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special equation y’ = Ay, A constant, is usually considered sufficient, how-
ever, to give an _.na_.nmmo: of the stability of a method.
We consider first the Adams-Bashforth fourth-order method. If in

(8.47) we set f(x, y) = Ay we obtain

.v~:+_ l.V.: - MAMMYQ - MW.V.:I- + wNValu - W‘Valuv" Q Am.u\uv

The characteristic €quation for this difference equation is
CBt-pi- WN\/A&R“ — 5982 + 378 — 9 =0

The roots of this equation are of course functions of AA. It is customary to
write the characteristic equation in the form :

P(B)+ Mo(B)=0 (8.74)
where p( 8) and o( 8) are polynomials defined by
p(B) = p* - p°

o(B) = — 5(558% - 5982 + 374 — 9)

,c<a see that as 4 — 0, (8.74) reduces to p(B) = 0, whose roots are B =1,
2= P3 = 4= 0. For h + 0, the general solution of (8.73) will have the
form _

Y= By + By + B3+ <4 By .
where the B; are solutions of (8.74). It can be shown that 87 approaches the
desired solution of Y' =M as A -0 while the other roots correspond to
extraneous solutions. Since the roots of (8.74) are continuous functions of

A, it follows that for & small enough, |8 < 1 for i =2, 3, 4, and hence
from the definition of stability that the Adams-Bashforth method is

the form (8.74) whose left-hand side is sometimes called the stability
polynomial. The definition of stability can be recast in terms of the stability
polynomial. A method is strongly stable if al] the roots of p( B) = 0 have
magnitude less than one except for the simple root 8 = 1. -

We investigate next the stability properties of Milne’s method (8.6454)

given by
| o
u\=+_ ".v\:l_ + M-A.\.:.T_ + Av.\r +.\\.~I_v AN.NMV

Again setting S, p) =Xy we obtain

AA
u\:..._ ‘E=I~ - 'wlAv\:.f_ + &%\: +Y:.I_v =0

and its characteristic equation becomes

P(B) + hro(B) =0

I

e d
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with p(B) = p? — |

o(B)=B%+48 + |
,E:..m time p(8) = 0 has the roots B =1, By=—~1, and hence by the
definition above, Milne’s method is not strongly stable. To see the implica-
tions of this we compute the roots of the stability polynomiaj (8.76). For 4
small we have :

Bi=1+M+ O(#%)
Ba=—(1-My3) + C(#?) & (8.77)
Hence the general solution of 8.75) is
In=c (1 +Ar + o) + (=171 - A/3 + 0(ny)"
If we set n = x,/k and let & — 0, this solution approaches
Vn =1 + op(— 1)"e~2/3 (8.78)

In this case stability depends upon the sign of A, If A > 0 so that the
desired solution is €xponentially increasing, it is clear that the extraneous
solution will be €xponentially decreasing so that Milne’s method wi]] be
stable. On the other hand if A < 0, then Milne’s method will be unstable
since the extraneous solution will be €xponentially increasing and wijl

weak stability from Milne’s method whenever 3f/d < 0 on the interval of

method of order 2 defined by
h
y\=+_ =V + INIA‘M\L. l.\n-l—w

If we apply this method to the test equation y’ = Ay, we will obtain the
difference equation

Fn+1 = Vo — \%@r “ a1} =0
and from this the stability polynomial
B~ B - \% (38 -1)
or the equation .

unné+%vm+qno | U
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<1 since rii.
Therefore the equations are unconditionally stable for al positive r.

Brief introduction to the analytical solution of homogeneous
finite-difference equations

Linear equations with constans coefficients
Consider the difference equation

Wrrau  +bu=0,j=0,1,2,-- . (3.28)

where « and b are real constants.
Assume that

U= Am!

is a solution. where A and m are non-zero constants. Substitution
into (3.28] shows that m is a root of the quadratic equation

mitam+b=0. (3.29)

Case (i) Roots real and distinct, m =m, and m = M,, say.
One solution is 4 =Am/| and another is 4 = Bm} where A and B

are arbitrary constants. Ag equation (3.28) is linear in u its general
solution is.

U =Ami{+Bmi.

Case tit) Repeated roots, m = my twice, sav. Clearly one solution is

J1- Substitution into (3.28) and the use of ¢ = -2m,,

HP=20=2f(j+ 1)+ fij) = 0,

By inspection it is scen that Hj) = J satisfies this equation. Therefore

P (3.28) is “, = Bjmi. Hence the solution of

equation (3.281 in this Case 18

o= lA+ Bing,,
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Cuse iy Complex roots.

Because @ and b oare real the roots of (3.29) will be conjugate

complex numbers, m, = re™ and my=re " suy, where i = v(~1).
Hence a= ~rle™+e™™)= =2rcos 6 and » = . As in Case (1) the

solution of (3.28) is

;= Ar'e"™ s Brie™"" = P{{A + B) cos j6 + i(A — B sin j6}.
Since A and B are m&:SQ constants and r= . this can be
written as
w, = b¥(C cos j8+ D sin i6).

where C and D are arbitrary constants and cos = —al2r=
—a/2\/b. Methods for deriving particular integrals for non-homo-
geneous difference equations are given in ‘Finite Difference Equations’
by H. Levy and F. Lessman. (Pitman).

