L+Mx - 2)e 20

L)

Xy Ay s (Wbp)

Lo —rmA ek Ay -k A =0

- k‘ Az,?ﬁ

X ‘,A %-N(UJ& LF) >/FL,J/ UA.‘"O. (\ ('L) J-DV
- b A =0 f
W = mAw + A,

I I v TR
=L E(e«mwl -k JKA)TL(0>
s lebi) £0.

k, (k i )(Zlc wu)) o = ‘fe Fakmw -~ w =0
w's T,3’9M,,?,J T 4w = =Bhm {5 bm = 3L E

=2 me

x =

- Z2wm? T

w = /. 6/8/72

’ z,/?‘/ﬁﬁ Maﬂwwdm 1

I (,h?
amdeagt (2): -—lfz,l\ Ry (lc M\(B"Jg h)A =0 or %A +7 '4.@)}/‘

=20

eor ,,w,:,‘é/?/?

=y A= Ry o A . 68 A,
= A s)bIE

Ll + (k ~»«,(,?>Jg%)v; VA0 e A= (1 BWs

o momalby X, ,'wfwwq, o peebige S sothat (X) =4 =5 Ay=t
Ao vy 16 B

‘VLM audeg. (3)

=P A

- | U?A e

A?, B o LI At,A .

o Swa Xy b www%{ Xy, =l = /»\,~4 .
AR ri.ub :

MooE 4.

Aysoiaig
NODE |5 ~ é?.%
— Lo -e«g(w..\, Posiitom O?f»MaAAV— -
YA m

o derbemct

7.4}

s

T g

P
A D"“‘“&Q.% 4 &(x}_ﬂiﬁ) .
T

\\\\

mégf I e

QN My

Q Q

»“IT T e QX whoak vy S&:mrx\ here o Fhe Caw;pwmig o e Afﬁw

&

vt d)«\l,-(,(w’"\«. '\M«o{m (X\)XL e v!umwupg wb )
-

| Ay WO LA | . lLe

L (=)0} ma, Ay
)

TV . W)




O




S

=

=W,

b, 'M‘}i‘ = &(}(-g,**(,)

™M, =
Z.b

c‘.)” ;{ MiZWmg s M Q, QZ
M§.=<@Cﬁ;30,*<lg%) =
) ;{l ’m”@. (X'L,"-'KD - &(?.{.3'\ <7
' --”z'w . ]

2 A se (bt @) 4 x s Agsas (et )
~wt e 28 - Q

a LR =Q (¢ o

=  dthermoahl ,"ls, H w% 0} AdAhyz0 e

1)

" AEA#O

- 2

-8
-y

"'JMGQ

= (-8

o X, Lo\\,owm«'vsw o (%), =4,

_QQA)

I

L

¥+ (_w’L

o

\ML,

3Q
wi,

To lg({(\.(.(‘:l ielt/ 'F“MJ&JMAMJM W“’é&“f""’,’ (JJ‘ ?W'}”D (3)

VYA -8,

Y

(w e ?uwm,ozh. d%J»’ Wo L\.\,{o (;Zf} wp ( 3@7

R
1.
..

i)
e
/4 -
) A

. IO ,M‘L’v}
2

-G (K\)

-V

whe 2@

- C&(yl x\) - @(’a/)

X, 2_9@_ X, - &Xz =0 ,
Comd, mL

>< + ZG\‘/ -—&X\ =0
¢ m{ 2 i

ok pok wJ*o Gy, ()

S

)

AZ =0 .0 l{- G ikt kf)-:/@ A

~8

|[SSUTUT SN - N

e

me)*

gt g )0

,A =0 = An.‘f A, ‘)'% Alﬂi""> Azf"‘i

%«a«, T

. oo shafis fre fmm.wr’d M B

yx - Az =20 = A= AZ)
=+l

Xq_to_ et &{,,4@,,,,(ﬁ4) ey
s&ﬂ\,e, Jw o M} N

® MT«L«.&«MLS "WLL 4\!?&'4,,_, &k S dqu \14{.#\6‘5,4 "} 3/? 777777
s nd o

by (8, M

QQ(OA6%> Z)C







B 1 9\ =-k 4k 0 0)
Cer LB, (k)02 k0,20 (1)
L9 Wk LT I,s2T
B2 Apsin (whaqg)
(- et I k3 le)
kA4

