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Galileo Galitei (1564-1642). an Italian
astronomer. philosopher. and professor
of mathematics at the Universities of
Pisa and Padua. in 1609 became the
first man to point a telescope to the

sky. He wrote the first treatise on
modern dynamics in 1590. His works
on the oscillations of a simple pendulum
and the vibration of strings are of
tundamental significance in the theory
of vibrations
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CHAPTER 1 Fundamentals of Vibration

1.1 PRELIMINARY REMARKS

This chapter introduces the subject of vibrations in a relatively simple manner. The
chapter begins with a brief history of the subject and continues with an examinatior
of its importance. The various steps involved in vibration analysis of an engineering
system are outlined, and essential definitions and concepts of vibration are intro-
duced. There follows a presentation of the concept of harmonic analysis, which car
be used for the analysis of general periodic motions. No attempt at exhaustivc
treatment is made in Chapter 1; subsequent chapters will develop many of the idea:
in more detail.

1.2 BRIEF HISTORY OF VIBRATION

People became interested in vibration when the first musical instruments, probably
whistles or drums, were discovered. Since then, people have applied ingenuity and
critical investigation to study the phenomenon of vibration. Galileo discovered the
relationship between the length of a pendulum and its frequency and observed the
resonance of two bodies that were connected by some energy transfer medium and
tuned to the same natural frequency. Further, he observed the interrelationships of
the density, tension, length, and frequency of a vibrating string [1.1]. Although it had
long been understood that sound was related to the vibration of a mechanical
system, it was not clear that pitch is determined by the frequency of .vibration until
Galileo found the result. At about the same time as Galileo, Hooke showed the .
relationship between frequency and pitch.

Among mathematicians, Taylor, Bernoulli, d’Alembert, Euler, Lagrange, and
Fourier made valuable contributions to the development of vibration theory. Wallis.
and Sauveur observed, independently, the phenomenon of mode shapes (with
stationary points, called nodes) in vibrating strings. They also established that the
frequency of the second mode is twice that of the first and the frequency of the third
mode three times that of the first. Sauveur is credited with coining the term
fundamental for the lowest frequency and harmonics for the others. Bernoulli first
proposed the principle of linear superposition of harmonics: Any general configura-
tion of free vibration is made up of the configurations of individual harmonics.
acting independently in varying strengths [1.2]. .

After the enunciation of Hooke’s law of elasticity in 1676, Euler (1744) and

Bernoulli (1751) derived the differential equation governing the lateral vibration of -
prismatic bars and investigated its solution for the case of small deflections. In 1784.

Coulomb did both theoretical and experimental studies of the torsional oscillations

of a metal cylinder suspended by a wire. _

There is an interesting story related to the development of the theory of
vibration of plates [1.3]. In 1802, Chladni developed the method of placing sand on a
vibrating plate to find its mode shapes and observed the beauty and intricacy of the
modal patterns of the vibrating plates. In 1809, the French Academy invited Chladni
to give a demonstration of his experiments. Napoleon Bonaparte, who attended the
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1.2 Brief History of Vibration 3

meeting, was very impressed and presented a sum of 3000 francs to the Academy, to
be awarded to the first person to give a satisfactory mathematical theory of the
vibration of plates. By the closing date of the competition in October, 1811, only one
candidate, Sophie Germain, had entered the contest. But Lagrange, who was one of
the judges, noticed an error in the derivation of her differential equation of motion.
The Academy opened the competition again, with a new closing date of October,
1813. Sophie Germain again entered the contest, presenting the correct form of the
differential equation. However, the Academy did not award the prize to her because
the judges wanted physical justification of the assumptions made in her derivation.
The competition was -opened once more. In her third attempt, Sophie Germain was
finally awarded the prize in 1816, although the judges were not completely satisfied

~ with her theory. In fact, it was later found that her differential equation was correct

but that the boundary conditions were erroneous. The correct boundary conditions
for the vibration of plates were given in 1850 by Kirchoff.

After this, vibration studies were done on a number of practical mechanical and
structural systems. In 1877, Lord Rayleigh published his book on the theory of
sound [1.4]; it is considered a classic on the subject of vibrations even today. Notable
among the many contributions of Rayleigh is the method of finding the fundamental
frequency of vibration of a conservative system by making use of the principle of
conservation of energy——now known as Rayleigh’s method [1.5]. In 1902, Frahm
investigated the importance of torsional vibration study in the design of propeller
shafts of steamships. The dynamic vibration absorber, which involves the addition of
a secondary spring-mass system to eliminate the vibrations of a main system, was
also proposed by Frahm in 1909. Among the modern contributors to the theory of
vibrations, the names of Stodola, Timoshenko, and Mindlin are notable. Stodola’s
method of analyzing vibrating beams is also applicable to turbine blades. The works
of Timoshenko and Mindlin resulted in improved theories of vibration of beams and
plates.

It has long been recognized that many basic problems of mechanics, including
those of vibrations, are nonlinear. Although the linear treatments commonly adopted
are quite satisfactory for most purposes, they are not adequate in all cases. In
nonlinear systems, there often occur phenomena that are theoretically impossible in
linear systems. The mathematical theory of nonlinear vibrations began to develop in
the works of Poincaré and Lyapunov at the end of the last century. After 1920,
studies undertaken by Duffing and van der Pol brought the first definite solutions
into the theory of nonlinear vibrations and drew attention to its importance in
engineering. In the last 20 years, authors like Minorsky and Stoker have endeavored
to collect the main results concerning nonlinear vibrations in the form of mono-
graphs [1.6,1.7].

