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CHAPTER 1 Fundamentals of Vibration

1.1 PRELIMINARY REMARKS

This chapter introduces the subject of vibrations in a relatively simple manner. The
chapter begins with a brief history of the subject and continues with an examinatior
of its importance. The various steps involved in vibration analysis of an engineering
system are outlined, and essential definitions and concepts of vibration are intro-
duced. There follows a presentation of the concept of harmonic analysis, which car
be used for the analysis of general periodic motions. No attempt at exhaustive
treatment is made in Chapter 1; subsequent chapters will develop many of the idea:
in more detail.

1.2 BRIEF HISTORY OF VIBRATION

People became interested in vibration when the first musical instruments, probably
whistles or drums, were discovered. Since then, people have .applied ingenuity and
critical investigation to study the phenomenon of vibration. Galileo discovered the
relationship between the length of a pendulum and its frequency and observed the
resonance of two bodies that were connected by some energy transfer medium and
tuned to the same natural frequency. Further, he observed the interrelationships of
the density, tension, length, and frequency of a vibrating string {1.1]. Although it had
long been understood that sound was related to the vibration of a mechanical
system, it was not clear that pitch is determined by the frequency of vibration until

Galileo found the result. At about the same time as Galileo, Hooke showed the .

relationship between frequency and pitch.

Among mathematicians, Taylor, Bernoulli, d’Alembert; Euler, Lagrange, and
Fourier made valuable contributions to the development of vibration theory. Wallis
and Sauveur observed, independently, the phenomenon of mode shapes (with
stationary points, called nodes) in vibrating strings. They also established that the
frequency of the second mode is twice that of the first and the frequency of the third
mode three times that of the first. Sauveur is credited with coining the term
fundamental for the lowest frequency and harmonics for the others. Bernoulli first
proposed the principle of linear superposition of harmonics: Any general configura-
tion of free vibration is made up of the configurations of individual harmonics.
acting independently in varying strengths [1.2].

After the enunciation of Hooke’s law of elasticity in 1676, Euler (1744) and
Bernoulli (1751) derived the differential equation governing the lateral vibration of
prismatic bars and investigated its solution for the case of small deflections. In 1784.
Coulomb did both theoretical and experimental studies of the torsional oscillations
of a metal cylinder suspended by a wire. »

There is an interesting story related to the development of the theory of
vibration of plates [1.3]. In 1802, Chladni developed the method of placing sand on a
vibrating plate to find its mode shapes and observed the beauty and intricacy of the
modal patterns of the vibrating plates. In 1809, the French Academy invited Chladni
to give a demonstration of his experiments. Napoleon Bonaparte, who attended the
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1.2 Brief History of Vibration 3

meeting, was very impressed and presented a sum of 3000 francs to the Academy, to
be awarded to the first person to give a satisfactory mathematical theory of the
vibration of plates. By the closing date of the competition in October, 1811, only one
candidate, Sophie Germain, had entered the contest. But Lagrange, who was one of
the judges, noticed an error in the derivation of her differential equation of motion.
The Academy opened the competition again, with a new closing date of October,
1813. Sophie Germain again entered the contest, presenting the correct form of the
differential equation. However, the Academy did not award the prize to her because
the judges wanted physical justification of the assumptions made in her derivation.
The competition was opened once more. In her third attempt, Sophie Germain was
finally awarded the prize in 1816, although the judges were not completely satisfied
with her theory. In fact, it was later found that her differential equation was correct
but that the boundary conditions were erroneous. The correct boundary conditions
for the vibration of plates were given in 1850 by KirchofT.