9,2 -k, ~ hz @,‘A«,’ 9n>,
1,0, + (b0, -k, 0,20 )
wd Lk Q= h (b Q)

pot ok e b (12) by
Mzm.(_s)% LS saubrfyeo

_(“ZE@, +2k)Ay=0

ond e ey akg = 2, 5

o New 0 A RAIO = debemend Hodfsco o

- w?-I - aka had kn

| e 2% blwh 4 3k’=0

=k, "ZIUJ -;ZM« \ )
wi= 6Tl J%exw HEIHBI = 3k J‘E’ﬁ';_, 230k k G34E
Lrw
R =790k wp=rsig]E . o
) Frr the Mwmm M W gl & = ( )+7_\k,A ~kA,z O o
- A=A, —\@ A=1 =NA,=1-3tL S
Fov Wy a‘” b (3) => <'<3/Z' \{——;/Lp> t ,Z),F',A):k’AL:,O,,F? Apm - 36b Ay
A=t = Ap=-3l .
/!*/iﬁl\ //‘\\ ’/ ,
)
\\/







P e T oand P vk Ha dolal gplennt

1. fnee  on ik minn

T

e

Py

b

] 4»?

|
$e

4

o 'm ,GJ’, Fk 1. ) 'g =0 = %= @ur\?\ K Mﬁ%"/‘& P=0 ) g o f"\“r ,Pl;. ,..B?.k,ﬁﬂ

el o xek oR) e Rek =Y -a

“Uy

Lt g";‘g‘-tbv m""))’ WW = .,,?SZ-{?;(,L,,,}_M_L,(,{“.‘!{,,NX}:Q,‘\,E\} =7 X,,Z,,'iﬂl\,,E,,,:,_,_li‘:ﬁ.’i/_w_m. o

E‘] 0\»\'{\‘\/\';;'\‘;“ 7)(2_ = ar.&‘?; a” = Q’Zl = '/k’ , %«\ \MM(AICH*BE,HQ)
et Qp=Gyy = %‘a,m . _ _

N‘b\-bw ?Z:O =

New lok, ok pb.2 5 if

Fz0 = _),Wy”mﬂ’f!";?kn Lk

Res o v puiins = Vg = Goadk n ey s B
] 3 ke

A% NM I 2 - k,g‘Q 7(.)
— & 4
ll\ i k*?.

e -
-

Qap =

kg% k\ k.z‘

NW,MW’W ko m%gmwlm R i B abore .

o % Pamd B rtpresens the bolel

PR
N
: ;
|

|

!

T e A )

B Mwﬂ({«m ) M«ﬁnwﬂw

R0 =2 ad e sl il ok b s
‘ oy R P

e B Ly o S a G
s
keq ] LS

N

o
~x

; e - & UAn T
k ¢ 4( : 'x| " daateburn
,,,,,,, = 4= “"“L?“‘““*?)A o

AL SR PYY PO Qy Ql,







ﬁx7

. X, - /
) X

{:’3"““’*-\“%,\'\\“ )’ T Qz\&‘Q} ““""”\ le‘ Sy b, As -""""‘ ST e IR

\w\j T .(’«z‘%lg, Q.B

,?(?-_,,"”, Rl 2 - bok o %, = a,urﬁ, 2 Xas QHPI by = 2;13,,,?‘,
Lo v ha | . _?24)@2’ Al
A o a, Ay Mo Tl
@(Qo)

bk wha P20 ¥aw 0K =

| Now QMQ"J,“J’ : P\' % o, -.»0‘1\':{16:%?&,, , M«‘Kf Orene_§ l’(f ?, =0 = ¥y = Q,M:Fz I

o «?7’ QAxy ‘T @XL -

Q\ kQ'l o y“”

+P,_ S ccwrmms o} &e,gmea, o

e ‘\l"'\b \(L. Mu‘mﬂ o

’e ?‘7, &(,, Q B sz.T—-l-“,X&, =2 QZ'L BEA e e
- G @ o--c

N """c*‘m )io L A E e
) NO(‘S SW\C&» (P Lo MWL(S "f&M Q ﬁL{rM &ztd'&%t, wmtﬁb’gﬁ) Lu&e,v\, Vﬁ( MM"”‘Q

e de p&wg ) 7%/“/ ‘/ﬂ, aaden W,,hv,,.%ﬁff’,@g‘ﬂz@,,%,, M“_,'K"‘“jﬁiu“'fs(_. —

: ,Wﬁ;‘!\,} :ﬁ%ﬁl«_ Wo gl in 7%1 ’4’7/()%;*%&( ﬂéwcgfw




). [ s

. (o 8]
Wnt Tl Sk k' Il B

E— ¢ S — ,; - S m . D -
[a 8] [ . [“]
— e O 100ma, B
- A,amﬁﬂwww B
Sk
B — : "*’"’éi;y 'W-'S’i’k- (Im:)‘&
’ na-h =
tok(3a)* ﬁ&
o Tk
oy




