FLORIDA INTERNATIONAL UNIVERSITY
Mechanical Engineering Department

Summer 1993 Advanced Analysis of Mechanical Systems EGM 6422
COURSE CONTENT
Review of Linear, Algebraic Sets of Equations Chapt 2 4 rer
Direct Methods

Iterative Methods
Vector and Matrix Norm Definitions

Nonlinear Algebraic Sets of Equations . Chapt 2 A Per

Ordinary Differential Equations Chapt 5 g rer
Single step methods available
Multistep methods available

Introduction to PDE’s
What PDE’s characterize
Classification of PDE’s
Finite Difference Notation

Parabolic Differential Equations Chapt 8 b pee
Explicit and Implicit Methods
Initial and Boundary Conditions, Limiting Conditions
Stability and Consistency
Well Posedness and Sufficiency
Lax-Wendroff statement of Equality (Laws of Conservation)
Second Order Parabolic Equations and Schemes to Solve Them
Elliptic PDE’s Chapt 7 ¢ rer
Laplace Equation and Iterative Schemes to Solve It
Poisson Equation '
Dealing with Limiting Conditions of Boundary Conditions
NonCartesian Meshes and NonRegular Regions
Hypelbollc PDE’s Chapt 9 4 pER,

Implicit and Explicit Schemes

Problems of Stability in the Schemes
Courant/Frederick Levy Condition
Numerical Integration along Characteristics
Second Order Equations o

Text:

C.F. Gerald, Applied Numerical Analysis, Addison-Wesley, 3rd Ed.

References: '

Elementary Numerical Analysis by Conte and deBoor, McGraw-Hill Publishers

Applied Numerical Methods by Carnahan, Krieger Publishers

Advanced Calculus for Applications by Hildebrand, Prentice-Hall Publishers

Applied Numerical Methods for Digital Computations by James, Smith and Wolford, 4th
Editlon Harper Collins Publishers
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Grade will be determined on the basis of
] Exam 30 % each
HW/Project 30 %
Final Exam 40 %

Letter Grades will be based as follows

(A) 90 & above (C+) 713-76
(A-) 87-89 (C) 70-72

(B+) 83-86 (C-) 67-65
(B) 80-82 (D+) 63-66

(B-) 77-79 (D) 60-62
(F) below 60 '

This is a preliminary syllabus subject to change.

Please be on time to class. Room is CP 101. Class may be cancelled 1 July
because I am on Jury Duty. If so, we will meet on 6 July in class. Please
read Chapter 2 of your books and be prepared to discuss.
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128 PARABOLIC EQUATIONS

(i) Alternate from line to line by first using Saul’yev A and then B,. or the
reverse. This is. related to alternating direction methods to be
discussed later.

- (iv) Use Saul’yev A and Saul’yev B on the same line and average the results
for the final answer (A first, and then B). This is equivalent to
introducing the dummy variables P; ; and- Q; ; such that

(L+7r)P oy =U, ;+r(P_y ;o= U+ U,y ;). (2-268a)

(L +7r)Qijur = Ui j+1(Quar jur — Uiy + Uiy ). (2-268b)
and
U jor = 2(Prjr + Qi ju)-

This averaging method has some computational advantage because of
the possibility of truncation error cancellation.

(2-269)

As an alternative to Eqns. (2-268a, b) one can retain the P; ; and Q, ; from
the previous step and replace U; ;, U, ; in (2-268a) by P; ; and P, ;,
respectively, and U, ;, U;_, ; in (2-268b) by Q;; and Q;_, ;.

Liu [88} used higher order approximations and obtained the algorithms
(Liu A)

(Br+2)U ;4 =2(1 - ngl

+ AQT_L. + 30U, ;= Uy i + #QTML#_V“
t
j+1 {O—0 &
i A N A
A A4 N
> x
-2 -1 i i+l 2 )

Figure 2-18(a) Molecule of Liu A: LtoR
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i-2 i-1 i i+l i+2
Figure 2-18(b) Molecule of Liu B: RtoL

with the computational molecule shown in (Fig. 2-18a). Liu B is given by
Br+2)U j = 2(1 -2r)y, ,;
+ AQ.I“L. +3U_ ;- U j t Agi,:,ﬂv.

These are analogous to the Saul’yev schemes except that the first point on any
line (either from the left or the right) must be obtained by some other means.

As with the Saul’yev forms, combinations can be used.

PROBLEMS

'2-58 Develop the algorithm, Eqn. (2-267), for Saul’yev B.

2-59 Show that the Saul’'yev A approximation mm, unconditionaily stable by the Fourier
method. Hint: Use U, ; = £/ exp(V — 1 Bih).

2-60 Show that the Liu A method is always stable.

2-61 Using Taylor series expansions for #, = u,, show that the truncation error for
Saul’yev A is .

k h? k?
TE = .\INkax - ~|o§kkkk - m:kkx\«kk >
and for Saul’yev B is -
k n? k2
TE = — Mtkkk - Mw.xkkkk - makkkxkku

where Kk = Atand h = Ax.
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iine by tusing Saul'vev A and then B. or the
reiwted to alternating direction methods 0o be

reverse,

discussed .
Lse Suui'ves A and Saul'vev B on the same line and average the results
for the finul answer (A first. and then B). This is equivalent to
introducing the dummy variahles P and Q, . such that

thmrl o= U+ rlP L = U+ Ul ) (2:268a)
U+ riQ o=l + Q. ., = U +U , ]. (2268b)
Q.;.i = .:,bs...?_ + @r\iv. ﬁ-moov

This averaging method has some computational advantage because of
the possibility of truncation error cancellation.

As an alternative to Eqns. (2-268a, b) one can retain the P; ;and Q, ; from
the previous step and nmEmoo U ;UL ; in (2-268a) by N..;. and mui o
respectively. and U] ;. U,_, ; in A 268b) by Q; ; and Q,_, ;

Liu [88] used Eorma order approximations and obtained Em algorithms

(Liu A)

D\+BR.,T_ =2(1 - NlQC
T+ (UL, +3U., ~U_a e #4000,
!
4
/-
i+ N
J
By
-2 i~ i i1 i+2

Figonre 2-18a) ALy uAL Lo i

LANUETEL LRTh T . 129

j-1

i-2 -1 i i+] - ir2
Figure 2-18(b) Molecule of LiuB: R to L

with the ooBvEmzo:m_ molecule shown in (Fig. 2-18a). Lju B is m?,mz by
(r+2)U, ., =201 - 20)Y

+ (UL, ;+3U,_, - fer ger 4

J Ir_.\i\

These are analogous to the Saul’yev schemes except that the first point on any
line (either from the left or the right) must be obtained by some other means.
As with the Saul’yev forms, combinations can be used. <
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Letter to U'S. Army Research Office continued : Page 2 .
April 26, 199 , ‘ ’

Implementation of this project within the Dgpartment of Mechanical Engineering would make a strong program
even more attractive tc underg raduate students and would- encourage them to continue beyond the bachelor's level
in engineering. :

I

‘| strongly .urge you to fun his program to build strength upon special strength.

Sincerely,

-

Modesto A. (Mitch) Maidique

RS
o
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must be solved. Derivations of the more accurate expressions are not given here, but such
expressions for several derivatives are included in the list that follows this discussion,
Derivations for the higher derivatives are accomplished with much greater facilily and far
less labor by using difference, averaging, and derivative operators. Such a method is
outside the scope of this text, but it can be found in various books concerned with numerica}
analysis.”

It has been shown that the central-difference expressions for the various derivatives
involve values of the function on both sides of the x value at which the derivative of the
function is desired. By utilizing the appropriate Taylor series expansions, one can easily
obtain expressions for the derivatives which are entirely in terms of values of the function
at x; and points to the right of x.. These are known as forward finite-difference expressions.
In a similar manner, derivative expressions which are entirely in terms of values of the
function at x; and points to the Jeft of x; can be found. These are known as backward finite-
difference expressions. In numerical differentiation, forward-difference expressions are
used when data to the left of a point at which a derivative is desired are not available, and
backward-difference expressions are used when data to the right of the desired point are
not available. Central-difference expressions, however, are more accurate than either for-
ward- or backward-difference expressions. This can be seen by noting the order of the
error in the list of differentiation formula$ that follows. ‘ .

Central-difference expressions with error of order h2

r = Yier T Yien
i 2%
w_Yie1 Wity
Y = i+1 \NN 1
(5.119)
Y= Yis2 “ 2 + 2%~ ¥,
! 20
g Yiez — A + 6y, — 4t Yia
= I
Central-difference expressions with error of order h*
= T2 T 8y — 8y Y ‘
! 124
n o “dixa + 16y, ~ 30y, + 16y, = yi»
I 1272 E
(5.120)
m_ Z¥ies + 8yi0 — 13y, + 13y, _; — 8o+ ¥io3
yi= 3
) 8k
m . “Yiez F 12900 — 39y, 4 + 56y, — 39y, _; + 12y,_, — Yi-3

- 6h*

°M. G. Salvadori and M. L. Baron, Numerical Methods in Engineering (Englewood Cliffs, N.J.: Prentice-
Hall, 1961).
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Forward-difference expressions with error of order #

p_Yie1 Ty

Yi = 7
Y= Yir2 = 2y + ¥
i - \um
: (5.121)
mo Yiza = i+ 3y =y
yi = N &w
o _ Jiva ~ Aiva + 60 — 4y, +y;
Yi = I
Forward-difference expressions with error of order h?
yi = —dix2 + iy 3y
! 2h
v ¥ie3t Wi — 5y, + 2y,
yi= 2
, 5.122
m_ TViwat 1y~ 24y, + 18y;41 — 5y; ¢ )
yYi = 3
2k
o " ies + 14— 24y, 5 + 26y, 5 — 14y, + 3y,
i = . w
Backward-difference expressions with error of order h
L _Yi—y . ’
-Vum = \~ 1 -
w_ Vi Wi F Y
yi= &m
(5.123)
Y= 3 F 3y =y
Yi= &u
m Vi T Wi F 6 — Ay s+ v,
i = \NA
Backward-difference expressions with error of order h2
f 3y = 4y + Yis
Yi 2%
P ) R s S e 70
= 7 .
) (5.129)
w_ Y~ 18y, + 24y, — 14y, + 3y,_,
Yi= 3
m_ 3¥i = 14y;  + 26y, — 24y, _5 + 1y, g — 2y
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Nui#ferical Integration and Differentiation

First Central-Difference M\gmab.oa /) N ‘vav
, Yier — Vi
ST ¥
y! = Yier = 2y + yiy
(Ax)?
p = Viez — 2y + 2yiy — yis
2(Ax)?
P = Vier = 4yiyy + 6y — 4y, + Yi_a
(Ax)*
Second C m:?&...b.%@xm:nw hkhwmuﬁ.e:u Qm&xﬁw
ro_ V2 # 8y — 8y + yi,
12(Ax)
Y2 + 16y, — 30y + 16y, — Yi-2
12(Ax)?
~Yis3 + 8yiyy — 13y, + 13y, — 8yi2 + ¥iss
8(Ax)®
~Yirs + 12p;,, — 39yiv1 + 56y — 39y, + Ry - yios
: 6{Ax)*
irst Forward-Difference Expressions Q AB/_X:V
Y= Yie1 = Vi
(Ax).
o Yisr = 2y +
. (Ax)
Yies — 3Pia + 39 - .?.
. . (Ax)?
yi = Yivsa = 4Py + 631, ~ 4y, + Yi
(Ax)
xcond ﬁewinw&..b@%.mwm:mw Expressions
g _ “Yie2 + A4y - 3y,
o 2(ax) o
v _ =Vies + Vs — Sy + 2y,
_ (Ax)y?
P = 3ie + My — 24y, +.~m¥i - Sy
2(Ax)?
y =2V + :w..i,....f 28yis3 4 26y;,5 — 14y, + 3y,
v ADRM.

(5-38)

(5-39)

2t

Yi o=

- (5-40)

Yi =

Co(axX)

(5-41)
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First Backward-Difference Expressions

0(sx)

N Yi — Vi
.v~ - ArV\Kv
b YT 2y + i
Yi =
(Ax)?
(5-42)
N Vi = 3piii 4+ 3oy ~ yiss
el AP\&VW
i o Yi =4y + 63y — 4y + v
S Ab'dlvb v
Second Backward-Difference Expressions
p_ 3= Ay 4y
s T iy Ofdx 3
yi = 2yi = Syiy + 4yisa — yis u
1 - .V\ 2 m
(4) (5-43)
o 5pi = 8y + 24y, — 14y, + 3yica
Vi « 2(axy
P = 3yi = Wy + 26y, — 24y, + Hyia — 2yis
_ (ax)*

EXAMPLE 5-3

In Example 3-4 the Newton-Raphson method was used to determine
the output lever angles of a crank-and-lever 4-bar linkage system for each
57 of rotation of the input crank. Now we shall determine the angular
velocity and the angular acceleration of the output lever of the same type
of mechanism for each 5° of rotation of the input crank, with the latter
rotating at a uniform angular velocity of 100 radians/sec.

We can determine the output lever positions ¢, corresponding to
each 5° of crank rotation 6, by utilizing Freudenstein’s equation and the
Newton-Raphson method, as was done in Example 3-4. Such a set of
values, in effect, gives us a series of points on the ¢ versus 8 curve, and
the ¢ values are stored in memory to provide data for the differentiation
processes which follow. The slope of the ¢-6 curve may be related to the
angular velocity of the output lever d¢/dt if we realize that, with the crank
rotating at a constant w, its angular position is given by
. = wt
so that

L dy
48 w dt
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must be solved. Derivations of the more accurate expressions are not given here, but such
expressions for several derivatives are included in the list that follows this’ discussion,
Derivations for the higher derivatives are accomplished with much greater facility and far
less labor by using difference, averaging, and derivative operators. Such’ a method is
outside the scope of this text, but it can be found in various books concemned with numerica -
analysis.”

It has been shown that the central-difference expressions for the various derivatives

involve values of the function on both sides of the x value at which the derivative of the
function is desired. By utilizing the appropriate Taylor series expansions, one can easily
obtain expressions for the derivatives which are entirely in terms of values of the function -
- at x; and points to the right of x,. These are known as forward finite-difference expressions.
In a similar manrer, derivative expressions which are entirely in terms of values of the
function at x; and points to the left of x; can be found. These are known as backward finite-
‘difference expressions. In numerical differentiation, forward-difference expressions are
used when data to the left of 2 point at which a derivative is desired are not available, and
backward-difference expressions are used when dita to the right of the desired point are
not available. Central-difference expressions, however, are more accurate than either for-

ward- or g.oxtﬁu.aﬁmazon expressions. This can be seen by noting the order -of the
~error in the list of differentiation formulds that follows. :

: ‘Centraldifference mx!dmwmo:m with error of order h?

¢ it T Yoy
i "
o it 20+ Yy , ' b
i = 7 .
5.119) o
¥ = Yir2 = Wier + 29,1 — ¥ . o
i Nbu
Y2 = A O~y + i,
= W
Central-difference expressions with error of order s%
T (o TYiea F8Yuy — 8yt Yy, ’
5 Yi 124 )
v TYian + 16y, — 30y + 16y,_, — Yiz2
Yi 1242 . . .
% (5.120)
wo_ T ¥ie3 + 8Yiu0 = 13y, + 13yi1 — 8y s+ ¥4
Yi= 3 -
. m\ﬂ N
o _ Yies ¥ 12¥i40 — 39y, + 56y, — 39y,_, + 12y, 0 — ¥i_s =
e P T et : ’ =

Raaasern
g

°M. G. Salvadori and M. L. Baron, Numerical Methods in Engineering (Englewood Cliffs, N.1.: Prentice-

Hall, 1961).

Numerlcal Eariazm»_o:

Forward-difference expressions with error of order i

o Yizr T Vi

Yi 7
v _Yizz = 2y + Y,

Yi= \NN

Y= Yies = o + i1 =¥
t .

\Nw
m _ Yiwa = AVig3 + 6y — Y+

Y Iz

Forward-difference expressions with error of order a».

yi= “Yis2 + Ay, — 3y,
! 2h

w ¥zt Ao — Sy, + 2y
yi= B2

o Zivat My~ 24y, + 18y, , — Sy;
Yi= wa

ym = T %ies + Woieg — 28yiys + 26y, ~ 14y, + 3y,
i . \-h .

Backward-difference expressions with error of order h

s YT Yoy

yi= % . ’ -
o Yim 2y F oy

.v&\ -2 .&N— 2

m_ YT 3+ 3y oy s

Yi = w3

w Vi T O~y sy,
i = N& .

Backward-difference expressions with error of order h?

5 o By — Ayt Vi
f 2h

Ty Ay, i3
.Vw.f'. }N i

w_ Y= 18y, +24y,_, — 14y, 3 + 3y,

Yi= M\Nw .

w3y~ Wy, + 26y, , ~ 24y, 3 + Uy, g — 2y, _
i Y

(5.121)

(5.122)

(5.123)

(5.129)
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Nuwferical Integration and Differentiation

First Central-Difference Expressions GNFXPV

Second Central-Difference Expressions

n

Vi

1

Vi

Yi

First Forward-Difference Expressions

econd Forward-Difference Expressions
~Vivz +. 4y — 3y,

W

1

e

r.

Yi

yi o= Yier — Yioa
7 2(Ax)
v Yier — 2¥i + Yo,
(Ax)?
Viez — 2Vt + 290 = pisy
NADRVN
Vizr — 4Yie + 63 — 4y 1 + yisy

(ax)
o(4x%) |

(5-38)

\w\-. =

reee

i =

I\v.?w + 8yt — 8yl + Yi-2

12(A%)

 =Yiez + 16y, — 30y; + 16y;.y — yiss

12(Ax)?

~Yir3s + 8Yi2 = 3y + 13y, — 8p,s + Yi-3
. 8(Ax)?

=Yixs + 129100 = 39pi,0 + 56y, ~ 39y, + 12y, — yis
: H{Ax)* .
7 4\
Y= Yis1 = ¥i QA ~xq v
(Ax)
pr _ Y2 — 2yie1 +
(ax)*.
yi H Yir3 — 3Viea + 3y, ~ Vi
. (Ax)?
prr = Yiza — 4yis + 6Yivs — A.F..i + v
(Axy*

- (5-40)

amﬁ&v |

2(Ax) o

—YViss + 4Yi2 — Sy + 2y;

~3Vies + 14yi,5 — NAE..+~‘+.~MWF+_ - 3y

2
(4x) (5-41)

2(Axy |

—2pip5 + 11yi,4 — 28y;.5 + 2642 — 14y, + u.\S

Abkv.,. .

(5-39)

A
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Fom b,

kS

I

R

2
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- Numerical Integration and Differentiation , 295

First Backward-Difference Expressions

Yi — Yio

0(ax)

'

Vi =

’ (Ax)
- Yo= 2y + yis,
. (Ax)’
(5-42)
. Yi = 3pice o+ 3y, — yis
’ (Axy
v Yi 4y, ., + 6yiiy — 4yiy + yia.
i = (ax) v
Second Backward-Difference mxn«mmmmo:mm
p 3= Ay + yi v
Y T Y - Ofax?
Yl = 2yi = Sy + 4y — yis
. (Ax)? m
(5-43)
v _ Y = 18y 4+ 24y, ; — 14y, + 3yi_a
S 2(ax)
o _ 3y =y + 26y, — 24y, + Hy;.4 — NSr.u
L (ax)y’

ExAMPLE 5-3

In Example 3-4 the Newton-Raphson method was used to determine
the output lever angles of a crank-and-lever 4-bar linkage system for each
57 of rotation of the input crank. Now we shall determine the angular
velocity and the angular acceleration of the output lever of the same type
of mechanism for each 5° of rotation of the input crank, with the latter
rotating at a uniform angular velocity of 100 radians/sec. v

We can determine the output lever positions ¢, corresponding to
each 5° of crank rotation 6, by utilizing Freudenstein’s equation and the
Newton-Raphson method, as was done in Example 3-4. Such a set of
values, in effect, gives us a series of points on the ¢ versus # curve, and
the ¢ values are stored in memory to provide data for the differentiation
processes which follow. The slope of the ¢-6 curve may be related to the
angular velocity of the output lever d¢/dr if we realize that, with the crank
rotating at a constant w, its angular position is given by ‘

. f = wt -
so that

1dg
df  w dr
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7.7
ADAPTIVE STEP-SIZE SELECTION AND ERROR CONTROL
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Up to this point we have not discussed how the step size 4 of the preceding
methods is to be chosen. Obviously, there is a trade-off to be made: If the step
size is too small, then computer time is needlessly wasted and accumulation of
arithmetic roundoff errors can become a hazard. A large step size invites large
truncation error associated with higher-order terms neglected in the construction
of the methods. For simplicity, our developments will be concerned only with
Runge-Kutta rules. '

XEXXKE KKK KKK

SECA *xx . . . . . .