After this, vibration studies were done on a number of practical mechanical and
structural systems. In 1877, Lord Rayleigh published his book on the theory of
sound [1.4}; it is considered a classic on the subject of vibrations even today. Notable
among the many contributions of Rayleigh is the method of finding the fundamental
frequency of vibration of a conservative system by making use of the principle of
conservation of energy——now known as Rayleigh’s method [1.5]. In 1902, Frahm
investigated the importance of torsional vibration study in the design of propeller
shafts of steamships. The dynamic vibration absorber, which involves the addition of
a secondary spring-mass system to eliminate the vibrations of a main system, was
also proposed by Frahm in 1909. Among the modern contributors to the theory of
vibrations, the names of Stodola, Timoshenko, and Mindlin are notable. Stodola’s
method of analyzing vibrating beams is also applicable to turbine blades. The works
of Timoshenko and Mindlin resulted in improved theories of vibration of beams and
plates.

It has long been recognized that many basic problems of mechanics, including
those of vibrations, are nonlinear. Although the linear treatments commonly adopted
are quite satisfactory for most purposes, they are not adequate in all cases. In
nonlinear systems, there often occur phenomena that are theoretically impossible in
linear systems. The mathematical theory of nonlinear vibrations began to develop in
the works of Poincaré and Lyapunov at the end of the last century. After 1920,
studies undertaken by Duffing and van der Pol brought the first definite solutions
into the theory of nonlinear vibrations and drew attention to its importance in
engineering. In the last 20 years, authors like Minorsky and Stoker have endeavored
to collect the main results concerning nonlinear vibrations in the form of mono-
graphs [1.6,1.7].

Random characteristics are present in diverse phenomena such as earthquakes,
winds, transportation of goods on wheeled vehicles, and rocket and jet engine noise.
It became necessary to devise concepts and methods of vibration analysis for these
random effects. Although Einstein considered Brownian movement, a particular type
of random vibration, as long ago as 1905, no applications were investigated until
1930. The introduction of the correlation function by Taylor in 1920 and of the
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4 CHAPTER 1 Fundamentals of Vibration

Figure 1.1 Finite element idealization of the body of a bus [1.12]. (Reprinted with permission®© 1974
Society of Automotive Engineers, Inc. )

spectral density by Wiener and Khinchin in the early 1930s opened new prospects
for progress in the theory of random vibrations. Papers by Lin and Rice, published
between 1943 and 1945, paved the way for the application of random vibrations to
practical engineering problems. The monographs of Crandall and Mark, and Robson
systematized the existing knowledge in the theory of random vibrations [1.8,1.9].
Until about 25 years ago, vibration studies, even those dealing with complex
engineering systems, were done by using gross models, with only a few degrees of
freedom. However, the advent of high-speed digital computers in the 1950s made it
possible to treat moderately complex systems and to generate approximate solutions
in semi-closed form, relying on classical solution methods but using numerical
evaluation of certain terms that can not be expressed in closed form. The simulta-
neous development of the finite element method enabled engineers to use digital
computers to conduct numerically detailed vibration analysis of complex mechani-
cal, vehicular, and structural systems displaying thousands of degrees of freedom
[1.10,1.11]. Figure 1.1 shows the finite element idealization of the body of a bus

[1.12].

1.3 IMPORTANCE OF THE STUDY
OF VIBRATION

Early scholars in this field concentrated their efforts on understanding the natural
phenomena and developing mathematical theories to describe the vibration of
physical systems. In recent times, many investigations have been motivated by the






Figure 1.2 Tacoma
Narrows bridge during
wind-induced vibration.
The bridge opened

on 1 July 1940 and
collapsed on 7 November
1940. (Farquharson
photo, Historical
Photography, Collection.
University of Washington
Libraries.)

1.3 Importance of the Study of Vibration 5

engineering applications of vibration, such as the design of machines, foundations,
structures, engines, turbines, and control systems. :

Most prime movers have vibrational problems due to the inherent unbalance in
the engines. The unbalance may be due to faulty design or poor manufacture.
Imbalance in diesel engines, for example, can cause ground waves sufficiently
powerful to create a nuisance in urban areas. The wheels of some locomotives can
rise more than a centimeter off the track at high speeds due to unbalance. In
turbines, vibrations cause spectacular mechanical failures. Engineers have not yet
been able to prevent the failures that result from blade and disk vibrations in
turbines. Naturally, the structures designed to support heavy centrifugal machines,
like motors and turbines, or reciprocating machines, like steam and gas engines and
reciprocating pumps, are also subjected to vibration. In all these situations, the
structure or machine component subjected to vibration can fail because of material
fatigue resulting from the cyclic variation of the induced stress. Furthermore, the
vibration causes more rapid wear of machine parts such as bearings and gears and
also creates excessive noise.