HW # =

Q:"‘““”'

“pghe R o=iok ki =k

. ”‘“}3}:‘;:5 M

Q

2
 Jg = loma

TG waMmUA] de‘*MW shdeef un clang )ij bﬁ“”‘* docde He

 msins M dwplaceasd of fhe Contes of ity (@) o the refornce,
posthom , and tomaceley TOPHA  mtcosned from mw&ﬂwwi«uﬁwm

T s L
4 |

gt (ke Vg albym k) D= mkg 4 (k)x, - fkab =0 )

33

N Jo8 + (b, -lb) %y + (kb 4l )0 = ~1oomat 8 - flea %, + 4kd 8=0 @)

CNed b ¢ Asau(wie®) o B= Beeukotr @) kb () owd (2) bojeh

) Cmwtil)A + (fak) B =0
) 8 (-8lea) A+ (-womalis"s mlea’

ovo, § A

S ferw = J ”“‘lij (ee)f-#(9)

1 .
~mwrenl ~$ak 3 2 2
- L o )OOM?—QLVUJL"V- erLf»mlLQﬁLqrfﬂpl@z@::Q

wwt ek’ e 9kL2E0

=0 ‘.—..>

-~ ko, - o malu® Ika?

sl

W= ,2853 J”_E W 23'329'&\’

2

2

| Now dw, w, and P wh (3 _fhogr B =

Now ke, @y &od por oo (5)  dogr  B= L35 Ay

-.00733A
Q. .

vl Wk smee B vn redions Buud ddao bt radioma | ovd Aada

ol Aol e Same wwids V& QJMC\(QA .

S

7-29

: Sumn, e A?W;”Af’ pat Conae s o v,{or«.'m)/ B ) madk
g ,: H‘F|lw“ o uar He prond wothed ddtonre w doan

e R . ’
oL BT T e S viboking mase sl abovt)







- j

Lo Wt [ mTpewt] - by o+ Tpkw? thle=0 (k)
_New T (wrnaed Wf mudio, abvul e mass &m‘&-’f) tow pdodd do T b0
B Pmm«i Al )‘fe»ww«f ,ic,,,‘ Ip= Icz, ""W\Ez . P MIa“ z_b%,‘-:MIc,

tobre, leﬂ/, G vt doun snd polodta o f"’ﬁw‘/ &' dueto vibrohin \{‘&‘,“""’*; f“‘*
HM rﬁ(}. Bt ) Ha ﬁl,u;r(’; oéf )om;»Jf .(E} Lo j-ﬂo@ ~aned He decedirodinn 7 +50,
' m‘b Lpleanod 6‘-61& . aod-w'.% od e bal«) 1o dut fo He beesn MS

_ (;;&‘%U,\O o - ).21) , \ltx.u,«_, M(v + 19(9) = jm 7 m /ﬂu L‘)(mu(tmx oj Lumg««,ma’it

ik, iy e ki G0 o sk ebik o el

.\‘e‘*”b wmt ME oy tr/)'lwif +L¢, /tbw’@/f u‘( Z\MH\ .. e wg +o A%,J, ‘H)M, ']‘wﬁ?.wké
droud avm',er ‘B, Thia T hﬂﬂum = - h @ mﬁ;o Ok W “Hjug TMMM sabm{
e 0lasa st B Gk Hawas cenber, T Touguee 2 91 +mybc«;9

Thiss b IS *A\'\\‘/' b=- kn: ,8 '

o L‘«t' tj: Aa}“‘@'cf) } 9 35"""‘ W’{WC()) ) M‘J d”‘*’(’ W~ e*l. M\JML«MLS %ka
“Thu - - =

N
- - T IszB =+ k' E Ty bA‘Q T&,Mt Gals 4&4 M/’Z&“MA-L, ég“a U‘
W ed« CJAAL«AAJAM«:H@ ‘&;)mo :’usw, M ak '&-L. MCAWANwMgé \‘é\L &bﬂlmbw&
, Tt‘M etk sk

~—mwh ,-IBw"'-pk e
T"‘M M‘M ‘}\3 f@u., UA.&AMJVMM ﬁ&;fuc\ hm (m fQ\ di\tgwwa ua,'(w ) o

W\Igw ”»rw\t(‘ «s falc,eqwrﬁw?w L L ’LL.T-:,O

ond Tol = Tolew lemb® and  (6) beomer
Cwh[mIg ] - [ Tehk o m(legakbt)]+ kb =0