Techniques for automatic step-size selection are based on estimating the local
error at each step and then choosing the step size to keep this estimated error
within some tolerance bound. Thus step-size selection hinges on estimation of the
local error, which at the jth step is defined to be

Xk x
EE R A
y('rj+l) ESR
Here y;_, is, of course. the computed approximation of Y. and $(x; ) we
define to be the exact value at x; | of the differential equation solution that passes
USING  **x through the point (x;, ¥;). That is, $(x) solves the initial-value problem
BY SECA *x*
Yo=fle®e M) =g
e "\} xs In contrast to local errors. the global error at x;_, is defined to be
B Yo = v, .
e .
? where y(x) is the exact solution of the original initial-value problem (7.3). Figure
7.7 illustrates the relationships between v(x), ¥(x), and local and global errors.
LS . . o . . P - .
& Intuitively, the local error is the additional truncation error arising from inexact
'; solution at a given step. The global error gives the accumulated total error propa-
T IS cxx . gating from the entire sequence of steps.
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Assume that some Runge-Kutta procedure has been selected. We let y,, y,.
Y2, - - - denote the computed solution values at the arguments x,, x;, X, . . .
The local error estimation techniques at each stage apply a higher-order technique
to compute an additional approximation, say z;. ;, of y(x;, ;). Since a higher-order
technique is used, if the solution is ‘‘well behaved’’ and the step size h is small
enough that neglected terms really are negligible, then one may anticipate that the
local error of the higher-order method is much less than that of the selected
Runge-Kutta procedure. That is,

_wAk:_v - \+__ << ?.Q.T,_v - w.+__. (7.51)
If the approximation above indeed holds, then

Zigt ~ Y1 & Fxa) = i (7.52)
and we take z;,, — w1 S the estimate of local error.

Of course, nanEm:o: of z;,, is typically more expensive than that of y;,
itself, since z;,, must be more accurate. Here, as in other walks of life, infor-
mation must cm paid for. A popular idea toward making this expense as small as
possible has been offered by Fehlberg (1964). For a given order, say p + 1, the
corresponding member of the Fehlberg family computes z;,, with a minimum
number of function calls, according to the limitations in Table 7.10, and then
provides the pth-order estimate y; ., without any additional function calls. A par-
ticularly popular Fehlberg rule is given in Table 7.21, which gives a fifth-order
estimate z;,; for a fourth-order rule y;, ;.

Subroutine RKF (Table 7.22) implements a single step of this Runge-
Kutta—Fehlberg formula, outputting y;., and z;,, as the parameters YOUT and
ZOUT. In view of (7.52), the difference of these values provides a local error
estimate. Subroutine ARUKU (Table 7.23) utilizes RKF to update the step size
as the computation progresses. If the absolute value of ZOUT-YOUT is less than

TABLE 7.21 Runge—Kutta—Fehlberg Formula
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1 1
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TABLE 7.22 Subroutine RKF for the Runge—Kutta-
Fehlberg Formula

SUBROUTINE RKF(XI,YI,H,YOUT,ZOUT)

EXXXBEXAXERARRER LRI RRAIRSRRRERSRABES SRS AN E RS KRS RN LR X

*+ FUNCTION: A CALL TO THIS SUBROUTINE OOMPUTES ONE STEP OF*
* THE SOLUTION AND A GUESS OF THE ERROR FOR A *
* DIFFERENTIAL EQUATION Y’=F(X,Y) WITH INITIAL *
s VALUES XI, YI. THIS SOLUTION IS OBTAINED *
* USING A 4-TH ORDER RUNGE-KUTTA FEHLBERG STEP *
* METHOD IMBEDDED IN A 5-TH ORDER STEP SOLUTION *
*  USAGE: *
* CALL SEQUENCE: CALL RKF(XI,YI,H,YOUT,ZOUT) *
* EXTERNAL FUNCTIONS/SUBROUTINES: FUNCTION F(U,V)  *
*  PARAMETERS: *
s INPUT: *
. X1-INDEPENDENT VARIABLE INITIAL VALUE *
* YI-DEPENDENT VARIABLE INITIAL VALUE *
* H=INTERVAL STEP SIZE *
. OUTPUT: *
. YOUT=-4-TH ORDER SOLUTION ESTIMATE *
J ZOUT=5-TH QRDER SOLUTION ESTIMATE *
: (ZOUT-YOUT-LOCAL ERROR ESTIMATE) *

x

i*nﬂnﬁ'“ﬁ“%ﬁﬂll‘*uﬂﬂ.l““&Qi"*“I“““ﬂl'ﬂ'ﬁ'ﬂ‘*&."“ﬂl.ﬂ*'““

aaoaaaoaaaaaaaaannanaan

REAL K1,K2,K3,K4,K5,K6

Ki~F(XI,YI)

U=X1+0.25*1

V=YI1+0.25*H*K1

K2-F(U,V)

U-X1+(3./8.)*H
V=YI+H*((3./32.)*K1+(9./32.)*K2)
K3=-F(U,V)

U-XI+H*(12./13.)
V=Y14(H/2197.)*(1932.*K1-7200.*K2+7296 . *K3)
K4=F(U,V)

U=X1+H
V-YI411*((439./216.)*K1-8.*K2+{(3680./513.)*K3-
1(845./4104.)*K4)

K5=F(U,V)

U=X1+0.5*H
V=-(8./27.)*K1+2.*K2-(3544./2565.)*K3+
1(1859./4104.)*K4-(11./40.)*KS
V=YI+H*V

K6=F(U,V)
YOUT=(25./216.)*K1+(1408./2565.)*K3+
1(2197./4104.)*K4-K5/5.

YOUT=Y1+H*YOUT
ZOUT=(16./135.)*K1+(6656./12825.)*K3+
1(28561./56430.)*K4-(9./50.)3K5
Z0UT=-ZOUT+(2.7/55.)*Ké

ZOUT=Y 1 +H*ZOUT

RETURN

END

the user-specified value TOL (for tolerance), the value ZOUT is accepted for y; , |,
and a larger step size (by a factor of 3) is chosen for the next step. Otherwise, A
is reduced by a factor of 10, and the computation is repeated from the same
condition y; and y;. Strictly speaking, YOUT, rather than ZOUT, should be chosen
for v, ., but since in principle the higher-order estimate ZOUT should be more
accurate, and since it is available, we adopt the pragmatic viewpoint that it should
be used. The reader will note that AKUKU is an obvious modification of subrou-
tine ASIMP for adaptive quadrature (Section 3.8.2). \3/
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TABLE 7.23 Subroutine AKUKU for the Adaptive
Runge—Kutta Method

SUBROUTINE ARUKU(X,Y,B,M,TOL)

l*““&nl"lQﬁlllllﬂhQ’lQl*iﬂ“*‘*“”nthQ””h"l*l“l&%‘*l“*bﬁ'nn

* FUNCTION: THIS SUBROUTINE COMPUTES THE SOLUTION OF A *
* DIFFERENTIAL EQUATION BY ADAPTIVELY QIIOOSING *
* THE STEP SIZE TO LIMIT THE LOCAL ERROR EST- *
* IMATE WITHIN A GIVEN TOLERANCE. A 4-TH ORDER *
* RUNGE-KUTTA-FEHLBERG METHOD IS USED *
* USAGE: *
* CALL SEQUENCE: CALL ARUKU(X,Y,B,M,TOL) *
* EXTERNAL FUNCTIONS/SUBRCUTINES : *
* SUBROUTINE RKF{(XI1,YI,H,YOUT,ZOUT) *
* PARAMETERS: *
* INPUT: *
* X(1)=INDEPENDENT VARIABLE INITIAL VALUE *
* Y(1)~-DEPENDENT VARIABLE INITIAL VALUE *
* B=SOLUTION INTERVAL ENDPOINT (LAST X VALUE) *
* M-MAXIMM NUMBER OF ITERATIONS *
* OUTPUT: *
* X=M BY 1 ARRAY OF INDEPENDENT VARIABLE VALUES *
* Y=M BY 1 ARRAY OF DEPENDENT VARIABLE SOLUTION *
* VALUES *
x x

naunnnnnnnnnnna'nnla&nnnn»%unnnnn»nnun&n*aun*nnnnnnn*nunnn
DIMENSION X(M),Y(M)
*** INITIALIZATION **+*
H=-.10E-02
i=1
N=0
(o *** COMPUTE SOLUTION ITERATIVELY ***
DO VHILE(X(I).LE.B)
N=N+1
CALL RKF(X(1),Y(1),H,YOUT,ZOUT)
ERR=-ZOUT - YOUT
C *++ TEST IF THE NUMBER OF ITERATIONS EXCEEDED ***
. © IF(N.GT.M) THEN
WRITE(6,1)
1 FORMAT(1X, PROGRAM STOPPED TOO MANY ITERATIONS')
STOP
END IF
C t+* TEST STEP SIZE ***
1IF(ABS(ERR).LT.TOL) THEN
I=1+1
X(1)=X(1-1)+H
H=3.0*H
Y(1)=20UT
ELSE
H=H/10.0
END IF
END DO
M=1
H-B-X(1-1)
X(M)=X(1-1)+H
CALL RKF(X(I-1),Y(I-1),H,Y(M),Z0UT)
RETURN
END

We serve notice that the code ARUKU is intended only to illustrate the prin-
ciples of automatic error control. It is inefficient and does not have the safeguards
of a professional differential equation program package. More will be said about
this matter after the following computational example.

a

\
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EXAMPLE 7.17

By means of the calling program given in Table 7.24, the automatic step-size
routine ARUKU is called on to solve the differential equation

¥o=y, v0) = | (7.53)
over the interval {0, 1]. We chose this over our ‘‘usual’’ differential equation
because in the present case it is easy to compute the exact local error ¥x40) —
¥j4 1 and thereby see how well the RKF error estimator is doing. Specifically, the
solution of (7.53) that passes through points (x;, y;)is

$x) = yexp (x — x;),

and if i1 is the current step size, then the exact local error is given by

y;exp () — YOUT.

TABLE 7.24 Calling Program for the Subroutine ARUKU

PROGRAM RKFMETH

nn»-»»nnnun»unnunn&nn»n»&n»nn»n»unnn-.**»nn»nnnnn»nnnnaunnnnnnnn

THIS PROGRAM WILL SET UP AND SOLVE NUWMERICALLY THE DIFFERENTIAL
EQUATION Y'=Y WITH THE INITIAL CONDITION Y(0.)=1.
THE SOLUTION IS OBTAINED USING THE AUTOMATIC STEPSIZE ROUTINE
USING 4-TH ORDER RUNGE-KUTTA FEHLBERG METHIOD
CALLS: ARUKU,RKF (BOTH MODIFIED FOR DOUBLE PRECISION)
CQUTPUT:
X(I)=VALUE OF X FOR I~1,... (MAX=50)
Y(1)=APPROXIMATED VALUE OF Y AT X(1)

e R I N N I T I T T T "™

IMPLICIT DOUBLE PRECISION(A-H,0-Z)
DIMENSION X(50),Y(50)

*** FIRST, THE INITIAL CONDITION AND ENDPOINT ARE ESTABLISHED®**
*** THE MAXIMM NUMBER OF ITERATIONS IS SET TO 50 b

aQaaoa

X(1)=0.D0
Y{(1)=1.D0
B=1.D0
MAX=50
TOL=1.D-4

*** SUBROUTINE ARUKU WILL APPROXIMATE THE SOLUTION i
*** RETURNING AT MOST 50 VALUES IN ARRAYS X AND Y i

aaaa

CALL ARUKU(X,Y,B,MAX,TOL)
MRITE(10,*)(X(1),Y(1),1=1,50)
STOP

END

*** FUNCTION F SPECIFIES THE DIFFERENTIAL EQUATION. IT IS b
*** CALLED BY SUBROUTINE RKF b

aaaa

FUNCTION F(X,Y)

IMPLICIT DOUBLE PRECISION(A-H,0-Z)
F=Y

RETURN

END

\11/
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2 )+Y(1 . )=1,
Up to this point we have not discussed how the step size & of the preceding
%‘ggiTION methods is to be chosen. Obviously, there is a trade-off to be made: If the step
3] size is too small, then computer time is needlessly wasted and accumulation of

arithmetic roundoff errors can become a hazard. A large step size invites large

_truncation error associated with higher-order terms neglected in the construction
of the methods. For simplicity, our developments will be concerned only with
Runge-Kautta rules. '
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Techniques for automatic step-size selection are based on estimating the local
error at each step and then choosing the step size to keep this estimated error
within some tolerance bound. Thus step-size selection hinges on estimation of the -
local error, which at the jth step is defined to be ‘

xXxx
XX x A
VL) - Vi1
Here y;_, is, of course, the computed approximation of v(y;. ), and . )) we
define to be the exact value at v, of the differential equation solution that passes
USING . **x through the point (x;, ¥;). That is, 3(x) solves the initial-value problem
BY SECA **»*
Fo= fle ), ) = v
TN e In contrast to local errors. the global error at X;, is defined to be
."(-\'j‘ ) Ayp .
where ¥(v) is the exact solution of the original initial-value problem (7.3). Figure
7.7 illustrates the relationships between ¥(x). ¥x), and local and global errors.
& Intuitively, the local error is the additional truncation error arising from inexact
; solution at a given step. The global error gives the accumulated total error propa-
C IS cen 3 gating from the entire sequence of steps.
X kXK [
: Exact solution i (x) "
; (v

Globatl error = y(x, . )=y, .
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Assume that some Runge-Kutta procedure has been selected. We let y,, y,.
Y2, - - - denote the computed solution values at the arguments x,, x,, X5, . . . .
The local error estimation techniques at each stage apply a higher-order technique
to compute an additional approximation, say z; |, of y(x;, ,). Since a higher-order
technique is used, if the solution is ““well behaved’” and the step size  is small
enough that neglected terms really are negligible, then one may anticipate that the
local error of the higher-order method is much less than that of the selected
Runge-Kutta procedure. That is,

_mx\«i,_v - N\...__ << _WAH:L - .6.1_. (7.51)
If the approximation above indeed holds, then
Zint — Ve =Yy — Yis- (7.52)

and we take z;,, — y;,, as the estimate of local error.

Of course, computation of z;,, is typically more expensive than that of Yil
itself, since z;, ; must be more accurate. Here, as in other walks of life, infor-
mation must be paid for. A popular idea toward making this expense as small as
possible has been offered by Fehlberg (1964). For a given order, say p + I, the
corresponding member of the Fehlberg family computes z;,, with a minimum
number of function calls, according to the limitations in Table 7.10, and then
provides the pth-order estimate y;.,, without any additional function calls. A par-
ticularly popular Fehlberg rule is given in Table 7.21, which gives a fifth-order
estimate z;, , for a fourth-order rule y;, ,.

Subroutine RKF (Table 7.22) implements a single step of this Runge-
Kutta-Fehlberg formula, outputting Yi+y and z;,, as the parameters YOUT and
ZOUT. In view of (7.52), the difference of these values provides a local error
estimate. Subroutine ARUKU (Table 7.23) utilizes RKF to update the step size
as the computation progresses. If the absolute value of ZOUT-YOUT is less than

TABLE 7.21 Runge-Kutta—Fehlberg Formula
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TABLE 7.22 Subroutine RKF for the wznaolwﬁnﬁmﬁ
Fehlberg Formula

SUBROUTINE RKF(XI,YI ,H,YOUT,ZOUT)

thﬂ..D...iﬂlQﬂﬂDQlbGﬂI'“N!nl“Dh“.ﬂ.ﬂﬂﬂlh.'ﬂﬂ&.ﬂ“.i'”l.ﬂ“ﬂnﬂ

* FUNCTION: A CALL TO THIS SUBROUTINE (COMPUTES ONE STEP OF*
* THE SOLUTION AND A GUESS OF THE ERROR FOR A *
* DIFFERENTIAL EQUATION Y'=F(X,Y) WITH INITIAL *
* VALUES XI, YI. THIS SOLUTION IS OBTAINED *
* USING A 4-TH ORDER RUNGE-KUTTA FEHLBERG STEP *
* METHOD IMBEDDED IN A 5-TH ORDER STEP SOLUTION *
*  USAGE: *
. CALL SEQUENCE: CALL RKF(XI,YI,H,YOUT,ZOUT) *
* EXTERNAL FUNCTIONS/SUBROUTINES: FUNCTION F(U,V) *
* PARAMETERS: *
* INPUT: *
* X1=INDEPENDENT VARIABLE INITIAL VALUE *
* Y1=DEPENDENT VARIABLE INITIAL VALUE *
* H-INTERVAL STEP SIZE ’ *
* OUTPUT: *
* YOUT=4-THl ORDER SOLUTION ESTIMATE *
. ZOUT-5-TH ORDER SOLUTION ESTIMATE *
“ (ZOUT- YOUT-LOCAL ERROR ESTIMATE) *
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REAL K1,K2,K3,K4,K5,Ké

K1~F(X1,YI)

U=X1+0.25%1

V=Y1+0.25*1*K1

K2=F(U,V)

U=-X1+(3./8.)%1
V=Y1+H*((3./32.)*K1+(9./32.)*K2)
K3-F(U,V)

U=X1+H*(12./13.) ’
V-YI+(H/2197.)*(1932. *K1-7200. *K2+7296. *K3)
K4=-F(U,V) .
U=X1+H
V=YI+1*((439./216.)*K1-8.*K2+(3680./513.)*K3-
1(845./4104.)*K4)

K5«F(U,V)

U=X1+0.5*H
V~-(8./27.)*K1+2.*K2-(3544./2565.)*K3+
1(1859./4104.)*K4-(11./40.)*KS

V=YI+1*V

Ké6=F(U,V)
YOUT=(25./216.)*K1+(1408./2565. )*K3+
1(2197./4104.)*K4-K5/5.

YOUT=Y1+11*YOUT
ZOUT=(16./135.)*K1+(6656./12825. )*K3+
1(28561./56430.)*K4-(9./50.)5KS
ZOUT~ZOUT+(2./55.)*K6

ZOUT=Y I +H*ZOUT

RETURN

END

the user-specified value TOL (for tolerance), the value ZOUT is accepted fory; , |,
and a larger step size (by a factor of 3) is chosen for the next step. Otherwise, h
is reduced by a factor of 10, and the computation is repeated from the same
condition x; and y;. Strictly speaking, YOUT, rather than ZOUT, should be chosen
for y; 1, but since in principle the higher-order estimate ZOUT should be more
accurate, and since it is available, we adopt the pragmatic viewpoint that it should
be used. The reader will note that AKUKU is an obvious modification of subrou-
tine ASIMP for adaptive quadrature (Section 3.8.2). ¢
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CH. 7/THE SOLUTION OF ORDINARY DIFFERENTIAL EQUATIONS

TABLE 7.23 Subroutine AKUKU for the Adaptive
Runge—Kutta Method

SUBROUTINE ARUKU(X,Y,B,M,TOL)

n»n'nnbnnnpvinnnunnnu»nnnnl»lnnnnnnnununnuuhnn*n»»uinununnu»

* FUNCTION: THIS SUBROUTINE COMPUTES THE SOLUTION OF A *
* DIFFERENTIAL EQUATION BY ADAPTIVELY QIOOSING *
* THE STEP SIZE TO LIMIT THE LOCAL ERROR EST- *
* IMATE WITHIN A GIVEN TOLERANCE. A 4-TH ORDER *
* RUNGE-KUTTA-FEHLBERG METHOD 1S USED *
* USAGE: *
* CALL SEQUENCE: CALL ARUKU(X,Y,B,M,TOL) *
* EXTERNAL FUNCTIONS/SUBROUTINES : *
* SUBROUTINE RKF(XI,YI,H,YOUT,ZOUT) *
*  PARAMETERS: .
* INPUT: . *
* X(1)=INDEPENDENT VARIABLE INITIAL VALUE *
* Y(1)-DEPENDENT VARIABLE INITIAL VALUE *
* B-SOLUTION INTERVAL ENDPOINT (LAST X VALUE) *
* M-MAXIMM NUMBER OF ITERATIONS *
* OQUTPUT: *
* X-M BY 1 ARRAY OF INDEPENDENT VARIABLE VALUES *
* Y-M BY 1 ARRAY OF DEPENDENT VARIABLE SOLUTION *
* VALUES *
* I

l‘Dnl"lh’bﬂlHO.'lﬁh.thh“h&hl’hﬁnNh“hlﬁ&ﬂ“bhl'h*'h'hlﬂnn‘

DIMENSION X(M),Y(M)
*** INITIALIZATION ***
H-.10E-02
I=1
N=0
C *** OOMPUTE SOLUTION ITERATIVELY *#*
DO WHILE(X(1).LE.B)
N=N+1
CALL RKF(X(1),Y(1),H,YOUT,ZOUT)
ERR=ZOUT - YOUT
C *** TEST IF THE NUMBER OF ITERATIONS EXCEEDED ***
.7 1F(N.GT.M) THEN
WRITE(6,1)
1 FORMAT(1X, * PROGRAM STOPPED TOO MANY ITERATIONS®)
© STOP
END IF
C *** TEST STEP SIZE ***
IF(ABS(ERR) .LT.TOL) THEN
I=I+1
X(1)=X(1-1)+H
H=3.0*H
Y(1)=Z0UT
ELSE
H=H/10.0
END IF
END DO
M1
H=B-X(1-1)
X(M)=X(1-1)+H
CALL RKF(X(I-1),Y(1-1),H,Y(M),ZO0UT)
RETURN
END

We serve notice that the code ARUKU is intended only to illustrate the prin-

ciples of automatic error control. It is inefficient and does not have the safeguards
of a professional differential equation program package. More will be said about
this matter after the following computational example.
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EXAMPLE 7.17

By means of the calling program given in Table 7.24, the automatic step-size
routine ARUKU is called on to solve the differential equation

Y=y w0) =1 (7.53)

over the interval {0. 1]. We chose this over our “‘usual’ differential equation
because in the present case it is easy to compute the exact Jocal error w_ﬁ.«? ) -
i+ 1+ and thereby see how well the RKF error estimator is doing. Specifically, the
solution of (7.53) that passes through points (x;, ¥,) is

x) = yexp (x — x),

and if /i is the current step size, then the exact local error is given by

y; exp (h) — YOUT.