Random characteristics are present in diverse phenomena such as earthquakes,
winds, transportation of goods on wheeled vehicles, and rocket and jet engine noise.
It became necessary to devise concepts and methods of vibration analysis for these
random effects. Although Einstein considered Brownian movement, a particular type
of random vibration, as long ago as 1905, no applications were investigated until
1930. The introduction of the correlation function by Taylor in 1920 and of the
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CHAPTER 1  Fundamentals of Vibration

Figure 1.1 Finite element idealization of the body of a bus [1.12]. (Reprinted with permission© 1974
Society of Automotive Engineers, Inc. )

spectral density by Wiener and Khinchin in the early 1930s opened new prospects
for progress in the theory of random vibrations. Papers by Lin and Rice, published
between 1943 and 1945, paved the way for the application of random vibrations to
practical engineering problems. The monographs of Crandall and Mark, and Robson
systematized the existing knowledge in the theory of random vibrations [1.8,1.9].
Until about 25 years ago, vibration studies, even those dealing with complex
engineering systems, were done by using gross models, with only a few degrees of
freedom. However, the advent of high-speed digital computers in the 1950s made it
possible to treat moderately complex systems and to generate approximate solutions
in semi-closed form, relying on classical solution methods: but using numerical
evaluation of certain terms that can not be expressed in closed form. The simulta-
neous development of the finite element method enabled engineers to use digital
computers to conduct numerically detailed vibration analysis of complex mechani-
cal, vehicular, and structural systems displaying thousands of degrees of freedom
[1.10,1.11]. Figure 1.1 shows the finite element idealization of the body of a bus

[1.12].

1.3 IMPORTANCE OF THE STUDY
OF VIBRATION

Early scholars in this field concentrated their efforts on understanding the natural
phenomena and developing mathematical theories to describe the vibration of
physical systems. In recent times, many investigations have been motivated by the







Figure 1.2 Tacoma
Narrows bridge during
wind-induced vibration.
The bridge opened

on 1 July 1940 and

collapsed on 7 November

1940. (Farquharson

-photo, Historical

Photography, Collection,
University of Washington
Libraries.)
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engineering applications of vibration, such as the design of machines, foundations,
structures, engines, turbines, and control systems. ‘

Most prime movers have vibrational problems due to the inherent unbalance in
the engines. The unbalance may be due to faulty design or poor manufacture.
Imbalance in diesel engines, for example, can cause ground waves sufficiently
powerful to create a nuisance in urban areas. The wheels of some locomotives can
rise more than a centifieter off the track at high speeds due to unbalance. In
turbines, vibrations cause spectacular mechanical failures. Engineers have not yet
been able to prevent the failures that result from blade and disk vibrations in
turbines. Naturally, the structures designed to support heavy centrifugal machines,
like motors and turbines, or reciprocating machines, like steam and gas engines and
reciprocating pumps, are also subjected to vibration. In all these situations, the
structure or machine component subjected to vibration can fail because of material
fatigue resulting from the cyclic variation of the induced stress. Furthermore, the
vibration causes more rapid wear of machine parts such as bearings and gears and
also creates excessive noise.

Whenever the natural frequency of vibration of a machine or structure coincides
with the frequency of the external excitation, there occurs a phenomenon known as
resonance, which leads to excessive deflections and failure. The literature is full of
accounts of system failures brought about by resonance and excessive vibration of
components and systems (see Fig. 1.2). Because of the devastating effects that
vibrations can have on machines and structures, vibration testing [1.13] has become
a standard procedure in the design and development of most engineering systems
(see Fig. 1.3).
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Figure 1.3 Vibration testing of the space
shuttle Enterprise. (Courtesy of NASA.)

CHAPTER 1 Fundamentals of Vibration

In many engineering systems, a human being acts as an integral part of the
system. The transmission of vibration to human beings results in discomfort and loss|
of efficiency [1.14]. Vibration of instrument panels can cause their malfunction or
difficulty in reading the meters [1.15). Thus one of the important purposes ol}
vibration study is to reduce vibration through proper design of machines and their
mountings. In this connection, the mechanical engineer tries to design the engine orf

Figure 1.4 Vibratory finishing process. (Reprinted courtesy of the Society of Manufacturing Engineers §

© 1964 The Tool and Manufacturing Engineer. )




//"’\?



1.4 Basic Concepts of Vibration 7

machine so as to minimize unbalance, while the structural engineer tries to design
the supporting structure so as to ensure that the effect of the imbalance will not be
harmful [1.16]. ,

In spite of its detrimental effects, vibration can be utilized profitably in several
industrial applications. In fact, the applications of vibratory equipment have in-
creased considerably in recent years [1.17]. For example, vibration is put to work in
vibratory conveyors, hoppers, sieves, and compactors. Vibration is also used in pile

driving, vibratory testing of materials, vibratory finishing processes, and electronic -

circuits to filter out the unwanted frequencies (see Fig. 1.4). Vibration has been
found to improve the efficiency of certain machining, casting, forging, and welding
processes. It is employed to simulate earthquakes for geological research and also to
conduct studies in the design of nuclear reactors.

1.4 BASIC CONCEPTS OF VIBRATION

1.4.1 Vibration

Any motion which repeats itself after an interval of time is called vibration or
oscillation. The swinging of a pendulum and the motion of a plucked string are
typical examples of vibration. The theory of vibration deals with the study of
oscillatory motions of bodies and the forces associated with them.

1.4.2 Elementary Parts of Vibrating Systems

A vibratory system, in general, includes a means for storing potential energy (spring
or elasticity), a means for storing kinetic energy (mass or inertia), and a means by
which energy is gradually lost (damper).

The vibration of a system involves the transfer of its potential energy to kinetic
energy and kinetic energy to potential energy, alternately. If the system is damped,
some energy is dissipated in each cycle of vibration and must be replaced by an
external source if a state of steady vibration is to be maintained.

As an example, consider the vibration of the simple pendulum shown in Fig. 1.5.
Let the bob of mass m be released after giving it an angular displacement . At
position 1 the velocity of the bob and hence its kinetic energy is zero. But it has a
potential energy of magnitude mg/(1—cos @) with respect to the datum position 2.
Since the gravitational force mg induces a torque mg/sinf about the point O, the
bob starts swinging to the left from position 1. This imparts to the bob a certain
angular acceleration in the clockwise direction, and by the time it reaches position 2,
all of its potential energy will be converted into kinetic energy. Hence the bob will
not stop in position 2, but will continue to swing to position 3. As it crosses the
mean position 2, however, a counterclockwise torque starts acting on the bob (again
due to gravity) and causes the bob to decelerate. Eventually, the velocity of the bob
reduces to zero at the left extreme position. By this time, all the kinetic energy of the
bob will be converted to potential energy. Again the gravity torque continues to act
and gives the bob a counterclockwise velocity. Hence the bob starts swinging back
with progressively increasing velocity and overshoots the mean position again. This
sequence of events keeps on repeating, and the pendulum keeps on performing
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1.6 Vibration Analysis Procedure
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Figure 1.11 Modeling of an automobile.
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CHAPTER 3  Harmonically Excited Vibration

