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*21-1. Show that the sum of the moments of inertia of a
body, I, + I,, + I, is independent of the orientation of
the x, y, z axes and thus depends only on the location of its
origin.

I, +1,,+1,

/ (y2 + zz)dm + /(x2 + zz)dm + / ()c2 + yz)dm

2/ (x* + y? + Z2)dm
m

However, x> + y2 + 72 = r?, where r is the distance from the origin O to dm. Since
|r| is constant, it does not depend on the orientation of the x, y, z axis. Consequently,
I, + I,, + I isalso indepenent of the orientation of the x, y, z axis. Q.E.D.
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21-2. Determine the moment of inertia of the cone with
respect to a vertical y axis that passes through the cone’s
center of mass. What is the moment of inertia about a parallel
axis y’ that passes through the diameter of the base of the
cone? The cone has a mass m. *ﬁ

2 h |
x2dx.

a
The mass of the differential element is dm = pdV = p(7y?) dx = pZz

1
dl, = dey2 + dmx?
1| pmwd® 2 wa’
= |:ph2 x? dx} (%x) + <ph2 x2>x2 dx
pwa’ 1

a
= i (4n* + a®) x* dx

2 h 2
pma 2, 2 4 prah o,
= = + = +
1, /dlv T (4h a’) l x*dx 20 (4h a’)

However,

2 h 2
a ah
m=/dm=pﬂ-2 / xzdx=p77
m h 0 3

Hence,

3m
1, = "7 (4h* + &
y 20(h a’)

Using the parallel axis theorem:
I, =1, + md?

3m 5, (3h)2
@R+ d) =1, +m|
o @t a) =1, 4

3
I, = 8%? (h? + 4a) Ans.
1, =1, + md*

3m , , 2 (h)z
=20 (" +4a°) + m 4

= ;”—0 CH + 3a%) Ans.
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21-3. Determine the moments of inertia /, and I, of the
paraboloid of revolution. The mass of the paraboloid is m.

a a r2 r2
m = p/ w7t dy = pw / (*)ydy = pr(*)a
0 0 a 2
1., 1 “ L (N [, rt
IVZLEdmZ :EPWAZdyZEPW(; A vdy:pﬂ'ga

Thus,

1
I, = 3 mr? Ans. Z

1 1 a a
I, = (*dmz2+dmy2>=fp77 dy +p w2y dy
m \4 47 Jo 0

1 ™\ [, (r2> ¢ pmria  pmria® 1 1
I 7 dv + i Bd — + — = 2+7 2
4’”<a2)/0 yayTem Ay T 4 M Tme

*21-4. Determine by direct integration the product of z
inertia /,, for the homogeneous prism. The density of the
material is p. Express the result in terms of the total mass m
of the prism. a

The mass of the differential element is dm = pdV = phxdy = ph(a — y)dy.

h y
“ pd’h
m = dm=ph0(a—y)dy=7
m
X /
Using the parallel axis theorem:
dlyz = (dly’z')G + dmygzg
" =4
=0 + (phxdy) (y) (5)
ph?
= xydy ,4/‘2 >Xd7'
ph2 2 \G(L)yl%)
= (ay—y)dy J
hf /’/ ~
ph?> ¢ 5 pa’h* 1 ( pazh) m e -
I, ="~ - = = . Ans.
vz 2 A (ay — y)dy B o\ 2 (ah) 5 ah ns. (
x 3(+} =Q ’7
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e21-5. Determine by direct integration the product of z
inertia I, for the homogeneous prism. The density of the

material is p. Express the result in terms of the total mass m

of the prism. a

The mass of the differential element is dm = pdV = phxdy = ph(a — y)dy.

h y
/ dm = ph / "=y =" <h
m = m=p a— =—
m 0 ey 2 /
X
Using the parallel axis theorem:
dlxy = (dlx'y’)G + dmeyG
X
=0+ (PthY)(E)(Y) ’5
P,
=~ x"ydy >
<
2 ﬂQk d%
h? 5
=07~ 20 4 ) dy &1L
h 2
ph “ //// ~.,
IxyZTA(f—Zaszrazy)dy - - ~
B pa4h B 1(pa2h)a2 B ﬂaz Ans X 3(4"3,’04 ’7
24 12\ 2 12 )
21-6. Determine the product of inertia I, for the z
homogeneous tetrahedron. The density of the material is p.
Express the result in terms of the total mass m of the solid.
Suggestion: Use a triangular element of thickness dz and
then express dl,, in terms of the size and mass of the
element using the result of Prob. 21-5. ¢
dm = pdV = P(a— )a — )}d =2 - 224 ’
p Pl b4 2) (dz =7 z)°dz /a
a 3 a
a
m=g/0(a272az+z2)dz=% x
From Prob. 21-5 the product of inertia of a triangular prism with respect to the xz
a dz
and yz planesis /,, = TR For the element above, dI,, = ;)27 (a — z)* Hence, z
I, = L (a4 — 4’7 + 672%a% — 4az® + z4)dz
24 Jy
5
4
1, =P
120
or,
I = maz A x
v =0 ns. ?}
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21-7. Determine the moments of inertia for the
homogeneous cylinder of mass m about the x', y’, z’ axes.

e — 7

X

Due to symmetry

1 N2 Tmr? 1
Iy=1x=Em(3r2+r2)+m<2) = Z—Emr
For x’',
cos 135° 1 cos 90° = 0 cos 135° 1
. = = - U, = =0, 0, = - - -
* Ve Z Va2

I,=1.1%+ Iyui + Izu§ =2 yucuy, — 2l uyu, — 20 u uy

7mr2< 1 )2 1 ( 1 )2
= —— ) +0+-mr?l—-——=) —0-0-0
2.\ V2 2 V2

= ;%mrz Ans.
For y’,
Iy =1, 7r1n2rz Ans.
For 7/,
u, = cos 135° = b u, = cos 90° = 0 u =cos45°=L
x NG y ) z V2

Iy=T.u:+ 1+ Lu? =21 uu, — 21 uu, — 21 u,u,

7mr2< 1)2 1 ( 1)2
= —— ) 40+ mr*-——=) —0-0-0
2.\ V2 2 V2

13
= 2 mr? Ans.
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*21-8. Determine the product of inertia I, of the z
homogeneous triangular block. The material has a
density of p. Express the result in terms of the total mass
m of the block.

The mass of the differential rectangular volume element shown in Fig. a is
dm = pdV = pbzdy. Using the parallel - plane theorem,

dl,, =dI vy + dmxgys

0+ [pbzdy](g)y

pb”
TP

h
However, z = 4 (a — y). Then

J - pb* [h pb*h

= . _ — 2
) a(a y)y}dy 2 (ay y)dy

Thus,

pb’h [°
Ixy = /dlxy = 2a A <lly - yz)dy

_ pbh <y2 . yS)

a

20 \ 2 3|
N S
—12pabh

1 1
However,m = pV = (E ahb) = Epabh.Then

1
1 n = gmab Ans.
E pabh

_ L5,
Ixy—lzpabh
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©21-9. The slender rod has a mass per unit length of z
6 kg/m. Determine its moments and products of inertia
with respect to the x, y, z axes.

2m @
X 2m
The mass of segments (1), (2), and (3) shown in Fig. a is
m; = my = my = 6(2) = 12 kg. The mass moments of inertia of the bent rod about
the x, y, and z axes are 2m
I,=3I,+ m(yG2 + sz) \/

=(0+0)+ {% (12)(2%) + 12(1* + 02)} + {%(12)(22) +12[22 + (—1)2]}
= 80 kg - m? Ans.

I, = Efyr + m(x(;2 + zGZ)

{1172(12)(22) +12(12 + 02” + L) +12(22 + 02)} i {57(12)(22) +122+ (71)2@
_ 18 kg- . Ans.

I,=3I,+ m(xG2 + sz)

{% (12)(22) + 12(1% + 02)} + E(lz)(zz) +12(2% + 12)} + [0 +12(22 + 22)}

= 176 kg - m? Ans.

Due to symmetry, the products of inertia of segments (1), (2), and (3) with respect to
their centroidal planes are equal to zero. Thus,

I, = 21,y + mxgy
= [0+ 12)0)] + [0 + 122)1)] + [0 + 12(2)(2)]

= 72 kg-m? Ans.

I, = ST, + mygzg
= [0 + 120)()] + [0 + 12(1)(©)] + [0 + 122)(-1)]
= —24kg-m’ Ans.
I, = 31y, + mxgzg
= [0+ 12()(©)] + [0 + 122)(0)] + [0 + 122)(-1)]

= —24 kg-m? Ans.
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21-10. Determine the products of inertia I, 1, and I, z
of the homogeneous solid. The material has a density of
7.85 Mg/m?>.
200 ™
//
gmm
S
X~ 200 mm y

The masses of segments (1) and (2) shown in Fig. a are my =pV; 200 mm /

= 7850(0.4)(0.4)(0.1) = 125.6 kg and m, = p V, = 7850(0.2)(0.2)(0.1) = 31.4 kg.

Due to symmetry I,y =1y, =1,,=0 for segment (1) and
Iy =1y = Iy =0 for segment (2). Since segment (2) is a hole, it should be
considered as a negative segment. Thus

I, = 2y + mxgyg

[0+ 125.6(0.2)(0.2)] — [0 + 31.4(0.3)(0.1)]

= 4.08 kg - m? Ans.

Iy, = 2l + mygzg

[0 + 125.6(0.2)(0.05)] — [0 + 31.4(0.1)(0.05)]

1.10 kg - m? Ans.

I, = STo, + mxgzg

Xz

[0 + 125.6(0.2)(0.05)] — [0 + 31.4(0.3)(0.05)]

= 0.785 kg - m? Ans.

*%),=0.3m

D)
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21-11. The assembly consists of two thin plates A and B
which have a mass of 3 kg each and a thin plate C which has
a mass of 4.5 kg. Determine the moments of inertia I, I,
and [.

1
Le=1I.=, (3)(0.4)* = 0.04 kg - m?

I, = % (3)[(0.4)* + (0.4)°] = 0.08 kg~ m*

Loy =1, =1,,=0
For z,
uy =0

u, = cos 60° = 0.50

u, = cos 30° = 0.8660

I, =0+ 0.08(0.5)* + 0.04(0.866)> = 0 — 0 — 0 Xa, 1
= 0.05 kg - m?

I, =1, =004kg -m?

For yg,

uy, =0

u, = cos30° = 0.866

uy = cos 120° = — 0.50

I, =0+ 0.08(0.866)> + 0.04(—0.5> -0 —0—0

Ye

= 0.07 kg m?

I, = 11—2(4.5)(0.6)2 + 2[0.04 + 3{(0.3 + 0.1)> + (0.1732)*}]

~
Il

« = 1.36 kg m? Ans.

~
I

y % (4.5)(0.4)* + 2[0.07 + 3(0.1732)?]

~
Il

0.380 kg - m? Ans.
I, = 11—2(4.5)[(0.6)2 + (0.4)7] + 2[0.05 + 3(0.3 + 0.1)3]

I, =126kg-m? Ans.
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*21-12. Determine the products of inertia [, I,,;,and I,

of the thin plate. The material has a density per unit area of
50 kg/m>.

The masses of segments (1) and (2) shown in Fig. a are m; = 50(0.4)(0.4) = 8 kg
and m, = 50(0.4)(0.2) = 4kg. Due to symmetry I,y =1, =1, =0 for

segment (1) and I,y = Ir,r = I,n,» = 0 for segment (2).