TABLE 7.24 Calling Program for the ms_unocnmnm ARUKU

PROGRAM RKFMETH

nnnnnn»u«nn»»lnhnunnnbwﬁil»ﬁn»nn»»un-ﬂﬁpnnnnu»annnn-nnnnn--n-uu

THIS PROGRAM WILL SET UP AND SOLVE NWMERICALLY THE DIFFERENTIAL
EQUATION Y'=Y WITH THE INITIAL CONDITION Y(0.)=1.

THE SOLUTION IS OBTAINED USING THE AUTOMATIC STEPSIZE ROUTINE
USING 4-Ti1 ORDER RUNGE-KUTTA FEHLBERG METIIOD

CALLS: ARUKU,RKF (BOTH MODIFIED FOR DOUBLE PRECISION)
OUTPUT :

X(1)=VALUE OF X FOR I=1,... (MAX-50)
Y{1)=APPROXIMATED VALUE OF Y AT X(I)

un-»aun»nann»n»ununa'nnbaQ»nannnnu»nnan»nnnn»nnnnnnunnununn-n».

IMPLICIT DOUBLE PRECISION(A-H,0-Z)
DIMENSION X(50),Y(50)

*** FIRST, TIE INITIAL CONDITION AND ENDPOINT ARE ESTABLISHED?® **
*** THE MAXIMM NWMBER OF ITERATIONS IS SET TO 50 bl

aaaa

X(1)=0.D0
Y(1)=1.D0
B=1.D0
MAX=50
TOL=1.D-4

*** SUBROUTINE ARUKU WILL APPROXIMATE THE SOLUTION i
*** RETURNING AT MDST 50 VALUES IN ARRAYS X AND Y el

CALL ARUKU(X,Y,B,MAX,TOL)
WRITE(10,*)(X(1),Y(1),1-1,50)
STOP

END

aaaaon

*** FUNCTION F SPECIFIES THE DIFFERENTIAL EQUATION. IT 1S b
*** CALLED BY SUBROUTINE RKF 1

pXelele]

FUNCTION F(X,Y)

IMPLICIT DOUBLE PRECISION(A-H,0-Z)
F=Y

RETURN

END
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The Adams (Adams-Bashforth) Methods

Table 6.1 ADAMS FORMULAS

Coefficients of S

Order of Coefficient Local truncation
formula of h S fia fiea i fizs fi-s error E,.

1 1 1 By (E)

2 3 3 -1 BHY" ()

3 % 23" -16 5 Sty

4 55 ~59 37 -9 BV

5 - TH 1901 -2774 2616  -1274 251 s hoyVi(E)

6 4o 4277 <7923 9982  —7298 2877  —475 18T p7yViE)

for the other local truncation errors showh in Table 6.1.

represents most of the local truncation error, From the .deﬁnition of the third backward
difference given in Section C.2 of Appendix C we can write

h(%vafi) = %h(fi - 3fi—1 +3fica— fiz3)- . (6.114) -

Bacffvard finite-difference expressions for derivatives are given by Equations (5.123).
From the third of Equations (5.123) we deduce that g

T

KD R I ) R I

e 2 4+ O(h)
or
Ry = yi = 3yi_y + 3y, — yi_y + BLOM)]. (6.115)
From Equation (6.115) we determine that |
(Fi = 3fics + 310 ~ fi_9) = Ky = 00,

(6.116) -
‘Combining Equations (6.116) and (6.114), .
hEVf,) = §h'y" — o) = §hty"(E) A .
where the fourth derivative of y is evaluated at some unknown x value &in’thé range of x

values spanned by the one-step application of the third-order Adams formula. Thus, the
local truncation error of the third-order method is o o .
Ep = $h*y"(8) ' 6.117)
as shown in Table 6.1. In similar fashion we can show that N

hGVf;) = $hy'(®)

BEV) = H1Y"©)
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Carrying out the infegration indicated, the general formula is

nial to ap-
instead of Yier = Vi + h(Fiy — Vfisr — BV — 2V i — 0V S it ,
a values of ‘ o 6.137)
etermining - ~ 3506V i ~ s Vi1~ )
g Equation - . . ‘
To obtain the third-order Adams—Moulton corrector formula from this general formula,

integration Equation (6.137) is truncated to three terms following y;; which yields

ained most ' Vi1 =Yt h(—fi - va1+l 2sz+1)

x;. The x;’s
;, s whc:re Then substituting the backward differences as given in Section C.2 in Appendlx C into
’ the above, we find

h '
Ve =¥k 5 (Cfie 8 4 5fie1) - (6.138)
n Equation
which is identical with Equation (6.129) derived previously.
The fourth-order Adams—Moulton corrector formula is found by truncating Equation

(6.137) to four terms following y,, yielding

Yier = Vi + h(fioy — Vi — 1'12'V2fi+1 ~ 24V>fii1):

Substituting the backward differences from Section C.2 of Appendix C into the above
(6.135) gives the corrector equation

yi + —h— (f Sfl—l + 19f + 9fl+l) ' : ) . | (6139)

24
whlch is identical with Equanon (6. 134) found previously.

-Using the terms in Equation (6.137), we can obtain Adams—Moulton corrector for-
mulas of orders I through 7, or of orders 1 through 6 plus a local truncation error expression
for each of the six. These expressions are given in Table 6.2. In the local truncation-error
expressions £ is an unknown x value in the range of x values spanned in the one- step
application of a particular Adams—Moulton formula. While explicit numerical values can-
not be found for these expressions because the derivatives in them cannot be evaluated,
they are useful for comparing the truncation errors of the various Adams— Moulton for-
mulas, and for comparing the truncation errors of these formulas with those of other

of Eq“a:'%oﬁ Table 6.2 ADAMS-MOULTON FORMULAS AND LOCAL TRUNCATION-ERROR EXPRESSIONS
itor equatio - = :

Coefficients of

Order of Coefficient ' - Local truncation
formula of h firr fi fic1 fia fies fiza ~error Ep
1 1 — $h2y"(E)
) i . - H1y"(®)
1 5 8 -1 ) . —ggh*y"™(€)
% 9 19 -5 U - — 75y (E)
T 251 646  —264 106 -19 ~ FhhSyVHE)
SrL 475 1427  -798 482 -173 27 ~ 535kah"y VI(E)
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Carrying out the integration indicated, the general formula is

Yier = Vi + h(fivr — 3Vfi1 — Vi1 — %V i1 — %V4fi+1
“TH’BVSfiH - @B'%VGfi+l =

To obtain the third-order Adams—Moulton corrector formula from this general formula,

Equation (6.137) is truncated to three terms following y;, which yields

}’i+1=)’i+h("fi+1“%Vfiﬂ—'llz'vzfiﬂ)- .

Then substituting the backward differences as given in Section C.2 in Appendix C into
the above, we find

(6.137)

\ .
yi+1=yi+E('"fi—l + 8f; + 5fi1) : (6.138)

which is identical with Equation (6.129) derived previously.
The fourth-order Adams—Moulton corrector formula is found by truncating Equation
(6.137) to four terms following y,, yielding

Yier =Yi + h(fiq — %Vfi+l - 1_12-V2fi+1 - ﬁlivsfwl)-

Substituting the backward differences from Section C.2 of Appendix C into the above
gives the corrector equation

W
Yie1 =¥ T EZ (fica = Sficy + 19, + 9 ) : (6.139)

which is identical with Equation (6.134) found previously.

Using the terms in Equation (6.137), we can obtain Adams—Moulton corrector for-
mulas of orders 1 through 7, or of orders 1 through 6 plus a local truncation error expression
for each of the six. These expressions are given in Table 6.2. In the local truncation-error
expressions & is an unknown x value in the range of x values spanned in the one-step
application of a particular Adams—Moulton formula. While explicit numerical values can-
not be found for these expressions because the derivatives in them cannot be evaluated,
they are useful for comparing the truncation errors of the various Adams—Moulton for-
mulas, and for comparing the truncation errors of these formulas with those of other

ns of Equation Table 6.2 ADAMS-MOULTON FORMULAS AND LOCAL TRUNCATION-ERROR EXPRESSIONS

rector equation

Order of
formula

(6.136)

Coefficients of
Coefficient ' Local truncation
of i fin ¥ fiaa fioa fi-3 fica error Ey
1 ! ~®
! : 1 | — Iy (®
o > 5 -l - — Jah'y"(®)
73 9 19 -5 1 — 2V
789 251 646 —264 106 -19 — 5hCyViE)
o 475 1427 —798 482 -173 27 — sosgah’yV ()
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Table 6.1 ADAMS FORMULAS

Coefficients of

Order of Coefficient Local truncation
formula of h f; Ffica Fi_a fizs fiza fies error E

1 1 "8

2 3 3 -1 BA’Y"(E)

3 v 23 -16 5 Shty"(E)

4 * 55 -59 37 -9 B nsyV(E)

5 755 1901 —2774 2616 —1274 251 £ SYYLE)

6 i 4277 —7923 9982 ~7298 2877 —475 BRIATYVIE)

represents most of the local truncation error. From the definition of the third backward
difference given in Section C.2 of Appendix C we can write '

HEVS) = $h(F, = 3,1 + 32— fina) (6.114)

Backward finite-difference expressions for derivatives are given by Equations (5.123).
From the third of Equations (5.123) we deduce that

mmo__ y: - 3)}1‘.—1 + 3y:’—2 — y;’—f!
i h3

+ O(h)

or
Wy = yi = 3yi_ + 3yip — Yios + KO . (6.115)
From Equation (6.115) we determine that

(F, = 3oy + iz = Fiop) = K'Y = OGY. (6.116)
Combining Equations (6.116) and (6.114),

h@V3f) = Bhty'Y — O0F) = 3H'y"(®)

" where the fourth derivative of y is evaluated at some unknown x value £ in the range of x
values spanned by the one-step application of the third-order Adams formula., Thus, the
local truncation error of the third-order method is

E; = $H%"(®) IR0
as; shown in Table 6.1. In similar fashion we can show that

hGVF;) = 3h%Y' ()
WV f;) = Bh%Y"(®)

for the other local truncation errors shown in Table 6.1.
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Carrying out the integration indicated, the general formula is
= 1 L2 L Ao
Yirr =Yi + (i — Vi — Vi — 5Vf i1 — 756V fis1
27 _y5 6
— 56V i1 — g Jiv1 T )

To obtain the third-order Adams—Moulton corrector formula from this general formula,
Equation (6.137) is truncated to three terms following y,, which yields

Yis1 =Yt h(=Ffiv1— 3V — 12V

Then substifuting the backward differences as given in Section C.2 in Appendix C into
the above, we find

(6.137)

h
Yier =Yt (=fie1 + 8fi + 5fi0) , (6.138)

which is identical with Equation (6.129) derived previously.
The fourth-order Adams—Moulton corrector formula is found by truncating Equation

"(6.137) to four terms following y;, yielding

Yiv1 = Vi + A(fioy — 3VFis1 — HEVio1 — 25V i) .
Substituting the backward differences from Section C.2 of Appendix C into the above
gives the corrector equation

h
)’i+1=)’i+52(fi—2'—5fi—1+ 19 + 9fis0) _ (6.139)

which is identical with Equation (6.134) found previously.

Using the terms in Equation (6.137), we can obtain Adams—Moulton corrector for-
mulas of orders 1 through 7, or of orders 1 through 6 plus a local truncation error expression
for each of the six. These expressions are given in Table 6.2. In the local truncation-error
expressions £ is an unknown x value in the range of x values spanned in the one-step
application of a particular Adams—Moulton formula. While explicit numerical values can-
not be found for these expressions because the derivatives in them cannot be evaluated,
they are useful for comparing the truncation errors of the various Adams—Moulton for-
mulas, and for comparing the truncation errors of these formulas with those of -other

Table 6.2 ADAMS-MOULTON FORMULAS AND LOCAL TRUNCATION-ERROR EXPRESSIONS

Coefficients of

Order of Coefficient i Local truncation
formuia of fisa fi fiea fiz2 fizs fi-a - error Ep.

: : : — By

2 B ~ " ®

; Tlf S 8 -1 ~ &k (®)

4 % 9 19 -5 1 — BSYV(E)

5 7h 251 646  —264 106 -19 — ZshyVI(E)

6 $ery 475 1427 -798 482 ~173 27 A (3)
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50 Parabolic equations

Put 4=V, +¢ and substitute into equation (2.40). Then b
Taylor’s expansion to first-order terms in €, i=1(1)N,

of, of; af; g
s . Tt e+, +2L =
.\V.—AM\Hu <Nu y <2v+ ﬁmzw € m:w € +®:2 N w=V; Ou
i=1(1)N.

(2.41)

The subscript notation on the second bracket indicates that the
dependent variables U1, Uz, ..., Uy appearing in the coefficients of
€1, €, ..., €y are replaced by V,, Voot Vi respectively after the
differentiations. Equation (2.41) represents N linear equations for
the N unknowns e, €,-.., € because V,, V,, .. | Vn are known.
When the €’s have been calculated the process is repeated, the
starting values of the dependent variables for the next iteration
being (V;+¢), i=1(1)N. This process of successive approximations
is continued until the ;’s have been found to the required degree of
accuracy, such as || < 1078 i= 1(1)N. Some numerical results for a
particular problem are given on page 55.

Example 2.7
The function U satisfies the non-linear equation
aU_a*U?
—= 0<x<
at  9x?’ *<1,

the initial condition [J = 4x(1-x),0<x< 1, t=0, and the boundary
conditions U=0 at x=0 and 1, t=0.

If the equation is approximated at the point {ih, (j+2)k} in the
x—1 plane by the difference scheme

1 -1
K Othid =557 (Bulp + 8ul)),

use Newton’s method to derive a set of linear equations giving an
improved value (Vi+€) to the approximate value V; at the mesh
points defined by x, =1i, i= 115, t=k=4,

- If the V;, are taken equal to the initial values at X =3, i=1(1)5,
t=0, show that these equations reduce to

‘H@MM:TWMNLlWDM“ N
MNH!NMMNuT@Mw'%“

b

wnsgmn.mm:aaoa 51.

and

16€,~27¢;, -3 =0,

The mw@moxmgmmo: equation is

1 1
M A:E.i = :S.v = wﬂ A?:le.i - N:ﬂ.ﬁ + :w+5.+~v

+ AF.N(E.I sz_.+ u? )b

Put p=h*k and a/oxaoa Uj+1 by w. The equation can then be -
written as

z-.nl - M«.:m.f pu;)+ zw.ﬁ +m=_.w..§.l N?..NL.I ﬁ:f.v + zwi;.w

: =0=Ff(u_y, u, Uisa).
B equation (2.41),

ﬁ af; 3f: of;

mmlw +— M~.+

i +md\_.lu<~..<‘.. v"O.
Ay oy m:_.+um+;su<. hVies !

hence

2Vi 6= 22Vi+ e+ 2Viss6ua +I(VE 1= 2V pVi) 4 V2.,

+?w|§,lw?m~.lv=£v +ul, J1=0, (2.42)
where V; is an approximation to Ui jse

The problem is symmetric with respect to x =3. When the V; are
taken equal to u;,, equation (2.42) for j=0 reduces to

2u; 1061~ 2Qu o+ e + 22Uy 1,064 H{2ul o 4uly+ .N,zwt.& =0.

“f
=k O € € €3 € € (6]
Vi v v v v o
X
° : U o=4 o=t  uy,=1 Uy0=4
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TABLE 2
List of Accepted and Printed Publications

From July 1, 1996, to June 30, 1997

Category
Review
Article
Book Chapter
Paper
Title and Journal/Proceedings Primary FIU Other FIU Non-FIU Abstract
with Date - Author . Authors Authors Other
i S Levy, C. Reviewed
"Vibration Characteristics of a Partially Covered | Chen Q. Paper
Double Sandwich Cantilever Beam," Al44
Journal, Vol. 34, pp. 2622-2626 (1996). Also on
CD-ROM A4I4A4 Journal on Disc, Vol. 2 (1)
(1996). .
: Levy, C. J. Wang M. Perl Reviewed
"Interaction Effects on the 3-D Stress Intensity Paper
Factor of Combined Arrays of Radial and
Longitudinal Coplanar Cracks in an Internally
Pressurized Thick-Walled Cylinder," Journal of
Pressure Vessel Technology, Vol. 119, (1997).
Levy, C. H. Fang M. Perl Refereed
“Erosion Geometry Effects on the Stress ‘ Proceeding Paper
Intensity Factors of a, Crack ’
Emanating from an Erosion in a
Pressurized Autofrettaged
Thick-Wall Cylinder,” 1997 PVP
Conference, Orlando, FL, July,
1997 (in press).
Chen, Q. Ma, J. refereed
“Experimental Analysis of Smart Levy, C. proceeding paper

Structure with Damping Treatment
and SMA," Proc. of the MRS
Symp., Boston, MA, 2-6 Dec. 1996,
Vol. 459, pp. 163-168.
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' Case 1 Coverage Length Effects

Figure 2 shows the results of system loss factor versus coverage ratio. For the
parameters given, the maximum loss factor for the first mode occurs when coverage length is
0.7L. Frem theoretical result, the maximum value occurs at about 0.6L. This confirms the result
from previous theories that there exists an optimal coverage rario‘ which makes the loss factor
a maximum. Also, the theoretically generated loss factor is smaller than the experimental result.
The main reason for the difference may be that in the experiments epoxy adhesives are used to
connect the damping layers with the beam and constraining layers. These adhesive layers will
dissipate energy but\ such effects were not considered in the theoretical analysis. The maximum
error for system loss factor between theory and experiment is about 12%.

| ‘The effects of coverage length on the natural'frequency of the system are shown in

Figure 3. An increase in coverage length causes an increase in the natural frequencies. This
tendency confirms the numerical results obtained from the mathematical model. In addition, the
theoretical results give larger natural frequencies compared to the experimental results. The
differen_ce inv natlrral frequency between experirnent and numerical method is no more than 5%.
Case2 Fnd‘Mass Effects

Figure 4 compares system loss factor with different mass ratios. The trends in both the
theoretical and‘exper'imental results show that an increase of the mass ratio (the ratio of end
mass to the mass of the whole beam) will decrease the system loss factor. Also the system loss
factors obtamed by experiments are larger than those obtained by theoretical analysis. The
primary explanation is that in the experiments epoxy adhesives were used to connect the damping

layers with the beam and constraining layers. These adhesive layers will dissipate energy and

a0
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676 CHAPTER9 HYPERBOLIC PARTIAL-DIFFERENTIAL EQUATIONS

The finite-difference method, with
Tg(Ax)* _ 1
wan: o "

will be found to be the equivalent of mtegratlon along the charactenstlcs lending g
further support to the likelihood that it will give exact answers. _

EXAMPLE 9.3

Solve
du 62u
— =2——-4
_ P ’
with initial conditions , .
u=1x " for 0=x=0.25, W L2
Ix”
u=4—4x for 0.25=x =10, 2% .4
)
LL for 0=x=10;
ot
boundary conditions are u =,0 at x = 0 and at x = 1.0.
Putting the equation into the standard form,
0*u ’u du
=+ =
o T ma P te0
givesa = ~2,b =0, ¢ = 1, and e¢ = 4. (The equation is linear since a, b, ¢, and

e are independent of U, Uy, and u,.)
The slopes of the charactenstlcs are the roots of

w2 \:t lb"—-%c

—2m2+1=0, ) 20, .
' . =2 0% |Re 7N T L o
me Y2 MRS CIATOVNERSE |
2 2(-2) I A

so the characteristic curves are straight lines in the xf-plane, as shown in Fig. 9.5.