3.5 RESPONSE OF A DAMPED SYSTEM
UNDER F(t) = F,e'!

Let the harmonic forcing function be represented in complex form as Fi (1) = Fe™
so that the equation of motion becomes

mx + cx + kx = Fe'' (3.42)

Since the actual excitation is given only by the real part of F( t), the response will
also be given only by the real part of x(¢z) where x(t) is a complex quantity
satisfying the differential equation (3.42). F, in Eq. (3.42) is, in general, a complex
number. By assuming the particular solution x (1)

x,(t) = Xe'! (3.43)
we obtain, by substituting Eq. (3.43) into Eq. (3.42),*
F,
: (3.44)

(k- me?)+icw

Multiplying the numerator and denominator on the right side of Eq. (3.44) by
[(k — mw?)—icw] and separating the real and imaginary parts, we obtain
_ 2
X=F, k mzw —; sz
(k—mw?) + % (k—-mo?)’+ c%w?

(3.45)

Using the relation, x + iy = Ae'® where 4=x?+ y? and tan¢ = y/x, Eq. (3.45)
can be expressed as

X= [ Fg ]1/2 e~ '* (3.46)
(k —mw?)" + c%w?
where
¢=tan”l(ﬁﬁ) ' (3.47)
Thus the steady-state solution, Eq. (3.43), becomes
F, .
x,(t)= 0 e!(wi=#) (3.48)

[(k - mw2)2+ (cw)2] 12

Frequency Response. Equation (3.44) can be rewritten in the form
X kX 1

2 = H(iw) (3.49)

o Fy  1—-r2402¢r

where H(iw) is known as the complex frequency response of the system. The absolute

*Equation (3.44) can be written as Z(iw)X=F, where Z(iw)=—mw?® +iwc+k is called the
mechanical impedance of the system [3.8].

s
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value of H(iw) given by
_ 1
[a-r2)+(2ry]”

denotes the magnification factor defined in Eq. (3.30). Recalling that e®=cos¢ +
isin¢, we can show that Egs. (3.49) and (3.50) are related:

lH(iw)l=l%‘ (3.50)

H(iw)=|H(iw)|e™* (3.51)
where ¢ is given by Eq. (3.47), which can also be expressed as
A 1 _28r
= tan 1(——-—) 3.52
¢ P (3.52)

Thus Eq. (3.48) can be expressed as
F, A
x,(1) = 70|H(iw)|e’(‘°'—"’) (3.53)

If F(1)= Fycoswt, the corresponding steady-state solution is given by the real part
of Eq. (3.48):.

F
x,(t)= 20 o 2cos(wt—¢)
[(k—mwz) +(cw) ] /
=Re[%H(iw)ei°"] =Re[%|H(iw)|e’(“”““”') (3.54)

which can be seen to be the same as Eq. (3.24). Similarly, if F(t)= Fysinwt, the
corresponding steady-state solution is given by the imaginary part of Eq. (3.48):

5, (1) = By
[(k —mw?) +(cw)

2]1/2 sin(wt — )

F, ‘ ,
= Im[—EOIH(iw)|e’(“”""’)] (3.55)

Complex Vector Representation of Harmonic Motion. The harmonic excitation and
the response of the damped system to that excitation can be represented graphically
in the complex plane, and interesting interpretation can be given to the resulting
diagram. We first differentiate Eq. (3.53) with respect to time and obtain

F,

velocity = %, (1) = iw—lle(iw)le"(‘“"_"’)= iwx,(t)

F , .
acceleration = % (1) = (iw)z—]f|H(iw)|e’(‘°’_"’)= —w’x,(¢) (3.56)

Because i can be expressed as

i==cos%+isin%=e”’/2 (3.57)
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mx(f) . x VR
\/uﬂ*

Figure 3.12 Representation of Eq. (3.42) in a complex plane.

we can conclude that the velocity leads the displacement by the phase angle /2 and
that it is multiplied by w. Similarly, —1 can be written as

—1=cosw +ising =e™? (3.58)

Hence the acceleration leads the displacement by the phase angle o, and it is
multiplied by 2.

Thus the various terms of the equation of motion (3.42) can be represented in
the complex plane, as shown in Fig. 3.12. The interpretation of this figure is that the
sum of the complex vectors mi(r), cx(r), and kx(r) balances F(t), which is

precisely what is required to satisfy Eq. (3.42). It is to be noted that the entire

diagram rotates with angular velocity w in the complex plane. If only the real part of
the response is to be considered, then the entire diagram must be projected onto the
real axis. Similarly, if only the imaginary part of the response is to be considered,
then the diagram must be projected onto the imaginary axis. In Fig. 3.12, notice that
the force F(1)= Fy ei“! is represented as a vector located at an angle w? to the real
axis. This implies that F, is real. If Fy is also complex, then the force vector F(r)
will be located at an angle of (w¢ + ¢), where ¢ is some phase angle introduced by
F,. In such a case, all the other vectors, namely, m¥, cx, and kx will be shifted by
the same angle . This is equivalent to multiplying both sides of Eq. (3.42) by e’

3.6 RESPONSE OF A DAMPED SYSTEM
UNDER THE HARMONIC MOTION OF THE BASE

Sometimes the base or support of a spring-mass-damper system undergoes harmonic
motion, as shown in Fig, 3.13(a). Let y(¢) denote the displacement of the base and
x(¢) the displacement of the mass from its static equilibrium position at time . Then
the net elongation of the spring is x — y and the relative velocity between the two
ends of the damper is x — y. From the free-body diagram shown in Fig. 3.13(b), we

S




72

o /'J ]'9:4(7



K- [ane= o = _Pole - %
Hewon [ 15r8y 4 s ) $0-r % 23y

b b= - B o ey - 257

A ke~ 'MW.‘:L I-r*

Bt XY are fus of ST

= K pew (w; t ~4/) <—> - Psuwt =P TIME LA 1N RESPyNEE Fe)
' f LEAR r>l
s€ssien )2
ol SAME moion BUT . Xp lags  P(t) by
{dapuros s X
‘V§>o KEDuce's X ad fo,

wore i€ S0 /(o vAmpng) | P20 4 K= Xs oas pames
SR A Y , , I" r ‘Z., e
[¥ Q

o

The s Time LT /1S Tme  Xo iass PU)
o I1E  whue TzO  Sm a#zf:o M J‘/z‘-) (a?z‘ﬁéj’;éo
. S [wft/-gﬁ) 20 Whoa
e mvoeamnreo ‘
-
sl 08 x= (Tl gk ad) + Kosd (b -¥)