Whenever the natural frequency of vibration of a machine or structure coincides
with the frequency of the external excitation, there occurs a phenomenon known as
resonance, which leads to excessive deflections and failure. The literature is full of
accounts of system failures brought about by resonance and excessive vibration of
components and systems (see Fig. 1.2). Because of the devastating effects that
vibrations can have on machines and structures, vibration testing [1.13] has become
a standard procedure in the design and development of most engineering systems
(see Fig. 1.3).







Figure 1.3 Vibration testing of the space
shuttle Enterprise. (Courtesy of NASA.)

CHAPTER 1  Fundamentals of Vibration

In many engineering systems, a human being acts as an integral part of theg
system. The transmission of vibration to human beings results in discomfort and loss 0
of efficiency [1.14]. Vibration of instrument panels can cause their malfunction ot
difficulty in reading the meters [1.15]). Thus one of the important purposes of
vibration study is to reduce vibration through proper design of machines and their
mountings. In this connection, the mechanical engineer tries to design the engine or

b

Figure 1.4 Vibratory finishing process. (Reprinted courtesy of the Society of Manufacturing Engineers

© 1964 The Tool and Manufacturing Engineer. )
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1.4 Basic Concepts of Vibration . 7

machine so as to minimize unbalance, while the structural engineer tries to design

the supporting structure so as to ensure that the effect of the imbalance will not be
harmful [1.16]. -

In spite of its detrimental effects, vibration can be utilized profitably in several
industrial applications. In fact, the applications of vibratory equipment have in-
creased considerably in recent years [1.17]. For example, vibration is put to work in
vibratory conveyors, hoppers, sieves, and compactors. Vibration is also used in pile
driving, vibratory testing of materials, vibratory finishing processes, and electronic -
circuits to filter out the unwanted frequencies (see Fig. 1.4). Vibration has been
found to improve the efficiency of certain machining, casting, forging, and welding
processes. It is employed to simulate earthquakes for geological research and also to
conduct studies in the design of nuclear reactors.

1.4 BASIC CONCEPTS OF VIBRATION

1.4.1 Vibration

Any motion which repeats itself after an interval of time is called vibration or
oscillation. The swinging of a pendulum and the motion of a plucked string are
typical examples of vibration. The theory of vibration deals with the study of
oscillatory motions of bodies and the forces associated with them.

1.4.2 Elementary Parts of Vibrating Systems

A vibratory system, in general, includes a means for storing potential energy (spring
or elasticity), a means for storing kinetic energy (mass or inertia), and a means by
which energy is gradually lost (damper).

The vibration of a system involves the transfer of its potential energy to kinetic
energy and kinetic energy to potential energy, alternately. If the system is damped,
some energy is dissipated in each cycle of vibration and must be replaced by an
external source if a state of steady vibration is to be maintained.

As an example, consider the vibration of the simple pendulum shown in Fig. 1.5.
Let the bob of mass m be released after giving it an angular displacement 6. At
position 1 the velocity of the bob and hence its kinetic energy is zero. But it has a
potential energy of magnitude mgl/(1—cos @) with respect to the datum position 2.
Since the gravitational force mg induces a torque mglsind about the point O, the

bob starts swinging to the left from position 1. This imparts to the bob a certain
angular acceleration in the clockwise direction, and by the time it reaches position 2,
all of its potential energy will be converted into kinetic energy. Hence the bob will
not stop in position 2, but will continue to swing to position 3. As it crosses the
mean position 2, however, a counterclockwise torque starts acting on the bob (again
due to gravity) and causes the bob to decelerate. Eventually, the velocity of the bob
reduces to zero at the left extreme position. By this time, all the kinetic energy of the
bob will be converted to potential energy. Again the gravity torque continues to act
and gives the bob a counterclockwise velocity. Hence the bob starts swinging back
with progressively increasing velocity and overshoots the mean position again. This
sequence of events keeps on repeating, and the pendulum keeps on performing
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1.6 Vibration Analysis Procedure
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Figure 1.11 Modeling of an automobile.
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CHAPTER 3  Harmonically Excited Vibration