I, = 2l + mxgys

[0+ 8(02)(0:2)] + [0 + 4(0)(02)]

= 0.32 kg m? Ans.
I,, =2l + mygzg
= [0+ 8(02)(0)] + [0 + 4(0.2)(0.1)]
= 0.08 kg - m? Ans.
I, =21,y + mxgzg
= [0+ 8002)(0)] + [0 + 4(0)(0.1)]
=0 Ans.
*21-13. The bent rod has a weight of 1.5 1b/ft. Locate the 4
center of gravity G(X, y) and determine the principal
moments of inertia I/, I,;, and I, of the rod with respect
to the x’, y’, 7’ axes.
11 = ’
A
y
Due to symmetry /4
X x'
y =051t Ans.
S% (=D(A.5)(1) + 2/{(—0.5)(1.5)(1)
=2 _ [ I ~0.667 ft Ans.
Zw 3[15(1)]
[/ 15 1 /15
Lo =2/ 25 )05 | + (25 J(1)?
* _(32.2>(0 5) } 12 (32.2)( )
= 0.0272 slug - ft? Ans.
[(1/15 ) 1.5 2} ( 1.5 ) 2
c=2l = + {525 )(0.667 = 0.5)* | + { = )(1 — 0.
I, 2_12<32.2>(1) <32.2>(0 667 — 0.5) 02 (1 — 0.667)
= 0.0155 slug - ft? Ans.
1.5 2 1.5 2 2 }
=2 = 5 + (255 )05 + 0.
L. _12<32.2)(1) (32.2)(0 5+ 0.16677)
1 /15 ) 1.5 5
+ === + | === ).
12 (32.2)(1) <32.2>(0 3333)
= 0.0427 slug - ft? Ans.
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21-14. The assembly consists of a 10-1b slender rod and a z
30-1b thin circular disk. Determine its moment of inertia
about the y' axis.

The mass of moment inertia of the assembly about the x, y, and z axes are

e[ G @) [lea) ) + 22 0)

= 4.3737 slug - ft? X
1/ 30 ) ’
= —| — —+ = (. .
I,=5 (32.2)(1 ) + 0 = 0.4658 slug - ft

Due to symmetry, I,, = I,, = I, = 0. From the geometry shown in Fig. a, Z

1
0= tan’l(g) = 26.57°. Thus, the direction of the y’ axis is defined by the unit ot
vector

u = cos 26.57°j — sin 26.57°k = 0.8944j — 0.4472k

t
Thus, [#
XL 6
u, =0 u, = 0.8944 u, = —0.4472 “©
4
Then ?
Iy =L+ L + Lu? = 20 uuy — 20 ugu, — 20, u, (2
= 4.3737(0) + 0.4658(0.8944)? + 4.3737(—0.4472)) =0 -0 -0
= 1.25 slug - ft? Ans.
21-15. The top consists of a cone having a mass of 0.7 kg z

and a hemisphere of mass 0.2 kg. Determine the moment of
inertia I, when the top is in the position shown.

3 ) 5 3 2
Io=1,= %(0.7)[(4)(0.3) + (0.1)%] + (0.7){1(0.1)}

2
+ (%)(0.2)(0.03)2 - (0.2){% (0.03) + (0.1)} = 6.816 (10 Jkg - m’

I, = (13—0)(0.7)(0.03)2 + (%)(0.2)(0.03)2

I, = 0261 (107) kg-m?

u, = cos 90° = 0, uy = cos 45° = 0.7071, u, = cos45° = 0.7071

- 2 2 2 _ _ _
I.=1vuy +1yuy + Touy =20 ppupuy =20 poupuy =200 upuy

=0 + 6.816(107%)(0.7071)> + (0.261)(1073)(0.7071)> = 0 — 0 — 0

I, = 3.54(107%) kg - m? Ans.
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*21-16. Determine the products of inertia Iy, 1, and z
I, of the thin plate. The material has a mass per unit area

of 50 kg/m?. T\%mm

200 200
Inm \~\n~1m

The masses of segments (1), (2), and (3) shown in Fig. a are m; = m,
=50(0.4)(0.4) = 8kg and m3 = 50{#(0.1)2} = 0.57 kg. 200 mm
Due to symmetry I,y = I, = I, = 0 for segment (1), 1y = Iy = Irpr = 0 400 mm/K -100 mm
for segment (2),and I »yn = I nn = I nn = 0 for segment (3). Since segment (3) is -
a hole, it should be considered as a negative segment. Thus \
Iy = 27x’y’ + mxgyc \y
. 400 mm
= [0+ 8(02)(02)] + [0 + 8(0)(0.2)] — [0 + 0.57(0)(0.2)]
= 0.32kg-m? Ans.
I, = E“Ty’z’ + mygzg
= [0+ 8(002)(0)] + [0 + 8(02)(0:2)] — [0 + 0.57(0.2)(02)]
= 0.257 kg - m? Ans.
I, = ijrzr + mxgig
= [0+ 8(02)(0)] + [0 + 8(0)(02)] — [0 + 0.57(0)(02)]
= 0kg-m? Ans.
z
G F0am
@)
*21-17. Determine the product of inertia /I, for the bent z
rod. The rod has a mass per unit length of 2 kg/m.
Product of Inertia: Applying Eq. 21-4. we have
Ixy = 2<I)c’y’)G + mxg yg 400 mm
= [0 + 0.4 (2) (0) (0.5)] + [0 + 0.6 (2) (0.3) (0.5)] + [0 + 0.5 (2) (0.6) (0.25)] J
y
= 0.330 kg - m? Ans.
600 mm
500 mm —>"
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21-18. Determine the moments of inertia /,,, I, I, for

the bent rod. The rod has a mass per unit length of 2 kg/m.

Moments of Inertia: Applying Eq. 21-3, we have

Ixx = 2(I)c’x’)G + m(yzG + ZZG)
- {% (04) (2) (0.42) + 0.4 (2) (0.5 + 0.22)}
+ [0 + 0.6 (2) (0.5% + 0%)]
+ {11—2 (05) (2) (0.52) + 05 (2)(0.25% + 02)}
= 0.626 kg - m?

y = 2(Iy’y’)G + m(sz + ZZG)

{% (0.4) (2) (0.4%) + 0.4 (2) (0 + 0.22)}

+ {11*2 0.6) (2) (0.62) + 0.6 (2) (0.3 + 02)}

+ [0+ 05(2) (0.6 + ?)]
= 0.547 kg - m?
Izz = E(Iz’z’)G + m(x%; + )%‘)

= [0+ 04(2) (0* + 05%)]

+ {% (0.6) (2) (0.6%) + 0.6 (2) (0.3> + 0.52)}

+ {% 05) (2)(0.5%) + 05 (2) (0.6> + 0.252)}

= 1.09 kg - m?

z
400 mm
600 mm
500 mm ——~
X
T
0-42) #’}
(©,55,02)m
Ans.
06(2, fj
(0.6,0.250)m ©3,0.5,0)m
/ 0502 k;
Ans.
Ans.
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21-19. Determine the moment of inertia of the rod-and- z
thin-ring assembly about the z axis. The rods and ring have
a mass per unit length of 2 kg/m.

For the rod,
u, = 0.6, uy =0, u, =08
I, =1,= %[(0.5)(2)](0.5)2 = 0.08333 kg - m?
I, =0
Loy =1y, =1,,=0
From Eq. 21-5,

I, =0.08333(06>+0+0-0—-0-0
I, = 0.03 kg-m?
For the ring,
The radiusis » = 0.3 m

Thus,

I, = mR? = [2 (27r)(0.3)](0.3)> = 0.3393 kg - m?

Thus the moment of inertia of the assembly is

I, = 3(0.03) + 0.339 = 0.429 kg - m” Ans.
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*21-20. If a body contains no planes of symmetry, the z

principal moments of inertia can be determined /
mathematically. To show how this is done, consider the rigid

body which is spinning with an angular velocity w, directed /
along one of its principal axes of inertia. If the principal

moment of inertia about this axis is /, the angular momentum w

can be expressed as H = o = lw,i + lo,j + lo_ k. The

components of H may also be expressed by Egs. 21-10,

where the inertia tensor is assumed to be known. Equate the

i, j, and k components of both expressions for H and consider

wy, oy, and o, to be unknown. The solution of these three X
equations is obtained provided the determinant of the

coefficients is zero. Show that this determinant, when

expanded, yields the cubic equation

= (I, + I, + L)I?
+ (Ixxlyy + Iyylzz + Izzlxx - I%cy - I%z - I%x)l

— (LI I, — 21,01, 1, — I,1%

xxtyyltzz xytyzfzx
— 2 _ 2\ —
Iyylzx Izzlxy) =0

The three positive roots of 7, obtained from the solution of
this equation, represent the principal moments of inertia
I, 1,,and I..

H=lo=loi+ lo,j+ lok

Equating the i, j, k components to the scalar equations (Eq. 21-10) yields
(Ixx - I) Wy — Ixywy - Ixzwz =0
1, o, + (Ixy - I)wy -l 0,=0

-1, 0, — Izywy + (Izz - I)wz =0

Solution for w,, ®,, and w, requires

(Ixx - 1) _[xy _Ixz
I,  U,-I) I, |=0
_[zx _]zy (Izz - I)

Expanding

P+ Ly + I)P+ (Lol + Iyl + 11— 1By — I — 121

~ (Ll I, =211, 1, — [ I — 1,0% — I 1%) = 0 QED.
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e21-21. Show that if the angular momentum of a body is zZ
determined with respect to an arbitrary point A, then H,4

can be expressed by Eq. 21-9. This requires substituting

P4 = PG t pg/ainto Eq.21-6 and expanding, noting

that f pc dm = 0 by definition of the mass center and

V6 = Va4t @Xpga.

X
HA=(/pAdm)XVA+/pAX(prA)dm

= (/ (pc + PG/a) dm) X vy + /(PG + pg/a) X {w X pg + PG/A)]dm

:(/dem)XVA+(PG/AXVA)/dm+/pGX(“)XPG)dm

+ (/ Pcdm) X (@ X pGra) + pGla X (w x /Pc dm) + p/a X (0 X PG/A)/ dm
m m m

Since / pg dm = 0 and from Eq.21-8 H; = /pG X (w X pg)dm

m

H, = (pg/a X va)m + Hg + pgia X (@ X pgra)m

pGra X (V4 + (@ X pgra))m + Hg

(pG/A X va) + HG Q.E.D.
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21-22. The 4-1b rod AB is attached to the disk and collar
using ball-and-socket joints. If the disk has a constant
angular velocity of 2 rad/s, determine the kinetic energy of
the rod when it is in the position shown. Assume the angular
velocity of the rod is directed perpendicular to the axis of
the rod.

VA:VB+erA/B

i j k
vai = —(DQ)j + oy 0, o
3 -1 -1
Expand and equate components:
Vo= Tyt o @
2=w, + 3o, 2
0=-0, - 3o, )]
Also:
o ryp =0
3wy —w, —w, =0 4

Solving Egs. (1)—(4):
w, = 0.1818 rad/s
w, = —0.06061 rad/s
w, = 0.6061 rad/s
va = 0.667 ft/s
o is perpendicular to the rod.
w, = 0.1818 rad/s, o, = —0.06061 rad/s, w, = 0.6061 rad/s
ve = {=2j} ft/s
rap = {3i — 1j — 1k} ft

ra/B
VG:vBJ’_wXT

i i k
Vg = ~2j + (01818 ~0.06061 0.6061
3 -1 -1

v = {0.333i — 1j} ft/s
ve = V(0.333)2 + (—1)% = 1.054 ft/s
o = V/(0.1818)2 + (—0.06061)* + (0.6061)> = 0.6356 rad/s

T = (%)(3;7)(1.054)2 + (%)“—2 (%)(3.3166)2}(0.6356)2

T = 0.0920 ft- 1b Ans.
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21-23. Determine the angular momentum of rod AB in
Prob. 21-22 about its mass center at the instant shown.
Assume the angular velocity of the rod is directed
perpendicular to the axis of the rod.