Qg mlaour r
x = (A+Bt)e” Qe Xsm.(aff ¢) A cuihiol

~ X
o Lok AT PAGE (p])  For \772/;4\/5’/@7// > STEADY STATE  ConIVERSron

ASsumep & uy < wy = 2 <//—_§2ag, = r< ‘/7,(_2 <4
T >

° T L~ SRR I - R \‘F'OQALL w /
Note  TRAT 1R (e S Zmomm ALL G

o0 NOTE  wpen (C=i J : 7& 00 3 EXCEPT /QAUNDW‘/P&A

| ﬁ:ﬁ ._ “’é '"2;3 o

EXTREMUMS OF MF

o ME = _X_— - ——-—-————-——-a‘ MFE = MF (r)x)

Ko | (-#)+ (2r5)

I . [20-Ye2e HYe2r )+ Z,g(zr‘sﬂ Bl 2T Lo
. a - 2_ Y_ 1 Y2







i

??f 125

/
soLp)

whem

1

r=0 |

- <—_._2'r3) =
re

00 d(MF)jyp —

L when Ior= JiT3RT <1

. - A
1-rfs 280 for 1 0<T# L =707
2

= W= W, J'-Z;-t(wd.

* fo °<S<.707 Hewe o a relafioe mag .

e THIS DCFwis _HAx Po.m— ud ‘I‘Ht Rﬁswmér rdee,law B

\OCCURS To THE (GFT  OF THE  RESoNANT VAL,

e i
r=| l-l§"' In

o B (S RC9

MO *:-‘f;f N

J(zr‘) + <2"S) [a 25%]

PuT

MF =

Low 3 < 0707

Lo
7 [se

; | N | ) | 3 exhemuinns Jﬂ,

2 L he o /ﬁ/

<, e
3 >, L)

RGN

.%,,%J/_a; g;a;’\[,—gz <w

o whaes “WpzwNi-23

ocens whuw 2 {1-23F

MF m//m, /)cl" /g/M?L

-* 60 'i‘o Mﬂss o' wswsny VARI 497“/0/!/.5 NEXT 77{5»1 REMRN
. ?4/495 ANGLE - MRIATION L um‘& o

| T vy

et e L &S et Ryt
-2 -2 vl r2d ¥z = \}/_

—



S AW~ X°

¢7d¢
Wey Ppower -~
P";‘»‘WW %’Fow o~
drepr o Liks veter

AE:C”QX?”' Povier = Fvs= ev': C“ﬁszzi(éi‘
max Pouen is 4\.31

Xz X ~ (ot

..ZZZ }" ~ IN"% owev vu;b' = Q
2 5 P p

oseill 4

s f————n ' SRS

NETERG Ly = 3 106xw™ B5*
¢

1851h 3 3 . i
Ts % z C__o;%éz) s -ﬁ'-v’ ‘/'00"‘-”“;".,# 2.003x18 "
nY
gy = gg‘r« 3 6[4 , ""v’ . "
A, -I'; - (aoxml;;. )(2 033)00 ” )’ "’7‘,7/0‘ .. inq
= 2,260
o £ s
16 ' - -
”'lu.. s p V= .ﬁ.?;,"é_:s x (,“'“.”,) YV W
LA
"hES Measmy Wz /;’5 = 5.8

hé




N

kﬂ')?‘:‘*’?r(iﬂgfdog/t %L[Jf

o

[

o S e 7
fo T20  and r<i  deP=0
§:0 and >4 44«:\4}«‘ o b s—'f‘m W_Ta)-uﬂ_, Swl,a., bd,.(q) PN)

DASCoNTINUITY AT r=41
- LP(S DER AT PAES S s
bor wor T,

tw > w0 4%\{/—? o awd “\’A—'?TC Xp =7 st;n(wﬁé—-ﬁ?o
oA l"»—) o kww."" —> 4+ O u.wsl ‘ XP = XSv’w w_g"t' Pz E‘So;w+t

it "P ll be i phase for r<<A Lt il be  outef phase frv rZ7A

o

A

C¥T ek r=i ,,,.—Xs‘n(w,ct—wf.xfe sav(wt-7)

S res __"wf<‘w,',] Ptk T4

r>1 “’f>‘*"__ t/)f "’A"“ 34’

D

FRsr PART oF SESStoN # /3 T md Kk Vedehnw

\QuALTy  FAsToR A BaidwipTi ]

REMEMABLR Roge = L Xy =

= —

Xo 2T - "2—§Jn-32' .

fr 5 Free 2[% o L= @ (G o guall bk
o N  Ra AT }\y . .
%

0

max

" EE. - whw « %ﬂor haa an CJM at Fo 0 nam (e

. DEFNE  BANDWIDTH  AS  PIFFIRINCE i Foresd FREas whuw MF = &
MR = I = _L—.. = Q—.
J(-r) e (28¢) 2LT P




T

- J.‘




—

I 3

3

o

o

soLvm PR | £ = (1-2%%) % 23 J)+3E

s/%RSMAJlg FZ o~ I +2% = r~ [+T -3

h-n = Wy, owp 1Y - (0X)
. W wd

L6, are e half prue pbs )
sinee | PQW a)\osww ot
HW b rdcdd bHu._ Vu.lv.b
uﬁ K2 4 hewn MF

B
i

TO = -k 0 -¢_ 0 + Tsiuayt
e IO +8,0 4 6 =Ty Stinurgt

Hw Y-2¢ , 4-2&9} .27 y ¢-29a Find  Bavd - wr o7, /V/';M/M//;

. PA&T’ aFLESSoM $/3 To MERE

0

MHSS 4 spfszc, w/a/sr Vﬁfelﬁﬂods ';’j‘

s RS
whew " I Varks K ch7 . ok mres K, Vares |

who (K vasies S g2 £ - <
L, Zmw  2dmk

CANNOTr USe @,ezam/m GRAPHS —D JUMP FRom oM E }’ CURVE TD OTIHR.
Rt th 7 ,;"‘e

R iz (R)2le )

e e T T T

(- mudg )2+ (Co)”