Consider points P, Q, and R—(0.25,0), (0.75,0), and (0.5,0. 1768)—-and solve Eq.

(9.16), which is ,m‘(
. te-tp

- amavAp+ch+eAt=O. : ' i -ta=m

Along P— R: —2({-2—)@ +Ag + 4Ar =0,
~V2(pr = pr) + (Gr — qr) + 4(0.1768) = 0;
Along Q—R: -2< \/_)Ap+Aq+4At“O

V2(pr — po) + (gr — qo) + 4(0.1768) = 0.
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05+
04—+
03P

02

Figure 9.5

Using

— (%) - 4+ = (%) = U
pr = ( ax )P 4, qr ( ot )P 09 Po (ax )Q 4,

au\y\ _
qQ_((”)Q—O’

we find pg = —4,qz = —V/2/2 by solving the equations P— Rand Q— R simulta-
neously.
Now we evaluate u at point R through its change along P—R:

Wwh GP*\"/Q/‘;
2 —
Au = paAx + guht = —4(0.25) + (9——-—2——22)(0.1768)
= ~1.0625; |
Up = 3 + (~1.0625) = 1.9375.
“p*Al&

(If we compute through evaluating Au along Q— R, we get the same result.)

For this simple problem, the finite-difference method is much simpler, and we
expect it to give the same results. Following the procedure of Section 9.2," we
compute with Ax = 0.25, At = Ax/Ve = 0.1768, and obtain Table 9.3. The circled
value agrees exactly with that calculated by the method of characteristics.

*The gradient has a discontinuity at x = 0.25. The value of du/ax for points to the right of P applies for
the region PRQ.

1 The algorithm is, wll = (Ul + uly) — ulTt ~ 4(Ar)? with Ar = Ax/V2. For the first time step, u!
=3(ud, + uly) — 3(4)(An)

RN
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Table 2.3
x 0 0.25 0.5 0.75 1.0
u(t = 0) © 00 3.0 _ 2.0 1.0 0.0
u(i = 0.1768) 0.0 0.9375 A.937> 0.9375 0.0
u(r = 0.3535) 0.0 ~1.1875 —0.2500. - 0.8125 0.0
u(r = 0.5303) 0.0 -1.3125 —2.4375 © —1.3125 0.0
: A
EXAMPLE 94 Solve ]

&*u - du

= (1 + 2x)—%

@NN A NRV mRN

over (0, 1) with fixed boundaries and the initial conditions

o

u(x,0) =0, o

(x,0) = x(1 — x).

For this problem, a = —(1 + 2x),b = 0,c =+l,e = 0. Thenam® + bm + ¢ =0

gives
1
(1+2x)°

The characteristic curves are found by solving the differential equations dr/dx =

m=*

V1/(1 + 2x) and dt/dx = —V/1/(1 + 2x). Integrating* from the initial point x, and -

ty, we have

t=1t+ V1 + 2x — V14 2x, from m,,
tg — V1 + 2x + V1 + 2x, from m._.

t

Figure 9.6 shows several of the characteristic curves. We select two points on the

initial curve for ¢ = 0, at P = (0.25,0) and Q = (0.75,0), whose characteristics

intersect at point R. Solving for the intersection, we find R = (0.4841,0.1782).
We now solve Eq. (9.6) to obtain p = du/dx and g = Ju/dt at R:

At point P: x=025 t=0, u=0, p= gu =0,
: ox P
(%) 2=
. q = o s x — x> =0.1875,

m = IH|uomEm
1+ 2x) ) ’

a=-(=2x)=-15 b=0 c=4, e=0.
\

t=04]1r22 - [Te202D

Eq

Sol

Fig

t=0-TeZK +HAZ(Bkhe

¢

*Ne._dﬂv
Xz %N_.:

0.5

0.4

0.3

0.2

0.1
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At point Q: x=075 t=0, u=0, p=0, q=x—x*=0.1875,

[ 1
m = - m = —0.6325,

~(#%) 2a=-25 b=0, c=4, e=0.

At point R:  x = 0.4841, ¢ =0.1783, t \ o
pr— 1 —
my = 4/ N 0.7128, s T

/ 1
m. = Tl—-i—-—é_)_ —0.7128,

-1.9682, b=0, c=1, e=0.

N
il

Equation (9. 16) becomes when we use avera%e values for a and m,

MP$m, PP
P—R: ~1 73/41(3‘2646)(1?;; = 0) + (Dge = 0. 1875) =0;
0—R: 3. 2341(=0. 6726)(pr — 0) + (1)(qR —0.1875) = 0.

Solving Simultaneously, we get pr = 0,9z = 0.1875.
We calculate the change in u along the characteristics:

A% (Vg1 - . 25) aXg-Kp Atz (1783 -0)slg-bp
P—R:  Auz0(0.2341) + 0.1875(0.1783) = 0.0334,

Q—R: Au = g 0. 2659) g O 1875(0. 1783) = 0. 0334.
uR = 0 + 0.0334 = 0.0334.
Up +  du, = ua+4uq__?,,_ )
Figure 9.6 gives the results at several other intersections of characteristics. Students
should verify these results to be sure they understand the method of characteristics.

\\ \\

0.5+ \\ N me
N
\\

0.4 H N

\

N

03+ O

N .
0.2906) h
V(0:5928, 0.25

02T\ 502 5‘0\2071) 8\}“=0~0\4‘~0
M 560235 N 4841,0.1783
01 ] N\ i =00338N 7(03302,40 2
. \\ \\ AN / \\ .
\P A NG, No
0

Figure 9.6
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EXAMPLE 9.5

Solve the quasilinear equation, with conditions as shown, by numerical integration
along the characteristics. (This might be a vibrating string with tension related to the
displacement u and subject to an external lateral force.)

2 2 o
%XEZ. B u—ga—t’;— + (1 - xz) = O’ u(x70) = x(l - x), u:(x, O) = O, .’Q‘

u0,0) =0, u(l,t)=0. (9.18)

We will advance the solution beyond the start from P, atx = 0.2,¢ = 0, and Q,
atx = 0.4,7 = 0, to one new point R. Comparing Eq. (9.18) to the standard form,

aw,, + bu, + cu, +e =0,

we havea = 1,b = 0,c = —u,e = 1 — x2. We first compute u, p, and q at points
P and Q,

u=x(1-x) = XX
(froim the initial conditions), so
up=0.2(1 - 0.2) = 0.16,
ug = 0.4(1 — 0.4) = 0.24.
Also,

ou
P T
(by differentiating the initial conditions), so
pr=1-2(0.2) = 0.6,

po=1-2(0.4)=02;

and
ou
1= % =0
(from the initial conditions), so
gr = 07
QQ = O.
To locate point R, we need the slope m of the characteristic. Using am? — bm +
=0, we get . -
b = Vb~ 4ac
m = ’
2a
m = = Viu = V.

2

Since m 4depends on the solution u, we will need to find point R through the

ko
‘H
b
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predictor—corrector approach. In the first trial, use the initial values over the whole ‘.
arc; that is, take m, = +mp and m_ = ~myg: ‘

m. = Vip = V0.16 = 0.4, %
m- = —Vig = —V0.24 = —0.490. 3
We now estimate the coordinates of R by solving simultaneously : . -
tr = my(xg — xp) = 0.4(xz — 0.2), 3
: tg = m_(xg — xg9) = —0.490(xz —0.4). . <
These give ' ' ’

.
1 ——

xg = 0.310, g = 0.044.

We write Eq. (9.16) along each characteristic, again using the initial values of m,
since m at R is still unknown: - o )]

amAp + cAg + eAt =0, Xp"*x; , [U xp)e (1 %a /2

Yy (1 004 + 0.096>

(1)(0.4)(pr — 0.6) + (—0.16)(gr — 0) + 5 (0.044) = 0,
A o+ X . la- x.\«(l )Y ‘
: .16 + 0. T
(1)(=0.490)(pe = 0.2) + (~0.24)(gx = 0) + (1 - 9—1—6-—399%)(0.044) 0. |
In these equations we used the arithmetic average of x* in the last terms. Solvmg
simultaneously, we get ‘
pr = 0.399, qr = —0.246. :
As a first approximation for u at R, then, g~
i '3?:0‘133;  -%e o as 7Y
ug — 0.16 = —-————E——(O.SIO -0.2) + ——(O 044 - 0),
up = 0.2095. | |

The last computation was along PR, using average values of p and g. We could have
alternatively proceeded along QR If this is done,

* % tg-t
Ap ~Xg R™ e
U — 0.24 = 93—%0—?29—(0 310 - 0.4) + ——0%-6—(0 044 - 0),
ug = 0.2076. | | upaupetiip SEREEE

The two values should be close to each other. Let us use the average value, 0.2086, =

as our initial estimate of uz. We now repeat the work. In getting the coordmates of
R, we now use average value"? of the slopes

0.4 + V0.2086

R = ————Z——(xR - 0.2),
e "z
—~0.490 — V/0.2086 A
g = 2 (XR - 04), l

Xp = 0305, g = 0045,
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" " Cp ‘n
P R " |
0.4 + V0.2086 0.16 + 0.2086
e R
x;' + X
04 + 0.
AL LA
mq Mp Ca [£:3
[ —0.490 — /02086 0.24 + 0.2086
(1) _ ) (pr —0.2) - T . (gr — 0)
0.15% 00550
16 + 0.
+ (1 - ——3——)(0.045) =0,
W g "
g = 016 + === (0,305 — 0.2) + 1 (0.045 ~ ),
up = 0.2071 Pﬁ(alongPi’R); e * %o
ho, —
p ug = 0.24 + 9—'2—+2—0'—3-9§(0.305 ~0.4) + —O——g'—zﬁ(o.ms ~0),
R ) up = 0.2063 (along QR). Y

‘ Ug =Ure+URa . 2067
The average value is 0.2067. z

Another round of calculations gives uz = 0.2066, which checks the previous value
sufficiently. This method is, of course, very tedious by hand.

A

9.5 The Wave Equation in Two Space Dimensions

The finite-difference method can be applied to hyperbolic partial-differential equa-
tions in two or more space dimensions. A typical problem is the vibrating membrane.
Consider a thin flexible membrane stretched over a rectangular frame and set to
vibrating. A development analogous to that for the vibrating string gives

EXAMP

ﬂzl&(az_uﬁiz)
or? w\ax?  oay*)

in which u is the displacement, ¢ is the time, x and y are the space coordinates, T
is the uniform tension per unit length, g is the acceleration of gravity, and w is the
weight per unit area. For simplification, let Tg/w = o’. Replacing each derivative'bY
( its central-difference approximation, and using h = Ax = Ay, gives (we recognizé
) the Laplacian on the right-hand side)

k+1 k k=1 k k K k k :
Uij = 2ui; + ug; g Yisnj + Uiyt Ui + Uiy — du L (9.19)

an: ¢ R
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428 Chapter Seven: Optimization ' ]

the region is defined solely by limiting values for the variables themselves, this is not
necessary.

In Excel, we invoke Tools/Solver; in Quattro Pro, we use Tools/Numerig
Tools/Optimizer. In dialog boxes, we enter the cell numbers for variables and the
function, together with constraints that define the region. Clicking on Solve produces the
solution and we can get the successive iterations iff we want to see them. Options that are
available include Gradient, Conjugate, and Newton.

7.3 Linear Programming

A widely used technique for maximizing the profits or minimizing the costs is linear .
" programming. 1tis often used in business to determine those decisions that will increage "
" profitability. It has other business applications, such as finding the optimal schedule for an
outside salesman to visit his customers.
i The word programming here dots not mean a computer program in the ordinary sense
‘ (although computers arg nearly always used.to solve the problems); It refers instead toa ./
{ gystematic procedure, one that is based on-.solving set linear equations. Linear programs- "
*ming is linear in that the function whose optimum is sought is a linear combination of two' .
_or_more (often many) independent vai‘iz\bles'.iThc solution.is.subject to-a_number of ,con-',*f
{ straints, and these are themselves always a linear combination of. the,\'/ariablés.‘,Acon—}i
 straint, for example, might be how a limited resource will be utilized by several competing
potential applications. IR

A Simple Problem

We begin with a simple problem with just two variables, but this will illustrate the method
and introduce some of the many special terms of linear programming. The problem is to
maximize f(x,, X,) = 5x; + 8xy,

subject to:

Xy t+3x, = 12,
3x, + 2xy = 15,

Xps Xy 2 0.

Think of a company that is to manufacture two products. The amount of each is measured .

by x, and ){z.gf(xl; x,) s the objective function. This function, f(xy, X,), determines the /
manufacturing profit. The larger the values for x, and x,, the greater the profit. The coeffiz/
. Cients are the profit per unit of product. f o

““However, it is not possible to manufacture any desired quantity of these products, for
there is a limited amount of two necessary resources. (These might be available employ-
ees, critically important parts, machine availability, or the like.) The constraint rélatior{S)
:show how each of the resources is used up in the manufacturing process./T he coefficients

—y’
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6 + ) f=5x+8x;
ChL x +3x5,5 12

C2: 3w +2x, 515

. X20

Cl: x #3212

4o~ C2: 3+ 25215

0 1

Figure 7.9

The feasible region

3 4 5 % 6
Figure 7.10 :
Objective function values are superimposed on the feasible
region
in the !Tconstrairit relations represent the. required amount of the resource used per unit ‘

. amount of the produgt.

"Notice that each of the constraints is linear and that the objective function is also a lin-
ear combination. The last inequality is a special one; while not a constraint in the same
sense as the others, it forces the solution to have onﬂonnegative values for the variables.
This is common because it 1s impossible to make a neqative quantity of product.

We will first solve this graphically; this will introduce the topic and help to define a
number of special terms. A plot of the constraints in Figure 7.9 shows the feasible region 2

. the nossible production quantities of product 1 and sroduct 2. (We have scaled the numbers

“To make them small. The actual quantities might be 100 or 1000 times as great.) The region
is bordered by the heavy lines.

Observe that the feasible region is bounded by the x,, x, axes (from the nonnegativity
condition) and by two intersecting lines. There are four vertices {o the polygonal region,
including one at the origin and two on the axes.

In Figure 7.10, we redraw the feasible region and superimpose on it a number of lines
defined by setting the objection relation equal to several values. o havesanae slope

i Because the objective function is linear, the lines for f(x,, x,) are parallelehe larger the
value assigned to the function, the Tarther from the origin the line lies. Some of the lines do_
not fall within the feasible region—we cannot achieve that much profit} Some lie withid
the region but fepresent choices that give less profit than the maximum. Points on such

Jines within the region are feasible_solutions T There is one line (not drawi) that would -
" show the maximum; it would just touch the feasible region. In this example, it will touch at
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the point (3, 3). A different objective function whose

slope is a_:r:.;:. might touch Ea/

region at a different verte - The important conclision from this is 5,: Er S::::\ :;

, ._,s:: m_inmf fall at one of the vertices of the region,—

“=The four vertices of the

to find values for x; and x,

tive function at each vertex of the r

region in F

=

a
o

ure 7.10 (we include the origin) are called basic
JSeasible solutions. It is then clear that one way to solve this linear programming probler jg
at the vertices and from these compute the values for the objec-

egion (more commonly called corner points). and thep

select the point where it is a maximum. For our example, these values are

% X2 flxpx5)
0 0 0
0 4 32
3 3 39
5 0 25

This confirms the fact that the optimal value for the two products is three units and three

units, respectively.

mxmaism Figure 7.10 w:om@mz several 059 voﬁ:&::m%

I. If the o_u_oo:é ?:osos,wwa Emoqoi ooﬁnmo_o_.:w the oEwQZo function ::9 B_WE

._be parallel to one of the constraints

‘and one of t

of the-region. In that case,

se lines-will coincide with an edge -

there are multiple: ouzB& ,o_::o:f >8\ combination of

_choices for x, and. x,-that lie on hat edge give the same profit.

2.; There.could be a third constraint and this can, rm<o different Uo?&_m effect;

m It could lie totally outside the feasible region and 95 :oﬁ limit the dmotnts to be

E.oa:oma We | would call this a redundant constraint.

b. It could! noEoEw with one of H:a UHoSo:m oo:mQE:? H_,:ﬁ ﬁoo is Ra::amsﬁ ‘.&o

region _m, not affected.

c. It could lie partially within the 830: iThis

ble polygon and might create additional corner

[O—

d amoammm the area of the feasi-
points. /

3. The graphical method-for-solving a‘linear’ programming problem is fine if there

are only two variables. It could be applied (with

difficulty) to three variables, but

more than three is virtually impossible. We need to find-a different way to solve

linear programming problems because some
variables.

fdom mHEme Zﬂ:o@m_ i

applications have hundreds of

Even though we have already solved our example, we will use it to introduce the simplex
method, which is most frequently used for linear programming. We repeat the problem:

Maximize

fix..x) = 5x. + 8x..
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subject to
X+ 3x, =12,
3x, + 2x, = 15,
X, x 2z 0.
The simplex method solves the problem through solving a set of equations that represent
the constraints. “But our constraints aren’t equations, they are inequalities,” you say. That

is a good observation. We need to change inequalities to equalities. This can be done by a
simple device: vWe add another variable to the constraint, a quantity called a slack variable.

. This measures - the amount of the resource not utilized; it takes up the “slack.”; " Call the
“glack variable for the first constraint X1, and that for the second Xy Our problem then

becomes to maximize
U feg %) = 5x, + 8x42 + :O)c3 + Oz, /
subject to P‘
X+ 3x txy = 12,
3x; + 2x, + x4, = 15,

xl, x2, X35 Xy 2 0.

We have expanded the ObjeCthC functlon to include the slack vanables ;They contribute

nothing to profits, of course.
In matrix form, the constraint equations are

. *
13 1 0)|x| _[12
3 2 0 t]|x| |15)
X4
This system is underdetermined; there are only two equations but four variables, Still, we

can solve this if we first assign values to two of the variables and move these terms to the
right-hand side. Observe that adding the slacks to the system expanded the matrix of con-
straint coefficients to include an identity matrix.

) Let us as51gn zero to both x, and x,.iThe system is reduced to

o L)

where the solution is obvious: X3 =12, x, = 15. “Of course > you say,‘ 4f neither product:+:
is made, the entire amount of both of the resources is unused. The slacks measure that”’’
The important result is that we have values for ¥, and x, at a corner point, a basic feasible
solutlon to the problem, though surely not the optimum.

i -In the terminology of linear programming, what we have just done 1s to cause two varl-"'
ables to leave the system and two to enter. The ones that leave are x; and X3 the ones that
enter are x; and Xy l
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Suppose we allow a new variable to enter the system, replacing one thatis already there

So. one of vy or xy must leave. In effect, we are exchanging a current variable. for one ot

yet in the system.

Which of ., or v, should we seleet to enter? Looking at the objective function, y
see that the profit from one unit of v, is &, while one unit of x; returns only 5: v, is
the better choice. (You may want to see whether the other choice ends up at the same
final answer.) So., x5 18 1o enter the system. Zci we must decide which of Xy and X,
should leave. We answer the question by trying both possibilities:

If xy leaves, the variables in the equations are v, and .y, and the system becomes

3, + OXyz 12 30 ...,.u 12]  solution: v, = 4,
nm. . 2 1] Lis) =7 ooy X rSp8e
cX2 1%, = 15 = Ny : A . " oxetny
M_ If x, leaves instead, we have =32
WKL‘L.XU....._N qu-? 3§ ‘./.“, _ 12 solution: x, = \0\ 7.5
2 Qs 15 x, = 4 ~/0.S

= —m xN“N-“

Only the first is acceptable: the second violates the nonnegativity condition. The variables
now present are x5 and x,. Remembering that x, is still zero but now v, is 4: we have moved
from our initial basic feasible solution. (0. 0) to another basic feasible solution. (0. 4). At
this point. the value of the objective function is 32.