VA:VB+(UXI'A/B

i k
vai = (D@ + o 0y o
3 -1 -1
Expand and equate components:
Va= Ty o @
2=w;, +30, Q)
0=-w, - 3w, 3)
Also:
o ryp =0
3w, —wy — w0, =0 €Y
Solving Egs. (1)—(4):
w, = 0.1818 rad/s
o, = —0.06061 rad/s

w, = 0.6061 rad/s

v, = 0.667 ft/s

w is perpendicular to the rod.

rap = VB + (1) + (=1)? = 33166 ft

_ (L) (4 - 2
lo = (12)(32.2)(3-3166) = 0.1139 slug - ft

Hg = I o = 0.1139 (0.1818i — 0.06061j + 0.6061Kk)

Hg = {0.0207i — 0.00690j + 0.0690k) slug- ft*/s Ans.
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*21-24. The uniform thin plate has a mass of 15 kg. Just
before its corner A strikes the hook, it is falling with a
velocity of v = {—5k} m/s with no rotational motion.
Determine its angular velocity immediately after corner A
strikes the hook without rebounding.

Referring to Fig. a, the mass moments of inertia of the plate about the x, y, and z
axes are

I, =1+ m(ys® + z5%) = %(15)(0.42) +15(02% + 0%) = 0.8 kg - m? y
I, =1, + m(xg® + z5%) = %(15)(0.62) + 15{(—0.3)2 + 02} = 1.8kg-m’

I =1+ m(xg? + y6?) = %(15)(0.42 +0.67) + 15{(—0.3)2 + 0.22} = 2.6kg-m?
Due to symmetry, [, = Iy, = I, = 0. Thus,

I, =1y + mxgyg = 0 + 15(=03)(0.2) = —0.9 kg - m?

I, =1, + mygzg =0+ 15(0.2)(0) = 0

I, = 1., + mxgzg =0+ 15(-0.3)(0) =0
Since the plate falls without rotational motion just before the impact, its angular
momentum about point A is

(H,)1 = 154 X mvg = (—0.3i + 0.2j) X 15(—5k)
= [-15i — 22.5j] kg- m?/s

Since the plate rotates about point A just after impact, the components of its
angular momentum at this instant can be determined from

[(HA)Z}X = Ix(‘)x - Ixywy - Ixzwz
= 080, — (—0.9)w, — 0(w,)
= 0.8w, + 0.9,
[(Ha)), = ~Lyo, + Lo, — 1,0,
—(0.9)w, + 1.8w, — 0(w,)

= 090, + 1.8,
[(HA)Z]Z = Igo, t Iyo, — Lo,
0(wy) — O(wy) + 2.60,
= 2.6w,

Thus,
(Hy), = (0.8w, + O.9wy)i + (090, + 1.8w))j + 2.60w_k

Referring to the free-body diagram of the plate shown in Fig. b, the weight W is a
nonimpulsive force and the impulsive force F, acts through point A. Therefore,
angular momentum of the plate is conserved about point A. Thus,

(Hy)1 = (Hy),
—15i — 22.5j = (0.8w, + 0.90))i + (090, + 1.8w,)j + 2.60, k

Equating the i, j, and k components,

—15 = 0.8w, + 090, @
~22.5 = 090, + 1.80, )
0 = 2.6w, A3)
Solving Egs. (1) through (3),
w, = —10.71 rad/s w, = —7.143 rad/s w, =0
Thus,
o = [—10.7i — 7.14j] rad/s Ans.
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©21-25. The 5-kg disk is connected to the 3-kg slender
rod. If the assembly is attached to a ball-and-socket joint at
A and the 5-N - m couple moment is applied, determine the
angular velocity of the rod about the z axis after the
assembly has made two revolutions about the z axis starting
from rest. The disk rolls without slipping.

= 1= ()02 + 50157 + S ()15 = 1355

~
<

= %(5)(0.2)2 = 0.100

0=-0,j +wk=-0yj + 0,sn7.595" + w,cos7.595°k’
= (0.132160w, — wy)j’ + 0.99123 w k'
Since points A and C have zero velocity,
Ve =Vat+ o X¥c/p
0=0+ [(0.13216 0, — wy)j’ + 0991230, k’] X (1.5 — 0.2k")
0 = —1.48684w, — 0.026433 w, + 0.2 @y,
w, = 7.5664 w,
Thus,
w=-74342 w,j + 099123 w_ Kk’

T] + EU],Q = T2
1 1
0+ 5(2m) (2) = 0 + - (0.100)(~7.4342 w,)” + - (13.55)(0.99123 w,)’

w, = 2 58rad/s

Ans.

0.2 m

Hbd

r5m

7595°

r’c/A (7, 595° C

sqep  5FEON

944




© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

21-26. The 5-kg disk is connected to the 3-kg slender rod. z
If the assembly is attached to a ball-and-socket joint at A
and the 5-N - m couple moment gives it an angular velocity
about the z axis of w, = 2 rad/s, determine the magnitude
of the angular momentum of the assembly about A.

0.2 m

Htc

I,=1,= %(5)(0.2)2 + 5(1.52 + %(3)(1.5)2 = 13.55

1
Li=5 (5)(0.2)*> = 0.100

0 =-0j +ok=-0,j + o, sin7.595%" + w, cos 7.595°k’

= (0.132160, — ,)j’ + 0.99123 v, k'

4
7
Since points A and C have zero velocity, 5
Ve =Vat o XT¥c/ ’r5m
/
0=0+ [(0.13216 0, — o, )j + 099123 0, k’] X (15§ — 0.2k") 7#
0-2m
0= -1 48684w, — 0.26433w, + 0.2w, VA ?

w, = —7.5664 0,
Thus,
o= -74342 w_ j + 099123 w_ Kk’
Since w, = 2 rad/s

o = —14.868)" + 1 9825k’

So that,

Hy = [y + Iyopj+ 1o k' =0+ 0.100(—14.868)j' + 13.55(1.9825) k'

= —1.4868j" + 26.862k’

H, = V(—1.4868)2 + (26.862)2 = 26.9 kg-m%/s Ans.
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21-27. The space capsule has a mass of 5 Mg and the
radii of gyration are k, = k, = 1.30 m and k, = 0.45 m.
If it travels with a velocity vg = {400j + 200k} m/s,
compute its angular velocity just after it is struck by a
meteoroid having a mass of 0.80 kg and a velocity
v,, = {—300i + 200j — 150k} m/s. Assume that the
meteoroid embeds itself into the capsule at point A and
that the capsule initially has no angular velocity.

Conservation of Angular Momentum: The angular momentum is conserved about
the center of mass of the space capsule G. Neglect the mass of the meteroid after the
impact.
(Hoh = (Hg)»
A X m,, vV, = IGw

(0.8i + 3.2j + 0.9k) X 0.8(—300i + 200§ — 150k)

= 5000 (1.30%) w, i + 5000 (0.45%) w, j + 5000 (1.30?) w, k

—528i — 120j + 896k = 8450w, i + 1012.5w, j + 8450 w, k

Equating i, j and k components, we have
—528 = 8450w, w, = —0.06249 rad/s
—120 = 1012.5w, o, = —0.11852 rad/s

896 = 8450w,  w, = 0.1060 rad/s

Thus,

o = {—0.0625i — 0.119j + 0.106k} rad/s Ans.
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*21-28. Each of the two disks has a weight of 10 1b. The
axle AB weighs 3 Ib. If the assembly rotates about the z
axis at w, = 6 rad/s, determine its angular momentum
about the z axis and its kinetic energy. The disks roll
without slipping.

1
5 o= 12 rad/s

wy = {—12i} rad/s wp = {12i} rad/s

= |3 (55 )0 o+ [5( 5 o o

+0+ {2{‘11 <322)(1)2 0. 2(2)2}(6) (32 2)( )2(6)} 1 y
=Gra
= {16.6k} slug - ft*/s Ans. W @w
T=%1wa ;Iy §+%1 x " T 7w
G (o) e A
S e e
=7211b-ft Ans.
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©21-29. The 10-kg circular disk spins about its axle with a z
constant angular velocity of w; = 15 rad/s. Simultaneously,
arm OB and shaft OA rotate about their axes with constant
angular velocities of w, = 0 and w; = 6 rad/s, respectively.
Determine the angular momentum of the disk about point O,
and its kinetic energy.

The mass moments of inertia of the disk about the centroidal x', y’, and z’ axes,
Fig. a, are

L 5

— — — 1 2\ — 2
Lo =1, = ;mr = (10)(015) = 005625 kg - m

1,1 2\ _ 2
Io=mr = 5(10)(0.15 ) = 0.1125kg-m
Due to symmetry, the products of inertia of the disk with respect to its centroidal
planes are equal to zero.
yz = Ix'z' =0

Here, the angular velocity of the disk can be determined from the vector addition of
wy and ws. Thus,

® = w; + w, = [6i + 15k] rad/s

The angular momentum of the disk about its mass center G can be obtained by
applying

I 0, = 0.05625(6) = 0.3375 kg - m?/s

H,
H, = Iy, = 0.05625(0) = 0
HZ

Iw, = 0.1125(15) = 1.6875 kg - m?/s

Thus,

Hg = [0.3375i + 1.6875k] kg - m?/s

Since the mass center G rotates about the x axis with a constant angular velocity of
w3 = [6i] rad/s, its velocity is

Vg = w3 X 1¢)0 = (61) X (0.6)) = [3.6k] m/s

Since the disk does not rotate about a fixed point O, its angular momentum must be
determined from

HO = rC/O X mvge + HG

(0.6j) X 10(3.6k) + (0.3375i + 1.6875k)
= [21.9375i + 1.6875k] kg - m?/s

= [21.9i + 1.69k] kg - m?/s Ans.

The kinetic energy of the disk is therefore

1
*a)'HO

T
2

1
5 (6 + 15Kk) - (21.9375i + 1.6875k)

78.51] Ans.
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21-30. The 10-kg circular disk spins about its axle with a
constant angular velocity of w; = 15 rad/s. Simultaneously,
arm OB and shaft OA rotate about their axes with constant
angular velocities of w, = 10rad/s and w; = 6rad/s,
respectively. Determine the angular momentum of the disk
about point O, and its kinetic energy.

N

The mass moments of inertia of the disk about the centroidal x’, y’, and 7z’ axes.
Fig. a, are

1 1
Lo=1,= m’ = (10)(0.15%) = 0.05625 kg - m?

I, = %er = %(10)(0.152) = 0.1125 kg - m?

Due to symmetry, the products of inertia of the disk with respect to its centroidal
planes are equal to zero.

yo =1y =0

Here, the angular velocity of the disk can be determined from the vector addition of
w1, Wy, and ws. Thus,

®w=w + w,+ w;=[6i +10j + 15k] rad/s

The angular momentum of the disk about its mass center G can be obtained by

applying
H, = I.0, = 0.05625(6) = 0.3375 kg - m?
H, = I,w, = 0.05625(10) = 0.5625 kg - m
H, = I,0, = 0.1125(15) = 1.6875 kg - m?
Thus,

Hg = [0.3375i + 0.5625j + 1.6875k] kg - m?

Since the mass center G rotates about the fixed point O with an angular velocity of
Q = w, + w3 = [6i + 10j], its velocity is

vg = Q Xrgp = (61 + 10j) X (0.6)) = [3.6k] m/s

Since the disk does not rotate about a fixed point O, its angular momentum must be
determined from

Hp

rc/o X mvg + HG
= (0.6§) X 10(3.6k) + (0.3375i + 0.5625j + 1.6875k)
= [21.9375i + 0.5625] + 1.6875k] kg - m%/s

= [21.9i + 0.5625j + 1.69k] kg - m?/s Ans.

The kinetic energy of the disk is therefore

1
T = Eﬂ)‘HO

1
(61 + 10 + 15K) - (21.9375i + 0.5625) + 1.6875k)

81.3] Ans.
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21-31. The 200-kg satellite has its center of mass at point G. 77
Its radii of gyration about the z', x', y' axes are
ky = 300mm, k, =k, = 500 mm, respectively. At the
instant shown, the satellite rotates about the x’, y’, and z’
axes with the angular velocity shown, and its center of mass
G has a velocity of vg = {—250i + 200j + 120k} m/s.
Determine the angular momentum of the satellite about
point A at this instant.