The eigenvalues and vectors of a common tridiagenal matrix

Pm,ﬁ \@u W_suf

& fa b 1
?v? c a b
A= ¢ a b
5 ¢ af

be a square matrix of order N, where a, b, and ¢ may be real or
ooEEa.x numbers. : .

Let A represent an eigenvalue of A and v the corresponding
eigenvector with components ¢,. Useoo. . Un- Then the eigenvalue
ac,:u:c: Av=Av gives

i

(a~— Ao, + bu,

vy Ha—-A,+bry=0

vy +Az|>:..,+&3._ = 1)

and

.
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frwe define vo= oo =1 then these N equations can be combined

mto the single difference equation

ot g tla=Xy+br, =0, j=1HNLN .\w..m:,

i

iously. the solution of (3.30) is

v, = Bmi+~Cml. (3,31}
i 2

1

where B and C are arbitrary constants and m1,, m, arc the roots of

c{u—A)m+bm>=0. , (3.32)
(It is proved later that the roots cannot be equal.)
By equation {3.31) it follows, since v,= Un.1 =0, that.
0=B+C
and
0=Bm{ '+ Cm) L
Hence
N+1
o\’ .
A : =1=¢" s=1({1)N,
s ,
where [ =+(—1). Therefore
h:l_” BﬂiZ+:. Aw 33)
g .
By equation (3.32),
C
myma uw

and elimination of ma. between (3.33) and (3.34) leads to

tap—

mg.,
::HAW el

!
M, = AM TgThmN D

By s Mia LA b,
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giving that
A=d+ w
Hence the N cigenvalues are given by = .
L ST ras
>,|D+JTA i- Omﬂ. s=1{1)N.
The jth component of the eigenvector is
H
: c\2’ . s+
umaf-nrgzu.nmﬂ {ePTIN*T _ gminmiN 1y
\b
o s
2 . T
=2iB{—} sin ——
b N+71
so the eigenvector v, corresponding to A, can be taken as
/c\3 € 2sm Anw _
sin - -
ﬂ / 7+H b N+1'\b
3sw a\¥ . Nsw
X sin —— -} sin——1}.
N+1° b N+1

It is easily shown that the roots of equation (3.32) cannot be equal
because if we assume H1, = m, the solution of (3.32) is then

;= (B+Cjymi
and v, = vn,; =0 implies that B = C=0, giving v= 0. which is not
possible.

An analytical solution of the classical explicit approximation to

aUjat = 9> Ulax*
Consider the equation
aU 5 U
MWH ﬁh 02 x-21
al ax-
where U=0 at x=0 and 1. t>0. and U is known when =0,

l=x=1. . . . o
The classical explicit approximation to the differential cquation is
Wy =10, = (0= Db+ (3.35:

D






Eilipre equaiions and svsieniatic iterative methods

The inplementation of the iteration

In pracnce. ¢ modetined by cquation (5,57, namely,

1

(A-Nm"" V=rA-Nu"'+~(qg- Au

oy

where A =Ny =LU. iy dealt with as follows.
betd” =0 " -g " und R =q-Au""

Then by (5.57) 4 complete cvele of the iteration consists of the

solution of
MILHILqQ_:_” mN:Z. AMNJL;
followed by

i by (R

u =n i

which ix the iterative refinement described on page 226. Equation
(5.64) would. of course, be solved by the forward and backward
substitutions

E o) xping
Ly =R

@Q:: =yt
An additional acceleration parameter w can also be introduced into
the procedure by replacing (5.64) with

HQQ:: - Ez?:u

as in reference 10. Further details concerning the calculation of «
and the solution of the equations are given in Stone’s paper,
reference 32. His results indicate that the method is economical
arithmetically in relation to older methods and that its rate of
convergence is much less sensitive to the choice of iteration parame-
ters than are the SOR and ADI methods.

Two recent direct methods

A method for ‘variables separable’ equations
The foliowing method whick depends upon the differential equi-
tion bemg “variables separable’. although that is not immediately

obvious. was first proposed by Hocknev. 1966, reference 17, who

\}
N

eq.
W\J,w. [ O

S

Elliptic equations and syStematic ierative methods __ - AL S
considered the problem

U &L

ax* gy’

U=,

where C is the boundary of the rectangular domain D =
Hlxoyh0<x<a, 0<y<b}. Using Fig. 5.9 and a square mesh. the
five-point difference equations approximating this problem may be
written in partitioned form as

i

glx y) (x.vieD.

{x.vie C.

B I u; b, ‘H.;.yTW.LN..*Hﬂw VF.N
I B I u, b, R

I B | u, | = | b, (5.65) —
h I Bllu, by,

where u, is the vector of mesh values along y=rh, r= HI)M. b, isa
known vector corresponding to u, and the NX N matrix Bis

-4 1
1 -4 1

1 -4
where N is the number of mesh points along a row parallel to Ox.