We proceed in similar fashion to allow v, to enter. .x, will have to leave. The variables

present are the non-slacks. x; and x,. We need to solve:

P33l 12

It
o8

solution: x,

3.

3 20X 15 Xa

I

We have moved to another basic feasible solution (3. 3). where the value of the objective
function is 39. In this problem, we know that this must be the optimum point because
removing either x, or x, can only reduce the profit.

(What we have done is to solve for the intersection of the two constraints, a corner point.)

Variations of the Problem

Even this simple example can illustrate how some variants to the problem atfect it.

1. What if the lower limit of one of the variables is something other than zero? This
would have to be a positive quantity. It also would have to be small enough to lie
within the feasible region, or else we would say the problem is infeasible: No solu-
tion is possible. This is also true if both variables have lower limits other than zero.
Having lower limits other than zero will reduce the area of the feasible region. The
initial basic feasible solution would still be at one of the lower-limit points. If the
nonegativity constraint were replaced by R +X5> ‘
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this would chop off a triangle from the lower-left part of the feasible region. We
“.would have to‘include this inequality in the matrix of constraints. With a greater
than or equal relation, the slack variable is subtracted to give the constraint
equation.
2."What if additional greater than or equal constmmts are included? We JUSt include / X
- these with a subtracted slack varlable Tt is then possible to have a diamond-shaped
-+ feasible region.
3. What if the lines for the objective function are parallel to one of the constraints? One
of these lines would then coincide with an edge of the region, and any point on this
edge is optimal; there is then an infinity of optimal points, all with the same value for
the objective function. )
4. What if the ob_pectlve function has a posmve slope? (Thl§ would mean that one of the
" products incurs a loss rather than a profit.but that while unlikely, could happen. ) The |
. objective function lines would then intersect the constramts 'For a region like that of
"Figure 7.10, the optimum would still occur at a corner point. The simplex method
- will still find it.

i What if we want to_minimize an oblectxve funct10n‘7 (fl‘ he coefficients then would
represent unit costs rather than unit profits.) The 91mplex procedure works exactly

the same—we ]ust maximize the negative of the objective function.

6. Can we use the simplex method to solve a problem where eithér the objective
function or a constraint is discontinuous? No, the requirement of linearity is
absolute.

w

Another Example

We now present a slightly more complex problem that will show how the simplex method
works when there are more than two constraints. It often occurs that there are more con-
straints than variables. The example still has only two variables, so it could be solved
graphically or by computing a list of function values are the corners. Here is our example:

Maximize
SO xy) = 8x) + 9x,,
xa _constraints:
Cl: 2x, + 4x, = 32,
0% C2: 3x; + 4x, = 36,
C3: 6x, + 4x2 = 60,
Xy Xy = 0.

—

LY . .
We add slacks x,, x,, x5 to the three constraints. In matrix form we have:

% 7f= 8x; + 9x, + Ox; + Ox, + Oxs,
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We can accept this. So, we have moved from (0, 8) to (8, 3), where the value of fis 91,
Can we improve further? The only possibility is to put X5 back in, replacing Xy With
variables x 1» X5, and xg, we solve:

2 40 32 x, = 4 - }

3 4 0|=1]36|, whose solution is {x; = 6. (4 .

6 4 | 60 xs =12 !

At (4,6),f = 86, and we do not increase the value of £, It seems that the optimum is at (8, 3),
» Where f= where f = 91,
Xy OF x5, Our There is one more corner point that we could test; it is at (10, 0), where f = 80, less than
ich of the cyr. that at other corners.
r [5‘;?] (:; ) :(}:) :’f“s.-“;l ¥ nverpl (10,0)  ${ux)a80

/e solve: 00 T © "" ®;

Are There More Efficient Ways?

21 o07x 3 Xs

[231(8): (B) 25 x

We have used a procedure that would most clearly show the basic principle bgﬁiﬁd' the sim-
plex method. This is perhaps not the most efficient. We solved the examples in this way to
emphasize that we move from one basic feasible solution to another where the objective
function is improved. We did this by replacing one current variable with another. Selecting
the variable to enter was easy: We chose the one that would contribute most to the objec-
tive function, the one with the larger unit profit. We selected which variable would leave by
examining whether the nonnegativity constraints were violated. This examination was
done by computing the amounts of the present variables that would remain in the solution
when the new variable entered; if any of these were negative, we rejected it.

An alternative procedure sets up a simplex tableau. In using this tableau, all of candi-
vill be x,, X3, dates for leaving the basis are tested simultaneously, rather than individually as we have
done. The tableau is modified at each iteration by doing the equivalent of a Gauss— Jordan.
reduction. This may require fewer arithmetic operations but what is happening to the vari-
ables is not seen as clearly.

Every linear programming problem has another problem called its dual and the solution
to the dual problem is the same as for the primal problem. The dual may require less effort

f X3, the varj-

lue for x, is to solve than the primal, and solving it will be more efficient, We discuss the dual to a pri-
mal problem later in this section.

t xg back in, A problem with many variables and many constraints can be solved in the same way as

. We solve: we have described but doing it would be painfully slow. The use of a computer program is

essential and there are many available. We can even use the Excel or Quattro Pro spread-
sheet programs. Here is how Quattro Pro solves a linear programming problem. We use the
last example as an illustration.

;- We solve:

Using Quattro Pro

We restate the problem:

Maximize Sl xy) = 8x, + 9x,,
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Eq. No. X1 X2 X3
1 -1 —-0.125 0.125
2 0.143 -1 0.286
3 -0.222 -0.111 -1
X3 Rl X2 R, X3 R3
0 1060~ 0 _SH 0 1333
+167 +381
167 _952° +1333 o
+167 -259
+1167 o it =259
-140 -124
140" +1119 . =383~
- 48 - 109 .
=189~ -169" ~383 o
- 27 + 42
~189 s =136~ A2
+ 17 + 15
P -136 B -
- + 7 +_16 _ -
4 Plg +57 P
+ 3 - 5
+24 B Pt =5
- 2 - 2
=2 +19 5 =
— 1 -
=3 =2 -7 B
0 + 1
-3 O 0 =2 P o
0
A -2 B A
0 0 +1 0
999 1000 1001
Check residuals: 1 -1 0

Figure22 Solving a set of linear equations by relaxation

We make three double columns, one for each variable and for the residual of the
equation in which that variable appears with —1 coefficient. The initial x values and
the initial residuals are entered as the first row of the table. It is convenient to work
entirely with integers by multiplying the initial x-values and residuals by 1000, and
then to scale down the solution by dividing by 1000 at the end of the computations.
We avoid fractions; if a fractional change in a variable is needed to relax to zero,

we only relax to near zero.

In Fig. 2.2, we set down'the increments to the x’s but record the cumulative effect
on the residuals. (The old values of the residuals are crossed out when replaced by
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a new value.) When the residuals are zero, we add the various increments to the
initial value to get the final value. In this example, round-off errors cause an error
of one in the third decimal.

It is important to make a final check by recomputing residuals at the end of the
calculation to check for mistakes in arithmetic. The method is not usually pro-
grammed because searching on the computer for the largest residual is slow, adding
enough execution time that the acceleration gives no net benefit. The search can be
done rapidly by scanning the residuals in a hand calculation, however.

Southwell and his co-workers observed, for many situations, that relaxing the
residuals to zero was less efficient than relaxing beyond zero (overrelaxing) or
relaxing short of zero (underrelaxing). The reason this strategy is an improved one
is that a zero residual doesn’t stay zero; relaxing the residual of another equation

affects the first residual, so it is appropriate to anticipate and allow for this by an

appropriate under- or overrelaxation.

Table 2.1 shows that a significant improvement in the speed of convergence is
obtained if R, is underrelaxed by 10% and R; is underrelaxed by 25%. Unfortu- ;

nately, the optimum degree of under- or overrelaxation is not easily determined. In
many problems, acceleration is obtained by overrelaxing rather than underrelaxing.

i

Table 2.1 Accelerated solution of linear equations-by-relaxation

vy

S L b

Eq. No. xy : X2 x3 3
1 -1 -0.125 0.125
2 0.143 -1 0.286 3
3 -0.222 -0.111 -1 ;5

X1 R1 X2 Rz X3 R3 :
0 0 0 1335
+125 +286
1125 857 +1000
+144 —225
+1013 1z _1get” 108~
-125 . -111
=13 +1001 P =3 0
' -2 +3 3
-12 =t =2 -
+0 +0
=1 -2 6 .
+0 +0
-1 0 0 0 K.
1000 : 999 1000 i

Even though Southwell’s relaxation method is not often used today, there is one f‘:
aspect of it that has influence on the iterative solution of linear equations by
computer. In using the Gauss-Seidel method, we can speed up the convergence by
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“overrelaxation,” that is, by making the residuals go to the other side of zero instead
of just relaxing to zero as in the first -example. We can apply this technique to
Gauss-Seidel iteration by modifying the algorithm.

The standard relationship for Gauss-Seidel iteration for the set of equations
Ax = b, for variable x;, can be written

1 -1 n '
D = a—(b,- = 2 — X gy ), (2.50)
i j=1

jmit+1

where the superscript (k + 1) indicates that this is the (k + )stiterate. On the right
side we use the most recent estimates of the x;, which will be either x{ or x*,
An algebraically equivalent form for Eq. (2.50) is

1 i-1 n
D = x0 + _(bi = 2 ayxf*V — Fayx |,
j=1

i j=i

Jbecause x{9 is both added to and subtracted from the right side. In this form, we see
that Gauss-Seidel and Southwell’s relaxation can have identical arithmetic: The term
we add to x{*) to get x{**" is exactly the increment that relaxes the residual to zero.
(Of course, we apply the relaxation to the x;’s in a different sequence in the two
methods.) Overrelaxation can be applied to Gauss-Seidel if we will add to x® some
multiple of the second term. It can be shown that this multiple should never be more
than 2 in magnitude (to avoid divergence), and the optimum overrelaxation factor

lies between 1.0 and 2.0. Our iteration equations take this form, where w is the
overrelaxation factor:

i-1 n . '
w
2D = 5 4+ -a—(bi = gt - 3 ai;x}*’)- (2.51)
i j=1 j=i

ii

Table 2.2 shows how the convergence rate is influenced by the value of w for the
system

-4 1 1 1
1 -4 1 1] |1
1 1 -4 1|7 {1)
1 1 1 -4 1

starting with an initial estimate of x = 0. The exact solution is

Xy = —1, Xy = "'1, X3 = "1, x4 = —1.
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figure 2.6 (continued)

, AFTER ITERATION NUMBER 4 X AND F VALUES ARE
0.56551 2.25006
0.38258 -0.51029 -

AFTER ITERATION NUMBER 5 X AND F VALUES ARE

0.26959 2.23942 5
i ~ 0.08768 -0.07001
' AFTER ITERATION NUMBER 6 X AND F VALUES ARE
0.20694+  2.22739 1
0.00407 -0.00252

AFTER ITERATION NUMBER 7 X AND F VALUES ARE

B 0.20434 2.22671
>~ 0.00000 0.00000
f“ AFTER ITERATION NUMBER 8 X AND F VALUES ARE
N 0.20434 2.22671
0.00000 0.00000

THE X-VALUES ARE:

0.204337
2.226712
Exercises
Section 2.2 a. Find 34,24 + 4B,2x — 3y,

»b. Find A — B, Ax, By.

1. Given the matrices A, B, and the vectors x, ¥, »c. Find x7y, xy”.

ro d. Find B”.
“. r 1 1 . .
o 2 -1 3 —4 -3 2. Given the matrices
A=10 3 4 -1}, x=|T0L .
2 5 5 4] 2 I T ) 3 -2 5
] o A=| 2 3 0|, B=| 2 -4 1}
} B=|3 3 4 3| y= , ‘
! 4 0 2 -5 -3 - »a. Find BA, B3, AA”.
\ - - [ 2] b. Find det(A), det(B).







¢. A square matrix can always be expressed as a sum
of an upper-triangular matrix U and a lower-
triangular matrix L. Find two different combina-
tions of L’s and U’s such that A = L + U.

3. Given the matrices

[1 -2 2 -1 -2 4

A=|3 1 1|, B=| 1 3 -s|
2 0 1 2 4 -7
21 2

c=|10 4|,

: 113

a. Show that AB = BA = I, where [ is the 3 X 3
identity matrix. We shall later identify B as the
inverse of A.

b. Show that Al = IA = A.

c. Show that AC # CA and also that BC # CB. In
general, matrices do not commute under multipli-
cation.

»d. A square matrix can be expressed also as the sum
of an upper-triangular matrix, a diagonal matrix,
and a lower-triangular matrix. Express A as
L+D+U.

4. Let

8 -1 1
A=[_§ g] B=|-2. 2 -1
-2 4 -3

a. Find-the characteristic-polynomials of both A
and B.
»b. Find the eigenvalues of both A and B.

5. Write as a set of equations:

2 1 1 =2 x 0
4 0 2 1 X2 = 8
3 2 2 0l|xs 71
1 3 2 0f]|xs 3
5 T
1 " »6, Write in matrix form;
6] . 3 — 6y +2z = 15,
—dx+ y—- z=-2,
x=3y+7z= 22,

EXERCISES 201

Section 2.3
7. a. Solve by back-substitution:
le - 3X2 + X3 = "‘11,

4x; ~ 3x; = —10,
26 = 4,
»b. Solve by forward-substitution:
5x3 = 10,
3%~ 3x3 = 3,
2~ x2+ 2% = 7.

»8. Solve the set of equations in Exercise 5.
9. Solve the set of equations in Exercise 6.
10. Solve the following (given as the augmented matrix):

1 1 =213
4 -2 1] 5]
3 -1 318
»11. Show that the fdllowing does not have a solution:
3x1+bz" X3"'4JC4= 10, .
X1— X2+ 3x3— x4= -4,
le + x; - 3.1\73 = 16,
: —x:+8X'3"5)-'4= 3.

12. If the right-hand side of Exercise 11 is (2,3,1,3)7,
show that there are an infinite number of solutions.

»13. Show that the set of left-hand sides of Exercise 11 are

not independent vectors.

Section 2.4

»14. Using Gaussian elimination with partial pivoting
and back-substitution,
a. Solve the equations of Exercise 5.
b. Using part (a), find the determinant of the coeffi-
cient matrix.
¢. What is the LU decomposition of the coefficient
matrix? (Rows may have been interchanged.)

»15. Using Gaussian elimination with partial pivoting

and back-substitution,

a. Solve the equations of Exercise 10.

b. Using part (a), find the determinant of the coeffi-
cient matrix.

¢. What is the LU decomposition of the coefficient

matrix? (Rows may have been interchanged.)
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»16. a. Solve the system

251k, + 1.48%; + 4536 = 005,
1.48%; + 0.93x, — 1.30x, = 1.03,
2.68%, + 3.04x;, — 1.48x; = ~0.53,

by Gaussian elimination, carrying just three sig-
nificant digits and chopping. Do not interchange
rows. Observe that there is a small divisor in
reducing the third equation.

b. Repeat part (a), but now use partial pivoting.
Observe that there are no small divisors.

c. Substitute each set of answers into the original
equations and observe that the left- and right-
hand sides match much better with the answers to
part (b). The solution, correct to six digits, is

x, = 1.45310, x, = —1.58919, ‘xg = —0.27489.

17. Solve the systems of Exercises 5, 10, and 11 by the
Gauss-Jordan method.

18. Augment the coefficient matrix with all three of the
right-hand sides and get all three solutions simulta-

‘neously, given

4 0 -1 3 0
1 1 0 5 —2
[ o 7

bo=| 3| b= 0
| 4 -2

19. a. For a general n X n matrix, show that steps
1-4 of Gaussian elimination take at most
n(n — 1)(2n — 1)/6 + n(n - 1) multiplications/
divisions. You will need to know that

n(n +1)
2 b
n2n + D(n +1)
3 .

1+2+3+--+n=

2=

P+2 4R+ +n

b. Show also that the back-substitution part of Gaus-
sian elimination takes n(n + 1)/2 multiplications/
divisions.

»c. Verify that Gauss-Jordan takes about 50% more

operations than Gaussian elimination for the case
of three equations. In this, add the number of
adds, subtracts, multiplies, and divides.

»20. Suppose we want to solve the system Az = b, where
the ay, z:, and b; are complex numbers.

a. Show that this can be done using only real arith-
metic. (Hint: A can be written as B + Ci.)

b. If one solves the system in a computer using a
language that permits complex numbers, com-
pare the amount of storage space needed com-
pared to the amount if done as in part (a).

21. a. Show that the system
Z1
Z2

2+ 2i
=3

can be written as

2+2
1-3i

-1+2i
3-2

2 -1 -2 =2{|x 2
0o 3 3 2||lx|_| 1
2 2 2 -t|in| | 2}
-3 =2 0 3]||» -3

»b. Solve the syétem of part (a), then find z1 and z,.

Section 2.5
»22. Use Crout reduction to solve Exercise 10.

23. Use Crout reduction to solve Exercise 11.

24. Repeat Exercise 16, but this time use Crout reduc-
tion. —
Suppose that we do not know all of the three right-
hand sides of Exercise 18 in advance.

a. Solve Ax = b, by Gaussian elimination, getting
the LU decomposition. Then use the LU to solve

with the other two right-hand sides. .
b. Repeat part (a), this time using Crout reduction.

Exercise 19 shows that the number of multiplica-

tions/divisions to solve a system of n equations is

O(n®). If we already have the LU decomposition of

the coefficient matrix, find how many multiplica-

tions/divisions are required to first get Ly = b’ and
then solve from Ux = b'. Make a table that com-

pares the total number of multiplications/divisions in
the two cases, if n = 5,10,20, 100.

25.

26.
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Section 2.6
27. Which of these matrices are singular?

a 3 2 -1
A=|0 -1 4
(6 3 2
b. (1 0 -2 3]
3 1 1 4
B=1_1 o0 2 -1
L 4 2 6 0]
c 1 0 -2 3]
| 3 1 1 4
C=l1 0o 2 -1
4 3 6 0
28. a. Find values of x and y that make A singular:
4 1 0
A=]2 -1 2
x y -1

b. Find values for x and y that make A nonsingular.

29. Matrix A in Exercise 27 is singular. Do its rows form
linearly independent vectors? Find the values for the
a; in 'Eq. (2.28).
»b. Repeat part (a) for the elements of A considered
as column vectors.

30. Do these sets of equations have a solution? Find a
solution if it exists.

a | x-2y+z2= 2,
x—-3y+z= 5, '
x+ y—z=-5,

| 3x +z= 0

»b.[1 1 0 1]
01 1| _|-2
101 0

111 4]

[ 2 1 3] 1

-1 0 2|x=]|0].
| 6 2 2] 0]
[ 21 3 1]

11 0 2Wx= 0

| 6 2 2] Lz_

EXERCISES 203

»31. The Hilbert-n'latrixﬂis a classic case of the patholog-

ical situation called “ill-conditioning.” The 4 X 4
Hilbert matrix is

1 L L1

2 3 4

1 1 1 1
H=12 3 45
11 1 1

3 4 5 &
111 1

4 5 8 7

For the system Hx = b, with b = [25/12,77/60,

57/60, 319/420], the exact solution is x"={1,1,1,1].

a. Show that the matrix is ill-conditioned by showing
that it is nearly singular.

b. Using only three significant digits -(chopped) in
your arithmetic, find the solution to Hx = b. Ex-
plain why the answers are so poor. '

¢. Using only three significant digits, but rounding,
again find the solution and compare it to that
obtained in part (b).

d. Using five significant digits in your arithmetic,
again find the solution and compare it to those
found in parts (b) and (c).

Section 2.7
32. Find the determinant of the matrix

0 1 -1
3 1 -4
2 1 1

by row operations to make it (a) upper-triangular,
(b) lower-triangular.
33. Find the determinant of the matrix

1 4 -2 1
-1 2 -1 1

3 3 0 4f

4 -4 2 3

34. Invert the coefficient matrix in Exercise 5, and then
use the inverse to generate the solution.

35, If the constant vector in Exercise 5 is changed to one
with components (1,2,4,2), what is now the solu-
tion? Observe that the inverse obtained in Exercise
34 gives the answer readily.

36. Attempt to find the inverse of the coefficient matrix
in Exercise 11. Note that a singular matrix has no
inverse. :
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37. a. Find the determinant of the Hilbert matrix in
Exercise 31. A small value of the determinant
(when the matrix has elements of the order of
unity) indicates ill-conditioning.

»b. Find the inverse of the Hilbert matrix in Exercise
31. The inverse of an ill-conditioned matrix has
some very large elements in comparison to the
elements of the original matrix. '

»38. Both Gaussian elimination and the Gauss—Jordan
method can be adapted to invert a matrix. In Section
2.7, we say “it is more efficient to use the Gaussian
elimination algorithm.” Verify this for the specific
case of a 3 X 3 matrix by counting arithmetic oper-
ations for each method.