) = 606/rad/s

. . . ;o , 800 mm

The mass moments of inertia of the satellite about the x’, y’, and 7’ axes are X"
Iy =1, =200(0.5?) = 50kg-m’ x
I, =200(03%) = 18 kg~ m?

Due to symmetry, the products of inertia of the satellite with respect to the x’, y’,
and 7' coordinate system are equal to zero.

Ioy=1yy=10y=0
The angular velocity of the satellite is
o = [600i + 300j + 1250k] rad/s
Thus,

w, = 600 rad/s w, = —300 rad/s wy, = 1250 rad/s

Then, the components of the angular momentum of the satellite about its mass
center G are

(Hg)y = Ieoy = 50(600) = 30 000 kg - m%/s
(Hg)y = I,y0, = 50(—300) = 15 000 kg - m?/s
(Hg). = Lo, = 18(1250) = 22 500 kg - m%/s
Thus,
Hg = [30000i + 15000j + 22 500k] kg - m?/s
The angular momentum of the satellite about point A can be determined from

H, = rg/a X mvg + Hg

(0.8K) X 200(—250i + 200j + 120k) + (30 000i + 15 000j + 22 500k)

= [—2000i — 25 000j + 22 500k] kg - m?/s Ans.
[ j g
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*21-32. 'The 200-kg satellite has its center of mass at point G.
Its radii of gyration about the z', x', y’ axes are k,; = 300 mm,
ky =k, = 500 mm, respectively. At the instant shown, the
satellite rotates about the x’, y’, and 7’ axes with the angular
velocity shown, and its center of mass G has a velocity of
ve = {—250i + 200j + 120k} m/s. Determine the kinetic
energy of the satellite at this instant.

7,7

S

o, = 600 rad/s
. . . "o ' 800 mm
The mass moments of inertia of the satellite about the x’, y’, and 7’ axes are D

X

,' = 300 rad/s
\y’

I, =1, =200(0.5%) = 50 kg m? x
I, =200(03%) = 18 kg - m’

Due to symmetry, the products of inertia of the satellite with respect to the x’, y’,
and 7' coordinate system are equal to zero.

Ioy=1yy=1py=0
The angular velocity of the satellite is
o = [600i — 300j + 1250k] rad/s
Thus,
w, = 600 rad/s w, = —300 rad/s wy, = 1250 rad/s

Since vg2 = (—250)% + 200% + 120% = 116 900 m?/s%, the kinetic energy of the
satellite can be determined from

1 2 1 2 1 2 1 2
T = Eva + Elx’wx’ + Ely'wy' + E Iz/wz/

= %(200)(116 900) + %(50)(6002) + %(50)(—300)2 + %(18)(12502)

= 37.0025(10°)J = 37.0MJ Ans.
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021-33. The 25-1b thin plate is suspended from a ball-and-
socket joint at O. A 0.2-1b projectile is fired with a velocity
of v ={-300i — 250j + 300k} ft/s into the plate and
becomes embedded in the plate at point A. Determine the
angular velocity of the plate just after impact and the axis
about which it begins to rotate. Neglect the mass of the
projectile after it embeds into the plate.

Angular momentum about point O is conserved.

(Hop)2 = (Hp)1 = roa X m, v,

0.2

\

(Hp); = (0.25) — 0.75K) X (—)(—300i — 250§ + 300k) = {—0.6988i + 1.3975j + 0.4658k] Ib- ft- s

322

I, (11—2)(%)[(1)2 + (12 + (%)(0.5)2 = 0.3235 slug - ft?

N2\ s (25 Vosy - L
Y (12)(32.2)(1) + <32.2>(0.5) = 0.2588 slug - ft

_ (L2 2 _ 2
I, = (12)<32.2>(1) = 0.06470 slug - ft

1

(Ho), = (Hop),
—0.6988i + 1.3975j + 0.4658k = 0.3235w, i + 0.2588wyj + 0.06470w, k

_ —0.6988

Wr = gaas T —2.160 rad/s
1.3975
@y = 02588 5.400 rad/s
0.4658
= =172
92 = 506470 7.200 rad/s

® = {~2.16i + 5.40j + 7.20k} rad/s

Axis of rotation line is along w:
B —2.160i + 5.400j + 7.200k
O V(2.160) + (54007 + (720072
= —0.233i + 0.583j + 0.778k

Ans.

Ans.

0.75 ft
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21-34. Solve Prob. 21-33 if the projectile emerges from
the plate with a velocity of 275 ft/s in the same direction.

300 250 300
i + — 0.6092i — 0.5077i + 0.
492 4) <492 4>J (492.4)k 0.6092i — 0.5077j + 0.6092k

“ (s

<1i2 (%) (1% + (2] + ( 322 2)(0 5)? = 032350 slug - £
n= ()

= (i

: )
12

2 _ 2

)(32 2)(1) 0.06470 slug - ft

H]“FE/Modt:Hz

ﬁ)(l)z ( 25 )(0 5)? = 0.25880 slug - ft?

32 322

0.

25§ — 0. X
(0.25j — 0.75k) <32

>( 300i — 250j + 300k) + 0 = 0.32350w,i + 0.25880w, j + 0.06470w, k

+(0.25§ — 0.75k) x (302 2)(275)( 0.6092i — 0.5077j + 0.6092k)

Expanding, the i, j, k, components are:
—0.6988 = 0.32350w, — 0.390215
1.3975 = 0.25880w,, + 0.78043
0.4658 = 0.06470w, + 0.26014
w, = —0.9538, w, = 2.3844, w, = 3.179

= {—0.954i + 2.38j + 3.18k} rad/s Ans.

Axis of rotation is along w:
B —0.954i + 2.38j + 3.18k
V(0954 + (238)2 + (3.18)?
4 = —0.233i + 0.583j + 0.778k Ans.
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21-35. A thin plate, having a mass of 4 kg, is suspended z
from one of its corners by a ball-and-socket joint O. If a
stone strikes the plate perpendicular to its surface at an
adjacent corner A with an impulse of I, = {—60i} N-s,
determine the instantaneous axis of rotation for the plate

0
d the impul ted at O. 200 mm
an € 1mpulse created a x/ ,
B A
(Ho) + E/Mo dt = (Ho), _——
I, = {—60i} N's
0+r,0 XIs=(Hp), 200 mm
0 + (—0.2(0.7071)j — 0.2(0.7071)k) X (—60i) = (Io), w,i + (o), w,j + (Io). . k \/
Expand and equate components:
0= (IO)X Wy (1)
8.4853 = (Io), », Q2
~8.4853 = (I,). w, 3) c ] #JEd
x Y
Loy=0, I,,=0, I,,=0
I —(1)4 0.2)* = 0.01333 1—<1>4 0.2)? = 0.01333 L 0.2 m
v =33 ) @027 = 001333, 1= (5 )@)022 = 0. £r

uy = cos 90° = 0, u, = cos 135° = —0.7071, u, = cos 45° = 0.7071

_ 2 2 2 _ _
Ug), = Tyuy + Lywy + Lyup — 2 pypupuy — 20y gy — 20 oty

0 + (0.01333)(—0.7071)% + (0.01333)(0.7071)) =0 — 0 — 0

Ig); = (Ip), = 0.01333

For (I O)y’ use the parallel axis theorem.

(Io), = 0.01333 + 4[0.7071(02) 2, (I0), = 0.09333
Hence, from Egs. (1) and (2):
0, =0, w,=900914, o, =—636340

The instantaneous axis of rotation is thus,

_90.914j — 636.340k
V(90.914)% + (—636.340)

uy = 0.141j — 0.990k Ans.

The velocity of G just after the plate is hit is
Vg = w X rG/O

vo = (90.914j — 636.340k) X (—0.2(0.7071)k) = —12.857i

m(vg) + E/F dt = m(vg),
0 — 60i + / F, dt = —4(12.857)i

/FO dt = {857} N - s Ans.
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*21-36. The 15-1b plate is subjected to a force F = 8 Ib
which is always directed perpendicular to the face of the
plate. If the plate is originally at rest, determine its angular
velocity after it has rotated one revolution (360°). The plate
is supported by ball-and-socket joints at A and B.

Due to symmetry

Ix’y' = Iy'z’ = Iz’x’ =0
_ (350 z
1, = 2 (32.2)(1.2) = (0.05590 slug - ft

L(15Y, & 2
T 12\322 : + 0. = U. .
P (32.2)(1 22 + 0.4%) = 0.06211 slug - ft

(15 Yo e
=1 (32.2)(0.4) = 0.006211 slug - ft

For z axis

u, = cos 71.57° = 0.3162 uy, = cos90° =0

u, = cos 18.43° = 0.9487

I, =1 + Tyul + Toud = 2L guouy — 21 ppupuy — 21 iy
= 0.05590(0.3162)* + 0 + 0.006211(0.9487)> =0 — 0 — 0

= 0.01118 slug - ft

Principle of work and energy:

T] + EU],Q = Tz

81b
1-1251n[8.43°f4
fan'l(%)=lﬂ-45°

Wets O3

1
0 + 8(1.2sin 18.43°)(27) = 5(0.01118)(»2 2
® = 58.4 rad/s Ans.
©21-37. The plate has a mass of 10 kg and is suspended z
from parallel cords. If the plate has an angular velocity of U
1.5 rad/s about the z axis at the instant shown, determine
how high the center of the plate rises at the instant the plate U
momentarily stops swinging.
§
Consevation Energy: Datum is set at the initial position of the plate. When the
plate is at its final position and its mass center is located /& above the datum. Thus,
its gravitational potential energy at this position is 10(9.81)h = 98.14. Since the
plate momentarily stops swinging, its final kinetic energy 7, = 0. Its initial kinetic / \
. 120°
energy i
u 250 mm < Boo Y
1, 11 N =
Ty =5 1w’ =5 |5 (10)(025) |(1.5°) = 03516 1.5 rad/s

Tl + Vl = T2 + V2
0.3516 + 0 = 0 + 98.1Ah

h = 0.00358 m = 3.58 mm

Ans.
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21-38. The satellite has a mass of 200 kg and radii of
gyration of k, = k, = 400 mm and k, = 250 mm. When it
is not rotating, the two small jets A and B are ignited
simultaneously, and each jet provides an impulse of
I =1000N"-s on the satellite. Determine the satellite’s
angular velocity immediately after the ignition.

The mass moments of inertia of the satellite about the x, y, and z axes are

I, =1,=200(04) = 32kg-m’

=

I, = 200(0.25?) = 12.5 kg - m?

Due to symmetry,

Thus, the angular momentum of the satellite about its mass center G is
H,=1Ilw, = 3o, H, =10, = 32w, H, =10, =1250,

Applying the principle of angular impulse and momentum about the x, y, and z axes,

15}
(Hx)l + Z/ det = (Hx)z
131

0+0 =320,

W, =

0
(5]
(H,), + 2/ M,dt = (H,),
3]
0 — 1000(0.4) — 1000(0.5) = 32w,
w, = —28.125 rad/s
5]
i), + = [ Mydi = i,
n
0 + 1000(0.5) + 1000(0.5) = 12.5w,
w, = 80rad/s
Thus

o = {—28.1j + 80k} rad/s Ans.
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21-39. The bent rod has a mass per unit length of 6 kg/m,
and its moments and products of inertia have been
calculated in Prob. 21-9. If shaft AB rotates with a constant
angular velocity of w, = 6 rad/s, determine the angular
momentum of the rod about point O, and the kinetic energy
of the rod.

Here, the angular velocity of the rod is
w = [6K] rad/s
Thus,
o, =w,=0 w, = 6rad/s
The rod rotates about a fixed point O. Using the results of Prob. 20-91
H, = Lo, = Lyo, — .o,
= 80(0) — 72(0) — (—24)(6) = 144 kg-m?/s
Hy = —lyo, + Lo, = [0
= —72(0) + 128(0) — (—24)(6) = 144 kg - m?/s
H,= -1, 0, I,0,+ [0,

= —(—24)(0) — (—24)(0) + 176(6) = 1056 kg - m?/s

Thus,
H, = [144i + 144j + 1056k] kg - m?/s Ans.
G3(22,~1)m
The kinetic energy of the rod can be determined from (a )
1
T = 5 w* HO
1 . .
= 5(6k) - (144i + 144j + 1056k)
= 3168J = 3.17kJ Ans.
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*21-40. Derive the scalar form of the rotational equation
of motion about the x axis if ) # w and the moments and
products of inertia of the body are not constant with respect
to time.