By (565 .
Redun . P 50 K170

eoetls . S wtBuumy,
Wo_vp, ~ > i ) A
\muu ol ?Aﬂ...@b uy_,+Bu,;=b i méljrt Fe e &QLA =
W M- v.(N N g% ”H IVD ”p
Let g, be an eigenvector of wg_dmvo:am:m to the eigenvalue A,.
Then

Bu,+u,=b,
(5.66)

Bq, = Aq,. r=1(1)M.

and this set-of equagions can be written as

- BQ=Qdiag (A, A,.. ... Aag),

b

where Q is the modal matrix 4, G....qy] But B is symmetric.

therefore the eigenvectors Q. r=11DM. can be normalized so that

Q'Q =1. Hence Q7BQ = diagia,. Aso iU Ay = AL say.

X, <Aas - Ay bﬂﬁwfww, )\mqu






2
:
i

.~ Qe and b = Q'b,.
Tom whioh follows that
u, =Qi, und b, =Qb,.

MOS8 into (5.Ak) and prem
with lwads o the cquations

PN cquations and VSO teraiive piethody

(3.68)

ultiplying throughout

{5.69)

Denote the jth components of @, and b, by 4, and b,, respectively

and select the jth row of each of the €quations
tridiagonal sysrem of cquations

Rt
kN
i
<

i
It
S

S
L
&)

L

i
A
s

Uine-i = Al g, = binss

forg, r= LM AL the components of g,, r

(3.69). This gives the

(5.70)

= 1(1}M can clearly

be found by solving N such sets of equations for U, i=1(1)N, The

procedure is therefore-

\

tii-Calculate the eigenvalues and cigenvecto

rs of B. (These are

well known for the problem considered. See page 113.)

i) Compute b, = Q..

iy Solve Cquations (5.70). which s easily done.,

vt Caiculage u =@ a,

This method has been extended 1o more veneral sell-adjoint vuri-
abies separabie clhiptic Cquations. to problems wih derivative

houndar, CONAIONS, and with irreeylar boundar

AR Lau

! ! rod s Gl

PR
PR
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vel recent,
iy
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George's dissection method

AS Mentioned Previoushy the standard Gaysg climination method
for solving equations with 4 lurge band-widih Cocthicient matrix A |y
netticient jp the sense thay Z2Cro clements within the band re
replaced by non-zern clements thyy have 1o pe stored'in the compy-
ter and used g subsequent Stages of the chimination.

George, 1973, reference 15, by 4 combination of analysig, graph
theory ang intuition, formuiated yp ordering of the cquations thyy
gave substantig) reductions in (e Cfill-up® the Computer storage
required and i the volume of the arithmetic of the elimination
process. His ordering has sipce been provey 10 be virtually optimal.
For the five-point difference approximation of Dirichjer elliptic
probiem defineq OVer a rectanayjar region, and witp 4 mesh giving
NxN €quations Au=h, the Aumber of non-zero elements jp, the

final upper triangular matrix y of A=LU js O(N?Jog, N) and the
volume of associated arithmetjc is O(N?). The corresponding figures
for the naturaj Teading order of the mesh points is O(N?) ang
O(N*). For large N the savings ip Storage and effory are clearly
considerable. A simpler but less efficient ordering

given by George (1972) in reference 14.

EXERCISES AND mOhC,:OZm
L. The functjon & satisfies the €quation

2., .

6 e

At every point inside the square bounded by the straight lines
=%, y= *1, and is ZETO On the boundary. Calculate a finite-
difference solution using a square mesh of side ! (The non-
dimensiona) form of the torsion problem for a solid ela
with a square Cross-section. )
Assuming the discretization CITOr is proportiona] to 1% caleulate

m:msgoéae‘m_cm i&m::m point (0. 0). {The analytica) solution
value is (-589 ) .

stic cylindet

Solution

Because of the SYmmetry there gro only three unknowns: ¢
(0.0). ¢ at (3.0). by at (3. 4. The equations are Nehs=8eh, + | =
D20 ~ 8yt | =) and dé, -84 - =00 giving o - 0-562
by =0)-438 and ¢y =0-344 o 30D,

at
)
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FIGURE 2.11.9 Axisymmetric flow through a tube containing repeated partitions.

metric tube containing aajrmaon partitions (see Fig. 2.11.9).

~ ~V~Q==ﬁ ﬂ——ﬂ mvoﬁ——uﬁm”—w on ﬁ—u—m —OW~O=‘ & Q ”—Q:W Gh &

— —
along ABC, and m&mkl.m along both OA and CD. The

derivative cw::aw..w no:a_:@nm are the result of symmetry of
stream function about 530423 sections.

|

2.12 Numerical Solution ,en Hyperbolic ] i
h c Part
Differential Equations Tpen o l

|

Problems concerning wave moti i i
otions in i
hyperbolic partial differential equations %ﬁh&ﬁ“”hﬂ:“ﬂ:ﬂ” mno..\nnm«n o
. i : . Or ned in Secti
2.9 is the supersonic flow past a thin body irOmo governing equation is (2.9 Mv:

Another commonly cited example is the v;ovwmwno: of a one-dimensional

sound wave of small i : .
1957, p. 68) all amplitude, described by (see Liepmann and Roshko,

WNEI ~m~ﬂ
Er Ay : @.12.1)

m E—.:O—~ tis H——uuo X 1S 970 OOO—Q— ate m ﬂ—-ﬂ n—=00-°= QM wave ﬂvnou” ation a
1] n
m k4
—m H——Q mwﬂﬂa Oﬂ mo::a ﬂ—omﬂﬂﬁ N.m OO——WHW—HN :- H——Q ——:Q”——NOQ N:”—QM—Ww N:Q =~m
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the fluid speed. It can be shown that density, pressure, and temperature are all
governed by equations of the same form.