_ Section 2.8

39. For each of the followihg, evaluate the norms
I *llo,p = 1, 2, and . (For a matrix, the 2-norm is
the largest magnitude eigenvalue.)

“a. x = [1.15,-2.3,19.1,2.0]

b.y =[~2,1,0,7,-11]

2 8 0]
cA=|-1 7 0
[0 3 2

8 -2 1]
sd.B=|-2 2 -1
-2 4 -3

e. Find the norms of B®,A + B,AB.
f. Does the triangle inequality of Eq. (2.29) hold for
A+ BYforx +y?
»40. Find the co-norm of the Hilbert matrix of Exercise
31.
41. Find the c-norm of the inverse of the Hilbert matrix
of Exercise 31.

Section 2.9* .
42. Consider the system Ax = b, where

3.01 603 199 1
A=1127 416 -1231, b=}1}L
0.987 —4.81 9.34 1

* In certain exercises (42, 43, 44, 50, 51), imperfect solutions will result because low-precision arithmetic is used when the condition
number is large. This exaggerates the condition number problem. -

»a. Using double precision (or a calculator with 10 or
more digits of accuracy), solve for x.

b. Solve the system using three-digit (chopped)

arithmetic for each arithmetic operation; call this

solution X.
¢. Compare x and ¥, and compute e = x — X. What

is [lell2?
d. Is the system ill-conditioned? What evidence is
there to support your conclusion?

43. Repeat Exercise 42, but change the element as
to —9.34,

»44. Suppose, in Exercise 42, that uncertainties of mea-
surement give slight changes in some of the elements
of A. Specifically, suppose a1 is 3.00 instead of 3.01
and ax is 0.99 instead of 0.987. What change does
this cause in the solution vector (using precise arith-
metic)?

45. Compute the residuals for the imperfect solutions in
42(b) and 43(b). Use double precision in this compu-
tation.

46. What are the condition numbers of the coefficient
matrices in Exercises 42 and 43? Use the 1-norms.

47. Verify Eq. (2.37), using the results in Exercises 42
and 43. .

»48. Verify Eq. (2.37), using the results in Exercises 43,
45, and 46.
49. Verify Eq. (2.38) for the results of Exercise 44. .
50. Apply iterative improvement to the imperfect solu-
tion of Exercise 42.
»51. Apply iterative improvement to the imperfect solu-
tion of Exercise 43.

Section 2.10

'52. Solve Exercise 6 by the Jacobi method, beginning
with the initial vector (0,0, 0). Compare the rate of
convergence when Gauss-Seidel is used with the
same starting vector.

53. Solve Exercise 6 by Gauss—Seidel iteration, begin-
ning with approximate solution (2,2, —1).
»54. The pair of equations
X1 + Zx: = 3,‘
I+ x2=4,
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can be rearranged to give x, =3 — 2x,x,=
4 — 3x;. Apply the Jacobi method to this rearrange-
ment, beginning with a vector very close to the solu-
tion x® = (1.01,1.01)7, and observe divergence.

Now apply Gauss—Seidel. Which method diverges

more rapidly? »
»55. Solve the system

9x +4y + z = -17,
x —2y —6z 14,
x + 6y = 4,
a. Using the Gauss—Jacobi method.

b. Using the Gauss-Seidel method. How much
faster is the convergence than in part (a)?

Section 2.11
»56. Beginning with (0,0, 0), use relaxation to solve the
system .
6x;1 — 3+ x3= 11,
2% + X2 — 83 = —15,
x1—=Tx2+ x3= 10.

57. Solve the system in Exercise 55 by relaxation.

58. Relaxation is especially well adapted to problems
like Exercise 18. Solve by the relaxation method,
starting with the vector [1, 1, 1, 1] which one obtains
by inspection. for by enly

~ Section 2.12

»59. Find the two intersections nearest the origin of the

two curves x> + x —y*=1and y — sin x* = 0,
60. Solve the system

X+ yr+22=9,
xyz =1,
x+y—-2=0,
by Newton’s method to obtain the solution near
(2.5,0.2,1.6). ‘
»61. Solve by using Newton’s method:

x+ 3y* =121,
*+2y+2= 0.

-~

Make sketches of the graphs to locate approximate
values of the intersections.
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62. Apply Eq. (2:58) to compute partials and solve this
system by Newton’s method:

xXyz — x* + y* =134,
xy — 2% = 0.09,
e —¢e +z =041
There should be a solution near (1,1, 1).

63. At the end of Section 2.12, it is suggested that it
would be more efficient to avoid recomputing the
partials at each step of Newton’s method for a non-
linear system, doing it only after each nth step when
there are n equations. Redo Exercises 59 and 62
using this modification. Compare the rate of conver-
gence with that when the partials are recomputed at
each step. :

Section 2.13

64. Given matrix A, write the permutation matrix that
does the following interchanges.

OR O
- =N W
0O RN

a. Row 3 with row 1
»b. Row 1 with row 4
»c¢. Column 2 with column 1
»d. Row 2 with row 4 and column 4 with column 2
simultaneously

65. Confirm that P~! = P, for each permutation matrix
of Exercise 64

66. Confirm Eq. (2.61) by first computing H=
H;P,H,PHP, and then multiplying this times A.

67. Repeat Exercise 66, this time using
H = HaHzHl.PaPzPl.

. Section 2.14

(Note that for Exercises 68-76, the matrix A can indicate
either the coefficient matrix or the augmented matrix.)

68. Use MAPLE to solve Exercise 10.

a, Use linsolve.

b. Use gaussjord(A) and gausselim(A).
69. Use MAPLE to solve Exercise 2, parts (a) and (b).
70. Use MAPLE to solve Exercise 3.
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71. Use MAPLE to solve the system of Exercise 10
a. through reduced row echelon, rref(A).
b. using the inverse matrix.
c. with linsolve(A, b).

72. Use MAPLE to solve Exercise 4.

73. Use MAPLE to get the exact solution to the system
given in Exercise 31.

74, Do Exercise 37 with MAPLE.

75. Plot the curves of Exercise 59 to get the approxima-
tions, then refine with fsolve.

76. Solve Exercise 61 using MAPLE.

Section 2.15

77. Show that solving an n X n system by Gaussian
elimination requires these numbers of steps:
Making upper-triangular:

(2n® + 3n* — 5n)/6 multiplications/divisions
(n® — n)/3 additions/subtractions

Applied Problems and Projects

78.

79.

80.

81.

Back-substitution:

(n* + n)/2 multiplications/divisions
(n* = n)/2 -additions/subtractions
For a total of
(7 + 3n* — n)/3 multiplications/divisions
(2n® + 3n* — 5n)/6 - additions/subtractions

Find the equivalent number of operations (as in
Exercise 77) for the Gauss—Jordan method.

Develop an algorithm for invertingann X n nonsin-
gular matrix by parallel processing using approxi-
mately n* processors.

The final algorithm developed in Section 2.15 used
n? + n processors. Show how this can further be
improved so that only (n + 1)(n —1)=n*-1
processors are needed.

Develop an algorithm for solving a system of 2 linear
equations by Jacobi iteration using n? processors.

82. In considering the movement of space vehicles, it is frequently necessary to transform

‘ coordinate systems. The standard inertial coordinate system has the N-axis pointed north,
P the E-axis pointed east, and the D-axis pointed toward the center of the earth. A second
i B system is the vehicle’s local coordinate system (with the i-axis straight ahead of the vehicle, L
' the j-axis to the right, and the k-axis downward). We can transform the vector whose local
coordinates are (i,], k) to the inertial system by multiplying by transformation matrices:

cosb 0 sinb||1 O 0 i

n cosa -—sina 0
e|=|sina cosa 0 0 1 0 0 cosc —sinc ||j |
d 0 0 11| —sinb 0 cosb ||0 sinc cosciik

o Transform the vector [2.06,—2.44, —0.47]" to the inertial system if a = 27°,
b =5%¢c="T72
83. a. Exercise 31 shows the pattern for Hilbert matrices. Find the condition number of the
9 x 9 Hilbert matrix. '

b. Suppose we have a system of nine linear equations whose coefficients are the 9 X 9 :
Loy Hilbert matrix. Find the right-hand side (the b-vector) if the solution vector has ones
g for all components. Now increase the value of the first component of the b-vector by
LR 1% and find the solution to the perturbed system. Which component of the solution

- vector is most changed?

: _ 84. Electrical engineers often must find the currents flowing and voltages existing in a complex
i : resistor network, Here is a typical problem.
Seven resistors are connected as shown, and voltage is applied to the circuit at points
: ‘ 1 and 6 (see Fig. 2.7). You may recognize the network as a variation on a Wheatstone
bridge.
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8s.

Figure 2.7

While we are especially interested in finding the current that flows through the
ammeter, the computational method can give the voltages at each numbered point (these
are called nodes) and the current through each of the branches of the circuit. Two laws

are involved:

Kirchhoff’s law: The sum of all currents flowing into a node is zero.

Ohm’s law: The current through a resistor equals the voltage across it divided by its

resistance. '

We can set up eleven equations using these laws and from these solve for eleven
unknown quantities (the four voltages and seven currents). If V; = Svoltsand Vs = 0volts,
set up the eleven equations and solve to find the voltage at each other node and the
currents flowing in each branch of the circuit.

Mass spectrometry analysis gives a series of peak height readings for various ion masses.
For each peak, the height &; is contributed to by the various constituents. These make
different contributions ¢;; per unit concentration p; s that the relation

hy = E Cijpi

i=1

holds, with n being the number of components present. Carnahan (1964) gives the values
shown in Table 2.3 for ¢;;:

Table 2.3
Peak " Component
number CH, C.H, C.Hs CsHs C:H;
1 0.165 0.202 0.317 0.234 0.182
2 27.7 0.862 0.062 0.073 -10.131
3 22.35 13.05 4.420 6.001
4 11.28 0 1.110
5 9.850 1.684
6 15.94
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If a sample had measured peak heights of h; = 5.20, h, = 61.7, hs = 149.2, hs = 79.4,
hs = 89.3, and hs = 69.3, calculate the values of p; for each component. The total of all
the p; values was 21.53.

86. The truss in Section 2.1 is called statically determinate because nine linearly independent
equations can be established to relate the nine unknown values of the tensions in the
members. If an additional cross brace is added, as sketched in Fig. 2.8, we have ten
unknowns but still only nine equations can be written; we now have a statically indefer-
minate system. Consideration of the stretching or compression of the members permits
a solution, however. We need to solve a set of equations that gives the displacements x

| : of each pin, which is of the form ASA”x = P. We then get the tensions f by matrix
: ' multiplication: SA”x = f. The necessary matrices and vectors are

0 -1 -0.8660

707071 0 0 0 O 0 0
o 07071 0 1 0 05 0o 0 O 0 0
P 0 . 1 0 0 0 -1 0o O 0 -(.8660
i 0 0 -1 0 0 0 0o O 0 -0.5
A=l 0 0 0 0 0 0 1 0 07071 0.5
0 0 0 1 0 6 0 0 =07071 0.8660
0 0O 0 0 086 1 0 -1 0 0
' 0 0 0 0 -05 0 -1 0 0 0
0 0 0 0 0 0 0 1 0707 0 _

S is a diagonal matrix with values (from upper left to lower right) of

4255, 6000, 6000, 3670, 3000,
3670, 6000, 6000, 4255, . 3000.

(These quantities are the values of aE/L, where a is the cross-sectional area of a member,
E is the Young’s modulus for the material, and L is the length.)

£y

Figure 2.8

Solve the system of equations to determine the values of f for each of three loading
vectors:

o P, = [0, —1000,0,0, 500,0,0, —500, 0],
? . P, = [1000, 0,0, —500, 0, 1000, 0, —500,0]7,
' P, = [0,0,0, ~500,0,0,0, —500,0]".
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87. For turbulent.flow of fluids in an interconnected network (see Fig. 2.9), the flow rate V
from one node to another is about proportional to the square root of the difference in
pressures at the nodes. (Thus fluid flow differs from flow of electrical current in a rietwork
in that nonlinear equations result.) For the conduits in Fig. 2.9, find the pressure at each
node. The values of b represent conductance factors in the relation v;; = by(p; — p))**.

Figure 2.9

These equations can be set up for the pressures at each node:
At node 1: 0.3V/500 — p; = 0.2Vp; — p; + 0.1Vp; — p3;
node 2: 0.2Vp; — p2 = 0.1Vpz — ps + 0.2Vp; — ps;
node 3: 0.1Vp; — ps + 0.2Vpz = ps = 0.1Vp; — pa;
node 4: 0.1Vp; — ps + 0.1Vps — ps = 0.2Vp, — 0.
88. Translate each of the programs of this chapter to another computer language.
89. Implement the solutions to Exercise 55 with a spreadsheet.
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7.7 :
ADAPTIVE STEP-SIZE SELECTION AND ERROR CONTROL

FEXEXETERRRS Y
FFERENTIAL
1.)+Y(1. )1,

‘ONS
ERATION
U

Up to this point we have not discussed how the step size h of the preceding
methods is to be chosen. Obviously, there is a trade-off to be made: If the step
size is too small, then computer time is needlessly wasted and accumulation of
arithmetic roundoff errors can become a hazard. A large step size invites large
E truncation error associated with higher-order terms neglected in the construction
REExxEeRny 5 g of the methods. For simplicity, our developments will be concerned only with
- Runge-Kutta rules. ‘

xx . . . . . .

SECA * Techniques for automatic step-size selection are based on estimating the local
error at each step and then choosing the step size to keep this estimated error
within some tolerance bound. Thus step-size selection hinges on estimation of the -
local error, which at the jith step is defined to be

XXX
*xx A
W) = ¥y
Here y;_, is. of course. the computed approximation of y(x;_,), and Fx.,) we
] define to be the exact value at x; ., of the differential equation solution that passes
ISING  *x»* 5 through the point (x;, ¥). That is, #(x) solves the initial-value problem
3Y SECA **= g
Y= ®. ) =y
eex In contrast to local errors. the global error at x;_, is defined to be
Mo — oy,
; where y(x) is the exact solution of the original initial-value problem (7.3). Figure
< 7.7 illustrates the relationships between v(x). $(x). and local and global errors.
8 Intuitively, the local error is the additional truncation error arising from inexact
7 e solution at a given step. The global error gives the accumulated total error propa-
C 1 wess i gating from the entire sequence of steps. :
x %X . {
U
~ Exact solution y(x) e
— i)
’ Global error = v(x, - )= 1;.
(xo. »p) - -
:; / : Cof“f"‘”efj/ Local error =
¥ I trajectory | | Py )= s
| I s AR A
|
3 I | Exact solution Ty |
; L | |
. | I | |
& F——t : : ¥
AY)) Xy .\‘,' Njed

FIGURE 7-7 Relationship Between y(x), ${x), Local

¢ — and Global Errors
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Assume that some Runge—Kutta procedure has been selected. We let y,. y,,
Y3, . . . denote the computed solution values at the arguments xq, Xy, X5, . . . .
The local error estimation techniques at each stage apply a higher-order technique
to compute an additional approximation, say z;.,.,, of y(x; ). Since a higher-order
technique is used, if the solution is **well behaved’” and the step size /t is small
enough that neglected terms really are negligible, then one may anticipate that the
local error of the higher-order method is much less than that of the selected
Runge-Kutta procedure. That is,

_H«,.QT_V - N\.+__ << _w..a.m.iv - .«.\.:_. (7.51)
If the approximation above indeed holds, then

Ziyy — Vi1 T .«.,.Ak:_v — Yivre (7.52)

u:&inSwoN:_lu.+_um.:onm:EEoo:cg_237

Of course, computation of z;,, is typically more expensive than that of v,
itself, since z;,, must be more accurate. Here, as in other walks of life, infor-
mation must be paid for. A popular idea toward making this expense as small as
possible has been offered by Fehlberg (1964). For a given order, say p + 1, the
corresponding member of the Fehlberg family computes z;,, with a minimum
number of function calls, according to the limitations in Table 7.10, and then
provides the pth-order estimate y; , , without any additional function calls. A par-
ticularly popular Fehlberg rule is given in Table 7.21, which gives a (ilth-order
estimate z;, , for a fourth-order rule y;, ;.

Subroutine RKF (Table 7.22) implements a single step ol this Runge-
Kutta—Fehlberg formula, outputting y;,, and z,, as the parameters YOUT and
ZOUT. In view of (7.52), the difference of these values provides a local error
estimate. Subroutine ARUKU (Table 7.23) utilizes RKF to update the step size
as the computation progresses. If the absolute value of ZOUT-YOUT is less than

TABLE 7.21 Runge-Kutta-Fehlberg Formula

k, = flx, y;)

k, = \Ax\ +=hy + IE:V

3 3 9
wu“ \A%-.*. W~r5 + ?Am?_ +W|Mw~vv

: i2 1932 7200 7296
Kk, = \? +=hy + A!IF -k b o vv

13 2197 2197 2197 7
xmu\?+?5+~.®m5 |mw~+%5|m~w5vv
kg = \Ax\ + w? v + Au%w. + 2k, — mmwu + %F - Wwwmvv
por =+ b 2 B L)
Z, =y t bA.—Pum.m 1 uhwmmmmwu + %WMF - mMowm + mwav
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BT
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TABLE 7.22 Subroutine RKF for the Runge-Kutta—
Fehlberg Formula

SUBROUTINE RKF(X1,YI,H,YOUT,ZOUT)

EEEEBREBEXAEEIRRNBALESEERLREREASASAEIBASANELELEREREEXA SRR NSRS

* FUNCTION: A CALL TO THIS SUBROUTINE COMPUTES ONE STEP OF*
* THE SOLUTION AND A GUESS OF THE ERROR FOR A *
* DIFFERENTIAL EQUATION Y’'~F(X,Y) WITH INITIAL *
* VALUES X1, YI. THIS SOLUTION IS OBTAINED *
* USING A 4-TH ORDER RUNGE-KUTTA FEHLBERG STEP *
* METHOD IMBEDDED IN A 5-TH ORDER STEP SOLUTION *
* USAGE: *
* CALL SEQUENCE: CALL RKF(XI,YI,H,YOUT,ZOUT) *
* EXTERNAL FUNCTIONS/SUBROUTINES: FUNCTION F(U,V) *
* PARAMETERS: *
* INPUT: *
* X1=-INDEPENDENT VARIABLE INITIAL VALUE *
* YI-DEPENDENT VARIABLE INITIAL VALUE *
* H=INTERVAL STEP SIZE *
* OUTPUT: *
* YOUT=4-Ti1 ORDER SOLUTION ESTIMATE *
* ZOUT=5-TII QRDER SOLUTION ESTIMATE *
“ (ZOUT- YOUT=LOCAL ERROR ESTIMATE) *

*

EXEXBXEBAXIRXXBABXBEAELESFRAEREXEXRLREE LSRR ERXEEERX SR

aqaaaaqaaaoaaaaaaaaaaaan

REAL K1,K2,K3,K4,K5,K6

K1=F(XI1,YI)

U=X1+0.25*H

V=Y140.25*H*K1

K2-F(U,V)

U-XI+(3./8.)*1
V=YI+H*((3./32.)*K1+(9./32.)*K2)
K3-F(U,V)

U-XI+H*(12./13.)

VeYT+(H/2197.)%(1932. *K1-7200.*K2+7296. *K3)
K4=F(U,V)

U=-X1+H
V=Y1+i*((439./216.)*K1-8.*K2+(3680./513.)*K3-
1(845./4104.)*K4)

K5=F(U,V)

U=X1+0.5*H
V=-(8./27.)*K1+2.*K2-(3544./2565.)*K3+
1(1859./4104.)*K4-(11./40.)*K5

V=Y1+H*V

Ké6=1(U,V)
YOUT=(25./216.)*K1+(1408./2565.)*K3+
1(2197./4104.)*K4-K5/5.