3.5 RESPONSE OF A DAMPED SYSTEM
UNDER F(f) = F e’

Let the harmonic forcing function be represented in complex form as F(¢) = Fye'
so that the equation of motion becomes

mi + cx + kx = Fye'! (3.42)

Since the actual excitation is given only by the real part of F(r), the response will

also be given only by the real part of x(¢) where x(¢) is a complex quantity

satisfying the differential equation (3.42). F; in Eq. (3.42) is, in general, a complex
number. By assuming the particular solution x,(7)

x, (1) = Xeio" (3.43)

we obtain, by substituting Eq. (3.43) into Eq. (3.42),*

FO

(k= me?)+icw

(3.44)

Multiplying the numerator and denominator on the right side of Eq. (3.44) by
[(k — mw?)—icw] and separating the real and imaginary parts, we obtain
. 2
X=F, k m:: oy co.>2
(k—mw?) +c%? (k—mw?) + cw?

(3.45)

Using the relation, x + iy = Ae'® where 4 =x?+ y? and tan¢ = y/x, Eq. (3.45)
can be expressed as

F .
i [(k—mw2)2+ czwz]l/zeﬂqb 040
where
o= tan_l(——————k j:wz) | (3.47)
Thus the steady-s:tate solution, Eq. (3.43), becomes
x,(1)= fo el (3.48)

{(k - mw2)2+ (cw)z] 2

Frequency Response. Equation (3.44) can be rewritten in the form
X . kX__ 1

——= H(i 3.49
X, Fy 1—-r24i2¢r (i0) ( )

where H(iw) is known as the complex frequency response of the system. The absolute

*Equation (3.44) can be written as Z(iw)X=F, where Z(iw)=—mwo® +iwc+k is calied the
mechanical impedance of the system [3.8].
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value of H(iw) given by

kX\ 1

Mle """ (3.50)
Bl fa-ry+@n]”

es the magnification factor defined in Eq. (3.30). Recalling that e'®=cos¢+

\H(iw)|=

denot
ising, we can show that Egs. (3.49) and (3.50) are related:
H(iw)=\H(iw)|e"i¢ (3.51)
, where ¢ is given by Eq. (3.47), which can also be expressed as
! o 28
= ¢ = tan 1( ) 3.52
| ¢ - (3.52)
Thus Eq. (3.48) can be expressed as
F, .
x, (1) = —kg|H(iw)|e‘(‘°'““’) (3.53)
If F(t)= Feoswi, the corresponding steady-state solution is given by the real part
of Eq. (3.48) .
X (t)=___———————9-—”—"‘"cos(wt—¢)
g [k - ma? Y2+ (cw)]”?
F . F, .
=Re[—kgH(iw)e'“’]=Re{—£|H(z‘w)le'(“”"¢’] (3.54)

e same as Eq. (3.24). Similarly, if F(£)= Fysinwt, the

which can be seen to be th
corresponding steady-state solution is given by the imaginary part of Eq. (3.48):

x,(1)= sin(wt — )
l

(k- mw?)’+ (cw)z]l/2

F, , .
- Im[l—f\H(iw)\e‘(“""’)l (3.55)

sentation of Harmonic Motion. The harmonic excitation and

Complex Vector Repre
the response of the damped system to that excitation can be represented graphically
e resulting

in the complex plane, and interesting interpretation can be given to th
diagram. We first differentiate Eq. (3.53) with respect to time and obtain

F .
velocity = X, () = iw—l:OIH(iw)le’(“’""’): iwx,(t)