In this section a numerical technique is developed for solving (2.12.1) to
find u at any time ¢ >0 in the spatial domain 0<x <L, provided that the
initial conditions of u are given at t =0 and are expressed in the following
form, with functions f and g to be specified for a particular problem.

u(x, 0) = f(x) 2.12.2)

& (x,0)= g(x) (2.133)
Boundary conditions are to be specified at both ends of the gaseous domain,
say within a channel of constant cross-sectional area. If one end of the
channel is enclosed by a rigid wall, then # must be zero there at all times. On
the other hand, at an end that opens to the atmosphere, the pressure there
must be a constant or, alternatively, u/dx must vanish at that section.

To solve this mixed initial-boundary-value problem numerically, we divide

the spatial range of the domain into small intervals of length h and the time

axis into intervals of size 7. The total number of vertical grid lines is m,
whereas that of horizontal grid lines can be as many as needed in a particular

computation. Lines and points in the grid system are named according to Fig.
2.12.1. . o

|
|
G.j+1
*—
i—1,j) 6.j) i+
¢ LJ ——
R
Gj-1
T 1
T
\
b ]
&
e
Vs 1y [} x; Xm
1 ] 7 t 1
1o 1 ¥ ! | I
PR L E R IS L ———
FIGURE 2.12.1 Grid system for numerical computation.
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A difference equation can be derived following exactly the same procedure
as that used to obtain the numerical scheme (2.10.2) for solving the Poisson
equation. Using the central-difference formula to approximate the derivatives
in (2.12.1), we obtain, after regrouping,

; Uijor = 255 + Cttimr = 2035+ Uiy ) — iy, (2.12.9)
where C is a dimensionless parameter called the Courant number, defined by

_ar

=5 (2.12.5)

(2.12.4) computes the solution at a certain time level based on the solutions at
two previous time levels.

Actually, various numerical schemes can be constructed for solving the
same partial differential equation by using different finite-differende ap-
proximations. The applicability of a numerical scheme is determined by
whether it is stable, that is, whether the numerical solution grows and
becomes unbounded after repeatedly applying the scheme. In a way we-have
proved in Section 2.10 that Richardson’s iterative formula is stable, and so is
Liebmann’s. Here we will use a different approach to find the conditions
under which (2.12.4) is computationally stable. It turns out that the stability of
this numerical scheme is determined by the magnitude of C.

Following von Neumann’s stability analysis, we assume that time and Space
variables are separable and that the solution to (2.12.4) can be expanded in the
form of a Fourier series. A representative Fourier component may be written

u; = U e (2/12.6)

where U is the amplitude at f; of the wave component whose wave number is
k, and I =V-1. Similarly,

= Tikk — Hi=)
Ujjer = Su_ e, Uiry ;= g e f(=Dkk

Substituting this into (2.12.4) gives, after canceling the common factor ef**
Ui =2U;+ C*U(e ™ + e ™ 2)- U,

By using the Em:ﬁ% that (e + e7)/2 = cos 6, it becomes

13

. S.v_ = >g' Q.I_, AN.—N.QV

i_..A..n A =2[1-CX1-cos kh)). By introduction of an amplification factor A
such that .

Up=AUpy  and Uy, =AU = A2, (2.12.8)

(2.12.7) is reduced to
AT—Ar+1=0 . 2.12.9)
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h : ots are
whose ro AoA /\.AD%|~ (2.12.10)
=3* 3

For |A|=2, the roots are real, but their magnitudes are _>_W~._“ moM.A_N}__ NA«W
itude than 1. An inspection of (2.12.
nitudes of the complex roots are _amm. . An ; ]
M_MMM-_.MM% that the amplitude grows indefinitely with increasing time _%“.amw
[A|<1. Thus the inequality that |A| =<2 or, A’<4, determines the condition

for stability; that is, for stability,
[1-C¥1—cos kh))<1

After expanding the left side and rearranging, we obtain

2
1—cos kh

C<

When cos kh varies from —1 to + 1, the function on the 1@5.—.5:& mEMn Mw_n__ﬁwm
. infini i alue is chosen to insure stability.

m 1 to infinity, of which the lowest v . e stat
.m_m“n_.omonn the stability criterion for the numerical scheme Q.124)is C°=<1,0or

ar_, 2.12.11)
<

To arrive at this expression, we have used zun .»..wnﬂ.arwﬁ each ow ﬂ.o M_“.MM
variables on its left is positive. This relationship implies that 7 an ca
be chosen anvgno_:_?.