YOUT=Y I +1* YOUT
ZOUT=(16./135.)*K1+(6656./12825.)*K3+
1(28561./56430.)*K4-(9./50.)*K5
Z0UT=2Z0UT+(2./55.)*K6

ZOUT=Y1+H*ZOUT

RETURN

END

the user-specified value TOL (for tolerance), the value ZOUT is accepted for y;, ,,
and a larger step size (by a factor of 3) is chosen for the next step. O_:nném.mm. h
is reduced by a factor of 10, and the computation is repeated from the same
mc:»::c: Xx; and y;. Strictly speaking, YOUT, rather than ZOUT, should be chosen
for v; .y, but since in principle the higher-order estimate ZOUT should be more
accurate, and since il is available, we adopt the pragmatic viewpoint that it should
be used. The reader will note that AKUKU is an obvious modification of subrou-
tine ASIMP for adaplive quadrature (Section 3.8.2).
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TABLE 7.23 Subroutine AKUKU for the Adaptive
Runge—Kutta Method

SUBROUTINE ARUKU(X,Y,B,M,TOL)

XL EASEEREIRERERERRE L LR AR RSN R AR ER SRR R RRE KR LA R 22

* FUNCTION: THIS SUBROUTINE OIMPUTES THE SOLUTION OF A *
b DIFFERENTIAL EQUATION BY ADAPTIVELY QIOSING *
* THE STEP SIZE TO LIMIT TIHE LOCAL ERROR EST- *
* IMATE WITHIN A GIVEN TOLERANCE. A 4-TH ORDER *
* RUNGE-KUTTA-FEHLBERG METIXOD 1S USED *
* USAGE: *
* CALL SEQUENCE: CALL ARUKU(X,Y,B,M,T0L) *
* EXTERNAL FUNCTIONS/SUBROUTINES : *
* SUBROUTINE RKF(XI,YI,HI,YOUT,ZOUT) *
*  PARAMETERS: *
* INPUT: *
* X(1)=INDEPENDENT VARIABLE INITIAL VALUE *
* Y(1)=DEPENDENT VARIABLE INITIAL VALUE *
. B=-SOLUTION INTERVAL ENDPOINT (LAST X VALUE) *
* M-MAXIMUM NUMBER OF ITERATIONS *
* QUTPUT : *
* X-M BY 1 ARRAY OF INDEPENDENT VARIABLE VALUES *
* Y-M BY 1 ARRAY OF DEPENDENT VARIABLE SOLUTION *
* VALUES *
* x

EEERREERRRERRLRR R RO R R REE SRR LR RSB E IR RIS ERERRRRARE RO RS

DIMENSION X(M),Y(M)
*ts INITIALIZATION ss*
H=.10E-02
-1
N=0
c ***+ OOMPUTE SOLUTION ITERATIVELY **+
DO WHILE(X(1).LE.B)
Ne~N+1
CALL RKF(X(1),Y(1),H,YOUT,ZOUT)
ERR=ZOUT - YOUT
C *** TEST IF THE NUMBER OF ITERATIONS EXCEEDED ***
. © IF(N.GT.M) THEN
PRITE(6,1)
1 FORMAT(1X, * PROGRAM STOPPED TOO MANY ITERATIONS')
STOP
END IF
C **+ TEST STEP SIZE ***
IF(ABS(ERR).LT.TOL) THEN
I=l+1
X(1)=X(1-1)+H
H=3.0*H
Y(1)=20UT
ELSE
- H=H/10.0
END IF
END DO
M=1
H-B-X(1-1)
X(M)=X(1-1)+H
CALL RKF(X(1-1),Y(1-1),H,Y(M),Z0UT)
RETURN
END

a aaaaaaaaaaaaaaaaaaaaaaa

We serve notice that the code ARUKU is intended only to illustrate the prin-
ciples of automatic error control. It is inefficient and does not have the safeguards
of a professional differential equation program package. More will be said about
this matter after the following cormputational example. :
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EXAMPLE 7.17

By means of the calling program given in Table 7.24, the automatic step-sizc
routine ARUKU is called on to solve the differential equation

o=y, ¥0) = | (7.53)
over the interval [0, []. We chose this over our “‘usual™ differential equation
because in the present case it is easy to compute the exact local error j(x;, ) —

¥+ and thereby see how well the RKF error estimator is doing. Specifically, the
solution of (7.53) that passes through points (x; y;) is

Hx) = y;exp (x ~ x;),
3

and if /i is the current step size, then the exact local error is given by

yiexp (h) — YOUT.

TABLE 7.24 Calling Program for the Subroutine ARUKU

PROGRAM RKIMETH

A A Y S R L R T TN

IS PROGRAM WILL SET UP AND SOLVE NUMERICALLY THE DIFFERENTIAL
EQUATION Y'=Y WITH THE INITIAL CONDITION Y(O.)=1.
THE SOLUFION IS OBTAINED USING THE AUTQMATIC STEPSIZE ROUTINE
USING 4-TH ORDER RUNGE-KUTTA FEILBERG METHOD
CALLS : ARUKU,RKF (BOTH MODIFIED FOR DOUBLE PRECISION)
OUTPUT:
X(1)=VALUE OF X FOR I=1,... {(MAX-50)
Y(1)~APPROXIMATED VALUE OF Y AT X(1)

Q.IQ'I-’.Dl.N'Dl"lhﬂhl'l&“"'l»llndQ."Q.“'ll“b..lnl'lﬂ.l.lQn.n

aaaaaaacaaaaan

IMPLICIT DOUBLE PRECISION(A-H,0-Z)
DIMENSION X(50),Y(50)

*** FIRST, THE INITIAL CONDITION AND ENDPOINT ARE ESTABLISHED***
*** THE MAXIMM NUMBER OF ITERATIONS 1S SET TO 50 b

aaaa

X(1)=0.D0
Y(1)=1.D0
D=1.D0
MAX=50
TOL=1.D-4

*** SUBROUTINE ARUKU WILL APPROXIMATE THE SOLUTION b
*** RETURNING AT MOST 50 VALUES IN ARRAYS X AND Y bl

aaaa

CALL ARUKU(X,Y,DB,MAX,TOL)
WRITE(10, *)(X(1),Y(1),1=1,50)
STOP .
END

*** FUNCTION F SPECIFIES THE DIFFERENTIAL EQUATION. IT IS  *°*
*#+ CALLED BY SUBROUTINE RKF

aaaaoa

FUNCTION F(X,Y)

IMPLICIT DOUBLE PRECISION(A-H,0-Z)
F=Y

RETURN

END
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The Adams (Adams-Bashforth) Methods

Table 6.1 ADAMS FORMULAS

Coefficients of

Order of Coefficient Local truncation
formula of & 5 Ffi1 Fis fi-s Fi—a Fis error E;,

1 1 _ Fh%y"(E)

2 3 3 -1 T h3y"()

3 _112 23 -16 5 %h"’y’"’(&)

4 & 55 -59 37 -9 By

5 Tho 1901 -2774 2616 —1274 251 25 BSyVIE)

6 o 4277  —7923 9982 ~7298 2877 —475 BRI

for the other local truncation errors showh in Table 6.1.

represents most of the local truncation error. From the definition of the third backward
difference given in Section C.2 of Appendix C we can write

h@Vf,) = 3h(f, — 3fi_y + 3fis — fios). (6.114) -

Backward finite-difference expressions for derivatives are given by Equations (5.123).
From the third of Equations (5.123) we deduce that

e =y: _ 3y:’—l + 3}':'_2 _ y;-—3

Vi 3 + O(h)

or

Ry =yi =3y + 3y s — yi_s + BLOM)). (6.115)
From Equation (6.115) we determine that

(i~ 3oy + 3ficy = Fig) = K" — O(hY, ' (6.116)

Combining Equations (6.116) and (6.114),
hEVf)) = 81y ~ O(%) = Bty™(®)

where the fourth derivative of y is evaluated at some unknown x value & in the range of x
values spanned by the one-step application of the third-order Adams formula. Thus, the
local truncation error of the third-order method is

Er = §hy™(&) ‘ (6.117)
aé shown in Table 6.1. In similar fashion we can show that

hGVF;) = h2y'()
hEEV ;) = TPy ()
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Carrying out the integration indicated, the general formula is

Yier =Yi t h(firy — Vi - %V i1 — BV i — 756V fir1
"Tﬂ—ovsfiﬂ_%é—ovéfiﬂ"“)- '

To obtain the third-order Adams—Moulton corrector formuia from this general formula,

Equation (6.137) is truncated to three terms following y;, which yields

Yier = Vi + h(=fix1 = 891 - 15V f141)- '

Then substituting the backward differences as given in Section C.2 in Appendix C into

the above, we find

6.137)

\ :
)’i+1=}’i+'i'2‘("fi—1+8fi+5fi+1) (6.138)

which is identical with Equation (6.129) derived previously.
The fourth-order Adams—Moulton corrector formula is found by truncating Equation

(6.137) to four terms following y;, yielding

Yisr =Yi T Afiv1 — 3Vfir — %V a1 — %V fie1)-

Substituting the backward differences from Section C.2 of Appendix C into the above
gives the corrector equation

h
Yi+1 =yi+£Z(fi—2-5fi—l + 19f; + Sfiv 1) . (6.139)

which is identical with Equation (6.134) found previously.

Using the terms in Equation (6.137), we can obtain Adams—Moulton corrector for-
mulas of orders 1 through 7, or of orders 1 through 6 plus a local truncation error expression
for each of the six. These expressions are given in Table 6.2. In the local truncation-error
expressions £ is an unknown x value in the range of x values spanned in the one-step
application of a particular Adams—Moulton formula. While explicit numerical values can-
not be found for these expressions because the derivatives in them cannot be evaluated,
they are useful for comparing the truncation errors of the various Adams—Moulton for-
mulas, and for comparing the truncation errors of these formulas with those of other

Table 6.2 ADAMS-MOULTON FORMULAS AND LOCAL TRUNCATION-ERROR EXPRESSIONS

Order of
formula

Coefficients of
Coefficient Local truncation

of h fier i fia fi-z fi-3 Fims error Ep
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17.

18.

19.

20.

21.
22.
23.

24.

25.

(For Ex. 1): y(0.1) = 1.115895; y(0.5) = 2.637337, using

h = 0.1. The error estimates are all less than 2E-7.
(For Ex. 6): y(1) = 1.414217, using h = 0.5; error
estimate is 6E-6. (The analytical result is 1.414214,
actual error is 3E-6.)
(For Ex. 9): y(0.5) = 3.4429728, using h = 0.25; error
estimate is -4.2E-6. With h = 0.5, y(0.5) = 3.443255;
error estimate is -9.7E-5.
X y (computed) y(analytical)
0.2 -0.781269 -0.781269
0.4 ~-0.529680 ~-0.529680
0.6 -0.251188 -0.251188
0.8 0.049329 0.049329
1.0 0.367879 0.367879
a) Using RKF with h = 0.5, v(6.0) = 104.149. The error
estimate is ~6.4E-6. Each figure in the answer is
presumably correct. .
p) With RK-Merson and h = 0.5, v(6.0) = 104t%ﬁ9.
a) -0.28326 b) -0.28387
c) -0.28396 4To get the value with a quartic, add
(251/720)h A"f to the results.from a cubic.)
t 0.8 1.0 1.2
Yy 2.0155 2.2843 2.5246 L
analytical 2.0145 2.2817 2.5199 ¥
Exact results are obtained because dy/dt is a quadratic.
X 0.8 1.0 1.2 1.4
y 2.20794 2.19060 2.21327 2.29194
y(1.2) = 2.5199 versus 2.5199 (analytical).
y(4) = 4.2256 (predicted), y(4) = 4.1147 (corrected).

The error estimate is +0.0038 so y has 3-digit accuracy.
(The actual error is -0.0084). The origianl data must be
correct to at least 3-digits.

Ex 5 -~ 3






26. By RKF: X 0.2 0.4 0.6
y 1.06267 1.24601 1.51691
By Milne: x 0.8 1.0
y  1.77973 1.89205
27. x 0.8 1.0 1.2 1.6 . 2.0
y 2.3164 2.3780 2.4350 2.5381 2.6294
est error <5E-5 <5E~5 <5E-~-5 6E~-5 <5E-5 \
(h was increased at x = 1.2).

28. Substitute the values. ,
29. Divide: (1+2r)/(l-r) and (-1+2r)/(1l-r).

30. Substitute definitions of the differences in terms of
f-values and collect terms.

31. X 0.8 - 1.0 1.2
y 2.0145 2.2817 2.5199
(These match the analytical results.)
32. Xs 0.8 1.0
Yy ' 1.77999 1.89541
(These are less accurate. than by Milne's method.)
33. Using Runge-Kutta:

X 0 0.2 0.4 0.6
Yy 0 0.00040 0.000640 0.03247

..
Using Adams-Moulton:

X 0.8 1.0
Yy 0.10343 0.25757 .
error -3E-5 ~1.5E~5 (need to decrease h)

Interpolated values (Eq. 5.23):

x 0.5 0.6 0.7 0.8

y 0.01586 0.03247 0.06038 0.10343
Continuing with Adams-Moulton:
X 0.9 1.0 1.1 1.2 1.3 1.4 ‘
y 0.16687 0.25712 0.38356 0.55797 0.79932 -1.13878 f
error -1E-5 -1E-5 -~3E-5 ~-5E-5 -10E~5 ~21E-5

(Probably one should decrease h again at x = 1.3.)

Ex 5 - 4
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606 CHAPTER 9: HYPERBOLIC PARTIAL-DIFFERENTIAL EQUATIONS

Figure 9.4

EXAMPLE 1 Solve

o _ 0%
a = Y T
_ 'v' with initial conditions
ST u=12 for 0=x=0.25,

u=4—4x for 025=x=<1L0,

u

— = < y < .

o 0 for 0=x=10

bdﬁndary conditions are ¥ = 0 at x = 0 and at x = 1.0.
Putting the equation into the standard form,

8%, |, o%u 9%u .
a5+ b——mt sz +e=0,
ax2 ! Caxar ' ‘o ¢
05}
041
031
t
o2} N
R
0.1F
P Q
0 ¥ ¥
0 0.25 0.50 0.75 1.00




9.4: METHOD OF CHARACTERISTICS 607

givesa = -2, b=0,¢ = 1, and ¢ = 4. (The equation is linear since a, b, ¢, and ¢
are independent of , u,, and u,.)
The slopes of the characteristics are the roots of

-2m? + | = 0,

m= *x

?

V2
2

so the characteristic curves are straight lines in the x¢-plane, as shown in Fig. 9.5. Consider
. points P, Q, and R—(0.25, 0), (0.75, 0), and (0.5, 0.1768)~—and solve Eq. (9.16),
which is

amy, Ap + ¢ Aq + e At = 0.

Along P — R: —2(%5)Ap + Ag + 4At = 0,
~VZ(pg = pp) + (g — gp) + 4(0.1768) = 0;
Along Q — R: —2(%/—5>Ap + Ag + 44t = 0,

V2(pr ~ pg) + (gr — qp) + 4(0.1768) = 0.

Using

du ou ou ¥
AR
P axp qp 6tp pQ axQ

ou
o (2,
ot 0

we find pp = —4, g, = -V2/2 by solving the equations P — R and Q—R
simultaneously.
Now we evaluate u at point R through its change along P — R:

Au=p,, Ax + gq,, At = —4(0.25) + (9—%/_%)(0.1768)

]

—1.0625;
3 + (~1.0625) = 1.9375.

i

Up

(If we compute through evaluating Au along Q — R, we get the same result.)

*The gradient has a discontinuity at x = 0.25. The value of du/ox for points to the right of P applies for the
region PRQ. :
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|
i | Table 9.4
1 o
e | X 0 0.25 0.5 0.75 1.0
L
" i u(t = 0) 0.0 3.0 2.0 1.0 0.0
il u(t = 0.1768) 0.0 0.9375 0.9375 0.0
il u(t = 0.3535) 0.0 ~1.1875 ~0.2500 0.8125 0.0
; !' 1 u(r = 0.5303) 0.0 -1.3125 —-2.4375 —1.3125 0.0
' P
For this simple problem, the finite-difference method is much simpler, and we expect
- it to give the same results. Following the procedure of Section 9.1* we compute with
Ax = 0.25, At = Ax/\/z = 0.1768, and obtain Table 9.4. The circled value agrees
‘ exactly with that calculated by the method of characteristics. =
""\ EXAMPLE 2 Solve
%u 8%u
—_— = + —
i L

over (0, 1) with fixed boundaries and the initial conditions:

ux, 0) =0, %‘t-(x, 0) = x(1 — x).

—-(1+2x),b=0,c=1,e=0.Thenam2+bm+c=

_ / 1
m= =% —————(1+2x)'

The characteristic curves are found by solving the differential equations dt/dx =
V1/(1 + 2x) and dt/dx = —V1/(1 + 2x). Integrating' from the initial point xo and Z,

we have

For this problem, a =
0 gives

t=1ty + V1 + 2x — V1 + 2%, frommy,
t=t,— V1+2u+ V1 + 2x, fromm_.

" Figure 9.6 shows several of the characteristic curves. We select two points on the initial
curve fort = 0, at P = (0.25,0)and 0 = (0.75, 0), whose characteristics intersect at

‘ point R. Solving for the intersection, we find R = (0.4841, 0.1782).

*The algorithm is u*' = Wy + wloy) — Wt — 4(ArY with A = Ax/V2. For the first time step, ul =
L0, + udy) — 3(4NA% .

1n this example, the integration methods of calcu
were not.

lus are easy to use. We could use a numerical method if they



1.0

0.0
0.0
0.0
0.0

:xpect
: with
igrees

and £,

i€ initial
srsect at

step, u} =

10d if they

Figure 9.6
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05}
04
03
(03328, 0.2906)
u = 00343 (0.5%8, 0.2536)
02 u=00
50285, 0.2071)
= 0841, 0.1783
v = O nO% 7% A0rsga, 0.1589)
01k ' u=00
P Q
0
0 0.25 0.50 0.75 10
- X

We now solve Eq. (9.16) to obtain p = u/dx and q = du/dt at R:

At point P: x=025 t=0, u=0, p=<%> =0,
8xP

= (% _ . _ o2_
q—(at)P—x x< = 0.1875,

m = V1/(I + 2x) = 0.8165,
—~1+2)==15 b=0 c=1, e=0.
075, t=0, u=0, p=0, ¢g==x—x2=0.1875,
m==V1/{1 + 2x) = —0.6325,
a=-25b=0, c=1, e¢=0.
At point R: x = 0.4841, ¢=0.1783,
ome = VI + 29 = 07128,
m_ = =V1/(1 + 2x) = —0.7128,

=-19682, b=0, c=1, e=

I

a

Atpoint Q: x




it
L ||
|,‘ :

i
R
we g |
i
il Il
i
i§! : ’

e

's
! ";
i
rl(ll'
AN
i 'l\ . !

Al
.

; g
L R
.
i
Ii
ol
lh‘ I
i [
) ',
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EXAMPLE 3

Equation (9.16) becomes, when we use average values for a and m,

P—R: ~1.7341(0.7646)(pg — 0) + (1)(gg — 0.1875) = O;
Q- R ~2.2341(—0.6726)(pg — 0) + (1)(gg — 0.1875) = 0.

Solving simultaneously, we get pg = 0, gp = 0.1875.
We calculate the change in u along the characteristics:

P—- R Au = 0(0.2341) + 0.1875(0.1783) = 0.0334,
Qg— R Au = 0(—0.2659) + 0.1875(0.1783) = 0.0334,
ug = 0 + 0.0334 = 0.0334.

Figure 9.6 gives the results at several other intersections of characteristics. Students
should verify these results to be sure they understand the method of characteristics. =

Solve the quasilinear equation, with conditions as shown, by numerical integration along
the characteristics. (This might be a vibrating string with tension related to the displace-
ment u and subject to an external lateral force.) . .

—u— + (1 =x) =0, ux 0)=x(1~2), u(x, 0) = 0,
u(0,t) =0, u(l, t) = 0. (9.18)

We will advance the solution beyond the start from P, at x = 0.2,t+=0,and Q, at
x = 0.4, t = 0, to one newpoint R. Comparing Eq. (9.18) to the standard form,

au,, + bu,, + cu, + e =0,

wehavea=1,b=0,c= —u,e= 1 — x2. We first compute u, p, and g at péints P
and Q o

u=x(1—x)

(from the initial conditions), so
up = 0.2(1 — 0.2) = 0.16,
ug = 0.4(1 — 0.4) = 0.24.

Also,

(by differentiating the initial conditions), so
pp = 1 — 2(0.2) = 0.6,
po=1-—204) = 0.2;




udents
'S, n

. along
iplace-

9.18)
1Q, at

oints P
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and

<
il
Q>
&g
]
o

(from the initial conditions), so
qp = O,
qQ = (.

To locate point R, we need the slope m of the characteristic. Using am? — bm +
¢ =0, we get

b = Vb? — dqc
m=-——— "
2a
*V4
m=— Y- 2Va

Since m depends on the solution u, we will need to. find point R through the predictor—

corrector approach. In the first trial, use the initial values over the whole arc; that is,
take my = +mpand m_ = ~my:

me = Vup = V0.16 = 0.4,
m_ =Vus = -V0.24 = —-0.490.