F, , .
acceleration = %, (1) = (iw)z—]g|H(iw)|e‘(“’“¢) = — w’x,(t) (3.56)
Because i can be expressed as

o pin/2
3 (3.57)

. w ..
I=COSE+ISIH
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mx(t) . x W)
\/uﬂ*

Figure 3.12 Representation of Eq. (3.42) in a complex plane.

we can conclude that the velocity leads the displacement by the phase angle 7/2 and

that it is multiplied by . Similarly, — 1 can be written as
~1=cosn +isinm =e™? (3.58)

Hence the acceleration leads the displacement by the phase angle @, and it is
multiplied by w?.

Thus the various terms of the equation of motion (3.42) can be represented in
the complex plane, as shown in Fig, 3.12. The interpretation of this figure is that the
sum of the complex vectors mi(¢), cx(¢), and kx(r) balances F(¢), which is

precisely what is required to satisfy Eq. (3.42). It is to be noted that the entire,

diagram rotates with angular velocity w in the complex plane.. If only the real part of
the response is to be considered, then the entire diagram must be projected onto the
real axis. Similarly, if only the imaginary part of the response is to be considered,
then the diagram must be projected onto the imaginary axis. In Fig. 3.12, notice that
the force F(1) = F, e'“! is represented as a vector located at an angle w¢ to the real
axis. This implies that F, is real. If F; is also complex, then the force vector F(r)
will be located at an angle of (wt + /), where ¢ is some phase angle introduced by
F,. In such a case, all the other vectors, namely, mx, cx, and kx will be shifted by
the same angle . This is equivalent to multiplying both sides of Eq. (3.42) by e’

3.6 RESPONSE OF A DAMPED SYSTEM
UNDER THE HARMONIC MOTION OF THE BASE

Sometimes the base or support of a spring-mass-damper system undergoes harmonic
motion, as shown in Fig. 3.13(a). Let y(¢) denote the displacement of the base and
x(t) the displacement of the mass from its static equilibrium position at time ¢. Then
the net elongation of the spring is x — y and the relative velocity between the two
ends of the damper is x — p. From the free-body diagram shown in Fig. 3.13(b), we

L
3
¢
b
!
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4 Ch.1 / Introduction

the type of mathematical equations employed in describing the system. All types
of system models listed in Table 1.1 will be discussed in this book, although
distributed models will only be given limited attention.

1.2 System Elements, Their Characteristics,
and the Role of Integration

The modeling techniques to be developed in this text will focus initially on the use
of a set of simple ideal system elements found in four main types of systems:
mechanical, electrical, fluid, and thermal. Transducers, which enable the coupling
of these types of system to create mixed system models, will be introduced later,

This set of ideal linear elements is shown in Table 1.2, which also provides
their elemental equations and, in the case of energy storage elements, their energy

TABLE 1.2 Ideal System Elements (Linear)

System Type Mechanical Electrical Fluid Thermal
A-type element | Mass Capacitor Fluid capacitor | Thermal capacitor
Elemental dv _ . de -~ 9P cc
equation F=m T 9 = cf dt Ou=C=7
Energy stored Kinetic Electric field Potential Thermal

C C C
Energy equation | €5 = %vz € = Py e’ Ep = Efpz ér = 3‘ T?
T-type element | Spring Inductor Inertor None
Elemental 1 dF di do;
. vVe= - — e=L— P=]—
equation k dt dt dt
Energy stored Potential Magnetic field | Kinetic
: — 1 2 —_ L 22 —_ 1 2
Energy equation | €, = E;F Eu = 5 €x = 2 Q7
D-type element | Damper Resistor Fluid resistor Thermal resistor
Elemental 1 1 1
= = | = ={=—]P =|=)T
equation F=2bv ! (R) ¢ <& <Rf> O <R,>
v=-F v=Ri P = R0 T = R0,
Energy dé, a$p, _ . dé, T d€p
dissipation rate a Y a ¢ a o a 9T

Note: Each A-type variable represents a spatial difference across the element.
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