In general
d . .
M = E(Hxl + H,j+ H k)

= (H,i+ H)j+H.k),, + QX (H,i+Hj+ H_k)

xyz
Substitute 3 = Q,i + Q,j + O,k and expanding the cross product yields

M = ((Hx)m - Q.H, + QyHZ)i + ((Hy)xyz - Q. H. + QZHx)j

- ((HZ),WZ - QO H, + Q, Hy)k

Subsitute H, Hy and H_ using Eq. 21-10. For the i component

d
M, = E(wax —lyo,— o)~ Q (o, — [0, — 1,0)

+ 0,0, - Iyo,— I;,w0) Ans.

One can obtain y and z components in a similar manner.

¢21-41. Derive the scalar form of the rotational
equation of motion about the x axis if Q # @ and the
moments and products of inertia of the body are constant
with respect to time.

In general
d . .
M :E(Hxl + Hyj+ H k)

= (H i+ Hj+ H,k),,, + Q X (H,i+ Hj+ H_k)

xyz
Substitute ) = Qi + Q,j + Q, k and expanding the cross product yields

M = ((Hx)m - Q.H,+ Qsz>i + ((Hy)m -~ Q. H, + QZHx)j

+ ((Hz)xyz -Q,H, + Q, Hy)k

Substitute H, Hy and H_ using Eq. 21-10. For the i component

d
M, = E(Ix Wy — Ixywy - Ixzwz) - Q, (]ywy - Iyzwz - Iyxa)x)

+ 0,0, - Iyo,— I;,w0)
For constant inertia, expanding the time derivative of the above equation yields
M, = (de’x - Ixy ’y - Ixz‘:"z) -0, (Iywy - Iyzwz - Iyxwx)

+Q, (o, — [ o, — I ,0) Ans.

One can obtain y and z components in a similar manner.
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21-42. Derive the Euler equations of motion for  # w,
i.e., Egs. 21-26.

In general
d . .
M = E(Hxl + H,j+ H_ k)
= (Hei+ Hgj+ H, k), + QX (H,i+ Hj+ H.k)
Substitute Q = Q,i + Q,j + Q_k and expanding the cross product yields
M = ((Hx)m - Q.H, + Qsz)i + <(Hy)xyz - Q. H, + Qsz)j
+ ((Hz)m - Q,H, + Q, Hy)k
Substitute H,, H ) and H_ using Eq. 21-10. For the i component

d
=M, = E(wax - Ixywy o) - Q, (Iywy - Iyzwz N IwaX)

+ 0,0, - [ 0, - I,,0)

Set I, = I, = 0andrequire [, Iy, IZ to be constant. This yields

xy = Lyz
M =10, 1,00, + 1, Q0, Ans.

One can obtain y and z components in a similar manner.
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21-43. The uniform rectangular plate has a mass of x
m = 2 kg and is given a rotation of w = 4 rad/s about its
bearings at A and B. If ¢ = 0.2 m and ¢ = 0.3 m, determine
the vertical reactions at A and B at the instant the plate

is vertical as shown. Use the x, y, z axes shown and note that
2_ 2
mac \( ¢ a ®

L=\ \ava)
w, =0, w, =0, w, = —4 /\
0, =0, @&,=0, & =0

SMy =10, (I, — )0, 0, - Iyz((;)z — w, wy) — I, (0 - o?)
- Ixy(d)x + o, a)z)
2 274 2 27|k
a c 2 a C 2
B [(2) i (5> ] - A“‘[(2> i (5) } =l (@)

B — A = <M) Kl b
6 [az + cz}f %
SF, = m(ag),; A+ B, —mg=0 K 3 Z

Substitute the data, \ |
A e

_ 2(02)(03) 0.3 — (0.2

(S

B, — A, o (037 + 027 (—4)? = 0.34135 [(%)3(%)*]
A, + B, = 2(9.81)
Solving:
A, = 964N Ans.
B, = 998N Ans.
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*21-44. The disk, having a mass of 3 kg, is mounted
eccentrically on shaft AB. If the shaft is rotating at a constant
rate of 9 rad/s, determine the reactions at the journal bearing
supports when the disk is in the position shown.

SM, =L, — (I, - Lo, o,
B,(125) - A,(1)=0-0
EM, =1, 0, — (I, — I )00,
A (1) - B, (125 =0-0
SF, = ma,; A, +B, =0

SF,=ma,; A, + B, — 3(9.81) = 3(9)%0.05)

Solving,
A, =B, =
A, =231N
B,=185N

4 1.25m

o =9rad/s

Ans.

Ans. £

Ans.
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©21-45. The slender rod AB has a mass m and it is
connected to the bracket by a smooth pin at A. The bracket
is rigidly attached to the shaft. Determine the required
constant angular velocity of e of the shaft, in order for the
rod to make an angle of 6 with the vertical.

The rotating xyz frame is set with its origin at the rod’s mass center, Fig. a. This
frame will be attached to the rod so that its angular velocity is ) = w and the x, y, z
axes will always be the principal axes of inertia. Referring to Fig. b,

®w = —wcos hj + wsin Ok

Thus,

w, =0 w, = —wcos w, = wsin §

Since both the direction and the magnitude is constant @ = 0. Also, since () = o,
(d)xyz) = @ = 0.Thus,

o, =0, =w, =0
The mass moments of inertia of the rod about the x, y, 7 axes are

1
Ix:IZ:EmLZ 1,=0

Applying the equation of motion and referring to the free-body diagram of the rod,
Fig. a,

L 1
M, = Lo, — (Iy - Iz)wywz; - Az(z) =0- <0 - 12mL2>(—cu cos 0)(w sin 6) (@)
2
L
A, = mcg sin 6 cos 6 a

The acceleration of the mass center of the rod can be determined from

L L ’L
ag = w*r = wz(f sin 6 + 7) = wT (3sinf + 2) and is directed as shown in

2 3
Fig. c. Thus,
. me*L .
2F, = m(ag);; A, —mgsinf = 6 (3sin 6 + 2) cos 0
A sin 0 meL(3 in6 + 2)cosd (2)
=mgsinf = — si 0
z 8 6 (b)
Equating Egs. (1) and (2),
me’L mw’L

sinf cos @ = mgsin 6 — (3sin 6 + 2) cos 6

6

_ 3gtan @ A
YT NLEsing + 1) ns.
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21-46. The 5-kg rod AB is supported by a rotating arm. The
support at A is a journal bearing, which develops reactions
normal to the rod. The support at B is a thrust bearing, which
develops reactions both normal to the rod and along the axis
of the rod. Neglecting friction, determine the x, y, z
components of reaction at these supports when the frame
rotates with a constant angular velocity of o = 10 rad/s.

1
I,=1,= E(5)(1)2 =04167kg- m> I1,=0

y

Applying Eq. 21-25 with w, = w, = 0 @, = 10rad/s o, = &, = @, =0

SMy =1, — (I, — LJoy0,; 0=0

SM,=1,0,— (I, - [Jw,0,; B, (0.5) — A,0.5) =0 )
SM,=1,0,— (I, - I)w,0,; A, (05) — B,(05) =0 Q2
Also,

SF, = m(ag)y; By = —5(10)>(0.5) B, = —250N Ans.
3F, = m(ag)y; Ay + B, =0 A
SF, = m(ag),; A.+ B.—5(9.81)=0 )

Solving Egs. (1) to (4) yields:

245N Ans.

A,=B,=0 A, =B,

21-47. The car travels around the curved road of radius p
such that its mass center has a constant speed vs. Write the
equations of rotational motion with respect to the x, y, z
axes. Assume that the car’s six moments and products of
inertia with respect to these axes are known.

12
Applying Eq.21-24 withw, =0, w0, =0, o, =,
p
X
o, =0, =0, =0
2 1

VG yz
M =1y, [0 - (?) ] = ?VZG Ans.

2 1

_ VG _ X 5

EMy = *sz |:<p> - O:| = *?VG Ans.
SM,=0 Ans.

Z

Note: This result indicates the normal reactions of the tires on the ground are not all
necessarily equal. Instead, they depend upon the speed of the car, radius of
curvature, and the products of inertia /,_ and /,. (See Example 13-6.)
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*21-48. The shaft is constructed from a rod which has a z
mass per unit length of 2 kg/m. Determine the x, y, z A o =30rad/s
components of reaction at the bearings A and B if at the L%

instant shown the shaft spins freely and has an angular
velocity of @ = 30 rad/s. What is the angular acceleration of
the shaft at this instant? Bearing A can support a component 0.6m

. S . L
of force in the y direction, whereas bearing B cannot.

SW = [3(02) + 12](2)(9.81) = 35316 N

SIW = 0[1.2(2)(9.81)] + 0.1[0.4(2)(9.81)] + 0.2[0.2(2)(9.81)] = 1.5696 N+ m
X = E;V‘;V = ;552?2 = 0.04444 m
I, = 2B [0.2(2)](0.2)2} +[02(2)](0.2)? = 0.02667 kg - m?

Applying Eq. 21-25 with w, = w, = 0 w, = 30rad/s o, = @, =0
SM, = 1o, — (I, - I)o,0,; B, (0.7) — A0.7) = 0 @)

M, =1,0,— (I, = I)o, 04 35.316(0.04444) = 0.02667w,

w, = 589 rad/s? Ans.
M, =lLo,— (U, - ] )o,0,; B, (0.7) — A,(0.7) =0 ?2)
Also,
SF, = m(ag)y; —A, — B, = —1.8(2)(0.04444)(30)? Q3)
2F, = m(ag)y; Ay, =0 Ans.
2F, = m(ag),; A, + B, — 35316 = —1.8(2)(0.04444)(58.9) ()]
Solving Egs. (1) to (4) yields:
A, =B, =720N A, =B,=129N Ans.
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©21-49. Four spheres are connected to shaft AB. If z D
me = 1 kg and my = 2 kg, determine the mass of spheres
D and F and the angles of the rods, 6, and 6y, so that the
shaft is dynamically balanced, that is, so that the bearings at
A and B exert only vertical reactions on the shaft as it
rotates. Neglect the mass of the rods.

x
Forx =0; Zx;m; =0
(0.1 cos 30°)(2) — (0.1 sin Op)mp — (0.2 sin 6p)mp = 0 @
Forz =0; Xz;m; =0
(0.1)(1) = (0.1sin 30°)(2) + (0.2 cos Op)mp + (0.1 cos Op)mp = 0 ?2)
ForI,, =0; Zx1zymy =0
—(0.2)(0.2 sin Op)mp + (0.3)(0.1 cos 30°)(2) — (0.4)(0.1 sin Oz)mp = 0 A3)
For I, = 0; Zx;yym; =0
(0.1)(0.1)(1) + (0.2)(0.2 cos 6p)mp — (0.3)(0.1 sin 30°)(2)
+ (0.1 cos 07)(0.4)(mp) = 0 “)
Solving,
0p = 139° Ans.
mp = 0.661 kg Ans.
0 = 40.9° Ans.
mp = 132kg Ans.
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21-50. A man stands on a turntable that rotates about a
vertical axis with a constant angular velocity of
w, = 10rad/s. If the wheel that he holds spins with a 300 mm
constant angular speed of w, = 30rad/s, determine the
magnitude of moment that he must exert on the wheel to
hold it in the position shown. Consider the wheel as a thin
circular hoop (ring) having a mass of 3 kg and a mean radius
of 300 mm.

o, = 30 rad/s

The rotating xyz frame will be set with an angular velocity of ) = wp = [10k] rad/s.
Since the wheel is symmetric about its spinning axis, the x, y, and z axes will remain as
the principle axes of inertia. Thus,

w, = 10rad/s

1 1
=1, = Emr2 -5 (3)(0.3%) = 0.135 kg - m? L

1,=mr? = 3(0.32) = 027 kg - m?
The angular velocity of the wheel is @ = w; + wp = [-30i + 10k] rad/s. Thus,
w, = —30rad/s w, =0 w, = 10rad/s

Since the directions of w, and w, do not change with respect to the xyz frame and
their magnitudes are constant, ,,, = 0.Thus,
o, =w,=w, =0

y

Applying the equations of motion and referring to the free-body diagram shown in
Fig. a,

SM, = Lay — [,Q.0,+ [.Qw; M,=0
SM, = Lo, — ., + [,Qw0; M,=0-0+027(10)(-30) = -81.0N-m
M, =lLo, - 1,.Q0, + 1,Q,0, M,=0 C@)
Thus,
M=VM>+M>+ M>=V0+ (-81.07 + 0> =81.ON-m Ans.
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21-51. 'The 50-Ib disk spins with a constant angular rate of z
w; = 50rad/s about its axle. Simultaneously, the shaft
rotates with a constant angular rate of w, = 10rad/s.
Determine the x, y, z components of the moment developed
in the arm at A at the instant shown. Neglect the weight of
arm AB.