If the Courant number is chosen to be

. . ar_ (2.12.12)

h

(2.12.4) takes an especially simple form.
Bijar = Uimy g+ Uierj— Bij1

As mroi_.. in Fig. 2.12.1, this equation states that So_ <w_m_n of _...._ W_”M %Mw Mﬂ“
i the values already col
marked by a cross is computed D.n.:: e 1%
i i i i teps. The numerical sche; .

circled grid points at two previous time s B R mroved that
i ly referred to as the leapfrog method. wil C :
”wmmo“.”_:coﬂmwu_ method actually gives the exact solution to the differential
equation (2.12.1). )

It is well known that the solution to (2.1
(2.12.2) and (2.12.3) is

m x-+at
u(x, )= Hf(x + a) + f(x —at)l +5- h. o g(v)dv

(2.12.13)

2.1) mwmm@m:m initial conditions
(2.12.149)

. . <ons. The
which can be verified by substituting it back into each of those equations T
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solution may be written in the simpler functional form

u(x, t) = F(x — at) + G(x + at) (2.12.15)

where the functions F and G represent simple waves propagating without
changing shape along the positive and negative x directions at constant speed
a. The lines of slope dx/dt = + g in the x-t plane, which trace the progress

of the waves, are called the characteristics of the wave equation (see

Liepmann and Roshko, 1957, p. 69).
When applied at a grid point (x; £), (2.12.15) becomes
Ui; = m.A.N.. - h&mv + QA&.. + Qav
From Fig. 2.12.1 we have

x=x;+(i—Dh and eu:+¢.|:ﬂ.
so that :
;= Fla+ik - jar) + G(B + ih + jar) -
in which a=(x,~ h)-a(t,~7) and B=(xi-h)+a(t;~1). With ar= h
obtained from the condition that C = 1, it reduces to

u;j = Fla +(i - )h]+ GIB + (i + j)h]

According to this relation, the right-hand side of (2.12.13) is rewritten

Wicrj+ Uivrj~ Uiy 1= Fla+(i—j— 1)h]+ GIB+ti+j—1)h)
+ Fla+t—+Hh] + G[B+(i+j+ 1)h]
— Fla+i—j+1H]~ Glp+(i+j=1)h]
=Fla+(i-j- Dh1+GIB+(i+j+ h)
which is exactly u;;,, or the left-hand side of (2.12.13). It follows that exact
mo_c.ao: is computed for (2.12.1) by the leapfrog scheme (2.12.13).
Having introduced the concept of characteristics, we are now in a position

to interpret the physical meaning of the stability criterion (2.12.11) by use of
Fig. 2.12.2. An examination of (2.12.4) reveals that the solution at the grid

*h/7. Thus the region PQRP is the domain of dependence of point P in the
numerical computation. If Pq and Pr are the backward characteristics of
slope (dx/dt), = +a passing through P, and if 4 <h/r or, equivalently, if
l(dx/dt)y.| < I(dx/dt),], these lines will lie between PQ and PR, as shown in the
figure. However, from the theory of characteristics, it is known that point P
can receive signals only from the region PqrP, which is its physical domain of
dependence. In the present case of ar/h <1, in which the computational
domain of dependence contains the physical domain of dependence, all the
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FIGURE 2.12.2 Physical interpretation of stability criterion (2.12.11).

information required to determine the nom.&:o: at P is ,____n_._a.oa __.“._ nw_“M
computation so that the numerical scheme is mﬁm_u_o.. .—._5. _.Om._m is _“..woo?oa
because of the inclusion of some unnecessary ..:».o..-:w:o: .o:MSw M_wﬁw m
the region between PQ and Pgq and the region between Nma um_ o .E.a
ar/h > 1, the characteristics Pq and Pr 45:5 dn. E.mi: outst % Ho Q and
PR. In this case only a part of the needed information is used to de n”.:” Lhe
solution at P, and the computation is unstable. :.wonon.nm .ocSm:m tha .N:no
atlh =1 (i.e. when the ooBv..Smo:_w_ and w=<w~_.mwu_=aoam.=m of depen
inci numerical solution is the exact sol . ) ]

oo_“n”._ﬂww_.mﬁﬂho formula (2.12.13) Fmo_.aw»mmm:. is needed at two nﬂnnﬁa_vum M._.Bmm
stephJt cannot be used directly at the ::cm_. m.S.mo .8 ooaucwno .m m.w. _“ on at
t,, sincéxqonditions are specified only at .Sm _.E:u_ instant f; = .m o help art
I procedure, we construct in .m”_w. N._N.. _. a row of oﬁ._uocuw_mn 5
points at £, = N\ 7, and then rewrite the initial conditions (2.12.2) and (2.12.

in index notation®

(2.12.16)
.12.17)

u = fi
Uip = Uiz — 278
in which f; .w:a g: represent, respectively, f(x;) and g(x;). In obtaining the

second expression we have approXiqated du/at by the .no:ﬁ.w_.&.mm_d:no mo~w=
(2.2.8). For j = 1 and with substitution:{rom the preceding equations, (2.12.13)

becomes
Uins= Wi+ Uiy 10— Uig
= fiar+ fin— Uiz + 278;

or (2.12.18)

Up Y (fir+ fir) 478, i=2,--
This is called the starting formula for (2.12.13).
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1. A circular tube of radius R. From symmetry only the first
quadrant is needed for the numerical computation. The bou
dary conditions at the two straight edges of the mEVr ped
domain are that the variations of velocity normal to the edges
are zero. To handle the curved boundary, the method of Pro-
gram 2.9 may be used. ’

Compare the numerical result with the afialytical solution for
Poiseuille flow (Batchelor, 1967, p. 180) that :

u= Ik\mxlawui r’)

\t
{_mR'dp
\0 8u dx

2. A aw_meMn tube whose two slant walls make 45° angles
with n_o\z._wd. .
v

\.u.\ A rectangular tube containing a square inner tube.