{'?‘""‘ T




e LI-p 231y
Nbasv ~k3sm ~\3 “e N\BE 0
kBEN =2. \
I'I\\II
\ >
Qul N e o
N Y AR
Joous = 57 5
A I
s ) o O.d
WG () =2 % *
N\3E\o&N \._w
SenaQu = 04 £
‘aseq eouejequn Jur3glor moh* J\Z
Joomgg=o——" |
JoulCde
0= o1
91- 21n314
-y _s
b € z T 07
sTQ=4 0
09
=4
LQL O
0C1
v\ . €
,, \ $0
\\ P
\
— e e N
081
/ o
0=3

€Ll 3ANLNdEY NO ALIDILSVII ANV SSVYIN 40 IONINTINI Ci-v

#

<
5

~

Tmo

(zLv) o|n~|

__ Xew
=""X

v £q
pauyap SI pue fmuw = 3y 10J 10000 Jurod WINUIXEW Y} Jey} punoy st 31 sy
woi ‘0 = yp/Xp Suniaes £Q paure1qo aq Ued SIAIND 3y} Uo sjurod wnunur
pUEB WNWIXEA "UOTIBISPISUOD SIY) UI JUBISUOD I8 Jo pue ‘w ‘°g yey) pajou
aq PINoYs 1] *L]-p ‘SLd UI UMOYS SI SIAINO JO Afrurej Jurjnsal oy [, -2 JUEISUOD
Suidwrep oy} JO sonjea [e12ss 1o0j y ysureSe peyojd 2q udy) ued x pue

(Joo) + NMWcE -/ _y

(1-v)

ULIO] 3y} Ul US) UM 2q ued (61
‘bg) uoneyax spmyndure oy ¥ Furkiea Jo 19332 ay) Apnis 03 PAIISIP ST J] Oy
anjeA 90U212JoI a1} S3ueyo [[1M ¥ SULISI[E ‘WONIPPE U] "Pasn 3q 0} dAey U3y
PINOM SAIND I JUSISKIP & 20WIS ‘GT-p “B1 Jo uwonejpidiojur 3y} 110ISIp pue
(s Nz/o = 3 se) 3 19)E (1M SIY) ‘paSueyd sI w 10 ) 1YL jI ‘I9AMOH Yo
se [[om se w 10 3 Suueyd £q PILIBA 9q UBD L 0UIY Pue /W Nw =1 yey
[{eoa1 ‘opnyjdure 91e1s-Apesls Y3 Uo 4 JUIATeA JO 1I9JJ3 S} SUIUTWINNRP U]

FdniindNiv NO
ALIJILSVY13 ANV SSYIW d4O0 IDONINTANI ZL-v

‘] = 4 ySnoiyy ¢ = 4 wouy resuy] Ayeunxordde st oAmMd /i 9Y) LOL'Q = 2 10)
Tey) 910N ‘] = 4 10j $22139p 06 = /t Jo ur0d 9y} YSno1y) 0F SIAINO [y "ISBO
guiduwrep-o19z oy} 10§ 2a1n0 oy} soyoeoidde aaInd oy ‘st jey) {pajeusrxoidde
2Je SUONIPUOD SUIES 3SIY] ) JO SIN[BA [[BUIS IO, "T-p UONIIG JO UOISSNOSIP
pue siskfeue oy yim se218e SIL | <4 10§ S92180p (8] = M pue [ =
10] $92130p (6 = / ‘] > 4 01 9 =4 woly § = M Fuidwrep ou 10§ 9I-p 81
Ul UMOYS ST SAINO JO A[riue) Sunynsal sy ], " JO SON[BA SNOLIBA 10§ . Jsurede
/ Sumold £q paipnis aq wed S, 4 onel Aduenbayy oY) pue ) I010E) Bur
-durep a3 uo spuadap ‘0g- *ba £q pougep se ‘oj3ue sseyd ay) jo anfeA YL

ITONY IASVHd LiI-¥

0860 _ 20 —1/'T0xT_ 21 /9T o

ur gyl =

6¢1 9550 oy X
w 6T = %.%u %mnwex
w9660 = mn %u oy
070 = % = 2=3

SNOILVHEIA d30d04 ATTVIOINOWHVYH ZLL

<

]






, apniduwe siy)
ajenoes pue ‘opnindwe wnunxews sy} 2onpoid [[ia jeys jueisuoo Fuds
oy suruIsied (q) 'W/N 06 PUe ‘S ‘7 JO sanfea y jueisuod-gurids 10j apn)
-ijdure aye3s-Apea)s oy} weIqQ () w/s - N g0 St ueysuod Juiduwrep oy} pue
G 1°0 JO SSBW B SBY] Wo)SAS OY ] "SPUOIAS UL ST J PUB SUOIMIU UL ST J 219YM
21 WIS $§°) = J 9910) 9y} AQ USALIP ST waIsks padwep v 6y ATdNVXH

“PIUIULIDIOP 2 PUR ¥ JO SINJBA I}
Fuiaey 90140p Surdwep pue yoddns onse[s ue jo pasodiuod st ugIsap oy} pue

uy/q[ 198°6T =¥
1001 aanrsod o[3uls 3y} sey yoIym
0 = 8$°€88T + 7096986 — ¥
soa18 Surduerreal pue Suipuedxyg
201 x 2500) + [ (201)(98¢/€61) — 11/

4\ 50
Lfo2) + (ou— )/
OAN - X
‘1L-v 'bg woij uay
“u1/23s qf 80 LST0 =
/o35 q ¥§(°0 = 20T X W% X 10 = oupg =2
SB P3)09[3s SI 2 JO an[ea 3yl ‘L] ‘81 woij ‘Surdwrep [[ews 10§
M _s
J0s/pel 2] = AT X —— =m
/P TX s
‘os|y
meo=X

SN "80URIRS[D [BNIOR Y} JIBY-0UO JB 138 S JUIIAOW J[qEMO][E
a1y} ‘QuIyoBW 9y} JO JusWRAOW 3Yy) ywy A[1edoid 0) 19pI0 U] NOILNTOS