<
x//wz = 10rad/s
The rotating xyz frame is established as shown in Fig. a. This frame will be set to
have an angular velocity of () = w, = [10i] rad/s. Since the disk is symmetric about © = 50 rad/s
its spinning axis, the x, y, and z axes will remain as the principle axes of inertia. Thus,

1/ 50
Li=1,= <@>(0.752) = 0.2184 slug - ft?

_l 50 2\ _ L2
I = < 32.2)(0.75 ) = 0.4367 slug - ft

The angular velocity of the disk is w = w; + w, = [10i + 50k] rad/s. Thus,
w, = 10rad/s w, =0 w, = 50rad/s

Since the directions of w; and w, do not change with respect to the xyz frame and
their magnitudes are constant, @,,, = 0.Thus,

oy =@y =a,=0

Applying the equations of motion and referring to the free-body diagram shown in
Fig. a,

M, = o, — 1,Q0, + 1.Qw; My — Az(2) =0 (6))
M, = l,o, — 1.Q0, + 1,Q0 My = 0 — 0.4367(10)(50) + 0

My = —218361b-ft = —2181b-ft  Ans.
M, =lLo, - 1,.Qw,+1,Qw0; M;=0-0+0

M; =0 Ans.

Since the mass center of the disk rotates about the X axis with a constant angular
velocity of w; = [10i]rad/s, its acceleration is ag = @, X 15 — WrG
= 0 — 10%(2j) = [—200j] ft/s’. Thus,

EFZ = m(aG)Z; AZ - 50 = %(O) AZ =501b

Substituting this result into Eq. (1), we have

My = 1001b-ft Ans.
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*21-52. 'The man stands on a turntable that rotates about a ’-:‘7 0
vertical axis with a constant angular velocity of w; = 6 rad/s.If
he tilts his head forward at a constant angular velocity of 45 iny w, = 1.5rad/s
®, = 1.5 rad/s about point O, determine the magnitude of the
moment that must be resisted by his neck at O at the instant
6 = 30°. Assume that his head can be considered as a uniform
10-Ib sphere, having a radius of 4.5 in. and center of gravity
located at G, and point O is on the surface of the sphere.

The rotating xyz frame shown in Fig. a will be attached to the head so that it rotates
with an angular velocity of () = w, where w = w; + w,. Referring to Fig. b,
w; = [6cos30°j + 65sin30°k] rad/s = [5.196j + 3k]rad/s. Thus, o = [—1.5i
+ 5.196j + 3k] rad/s. Then

w, = —1.5rad/s w, = 5.196 rad/s w, = 3rad/s ) = 6rad/s

The angular acceleration of the head w with respect to the XYZ frame can be

[N

obtained by setting another x'y’z’ frame having an angular velocity of
Q' = w; = [5.196j + 3Kk] rad/s. Thus

o= (beyy) + Q' Xow
= (d)l)x’y’z’ + (C;)Z)x’y’z’ + 0" X+ Q' X
=0+ 0+ 0+ (5196j + 3k) X (—1.5i)

= [—4.5j + 7.794k] rad/s?

Since Q = , @,y = @ = [~4.5] + 7.794K] rad/s*. Thus,

w, =0 o, = —45 rad/s? @, = 7.794 rad/s’
Also, the x, y, z axes will remain as principal axes of inertia. Thus,

2 10 10
I, =1,=_5(0375) + { 15 )(0.375%) = 0.06114 slug - ft*
e = 1= 55, (0379) (32'2)(0375) 0.06114 slug - ft

_ % 10 2\ _ L2
I, =3 ( 32‘2)(0.375 ) = 0.01747 slug - ft

Applying the moment equations of motion and referring to the free-body diagram
shown in Fig. a, (b)

SM, = Lo, — (I, - I)ojw,; M, — 10sin30°(0.375) = 0 — (0.01747 — 0.06114)(5.196)(3)

M, = 2.5561b-ft
SMy = Loy, — (I, — I)ow,; M, =001747(-45) — 0 M, = —0.07861 Ib- ft

SM, = La, — (I, - I)o,0,; M, = 0.06114(7.794) — (0.06114 — 0.01747)(~1.5)(5.196)

= 0.81611b-ft

Thus,

My=VMZ>+ M2+ M2 =\2556 + (—0.07861)* + 0.8161> = 2.68Ib-ft  Ans.
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©21-53. The blades of a wind turbine spin about the shaft §
with a constant angular speed of w,, while the frame
precesses about the vertical axis with a constant angular
speed of w,. Determine the x, y, and z components of
moment that the shaft exerts on the blades as a function of 6.
Consider each blade as a slender rod of mass m and length L.

The rotating xyz frame shown in Fig. a will be attached to the blade so that it rotates
with an angular velocity of () = w, where w = w; + w,. Referring to Fig. b
0, = w,sin i + w, cos k. Thus,w = w, sin bi + w,j + v, cos 6k. Then

0y = w,sin 0 )

y = 05 ©; = ©,C08 0

The angular acceleration of the blade @ with respect to the XYZ frame can be

[N

obtained by setting another x'y’z’ frame having an angular velocity of
Q' = w, = w,sinbi + w, cos k. Thus,

b= (beyy) + Q' X o
= ((bl)x’y’z’ + (‘;)Z)x’y'z’ + Q' X wg + Q" X wp

0+0+ (wpsinei-i- wpcosek) X (o) + 0

—w,w, €os i + w,w, sin 0k

Since ) = w, @,y = @.Thus,
Oy = —wyw, Ccos f w, =0 ®, = 0,0, sin z

Also, the x, y, and z axes will remain as principle axes of inertia for the blade. Thus,

"
1 2
I,=1,= E(2m)(2l)2 = 5ml2 I,=0 x )
X
Applying the moment equations of motion and referring to the free-body diagram
shown in Fig. a, ®

2 2
M, = Lo, — (Iy - Iz)wywz; M, = gmlz(—wswp cos 6) — (5 ml? — 0)(w5)(wp cos 0)

= 3 ml? w,w, cos 6 Ans.

p

. 2 .
M, = 1w, — (IZ - Ix)wzwx; M,=0- (O - 5m12>(wp cos 6)(w), sin 6)
— L P o, sin 2 A
=3 ml w,”sin ns.
SM, = Lo, — (I, - I)ow,; M,=0-0=0 Ans.
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21-54. Rod CD of mass m and length L is rotating with a
constant angular rate of w; about axle AB, while shaft EF
rotates with a constant angular rate of w,. Determine the X,
Y, and Z components of reaction at thrust bearing E and
journal bearing F at the instant shown. Neglect the mass of
the other members.

The rotating xyz frame shown in Fig. a will be attached to the rod so that it rotates
with an angular velocity of ) = w, where = w; + wy = w,i — wyj. Thus,

W, = Wy 0, = —w w, =0

The angular acceleration of the rod @ with respect to the XYZ frame can be
obtained by using another rotating x'y’'z’ frame having an angular velocity of
QO = wy = (1)2i. Flg d.ThuS,

b= (beyy) + Q' X o
= (0)yyy + (@)yyry + Q' X o+ Q' X o,
=0+ 0+ (@) X (—wyj) + 0
= —wjmk
Since ) = w, @,y = @.Thus,
W, = (i)y =0 W, = —ww,
Also, the x, y, and z axes will remain as principal axes of inertia for the rod. Thus,

1
1,=0 Iy=1. = ml?

Applying the equations of motion and referring to the free-body diagram shown in
Fig. a,

SM, = La, — (I, - I)o0; 0=0

M, = Lo, — (I, = I)ow; Ez(a) = Fz(a)=0 -0

EZ_FZ:() (1)

. 1 1
IM, = Lo, - (I, - I)ww,; Fy(a) - Ey(a) = EmLz (—w wy) — (0 - Emﬁ)(wQ)(—wl)

mL*ww,
Fy — Ey = — T 6a )
Since the mass center G does not move, ag = 0. Thus,
SFyx = m(ag)y; Ex=0 Ans.
2Fy = m(ag)y; Fy + Ey=0 ()]
2Fz=mlag)z; Fz+Ez—-mg=0 )]
Solving Egs. (1) through (4),
2 2
Fy = _7mL12aa)1w2 Ey = 7”1[‘1 2(1; 192 Ans.
E,=F;= % Ans.
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21-55. If shaft AB is driven by the motor with an angular
velocity of w; = 50rad/s and angular acceleration of
@, = 20 rad/s? at the instant shown, and the 10-kg wheel
rolls without slipping, determine the frictional force and the
normal reaction on the wheel, and the moment M that must
be supplied by the motor at this instant. Assume that the

wheel is a uniform circular disk.
0.1 m

w; = 50 rad/s

The rotating xyz frame is established to coincide with the fixed XYZ frame at the 51 = 20 rad)s®
w; = T,

instant considered, Fig. a. This frame will be set to have an angular velocity of
Q = w; = [50k] rad/s. Since the wheel is symmetric about its spinning axis, the x, y,
z axes will remain as the principal axes of inertia. Thus,

I,=1,= %(10)(0.12) +10(03%) = 0.925 kg - m?
109800

1
I, = - (10)(0.1%) = 0.05 kg-m?
=5 (10)(0.1%) g'm
Since the wheel rolls without slipping, the instantaneous axis of zero velocity is
shown in Fig. b. Thus

3
©2_ 3 wy = 3w; = 3(50) = 150 rad/s
w1 1

The angular velocity of the wheel is @ = w; + w, = [150i + 50k] rad/s. Then,

w, = 150 rad/s w, =0 w, = 50rad/s

Since the directions of w; and w, do not change with respect to the xyz frame,
(bxyz = (d)l)xyz + (d)Z)X}/Z where (d)Z)xyz = 3(d)1)xyz = 3(20) = 60 rad/sz. Thus,
@y, = [60i + 20K] rad/s’, so that

w, = 60rad/s> @, =0 @, = 20 rad/s?

Applying the equations of motion and referring to the free-body diagram shown in
Fig. a,

M, = lw, — [,Q0, + 1,0 0; F(0.1) = 0.05(60) — 0+ 0 F = 30N Ans. ®) A
M, =1lw, — 1,Q0, + 1,00, N(0.3) — 10(9.81)(0.3) = 0 — 0 + 0.05(50)(150)
N = 13481 N = 1.35kN Ans.
M, =1L, — 1.Q0, + 1,00 M — 30(0.3) = 0.925(20) — 0 + 0
M =275N'm Ans.
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*21-56. A stone crusher consists of a large thin disk which

is pin connected to a horizontal axle. If the axle rotates at a @
constant rate of 8 rad/s, determine the normal force which I

the disk exerts on the stones. Assume that the disk rolls 8rad/s

without slipping and has a mass of 25 kg. Neglect the mass
of the axle.