We now estimate the coordinates of R by solving simultaneously
IR = mi(xg ~ xp) = 0.4(xz — 0.2),
tr = m_(xg ~ xg) = ~0.490(xy — 0.4).
These give
xg =0.310, 4 = 0.044,

We write Eq. (9.16) along each characteristic, again using the initial values of m, since
m at R is still unknown:

amAp + c Ag + ¢ At = 0,

(1)(0.4)(pg — 0.6) + (=0.16)(gx — 0) + (1 ~ 9._0:1_-;0&6_)(0.044) =0,
(1)(—0.490(p; — 0.2) + (=0.24) (g — 0) + <1 - w>(0.044) = 0.

In these equations we used the arithmetic average of x2 in the last terms. Solving simul-
taneously, we get :

Pr=0.399, g = —0.246.
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Au=p Ax + q At

- up — 0.16 = 20509 g 310 9.9y 4 2222

ug = 0.2095.

Inl
;I
e L
gl | As a first approximation for « at R, then,
| |
|

(0.044 — 0),

The last computation was along PR, using average values of p and g. We could have
alternatively proceeded along QR. If this is done,

0.2 +20.399(0.310 —0.4) + 0 - (2).246

ug = 0.2076.

ug — 0.24 = (0.044 ~ 0),

The two values should be close to each other. Let us use the average value, 0.2086,
as our initial estimate of ugz. We now repeat the work. In getting the coordinates of P,

'1 we now use average values of the slopes,
0.4 + V0.2086
,,,,,, —0.490 — .2086
. g = 2 \/O—_(XR - 04,

2
xg = 0.305, 1z = 0.045;

0.4 + V0.2086 . .2086
(2T 06 - (MELEE ), - o)

| + (1 - MES)M)(O'O“S) =0,
I (1)<—o.49o —zx/m) (pm — 02) - (0.24 +20.2086) P
+ (1 - Q—MJ’—ZM—??—O)(O.MS) =0,
pr = 0398,  gp = —0.24%
ug = 0.16 + w&.sos ~-0.2) + 0—'-29&(0.045 - 0),
ug = 0.2071  (along PR);
ug = 0.24 + 0'ZJ“:Zﬂ(o.aos - 0.4) + 9-—i—gﬂ(o.ms - 0),

ug = 0.2063  (along QR).

The average value is 0.2067.
Another round of calculations gives ugr = 0.2066, which checks the previous value
sufficiently. This method is, of course, very tedious by hand. =
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: k

As the arrows indicate, the wave equation propagates disturbances in opposite direc-

tions, with reflections occurring at fixed ends, with a reversal of sign on reflection.
Stability is demonstrated because the original error does not grow in size.

&

METHOD OF CHARA@TERESTBCS

The properties of the solution t0 the wave equation are further elucidated by considering‘,
fhe “characteristic curves” of the equation. This will also permit us to extend our numerical’

method to more general hyperbolic equations.
Consider the second-order partial-differcntial equation in two variables % and

Here we bave-used the subscript potation to represent partial derivatives. The coefficien
a, b, ¢, and e may be functions of x, t, Uxs U and u, so the equation is very general.?‘?
- We take Uy = U To facilitate manipulations, Jet T

p=g =t 4T 0"
Write out the differentials of p and q
: : o @— i o
dp = axdx+ ot dat = uxxdx+ Uy 4t
aq . 0
dq_‘= 3% dx +,,—6gt;dt Uy, dx + uy dt.
Solving these last equations for Uy and 1y, Tespectively, We have

Uxx

dp — Uy at _ d
dx’.

‘Substituting in Eq. 9.14) and rearrang'm

Cod L dx
—a.uxt'zx + buy — CUx _J;

“*When the coefficients ‘4re independent of the function u or its derivatives, it is 1inei}r.' }If they are function!
Ly U or Uy (but-not e OT Ui)s it'ispal,led‘quasilinear,~ RS S SRR
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Figure 9.3

We will now outline a method of solving equations of the form of Eq. (9.14) by
oumerical integration along the characteristics.™ We visualize the initial conditions as
specifying the function u on somMe curve in the tx-plane .t as well as its normal derivative.
Consider two points, P and Q on this initial curve (Fig. 9.3). When Eq. (9.14) is
hyperbolic, there "are two characteristic curves through each point. The rightmost curve
through P intersects the leftmost curve through @, and these curves are such that their
‘slopes are given by the appropriate roots of Eq. (9.15). Call m5 the values of the slope
on curve PR, and m- the values on g:urVe OR. C T
Since these curves are characteristics, the solution 0 the problem can be found by -
solving Eq. (9.16) along them. = - o SV ST
Our procedure will be to first find point R (perhaps only as 2 first approximation if

a, b, ot ¢ involve the unknown"fur;ction u). This is done by Lsol'Virig the equation

dr\

At = (—-) Ax = Mgy AX,
dx ) av ”

applied over the -arcs PR-and QR simultaneously. When dt/dx is 2 function of x and/ot
¢, it may be possible to integrate Eq. 90.17) analytically. When dt/dx varies with u, we,
will use a procedure resembling the Euler predictor—cofrector method, by predicting with
m,, taken as equal to m, at P or m- at Q to start the solution. We correct by using the
arithmetic average of mi at the endpoints of each arc as soon as the value of m at R can
be evaluated. ' - - g ' ' :

We _then integfate_ Eq (9.16) in the form

Ay May Ap + C;:V Ag + eav At = 0,

5

*We discuss only the solution of hyperbolic differential equations by the method of characteristics, but the
technique can also be applied to parabolic equations. : o ) : :

- "This curve must not itself be one of the characteristics, or advancing the solution is impossible.
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CHAPTER 9: HYPERBOLIC PARTlAL-DIFFERENTIAL EQUATIONS

Figure 9.4

EXAMPLE ] Solve

with initial conditions
u=12x  for 0=x=025
u=4—4x  for 025 =x=1.0,

ou _ |

— = =< < .

2% 0 for 0=x= 1.0;

boundary conditions are ¥ = Qatx=0andatx = 1.0.
Putting the equation into the standard form, -

a%u o%u
O% L p— t
a5 " Coxadt

_ Figure 9.5
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Table 9.4

x . 0.5

ut = 0) . . 20 ‘
u(t = 0.1768) . f
u(t = 0.3535) 0 ~0.2500
u(t = 0.5303) . ~2.4375

For this simple problem, the finite-difference method is much simpler, and we expect
it to give the same results. Following the procedure of Section 9.1* we compute with
Ax = 0.25, At = Ax/\/E = 0.1768, and obtain Table 9.4. The circled value agrees
exactly with that calculated by the method of c;haracteristics. CO :

EXAMPLE 2 . Solve

over (0, 1) with fixed boundaries and the initial conditions:

u(x, 0) = 0, %ﬂt(x, 0) = x(1 — x).
0 gives

m=ENT+ 2

A

The characteristic curves are found by solving the differential equations dt/d;c =
V1/(1 + 2x) and dt/dx = —V1/(1 + 2x). Integrating from the initial point xo and fo,
we have 4 :

t. t0>+\/1+,2x,—\f1+2x0 from m.,
} t=1p— VI+ 2x+ VI+2 flomm..
Figure 9.6 shows several of the characteristic curves. We select two points on the initia

curve for ¢t = 0, at P = (0.25, 0) and QO =r‘(0.75', 0), whose characteristics intersect at
. point R. Solving for the intersection, we find R = (0.4841, 0.1782). :

- *The algorithm is lu{”' = iy, + wly) — w7t = 4(An? with Ar = Ax/V2. For the first time step, 4; =

300y + Wy — 3@ : R '
v _-"In this example, the integration,methods of calculus are easy to-use. We could use'a numerical method if the
. werenot." R ‘ : :







0=2 ‘T=2 ‘0=9q ‘Z896'1-

=D
‘8TILO~ = (T + D/IA—~ = ~w
‘8TIL'O = (T + D/IA = *u
‘C8LT0 =1 ‘Tv8p'0 = ¥

‘D=2

0=2 ‘I1=92 0=4¢q

T=2 ‘0=q9cg~=0»
‘6T€9°0— = (T + 1/IA—-
CLBTO =X —x=b ‘0=d ‘90=n ‘9=1 ‘ci0
‘ST~ = (¢ + 1)—
‘€918'0 = (¢ + D/IA

]
b3

]
»

/)

w

d
‘SL8T'0 = ¥ — X = (ﬁ) _5

i

1y od 3y

=3

:0 wiod 1y

'd Jurod 1y

609 SOILSNMILOVHVHD 40 AOHLIW #6

X
0l SL'0 og'o 70 0 .
o d
Q0 =n . 410
(68510 ‘P28 0=n .
S0 IO (€821°0 ‘1¥8R 0 SECQO =N

(12070 ‘s800)S '
: 00 =1 70

(9esT0 '8 2590 =

(9067°0 ‘BTRE.0)

H4€0
0
450

.
4







610 CHAPTER: HYPERBOLIC PARTIAL-DIFFERENTIAL EQUATIONS

Equation (9.16) becomes, when we use average \;alues for a and m,:

P— R —1.7341(0.7646)(pg — 0) + (1)(gg — 0.1875) = 0;

00— R —2.2341(—0.6726)(pg — 0) ()gr — 0.18755 - 0.

Solving simultaneously, we getpr = 0, 4r = 0.1875.
We calculate the change in u along the characteristics:

P—R: Au = 0(0.2341) + 0.1875(0.1783) = 0.0334,

Q— R Au = 0(—0.2659) + 0.1875(0.1783) = 0.0334,

ug = 0 + 0.0334 = 0.0334.

Figure 9.6 gives the results at several other intersections of characteristics. Students
should verify these results to be sure they understand the method of characteristics.

EXAMPLE3 Solve the quasilinear equation, with conditions as shown, by numerical integration along
the characteristics. (This might be a vibrating string with tension related to the displace-
ment u and subject to an external lateral force.) '

2 32 .
Py Zhea-a=0 ue 0=~ 2, ux0=0

u(©0,t) =0, u(l, t) = 0. (?.18), :

We will advance the solution beyond the start from P, at x = 0.2,t=0,and @, at
x=04,t=0,too0ne new point R. Comparing Eq. (9.18) to the standard form,

iy, + by + cuy t €= 0,

wehavea=1,0=0,¢ = —-u,e=1~— x2. We first compute u, p, and g at,‘p
and QO fp.f,;,:f

u=x(1-—x
(from the initial conditions), sO
up = 0.2(1 — 0.2) = 0.16,
up = 0.4(1 — 0.4) = 0.24.
Also, o
p=—=1-2
-(by differentiating the_: initial conditions), so

pp = 1 = 2(0.2) = 06,
pg=1-204) =02
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612 CHAPTER % HYPERBOLIC PARTIAL-DIFFERENTIAL EQUATIONS

As a first approximation for u at R, then,
Au = p Ax + q At,

, — 0.16 = Qé—:%o—égg‘(o.SIO -0.2) + 09 246(0 044 - 0),

= 0.2095.

The last computatxon was aleng PR, using average values of p and q. We could have
altematlvely proceeded along OR. If this is done,

ug — 0.24'= Qﬁ_t_zgéﬁ?_(mm - 0.4) U 246(0 044 — 0),

= 0.2076.

The two values should be close to each other Let iis use the average value, 0. 2086,
as our initial estimate of ug. We now repeat the work. In getting the coordinates of R,
we now use average values of the slopes,

0.4 + V0.2086 L
fp=——7y —Or " 02,

—0.490 - 1/0.2086
tR = —-———2——————*(xR - ‘0.4),

xg = 0.305, = 0.045;
/0.4 + V0.2086) 0.16 + 0.2086
(1)(-'—T——)<px - 0.6) - (———«—)m

2

i (1 0.04 +20 0930)(0 045 = 0

2 2
N (1 _0.16 +20.0930)(0'045) _o,

pp = 0398, ar= —0.242;

ug = 016 + %150—"?—8-(0;‘305 _0+ 2" (2)‘242(0.645 - 0),

/—0.490 — V0.2086 24 + 0.
1>(~———4——-)<pR ~02) - (w)m - 0)

Uug = 0.2071 (along PR);

ug = 0.24 + _Oﬁ—%)i%(o.sos - 0.4) + 0~ 2'242(0.045 -0

= 0.2063 = (along OR).

‘The average value is 0. 2067
Another round of calculatlons gives ug = 0 2066, which checks the prev1ous value
suﬁicxently This method is, of course, very tedious by hand 8







"uchie[jadued 10119 uoneduny) Jo yjiqissod ai
Jo asnedaq sdejueape jesonendwod awos sey poyow Swdeloae siyy

Twcm-mv o .A_i;mu + _+.T..n:m = _+.T..b

pue
(agoz-) (" '+ =)+ T = B (a4 Y)
(e497-7) .A.\..:D +.\..5.l _+.T_|..m:L +7 = _+.\...QT+ 1)

ey yons £ G pue £y soqenea fwwnp sy Sugonponu
01 Juopamba s1osiyy, (g usyl pue ‘js1y y) Jomsue Jeuy u..,: loj
$)INS0.4 oy} 9deIdAL PUE dUI| ALES BY) UO g AdK, [neS pue Ao [neg as) (al)
"19)e] passnosIp
2 O} spOYIAUL 10D BUDUIBID O} Paje[al S SIY] 9SIAAQN
o o “gf udyy pue v 434 [neg duisn 1s1y £q aul] 0) aurj WOk SRWIAY (IN)

SNOILYNO3 31N08vHvd 8ci






Levy

Yiper

b S
% 5

# 7

Yexti ssba ho a’: § n(o),‘

lj(= x+~J+—x3 ‘\jb(-:.l) = |. 1590 RiK M Bx=0.1
j()(::.l):. 1 110 el Ax=0.0/
j()(a.‘) ;I"gg7 mEe DX z0.02%
| (3{:" -)(1/ (_o)- | ad-u\,o ) :De,x Y :AXI-PB\HC
j 5 ‘j“ \;_Lj-px": 2An+

jU): L acheol 4(1)= 12 = t.u1y 2.03%% thn

TA\(') > ]-3550 ¥.2% onn

= (j' + 2(§|— ‘jkl) = |.4160 trn - 0.13 ?o

4= DJ+ K 2x+Z
‘5.‘(.O\=¢ D+t = D=-1

Y, = e X +2%+2
4, (08) = 206 Y= 2018
yp (10) = 22919 o= 2WE
Yy 02) - 25208 Je* 2.5199 oo 4x/o'3?,
achod o 2.51499

5I”+%7"’£j/’zj’t \j(o) =t1/’(a)=0 j?a):)

,=P, \5.17,20027 Y.y ° .qm./z;
" b= /. - (.00S3! - ,_0WED
Fﬁ . } ol +2‘§"k y = Pz J-Py

uf=a_=%=- 9‘ P ‘3" ="}.1 = .07926 5:;49 = - 30910
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Troblog 1 (Do problem (05 Ck«,ﬂw‘l PZSHI w»ws} Wm\ls ML(MAx:AtI-.%

) Use Lintar intesprtahim b fod tubote fo Ax=by =01 *Mfwl §§ Udxd
(9 e Roubng o bt betln, reantls

Problewm 2: Do problum S0 Chapler § F%%S

Wee 20 slerc bhwen t=0 aud 1= 0,2 peernds M a 4% mder RIC
medhod

Problum 3 Do problm 76 Chaplr 6 pgs39 laa roFQau,Lz) He presnd diniratue
ba finide c&'ﬁmas.
() let 4 mch dimensun be vedical
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712 ANSWERS TO SELECTED EXERCISES

Exercise Ser 1 a) With x©@ = (0,0), x'® = (0.9960763,0.9973286)" ;
10.4 (page 557) b) With x©@ = (0, 10y, x'" = (1.537896, 10.96678)"
¢ With x® = (1, 1), x@ = (0.5014280,0.8698339)"
d) With x@ = (=0.1,0.1), x® = (—0.2795486,0.4641872)"
3 a) Withx© = (0,0,0), x*) = (1.073144, 1.073144,0.8044867)'
b) With x'® = (0,0,0), x® = (~0.02005700, 0.09019657, 0.9946810)"
¢)  With x© = (0,0,0)", xI® = (1.038654, 1.079038, 0.9289789)*
d) With x® = (0,0,0), x7 = (0.4730910,0.01915232, —0.5231886)"
5 a) Withx© = (0.1,0.1)", x® = (5.343082, —0.6262875)' and G(x®) = 0.006995494
b) With x© = (0,0), x"» = (0.6157412,0.3768953)' and G(x"*¥) = 0.1481574

¢} With x@ = (0,0,0), x*¥ = (—~0.6633785,0.3145720, 0.5000740) and
G(x®)y = 06921548

d) With x© = (1,1, 1), x® = (0.04022273,0.01592477,0.01594401)' and
T GEx™) = 1.010003

CHAPTER 11 =
Exercise Set 1 a) i X Wy b i X; Wiy
11.1 (page 565)
1 1.047197 —0.533308 . 1 0.7853982 0.1631159 g
2 2.094394 ~—1.51942 2 1.570796 —0.7662053 : g
: 3 2356194 —1.246696 !
§
N :
3 ) i X Wy Wa;
5 1.25 0.1676179 1.656001 ;
10 1.50 0.4581901 0.8016986 : !
15 1.75 0.6077718 0.4406008 <,§
20 2.00 0.6931460 0.2610475 i Exercis
11.2 (p
b) i Xi Wy Wy
b) 1.0 0.00865076 —0.04179500
10 2.0 0.00007484 ~0.00036134
15 3.0 0.00000065 0.00000313
20 4.0 0.00000001 0.00000003
¢ i X Wy Wy
3 03 . 0.7833204 - 1.800761
6 0.6 0.6023521 0.2968196

9 09 0.8568906 1.305988







Exercise Set

12.3 (page 632)

ANSWERS TO SELECTED EXERCISES

1 a)

3 a)

b)

b)

: d),_

i j X; t; Wy

1 1 0.5 0.05 0.632952

2 i 1.0 0.05 0.895129

3 1 1.5 0.05 0.632952

1 2 0.5 0.1 0.566574

2 -2 1.0 0.1 0.801256

3 2 1.5 0.1 0.566574
For h = 0.1 and k = 0.01:

i J X; f ' Wi

4 5 04 05 —9.3352 x 108
10 50 10 05 —9.1860 x 108
17 50 17 0S5 2.6047 x 108
i j X; tj W,'vj

4 10 08 04 1.166142

g8 10 16 04 1,252404

12 10 24 04 0.4681804

16 10 32 04 —0.1027628
For h = 0.1 and k = 0.01:

i X; ¢ Wy

4 50 04 05 23541 x 107°
10 50 10 05 1.7610 x 10717
17 5 17 05 —38090 x 107°

For h = 0.1 and k = 0.01:

L%y Wi

4 50 04 05 01770914
10 50 1.0 05 03012839
17 50 17 05 0.1367806

-

719
i J X; £ Wi
11 13 005 159728
2 1 23 005 —1.59728
1 2 13 ol 1.47300
2 2 23 01 —147300
b) For h = 0.1 and k = 0.005:
i J X; tj W,"j
4 100 04 05 0.1757581
10 100 10 05 02990169
17 100 17 05 0.1357617
i J o Xi tj © Wij
2 10 02 04 03921147
4 10 04 04 06344550
6 10 06 04 06344550
§ 10 08 04 03921148
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PROBLEM 3. A large gun with supporting base weighs 3900 lbs. It is to
- be designed so that its spring-dashpot shock absorber system must be
~critically damped. If the damping constant is 4925 lb-sec/ft,

" determine:

1) The initial recoil velocity, given that the gun recoils a
maximum of 5 feet from its initial position of x(t=0) = 0.

r

2) How long does it take to reach its maximum recoil distance.

Versam?2
e=Cc = 4925 \b-seeffl < )
= 2(lom = ZIT\% g W= 3qc~olb wm= |20 ns&? W=78m0ib m= 242.24%
k= c_c_g, = §0047 Iy | k=25033 b
Wyt . -
X= (C\&—sz)e, - 3"“""(_ .
8 v ok o ok
{:) [Cz wu(ﬁ *C;H]e— S amd
; .X(t=c): C,-wnC, =<2 | | Shme
el = t‘=l - C;/ =1 | Same
X .O 2 Wn © . ' t"=_|._ = 0:0"3"/;&‘6
t*#i—o—“a 00472 se '_ 0,11
- SameL
-5= € .
()25 = €8
'Gf) cZ = Swne
¢, = 276,33 e e, 138,17 A

(tz0) = & = 27b. 33 /s w(b=0)= 138174
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