3.6 Explicit Methods for Solving Parabolic
Partial Differential Equations—
Generalized Rayleigh Problem

In studying the development of a boundary layer on a body moving through
an incompressible fluid, Rayleigh (1911) considered the unsteady motion of an
infinitely extended fluid in response to an infinite flat plate suddenly set in
motion along its own plane. If the plate is normal to the y-axis and the motion
is in the x direction, the continuity equation (3.1.6) is satisfied automatically
and the incompressible Navier-Stokes equation (3.1.7) is simplified to

du_ 3
=Y 7 (3.6.1)

Sometimes this equation, governing arbitary unsteady planar fluid motions,
is expressed in terms of vorticity {(= — du/dy) in the form

; au_ o

‘ at " ay
which describes the diffusion of vorticity through a one-dimensional space.
According to the discussions of Section 2.9, both (3.6.1) and (3.6.2) are
classified as parabolic partial differential equations. Here we will construct a
numerical scheme for solving (3.6.1), examine its computational stability, and
then apply it to a particular physical problem.

(3.6.2)
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In numerical computations the space coordinates must be finite. Let us
assume that the fluid above the plate at y = 0 is bounded below a finite depth
that is divided into m — 1 equally spaced intervals of size h. If the time axis is
divided into steps of size 7, a grid system is formed, as shown in Fig. 3.6.1. To
approximate (3.6.1) by a finite difference equation at the grid point (i, j), the
second-order spatial derivative is replaced by the central-difference formula
(2.2.9) and the time derivative is replaced by the forward-difference formula
(2.2.6). After rearrangement the equation has the final form

(3.6.3)

in which R = »7/h? is a dimensionless parameter. The equation states that the
solution ‘at a certain height at time interval r later can be computed based on
the present informations at the local and two neighboring stations. For given
boundary conditions expressed as known functions of time, the solution at
time level ¢, is computed explicitly from the initial condition at #, by using
(3.6.3). Repeating the procedure for the successive time steps, the solution at
any desired time level can be obtained. For this property the method in which
(3.6.3) is applied is called an explicit method for solving the parabolic equation
(3s6.1D. - . .
Playing a similar role as the Courant number C in (2.12.4), the parameter R
in (3.6.3) cannot be arbitrarily chosen, and the limitation imposed on its
magnitude is to be determined from a stability analysis of the numerical

Uije1 = Wiy + -A=..l_.-. - NEE. + =m+:v

r
G, j+1
e
TN
Gi-1. 7 7 Sl ng
ti \TIAJ.. PR
P ,
s N
\ ///
-7 ~
i r B
t
L3
e Y2 . Y Y

Lo

FIGURE 3.6.1 An explicit method for solving parabolic
_. equations. ) .
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scheme. Following the technique illustrated in Section 2.12, we assume

u; = Uje™** (3.6.9
and obtain, after substituting into (3.6.3),
U1 =[1-2R(1 ~cos kh)]U; (3.6.5)

The quantity contained within the brackets is the amplification factor A. If
JA|> 1, JU;sy| > |Ui| and the amplitude of the solution becomes unbounded as
j—>. This is called an unstable situation. Thus, for stability we require A2=<1
or, consequently, after expanding the left-hand side,

1

wm_lno:ﬁa

Since the lowest value of the expression on the right-hand side is 1/2 when
cos kh = —1, the stability criterion derived for (3.6.3) is

vr _1
<3 . O.@.@

When the upper limiting value is used for this parameter, Gawv has a
particularly simple form.

Uij1 T X:TC + Uirrg) 3.6.7)

This is called the Bender-Schmidt recurrence equation, which determines the
solution at (y;, ¢.1) as the average of the values right and left of y; at a time ;.
However, more accurate results are obtained by using (3.6.3) for R <1/2.

e differential- equation (3.6.1) and its finite-difference approximation
(3.6. ply to any unsteady planar flows bounded by two parallel infinite
plates perfegming arbitrary parallel motions along their own planes. One of
the plates may e _replaced by a free surface. Furthermore, with modifications
to suit cylindrical coerdinates, the resulting equations apply to flows between
concentric cylinders. Solwipg for the velocity and the related fields of these
flows may be classified as th@generalized Rayleigh problem.