I, =1, = %(25)(0.2)2 + 25(0.8)* = 16.25 kg - m?

1
Iy=5 (25)(0.2)*> = 0.5 kg - m?

0 = —w,j + w k, where 0, = 8rad/s

v = 08w, = (0.8)(8) = 6.4m/s

6.4
0= "0 —32rad/s
Thus,
w = —32j + 8k

® = @y, + Q X o=0+ (8k) X (—32j + 8k) = 256i
w, = 256 rad/s?

SM, = Lo, — (I, ~ I) o0,
Np (0.8) — 25(9.81)(0.8) = (16.25)(256) — (0.5 — 16.25)(—32)(8)

Np =405N Ans.

o-Bm

25980\ R

V= W, (0-8)
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©21-57. The 25-1b disk is fixed to rod BCD, which has
negligible mass. Determine the torque T which must be
applied to the vertical shaft so that the shaft has an angular
acceleration of & = 6 rad/s%. The shaft is free to turn in its

bearings. T
I ( )( 1?2 + ( 25 )(2)2 = 3.4938 slug - ft?
7 2\322 322
o
Applying the third of Eq.21-25 with I, = I, 0, = v, = 0,0, = 6 rad/s?
EM, =1l o, — (U, — I)o,0,; T = 3.4938(6) = 21.01b-ft Ans.
A

J.‘
AV

2 ft

i
!

1ft—

=ft

21-58. Solve Prob. 21-57, assuming rod BCD has a weight
per unit length of 2 1b/ft.

=3 (322>( y (32 2>( 2 + <§;2;)( o (;g)(z)z = 3.9079 slug- f’

Applying the third of Eq.21-25 with [, = I,, 0, = w, = 0,0, = 6 rad/s?

>T

SM,=1La,— (I, - [)w,0,; T =39079(6) = 23.41b-ft Ans.

1 ft —

R51b

—
L

—

2(21p

1(2) b

ke
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21-59. Ifshaft AB rotates with a constant angular velocity z
of w = 50rad/s, determine the X, Y, Z components of
reaction at journal bearing A and thrust bearing B at the
instant shown. The thin plate has a mass of 10 kg. Neglect
the mass of shaft AB.

The rotating xyz frame is set with its origin at the plate’s mass center as shown on B

the free-body diagram, Fig. a. This frame will be fixed to the plate so that its angular
velocity is ) = w and the x, y, and z axes will always be the principal axes of inertia Y
of the plate. Referring to Fig. b,

w = [=505sin 60°j + 50 cos 60° k] rad/s = [—43.30j + 25k] rad/s
Thus,
w, =0 o, = —43.30rad/s w, = 25rad/s

Since w is always directed towards the —Y axis and has a constant magnitude, @ = 0.
Also, since () = w, d)xyz = @ = 0.Thus,

o, =w,=w, =0

The mass moments of inertia of the plate about the x, y, and z axes are

1 1
Li=1.=1 (10)(0.3?) = 0.075 kg m? I, = E(10)(0.32 +0.3?) = 0.15kg - m’

Applying the equations of motion,

IM, = Lo, — (I, - I)ow; By(0.45) — Az(0.45) = 0 — (0.15 — 0.075)(—43.30)(25)
B, — Ay = 180.42 @ e
EM, = 1w, — (I, — I)ww,; —Ax(0.45cos60°) — Bx(0.45c0s60°) =0 —0

Ax = —By )

SM, = Lo, — (I, — 1,)o0, —Ax(0.45sin60°) — By(0.45sin 60°) = 0 — 0

Ax = —By wW=50 /‘n//s
2Fx = m(ag)x; By —Ax =0 A L (b)
SFy = m(ag)y; By =0 Ans.
SF; =m(ag)y; Az + By —10(9.81) = 0 @)
Solving Egs. (1) through (4),
Az = —41.16N = —41.6 N B; = 13926 N = 139N Ans.
Ay =By =0 Ans.

The negative sign indicates that A, acts in the opposite sense to that shown on the
free-body diagram.
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*21-60. A thin uniform plate having a mass of 0.4 kg spins
with a constant angular velocity w about its diagonal AB. If
the person holding the corner of the plate at B releases his
finger, the plate will fall downward on its side AC.
Determine the necessary couple moment M which if
applied to the plate would prevent this from happening.

Using the principal axis shown,

— 1 2 _ -3 2
I =15 (04)(03)" = 3(107%) kg-m

— 1 2 _ -3 2
1, = 55 (04)(0.15) = 0.75(107%) kg-m

I, = 11—2(0.4)[(0.3)2 +(0.15)?] = 3.75(107) kg - m?

g
Il
S
o
]
w
)
o
n
3
- o
g
Il
o

My =10, — (I, - [)o,w0,
M,=0
M, =1,0, - I, - I,)o, o,

M

y=0

EM, =1, 0, — (I, — I )00,

M, =0 - [3(107%) — 0.75(107%) |w? sin 26.57°cos 26.57°

M, = -09(1073)e?N-m = —0.90’ mN-m

The couple acts outward, perpendicular to the face of the plate.

o4@enN ;%

0=26:57°

Ans.
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21-61. Show that the angular velocity of a body, in
terms of Euler angles ¢, 6, and ¢, can be expressed as
o= (d)sinesinlpﬂécosd/)i + ((ﬁsinecosd/ —ésimp)j +
(d) cos 0 + (p)k, where i, j, and k are directed along the x, y,
z axes as shown in Fig. 21-15d.

From Fig. 21-15b. due to rotation ¢, the x, y, z components of d) are simply d) along
Z axis.

From Fig 21-15c¢, due to rotation 6, the x, y, z components of $ and 6 are ¢ sin 0 in
the y direction, ¢ cos 6 in the z direction, and 6 in the x direction.

Lastly, rotation . Fig. 21-15d, produces the final components which yields

w = (d) sin 6 sin ¢ + 6 cos 4,//)i + (d) sin 6 cos iy — 0 sin 4,//)j + (d) cos 6 + {//)k Q.E.D.

21-62. A thin rod is initially coincident with the Z axis
when it is given three rotations defined by the Euler angles
¢ = 30°,6 = 45°,and y = 60°.If these rotations are given in
the order stated, determine the coordinate direction angles «,
B,y of the axis of the rod with respect to the X, Y, and Z
axes. Are these directions the same for any order of the
rotations? Why?

u = (1sin45°)sin 30°i — (1sin 45°) cos 30°%j + 1cos 45°k

u = 0.3536i — 0.6124j + 0.7071k

a = cos™10.3536 = 69.3° Ans.
B = cos™!(—0.6124) = 128° Ans.
y = cos"1(0.7071) = 45° Ans.
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21-63. The 30-1b wheel rolls without slipping. If it has a y
radius of gyration k5 = 1.2 ft about its axle AB, and the
vertical drive shaft is turning at 8rad/s, determine the ‘
normal reaction the wheel exerts on the ground at C.
Neglect the mass of the axle. H

w

Q, = w = 8rad/s kB

0
3(8) %
W =" 7g = —13.33 rad/s A x

30

SM,=1.Q,0; 303) — N,3) = [( 3

)(1.2)2}(8)(—13.33) ¢

N, =77.71b Ans.

Vy=3(w) =3(8) f¢/s
1-8ft

*21-64. The 30-1b wheel rolls without slipping. If it has a y
radius of gyration k,p = 1.2 ft about its axle AB,

determine its angular velocity w so that the normal reaction ‘
at C becomes 60 1b. Neglect the mass of the axle. H

30

SM, = 1,00, 30(3) — 60(3) = { 3

(1.2)2}11)(—1.667(»)

o = 6.34rad/s




© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

©21-65. The motor weighs 50 1b and has a radius of
gyration of 0.2 ft about the z axis. The shaft of the motor is
supported by bearings at A and B, and spins at a constant
rate of w; = {100k} rad/s, while the frame has an angular
velocity of @, = {2j} rad/s. Determine the moment which
the bearing forces at A and B exert on the shaft due to this
motion.

Applying Eq. 21-30: For the coordinate system shown 6 = 90° ¢ = 90° _—
0 =0 ¢ =2rad/s & = 100 rad/s. L

SM, = —I¢?sinfcos 6 + 110;" sin 0((;’) cos 6 + ¢l) reduces to

.. 50
2M, = 1, M, = Kﬁ>(0.2)2}(2)(100) =1241b-ft Ans.
Since w, = 0
M, = 0; M,=0 Ans.
=M, =0 M,=0 Ans.

21-66. The car travels at a constant speed of
vc = 100 km/h around the horizontal curve having a radius
of 80 m. If each wheel has a mass of 16 kg, a radius of
gyration ks = 300 mm about its spinning axis, and a radius
of 400 mm, determine the difference between the normal
forces of the rear wheels, caused by the gyroscopic effect.
The distance between the wheels is 1.30 m.

I = 2[16(0.3)’] = 2.88 kg - m?

_1001000)
@5 = 3600(0.4)  0044rad/s
_1001000) _
“p = go3600) 047 rad/s

M =100,

AF(1.30) = 2.88(69.44)(0.347)

AF = 534N Ans.
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21-67. The top has a mass of 90 g, a center of mass at G, T

and a radius of gyration k = 18 mm about its axis of @p A
symmetry. About any transverse axis acting through point O @
the radius of gyration is k, = 35 mm. If the top is connected

to a ball-and-socket joint at O and the precession is s> G

w, = 0.5 rad/s, determine the spin w;.

w, = 0.5rad/s o)
) . . ) 60 mm
SM, = —I¢*sinfcos 6 + I.¢sin 0<¢ cos 6 + l[f)
0.090(9.81)(0.06) sin 45° = —0.090(0.035)? (0.5)* (0.7071)?
z
+ 0.090(0.018)2(0.5)(0.7071)[0.5(0.7071) + 4| 0-09(9-8))N

w, = ¢ = 3.63(10%) rad/s Ans.

*21-68. The top has a weight of 3 Ib and can be considered
as a solid cone. If it is observed to precess about the vertical
axis at a constant rate of 5 rad/s, determine its spin.

3/(3 15\ (62 3 (4.5)2 ) /
P =) + = +—(=) =0. . 6 in. [~ 3(°
=% (32.2)[4(12) (12)} 322\12) ~ 00419l
3 (3 \/15Y s ) T
I.= 75 (32—2)(5> = 0.43672(1073) slug - ft S rads

SM,= —I¢*sinfcosb + Izq[;sino(cl;cose + zj;)

(3)(%)(@ 30°) — (0.01419)(5)? sin 30° cos 30° + 0.43672(107%)(5) sin 300(5 cos 30° + ¢)

¢ = 652 rad/s Ans.
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©21-69. The empty aluminum beer keg has a mass of m,
center of mass at G, and radii of gyration about the x and
y axes of k, = k, = %r, and about the z axis of k, = %r,
respectively. If the keg rolls without slipping with a constant
angular velocity, determine its largest value without having
the rim A leave the floor.

Since the beer keg rolls without slipping, the instantaneous axis of zero velocity is

indicated in Fig. a. Thus, 0, = w,sin a.
Since zp = w,, d) = —w, = —o,sina, and § = 90° — « are constant, the beer keg
undergoes steady precession.
5V 25 1\ 1
I=1.=1,= m(zr) = Emr2 and I, = m(zr) = Emrz. Referring to the
free-body diagram of the beer keg in Fig. b,
SM, = —1¢*sin 6 cos 0 + Izd; sin 0(4) cos 6 + 1/});
. 25 NN
Fgcosa(r) — Ngsin a(r) = —— mr(—w; sin @) sin (90° — a) cos (90° — «)

16

1
+ I3 mri(—w, sin @) sin (90°—a)[(—w, sin &) cos (90°—a) + w,]

1
FBcosa—NBsina=Rmrwf sinacosa(26sin2a—1) @

Since the mass center G of the beer keg rotates about the Z axis, Fig. q, its
2
. . r cos” a
acceleration can be found from ag = wf,R = (—w,sin a)2<_>
sin «
= w’r sin « cos® a and it is directed towards the negative Y’ axis. Fig. a. Since the

mass center does not move along the Z’, (ag), = 0. Thus,
SFy = m(ag)y; —Fp= —m(w?r sin a cos® a)
Fy = mw’r sin a cos® o
2Fz =m(ag)y; Np—mg=0 Np = mg

Substituting these results into Eq. (1),

\/ 16g
wg = Ans.
¥ cos a(16cos2a — 26 sin‘a + 1)

V4 y

\”A z

4 Z
Z
%
g z,
Y
o il
p W Gy o
R
@)
Z/
Y
m¢
9=90%«
Z !
Y
~
»‘fﬂf 4
Na=0  Np
®)
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21-70. The 10-kg cone spins at a constant rate of
w, = 150 rad/s. Determine the constant rate w, at which it
precesses if ¢ = 90°. ?