“JUSWISAOL )1 Ul 3PIJJOD 10U S0P
auIyoRW 3y} TRy} OS ‘QUIYoRW JY) 10j walsAs 110ddns-onse[d padwep A[1y3y|
2 ugISo(] "UI TSI AUIYORW 3Y) JO JUSWIAOUI [EUOIIBIGIA 31} 10] SDUBIEI[D Y],
“uu/sa]040 gOg Jo Aouanbayj e pue gf 7] jo an[es wWnwixew e Sujary 010§
orouLtey & 03 parafqns st q[ ¢'6] SuiySom sulyorw v py ATdNVXE

-apnyjdure
oy} Ui uONdNpal B UI J[nsal e Jo son[ea d3ie] ‘peredionue aq I sy

GLL 3ANLMAdIAY NO ALIDILSYIZ ANV SSYW 4O 3ON3INTANI Ti-v

¢

b3

o) +
i

(sLv) =X
. Aq uoaig st(p=w
10j) utod fenrur oYY, -93Ie| S3W033q Ul SB 0197 yoeoidde soaInd 3y} IV

fmo
(¥L) ’ — ="y

v £q uaAId st pue o/ = u 1 $Indd0

jurod wnwixew sy, |0 = wip/Xp SUMAS AQ PIUILLISIP 3q UBD SIAIND 3}

uo syurod WRWIUIW PUe WAWIXB 8-y F1d Ul UMOYS SI SOAIND JO Apurej

Junynsal ay ], "JUBISIOD SB UIje} Suraq /o pue y ‘O yim 0 JO sIN[BA SNOLIBA

10§ wi jsureSe papofd aq ueo y ased supy uf aprydure ayy uo w Juikrea jo
100}j2 Y1 9AI9SQO 0 pasn 3q Osfe ued ([L-p ‘bg) uonejer spnyjdure ayL,

“UID)SAS USAIS B 10) UOljou

jo spnyjduie jjews € Ul J[nsal [[im sSuuds yus Jey ‘paroadxs 2q pinom

Se ‘sueall SIY | "98Ie] SaW03aq y St AJuo pauielte st apnyduwe ur uononpay

o) + (fou) /N
od

(eL7v) =X

£q waa1d st (0 = ¥ 1o3) yurod
[enmur oy, -a8re] sowW02q ¥ se 015z yoeoidde saaInd 2y} [[B “UORIPPE U]

- $1- 231y
Jon Jone S Fo 0
al oopyz =2
P — \ \ 0 B
¥d n
5
{
3
1 € ~
™M[45°0 =9 “olle
¥/%7 e ¥
+
Jen 2O = Og g
2 =
*ased 9ouBIRqUN BUIIRIO1 10,1, e
Lo iy =
¥70=2
! /%€
0=

SNOILVHAIA JIDHO4 ATTVOINOWEVH vLL

J

J
EY
s ¥



Yy

o



LLL Hduivy,

-

pue

aIaym

-p 21031

(8L1) (h—1/o)us x =x

se ‘gp-y ‘bg wolyy ‘umop 1as
2q 0} uoONN[OS 91BIS-APE3)S A} J[qEUd 17 uis 0y = 4 Aq pad10] UONOW I0]
(8¢~ "ba) vorenbs [eNUIHIP Y} 0} uostredwod pue SIy} Jo uoneuIIexy

(L) Yo us mSmoEHxx+MNo+NIHN
xp~  X,p
ULI0j 9y} Ul poSURIILSl 3G UBD YOTYMm
(9L-v) .H,Nuixxl =(/o Emm+xvmmo§+mﬁ?§1:o
xXp N.mu KNE

Se UolLM 3q
uay) Ued uopow Jo uorenbs [HUAIRJIP A4} ‘8-T ‘bg wo1g (27® us 2 + x)
ST Ou1 JO JUSTUAOR[ASIP [BO11I2A YL -soping £q pejusaaid aq 03 PAISPISUOD SI
(Ow — wi) Jo uopOW [BIWOZLIOY YT, -premdn se usye) UdQ ulARY X aanisod
{Q)61-y S1d Ul UMOYS SI WS)SAS SHY} 10] weiderp Apoq-9s1) Y], "SPUOIAS
T ST} ST 7 219GM ‘90URIAJeI [BJUOZLIOY PajedIpul 3y} 0} adsar qum 1o £q
pauyap st uLre ay} jo uonisod re[ngue oY) usy) ‘09s/pel fm fyoorea em3ue
e [I1A $9)B)01 ULIR 943 J] 2 4q potuasaidal st “Oui Jo A)OLIIU00S Y} 10 Ve
5113U303 2y} JO YIZud] SYL (O — i) St ApOq JUIYIBW JY) JO SSEU Y} 0S
<Oy s§ SSEUI DLIUS009 dY) PUB i ST SSBU [£10} 3Y) ‘umoys wayss ayy 104
“UONE}O0I JO SIXE Sy} UO JIJU3D SSBW

* ay Jo sixe oy 20e[d 0 a[qissoduur AJ[en3IIA I 31 9sned33q ‘sj1ed Funyelol ur jud

-19Yul S1 9ouB[EqUN FUNRIOY SUOHENIIS S[QEPIOABUN INq opduns soyjo Auews
PUE ‘UOT)R}0I JEYSHUBIO ‘Jjeys SUTIEI0 B UO £33  JO M3I0513S € UI0]] synsaI
uonipuod sy L ()61 SL Ul Cw Aq payuasa1dal Jey) St Yons SSeul L3309

J[BWS B JO UONEIOI 3y} Aq PISNEd SI UOTIBIQIA P3OIO] JO 0INOS UOWWIOD Y

3ONVIVENN DNILVIOH €L

W/N v = A1) X 10 = 0 = 0]

axygco Joo L.
_ = = N *
$$°0 od 4
wo §ETL0 =X ‘06 =% 104
wo 916y = X ‘ST =1 104
uo pry =W W00 =X ‘t=3104 ®

{887 + vl =0/ _

wo ¢/ gf = W G810 =

| pS0
21 x p70) + doe)) x ro Al _ o) + fgow A/
S0 °d
NOILNT0S

SNOILYHEIA Q3DHOd ATTVOINOWHVH 9Lt



Jp—
¥ '\’

Pr——



/‘/’," m

3.2 l?oJa.e(;“ﬁ
Fj: mrwzséwf I 7‘0:) %
F, = mrw'enwt 1] fo 2 e,
= in
Cender . 4
@ W (d—di) 9
= DN EwWE)(S)(%) - gsryx/e M
T (.08
’Z‘q (-1 )