For illustrative purposes we sider water contained between two ori-
.ginally stationary flat plates separate a distance of 1 m. At an initial
instant t =0, the upper plate has sudde acquired a constant speed
uo(%1 m/s) while the lower plate is kept station all the time. The sudden
motion of the upper plate creates a sharp velocity nge there, forming a
concentrated vortex sheet right below the plate. The ticity is diffused
downward, according to (3.6.2), into a region practically free 0 o..:o.&: and

the velocity is redistributed accordingly. We like to find numeéxigally the
velocity distribution across the channel at different times.
262 Viscous Fluid Flows
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In terms of the notations of Fig. 3.6.1, the initial velocity distribution is

uy=0 for i=12,....m—1
Um, = Uo
and th ?E:amJ\ conditions are
. u; =0 for j>1
Unj=uy for j>1

For water » Al x 107°m?fs, approximately. If the space between plates is
divided into 20 egual intervals, m = 21 and h = 0.05 m. Let us choose R = 1/4,
which determines\the time interval 7 = Rh%/v.or 625s. This time step size
seems to be rather [A\gge. But it is a reasonable size for a laminar shear flow in
which vorticity or velocity gradient is diffused purely by intermolecular
activities characterized {y a small kinematic viscosity.

In the form shown in {8.6.3), the velocity field is a two-dimensional array.
This is not necessary, however, in programming for the computation. In
Program 3.5 we use one-dimwnsional arrays UOLD(l) and UNEW() to denote
u;; and 1.1, respectively. Immediately after completing the computation for
one time level, we store the valges of UNEW under the name UOLD, print
them only at certain selected timke levels, and then repeat the same com-
putation to find UNEW at the next Nme level. This is an often used technique
when the size of the field length of a Pyogram becomes too large to be handled
by the register of a computer.

Because of the large amount of outpit data, the solution for u is printed
every 20 time- steps and plotted every 40\iime steps, with only the first five
curves shown in Fig. 3.6.2. The selective prilting and plotting are achieved by
assigning these two time-step values to variale names NPRINT and NPLOT,
respectively, and doing what we did in Pr N._e.lcmmnm the mvanmw_
property of integer division.

The output shows that a velocity a_moosn:_:: cannot exist in a viscous
fluid and is smoothed out immediately by viscous dMfusion. As time progres-
ses the velocity profile approaches a linear distributidqp that varies from 0 at
the lower plate to 1 m/s at the upper and corresponds Yo the solution for the
Couette flow between two parallel plates in a steady shexy motion.

8888 PROGRAM 3.5 scane

EXPLICIT METHOD 1S USEDP TO FIND THE UNSTEADY VELOC
DISTRIBUTION IN WATFR CONTAINED BETWEEN A STATIONAR
LOWER PLATE AND AN UPPER PLATE IN AN IMPULSIVE MOTIO

DIMENSION UOLD(21) ¢UNEW(21)eY{21) oNSCALE (4}

A LABEL (3) +PCHAR(S) + TPLOT(S)

REAL NU

(s NaXse) (e}
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Problem 3.10

Problem 3.11
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1 FOR T = 25000 SECONDS

? FORP T s S00p0 SECONDS

3 FOR T = 75000 SECONDS

4 FOR T = 100000 SECONDS

5 FOR T = 125000 SECONDS
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VELGCITY (m/S)

Velocity distribution at different times.

"Assign a value to R that is greater that 0.5, and then run.

Program 3.5 to watch the growth of the solution to some
unrealistic magnitudes. The result proves the validity of En
stability criterion (3.6.6).

Find the velocity distribution at increasing times in the ori-

ginally stationary fluid around a circular cylinder with a free
surface (Fig. 3.4.1) after the cylinder is suddenly given a
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rotation of tangential speed v, at the surface. As time ap-
proaches a very large value, the solution should approach that

for Problem 3.6.

Problem 3.12 Find the velocity distribution in the channel described in
Program 3.5 with the upper plate replaced by one oscillating at
the speed u, sin wt, where uy=1 B\m and o = 1/1000s™".

Problem 3.13 In approximating the differential equation (3.6.1) by the finite-
difference equation (3.6.3), we used forward difference in time
and central difference in space, so that the truncation error of
the approximation is O(s, h?. An improved explicit scheme with
truncation error of O(+%, h?) can be constructed by also using
central difference in time and by replacing the second u;; on the

" right side of (3.6.3) by the time-average (i1 + ;;+1)/2. Thus

Uij+r — Uij-1 _ v Ui—1j — Uij—1 =~ Uij+1 + Wiv1j

27 h®
A~ + vaﬂﬂi = NNNAET_,_. + =..+:.v + A— - szs.-.l_ Au.a.mv
This is called the DuFort-Frankel formula, which involves

three time levels, as does the formula (2.12.13) derived for

hyperbolic differential equations.
Show that (3.6.8) is an unconditionally stable numerical

scheme.