Here,6 = 180° — 90° = 90",1,?1 = wy, = —150 rad/s, andd> = w), are constants. Thus,
3

this is a special case of steady precession. I, = E(lO)(O.lz) = 0.03 kg-m?,

Q, = —¢ = —wpy,and 0, = ¢ = —150 rad/s. Thus, \

SM, = 1.Q0; —10(9.81)(0.225) = 0.03(~w,,)(~150) 300 mm 71

w, = —4.905 rad/s Ans. \

100mm X

Ox25m

21-71. The 10-kg cone is spinning at a constant rate of
w, = 150 rad/s. Determine the constant rate w, at which it
precesses if ¢ = 30°.

Since 1/1 = w;, = —150 rad/s,d) = wp,and 6 = 180° — 30° = 150° are constants, the
3
cone undergoes steady precession. I, = 0 (10)(0.22) =003kg-m?and [ = I, =

I, = 5—0(10){4(0.12) + 0.32} +10(0.225%) = 0.555 kg - m’.

Thus,

M, = flci)Z sin 6 cos O + Izd) sin 0(4) cos 6 + w)

~10(9.81) sin 30°(0.225) = —0.555w? sin 150° cos 150° + 0.03w, sin 150°[w,, cos 150° + (—150)]
0.2273w}, — 225w, + 11.036 = 0

Solving,

w, = 13.5rad/s or 3.60 rad/s Ans.

981




© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

*21-72. The 1-lb top has a center of gravity at point G. If it
spins about its axis of symmetry and precesses about the L /
vertical axis at constant rates of w; = 60rad/s and ‘9\

w, = 10rad/s, respectively, determine the steady state
angle 0. The radius of gyration of the top about the z axis is
k. = 1in.,and about the x and y axesitis k, = k, = 4 in.

w, = 10rad/s o, = 60 rad/s

Since i = w, = 60rad/s and ¢ = w, = —10rad/s and 6 are constant, the top
undergoes steady precession.

I, = (L><i>2—21567(10—6) lug-f> and [ =1,=1,= <L)(i)2
<= \z;2)\12) ~ S me T LT T 2 \12) o«

= 3.4507(107%) slug - 12,

Thus,
M, = —Id)z sin 6 cos 6 + Izd> sin 0(¢ cos + 1/;)
—15in 6(0.25) = —3.4507(107%)(~10)* sin 6 cos § + 215.67(10~°)(—10) sin 6[(—10) cos 6 + 60]

6 = 68.1° Ans.

*21-73. At the moment of take off, the landing gear of an
airplane is retracted with a constant angular velocity of
w, = 2rad/s, while the wheel continues to spin. If the plane
takes off with a speed of v = 320 km/h, determine the
torque at A due to the gyroscopic effect. The wheel has a
mass of 50 kg, and the radius of gyration about its spinning
axis is k = 300 mm.

k 1000
When the plane travels with a speed of = (3207“1)(?1:1)

1h
( 3 6005) = 88.89 m/s, its wheel spins with a constant angular velocity of

v 8889

Wy = 04 " 222.22rad/s. Here, 6=90°, ,=w,=2rad/s and

y

w, = w, = 22222 rad/s are constants. This is a special case of steady precession.

I, = 50(0.3%) = 4.5 kg m> Thus, %

SM, = I.Qy0; M, = 45(2)(222.22) = 2000N-m = 2kN-m  Ans.

(N

b

50(9.81)N

w2
-

@)
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21-74. The projectile shown is subjected to torque-free
motion. The transverse and axial moments of inertia are /
and I, respectively. If 0 represents the angle between the
precessional axis Z and the axis of symmetry z, and B
is the angle between the angular velocity @ and the z
axis, show that B8 and 6 are related by the equation
tan @ = (I/1,) tan B.

Hgsin 6 Hgcos 6 wy I,
From Eq.21-34 w, = 7 and w, = 7 Hence — = 7 tan 6
4 wZ

However,w, = wsin g and w, = wcos 8

) 1
= tan g = ~tan 6
w, 1
1
tan § = A tan 8 Q.E.D.

Z

21-75. The space capsule has a mass of 3.2 Mg, and about
axes passing through the mass center G the axial and
transverse radii of gyration are k, = 0.90 m and k, = 1.85 m,
respectively. If it spins at w; = 0.8 rev/s, determine its
angular momentum. Precession occurs about the Z axis.

Gyroscopic Motion: Here, the spinning angular velocity
¥ = o, = 0.8(27) = 1.67 rad/s. The moment of inertia of the satelite about the

zaxisis I, = 3200(0.92> = 2592 kg m? and the moment of inertia of the satelite

about its transverse axis is [ = 3200(1.852) = 10 952 kg - m?. Applying the third of
Eq.21-36 with 6 = 6°, we have

I -1
11

Z

1L= Hg cos 6

z
N 677[10 952 — 2592

10 952(2592) }H G cos6

Hg = 17.16(10°) kg - m?/s = 17.2 Mg - m?/s Ans.
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*21-76. The radius of gyration about an axis passing through
the axis of symmetry of the 2.5-Mg satellite is k, = 2.3 m,
and about any transverse axis passing through the center of
mass G, k; = 3.4 m. If the satellite has a steady-state
precession of two revolutions per hour about the Z axis,
determine the rate of spin about the z axis.

I, = 2500(2.3)> = 13 225 kg - m?

I = 2500(3.4)*> = 28 900 kg - m?

Use the result of Prob. 21-74.

1
tan 6 = (Tz) tan 8 z
. (28900
tan 10° = (13 22S)tan B
B = 4.613° .
From the law of sines, e i):,ZN ‘V/\/ /w ]
sin5387°  sin 4.613° pod-6e p=4.6i5
i 2
¢ =2.33rev/h Ans.
©21-77. The 4-kg disk is thrown with a spin w, = 6 rad/s. z
If the angle 0 is measured as 160°, determine the precession
about the Z axis.
125 mm ‘J
I =1(4)(0.125)> = 0.015625kg-m*> I, = 3 (4)(0.125)* = 0.03125 kg - m? B
\ w, = 6rad/s
Applying Eq.21-36 with 6 = 160° and =6 rad/s \
.o I=1
= IIZZHOCOSG \z

_0.015625 — 0.03125

- Hy cos 160°
0.015625(0.03125) 1o c0s 160

Hg = 0.1995 kg - m?%/s

_ Hg 01995

7 = m = 12.8 rad/s Ans.

¢

Note that this is a case of retrograde precession since /, > 1.
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21-78. The projectile precesses about the Z axis at a
constant rate of ¢ = 15 rad/s when it leaves the barrel of a
gun. Determine its spin y and the magnitude of its angular
momentum Hg. The projectile has a mass of 1.5 kg and radii
of gyration about its axis of symmetry (z axis) and about
its transverse axes (x and y axes) of k, = 65 mm and
ky = k, = 125 mm, respectively.

Since the only force that acts on the projectile is its own weight, the projectile
undergoes torque-free motion. [, = 1.5(0.0652) = 6.3375(1073) kg - m?,
I=1,=1,=150.125) = 0.0234375 kg-m? and § = 30°. Thus,

. H, .
¢ = TG; Hg = I$ = 0.0234375(15) = 0.352 kg - m?/s Ans.
Y
Y= ¢ cos 0
Z
0.0234375 — 6.3375(103)
= (15) cos 30°
6.3375(1073)
= 35.1rad/s Ans.
21-79. The satellite has a mass of 100 kg and radii of gyration 2 z
about its axis of symmetry (z axis) and its transverse axes (x or \
y axis) of k, = 300 mm and k, = k, = 900 mm, respectively.

If the satellite spins about the z axis at a constant rate of & = 200 rad/s
¥ = 200 rad/s, and precesses about the Z axis, determine the

precession ¢ and the magnitude of its angular momentum Hg.

7 7
VO ST,

Since the weight is the only force acting on the satellite, it undergoes torque-free
motion.

Here, I, =100(03%) =9kg-m? [ =1,=1,=100(09%) =8lkg-m? and
6 = 15°.Then,

I =1, .
Y= ¢ cos 6

Z

1 — .
200 = (8 5 9>¢cos 15° *

¢ = 25.88 rad/s

Using this result,

Hg
2588 = ——
81

Hg = 2096 kg - m%/s = 2.10 Mg - m?%/s Ans.
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*21-80. The football has a mass of 450 g and radii of
gyration about its axis of symmetry (z axis) and its transverse
axes (x or y axis) of k, = 30 mm and k, = k, = 50 mm,
respectively. If the football has an angular momentum of
Hg = 0.02 kg - m?/s, determine its precession ¢ and spin .
Also, find the angle B that the angular velocity vector
makes with the z axis.

Since the weight is the only force acting on the football, it undergoes torque-free
motion. I, = 0.45(0.03%) = 0.405(107%) kg-m?, I =1, = I, = 0.45(0.05%)
= 1.125(107%) kg~ m?, and § = 45°.

Thus,
. H 0.02
p=—Y=—"" _=1778 rad/s = 17.8 rad/s Ans.
I 1.125(107%)
. I, 1.125(107%) = 0.405(103)
g = Hgcos 0 = - - (0.02) cos 45°
11, 1.125(107%)(0.405)(102)
= 22.35rad/s = 22.3 rad/s Ans.
Also,
Hgsing  0.02sin 45°
w0, = 0T = 2REIMB 1) 57 rad/s
I 1.125(1073)
Hgcos®  0.02 cos 45°
w, = ¢ = 2 E8 T 3492 rad/s
I, 0.405(103)
Thus,
@y 12.57
=tan | — | =tan" ! ) = 19.8° Ans.
B an <w1> an (34.92) 9 ns

Hg=0.02kg - m2/s
z

/
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¢21-81. The space capsule has a mass of 2 Mg, center of
mass at G, and radii of gyration about its axis of symmetry
(z axis) and its transverse axes (x or y axis) of K, = 2.75m
and k, = k, = 5.5 m, respectively. If the capsule has the

angular velocity shown, determine its precession ¢ and spin

. Indicate whether the precession is regular or retrograde.
Also, draw the space cone and body cone for the motion.

The only force acting on the space capsule is its own weight. Thus, it undergoes
torque-free motion. I, = 2000(2.75?) = 15125kg-m?, I = I, = I, = 2000(5.5%)

= 60 500 kg - m>. Thus,

Hgsin 6

w, = f
150 sin 300 = Lo Sin 0
ST 760 500

Hgsin 6 = 4 537 500

Hgcos 6
w, =977
4 IZ
150 300 = Hgcos 6
oS T 15125

Hgcosf = 196479513

Solving Egs. (1) and (2),

Hg = 4.9446(10°) kg - m?/s 6 = 66.59°

Using these results,

. He  Hg o 4.9446(10°)
=6 - = 81.7 rad
¢ =7 = %0500 60 500 rad/s

A 60500 — 15125

= H 0=|————— 14.9446(10° 30°
V=g, Haeos [ 60 500(15125) } (10%) cos

= 212 rad/s

Since I > I, the motion is regular precession.

@

2

Ans.

Ans.

Ans.

» =150 rad/s
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