.HE\

- 2R [de
< g el e . nreR (2

do
L = nroF ('A o pasiz xo Nh?
2

7 7 e T 0 T (- &)
32
h,? " l/ié.. " \
o : ot = X ».58
m.2
# Do 3yy f'"fm"wf- J rel o T=.138y
300 g Mot _ \ -.IS
3.0 " r>>
3.5¢ 2120 we = 2 (2.973242) k=200 Njjy  m=22 Ju) w',,zjf%
Yok a5
|1~ r*|
3.y I= '—',: ('g')(-l)s = by x0T m? E=2.07x/0" Nfj,+

b= 28T = 32007
(3 _ -3
\ | Wy [E - Vo2 rndh s 2w x PSLL T3 X i
£ |

[ na L D 1 X 7‘-$~X/0,A., = /7”:I3



-



T e e,

hem (ZoTAT‘:-
w | RGULAR. | §

c: pLi

REST oF S’ESsmA/ #/3

B TmzsmmA L 6PR_(N&|

R
————

———

¢ . : . )
() T (a,e) a: . awd PrRsuoyt

77 T=ml* O T=P

=

- P uo‘ . -‘ L] - fP
‘Q“"*z- r/Q MY A lz@'/)c
Tee = € - CO}G' = G :(\1“&/22- e m.x +. (.CL ‘\L + hf K= 7, S.w.o.)\ct
a : 1 , . 9} T

'%.Q,Zé-!- (‘.L'uzé + 12 (9 P,(, lé«cww{_t-_“-’-* Ao Lé :ﬁ/)z ) Q;é:/}z,)i@:/)(,
- ,M(Q + C,CL/29 + k 0 - '@ wat
)
vk K- %M»w{,t--> my, +Gmx+!féfx losmwj;t
L

L & L

wow CJMMWJ il . Q,ml?a.lﬁ’l:a g worwed

— =D @ £

ROTATING  UNBALANCE. E
> COMMON  SuUNCE oé"FmEp VigRATION  DUE To  RomaTion OF ECLENTRIC
MASS
o EXAMPLE = CRONK SHHPT ROTATION
, ‘ L ‘ AXIS oF
¢ INHSRENT FPROBLEI N&Wm:,y GIwneT CO-LoEnTE MASS tonTER d /4)(/.5’
T T S B or Rorr¥non
° PSume BRtentmic miaso it ot eud of arm-legthze

2
fx=

=TI

kEsz(k/Z)': kx .

~—

IS s 7

dx L
\ (""*'m )dt’: + /mo [d (xtestnw t)J: - kx x|

° mtas«w.a‘ ‘From : 541011_(, Z&%w.lb POSI sr mﬂ/k.

‘}?’ Mama
- Y ¢ ., o
THUS m¥ 4 kx+ex = Mol Wy mwfh ’F;- M€ Wy

CAN U3% RISULTS FRom BEFORE



Rao 2

= =7 =W e o = M’:’
2L T %ok cxo k=7 Ost P . 04%m R e _;002)6”‘/0/\/‘/”
mye =, /5 ég—m ff = /75»—/;,,, => &y = /75"00- 2T - /P3.26 ,.,,_i,/s P
teo y
?m l}" — !
39 " ‘/m /@g O‘I.( /
rz X - /83,2 - (2.4%2
ey /%477 i
2 E N
X = Moe r . o.e Mpl r :
AR T> e B Ralel
5 Qawe)® 3 -4 '
= = = 3.97x/0 m = . 397,
380 (/2’ ‘//Z) ’:_ / 7 7 »
W — o0 X — 15 0003947
* 7 3%

F.,t,, - kX: Jr’z./fyoﬂ/s) = 32-9/5/_
Froe Era

2 \
X - r e
T

. J(i-r*)® {23r )

l I‘l -23‘

U]

TR
U

¥ 2o,y =
,ﬁ_}' + -8 Fiige

So——

ERCTIE

g



Ruo 22

%”J. W o 3?01«3
\\\\?DW | . om,e =, /5 éj—m ‘ff = /75"7»» =2
g /— 931 = /477 rafoce

k=7

cC= O

s a'~l.(
=2 __f - /6’.3 26 = (2.2
, /'7‘ 77
2 v
X_:: r . M

'79 / (/__ 2. W
/5 02 4/2—)
380 (rz. '//2_) -/

4

~%
= 3.77 X/0

7/'0/ ] wf —» a0 X“> 25 = 0,39’7

3%

Fa Grounel = kX = &,ﬁto(;_/g);

3fo

5‘;6 :‘—’L;—‘l. = ‘0454”

_ . 045
wp = [730.20 = /£3.20 rey;
- 60 o
4 r*
I-r*
» 37 /3mn

3290

- 380.9.81 g,
ke 2298 =4, pyany,






EML Y220  10M16/97

ROTATING UNBALANCE
o m, TOTAL SYsTEM MASS = Mo

X gt = -'i-ﬁ-

X: IS THE DISPL MEASURED
FROM EQUIL oF MRS NASS

m, X DEFING FORCED Nolron oF
[ U‘t M'Mo
g?:‘(i;x) (M'm) AL L(eeesin

k(G}+x) = - k(%-!-x) -v-c.(gt-rx) -W
mx +cx+ex e m;wfs:h wt

Rt ' _ mxecx+hx = S»\w{t

(X” ?xr O‘ SIn ("’;6 s&)
.l(k-mu?) *C‘”f)‘ |
=
"M"" s .i.. - 2; el &
k-mug® |-rr'- g é r'%
u,:fE

»




. . ) v e
3",, ! s,z et AR bl g
i ] 2 Taed e 0y ; o § 7§ nd

i LR S A L PV Y R M IR O T 2
B AP VAT RTTRTO

gfif & 4"@?5%. L ;:‘% 8 '
i , m:‘g% e?::t ) % B

. & 8
@

‘

R ‘r’ee

w‘ Eg ?%“” | 'ﬁ{\:",‘ S :" ﬁw % 5’ ?‘*"&'9 '}9'«‘ A ﬁ
WAV 4 11U s Ay o

e o
L o ‘ A
Ay Wt 47 AR B P g
\‘V 1 v g N |
N
) Y &7 e , i'. ; * Z
‘ [T {0 A
ﬁhg\; i ) A

U ¥ 4 wig 4, "9 *ag

‘i*"- 3 3

g g ¥
e e 1w
P f N %i“ g4 P

.‘ 8 ¢ P x |
TR kL R DA
%“ 'n?mﬂ"' 8
&
%

Typeivie 3l oo o4

L) ' o =
P &L e Bins we  Map &
A '_5. r 3 ] g A v PR P ‘? s ) RN
'\“ %"‘: 2 '”i'_ﬁ, R . P FAITE - L ENRNC TSR SR RENCH MR S “"‘w'a;mw !‘" ) «’\, ‘\.3.":

‘5‘_.-‘_ = R " R ERY A

!&a

-

>
-




‘FOR ROTATING UNBALANCE

Xp® _M.ff_“.’f:é____ s (st-¥)
| J (k—mw; P (cw()"

fnt = coy
Ic—m;‘

ToTAL DISPL = X ppagosur + Xp

~~ N\ N\

OVERDAMPED> ¢.D,  vNDERDAMPED
FREE Vi8S FoR A DAMAED SysrBy

e
Jwet WHEN MAI MASS Passics
M“J__.ﬂ/o THROUEH Xp=0 s> .
© THE SAME GRAPHS THAT DEFINE How X VARIES

WITH m d k For ALSO APPUES FoR
Ro7ATING INAALANCE

Fll)=Lsin A&

* VARIATION ofF X DUE To VARIATIONS IN Ay /S NoT
THE SAME |



e e 3 o
d‘vw 3‘"&5,”%{:\ ?‘ﬁ i*ﬁi f:?? \4’ A ; it A

!
1) ]
:"I Qu‘v‘ ¥ ‘ # » € . gﬁ Q;ﬁ;ﬁ“ " ﬂ":’\n
R A R A A i
‘gw ) ¥ ) ,.) IR0 L R a3, L AR W s GRS E S T :;
#
o KM 2

33‘ by s s i B
‘“ Q'«"#}, { ‘ﬁﬁm “w

W . ST
IR T L L
ga‘ ELB
%ﬁ%ﬁ % J
@

. .
e e um tegeue ¥ 4 wv ;e
‘{: m i fa&%ﬂj‘& ulk ¥% & .

d""'" ¢

R LTt e s T G W e e
VR RN B Dt AN 0

TRLA, TN WA WEi %uw e
%, m‘ g f’@l'ﬁfﬁ;

| }g ' “W o 2% ﬂa"‘ ML L

g £ “ ) t' g i 3 . 3 # ~ A Y [
ANy X Wk, SATRC THRT 2WRARE LA BET e
. &

&

HGn, TIVA, BRA ] i E"’ st BT
SHURIAB AUCTRI w*‘? ki

e

Qa;fef\,’\
Sa TN ‘W“‘% A TL

Bl BT







Q

#' § 8 :

;‘? ' ? s k’f ) A',
\i, Ay R Q iy‘&‘ ’ ‘% Q
Lok it

"‘,l ‘i )

i

aﬂf«t ‘*"’w

‘o i "? f' g qg '

R,

T T A e T

éﬂ“
k& %

"3“ il

4 - Qki;? .



A |
o FoR VERY LARGE Wy (r—»cs) AL CURVES
TEND TO __X;_RU =i
("% )

N .aé.r.(_g_.&!. ) =0 =D max.occrs

Me
e WHEN = >4

~h-z§* |
ONLY TRVUE uvTIL U= é-—-o.?o?

FHAS LocAL MAX WHEw T2
FoR T >.. "
>Ti.- N LoCAL Max

THIS IS PoR LocAL MA
S 1-Y2 TSl &



“y

)

STIMY L Tepeant

L}

A L R B
%,“*: o ¢ m “5,%" M&%‘v:
§ 2

b

AP TS U T gl AT

T

o L R eyt &
R el
"ﬁ A%““ﬁ s%‘*%“ “‘If’ug g"y 3 oy %‘“ g @f

Lok
‘. (‘."ﬁ, ¥

’ "&%gﬁ 3 o N
#%}. / @gé ‘ o, - we @ Af%\%‘ Qﬂ‘m .,;ﬁ%é i

3]

s, Sl e ¢ o
#

L &
J‘wn *3"’
LAt

andsl
as & : :

v i
g v
¥ ¥ " * g E’ o ] i e¢"?‘ e
i bt ‘ o I | R « Kared e ¥ 3N
A » 478 N : X .
v ¥ e -,,\', ;{f » ‘ Ui » . ¥ G? v’ o g0
Bogooet EE w491 L SR



S9/€if o
SEIAN HOFNW

02Zh T






4 Ch. 1 / Introduction

the type of mathematical equations employed in describing the system. All types
of system models listed in Table 1.1 will be discussed in this book, although
distributed models will only be given limited attention.

1.2 System Elements, Their Characteristics,
and the Role of Integration

The modeling techniques to be developed in this text will focus initially on the use
of a set of simple ideal system elements found in four main types of systems:
mechanical, electrical, fluid, and thermal. Transducers, which enable the coupling
of these types of system to create mixed system models, will be introduced later.

This set of ideal linear elements is shown in Table 1.2, which also provides
their elemental equations and, in the case of energy storage elements, their energy

TABLE 1.2 Ideal System Elements (Linear)

System Type Mechanical Electrical Fluid Thermal
A-type element | Mass Capacitor Fluid capacitor | Thermal capacitor
Elemental dv de dpP dT
equation F= dt t= dr o = f dt On=C = dt
Energy stored Kinetic Electric field Potential Thermal

. m C Cf C
Energy equation | €, = > v | €, = ) e? Ep = —2-p2 €r = ~2—' T?
T-type element | Spring Inductor Inertor None
Elemental 1d di do;
. vV=—-—— e = —_— P - I —
equation k dt dt dt
Energy stored Potential Magrnetic field | Kinetic
: —_ 1 2 —_ L 22 — 1 2
Energy equation | €, = % F = 51 Ex = EQf
D-type element | Damper Resistor Fluid resistor Thermal resistor
Elemental 1 1 1
= [ = - = - P = - T
equation F=2bv <R> ¢ O <Rf> O (R,
1
v=;F v=Ri P = R:Q; T = R0,
Energy a€y _ dép _ dép _ C 96 _
dissipation rate | @ 1V dat a o a - T

Note: Each A-type variable represents a spatial difference across the element.
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