Let us take a close look at the explicit formula (3.6.3). The solution at the
grid pont (i, j + 1) is computed, using this formula, from the solutions evalu-
ated at three grid points (i — 1, j), (i, j), and (i + 1, j). These values, in turn, are
computed from solutions in their neighborhood at the previous time step. In
this way we can trace out the region of dependence of the point (i,j+1),
which is confined between the two dashed lines shown in Fig. 3.6.1. It means
that the disturbance created at any other height in. the fluid reaches the height
y; with a finite speed h/r. This contradicts the real situation in an in-
compressible fluid, in which a disturbance at any point is felt immediately by
all parts throughout the fluid. Thus, to improve the accuracy of (3.6.3), we
may reduce the size of 7 or the value of R. In so doing the dashed lines will
approach the horizontal grid line passing through (i, j + 1) and, in the mean-
time, more time steps will be needed in the computation to reach the same
time level. The improved accuracy in the explicit method is therefore
obtained at the expense of an increased amount of computer time.
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3.7 Implicit Methods for Solving Parabolic
Partial Differential Equations—Starting
Flow in a Channel

The deficiency associated with the explicit methods that the solution com-

puted at one point is not affected mEET&mnn_w by the conditions at all other
points in the fluid can be avoided by mo‘&mim an alternative numerical scheme
for solving the same diffusion equation (3.6.1). If we still use centered
difference in space but use backward, _mmﬁnwa of forward, difference in time, a

- finite-difference equation is obtained JA... j) of the form

1
7 (0 = i) = 3 (B = 2005+ i) G1.D

It becomes, after regrouping, _
Rui vy — (1 +2R)u;; + Rt ; = — Uiy 372

where R =w1/h? is the same dimensionless parameter as that amm:on in
- Section 3.6.

The slight modification in wuvaoxs_wm:m the time derivative causes a
radical change in the procedure for od&SEw a solution. Suppose the solution
‘at t =¢ is to be computed based on Em solution known at the previous time
step t =t;;; (3.7.2) shows that every 580 neighboring unknown values are
interrelated through this linear’ w_mocnw_o equation. Applying (3.7.2) at all grid
points interior to the boundaries at one time level gives a system of simul-
taneous equations that can be solved for all the unknowns at that time instant.
In this way the velocities at different| heights are not independent of one
another; a change at one point will be|felt immediately by all other points.
Thus this numerical scheme is more sound than the explicit scheme on
physical grounds. By using the _._Ezn:nw_ scheme. the solution can no longer
be computed explicitly as before, so (3. .\ 2) is called a formula for the implicit
method.

The computational stability of (3.7.2) can be examined again with von
Neumann’s stability analysis by wmmEErw the form already shown in (3.6.4)
for the numerical solution. It can easily be verified that the resulting relation-

ship from that analysis is

1

‘ U =1+2R{ —cos k) Yt =AU G.73)

~ As coskh varies from —1 to +1, the|value of the amplification factor A
changes from 1/(1+4R) to 1 and can never exceed 1. Therefore this numeri-
cal scheme is stable for all positive values of R.
Although for computational stability | there| is no restriction on the mag-
nitude of R as long as it is positive, a smaller value of R results in a more
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accurate numerical solution. The reason for this is that after multiplying
(3.7.1) through by 7, the truncated higher-order terms on the right-hand side
are all multiplied by R.

We now apply the implicit method to solve a problem concerning the
deyelopment of a channel flow caused by the application of a constant
pressure gradient. The initially stationary incompressible fluid contained be-
o parallel infinite plates is set in motion by a suddenly imposed
adient dp/dx along the channel. Simplified for the present
e equation of motion (3.1.7) becomes

2
au 1dp ‘u . (3714

at y==L forallt 3.1.5)
at t=0 for-L<ys<L (3.7:6)

L*dp
v - ==K 7.8
T= 2 &v 378
and a dimensionless velocity difference
W= a-Y3»-U 379

the governing equation (3.7.4) is simplified to

wl%,uwm%ﬁ (3.7.10)

with boundary and initial conditions «
w=0 at Y==1 forall (3.7.11)
W=1-Y> at T=0 for-lsX=l (3.7.12)

The implicit numérical scheme for solving (3.7.10) is, acchrding to (3.7.2),
RW_;—(1+2R)YW,;+ RW,,; = - W;;, (3.7.13)
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Writing ¢ = «T/L? and mvE%Em the function of a ?uoson rule to So

Ho? side yields

o o @

as the non-dimensional form of (2. C

It should- cm noted that the bﬁbdoa novaamwbznm the _onmn_ of the
rod is 1.

An mxv__o_n method o* solution

to-
u %: , o -
e B
is . .
Uy T Uy ~+§.|.-N= it Uiy
k- s h? ’
where , -
x=1ih,(i=0,1,2,...),
and )

t=ik (=0,1,2,..).

By ancwsgm (1.10) and (1. mv one mu:m-a&ongoo mwvmoﬁamcon.

Parabolic equations
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Fig. 2.1
This can be written as
T W ~+H = :i + \AE_I a N:S + :I.HL.V . AN.A.V

where r= mimxvn w\rn wda gives.a .moa:mm. for the unknown
85@2&83 u,;+1.at the (i, j+1)th mesh point in terms of known
‘temperatures’ along the jth time row (Fig. 2. 1). Hence we can
calculate the unknown pivotal values of u along the first time row,
t=k, in terms of known boundary and initial values along ¢t=0,
‘then the EaSoic pivotal values along the second time row in terms
of the calculated pivotal values along the first, and so on. A formula

“ such- as this which expresses one unknown pivotal value directly in

‘terms of wmoés vzoﬁz <m€mm is ow:aa an 96_8: mo:ﬁc_m.

@SSE&

"As a EHBQ‘SM: wxmaﬁ_m :2 us solve (2.4) mEon Emﬂ Em ends of

* ‘the rod are kept in contact with’ blocks of melting ice and that the

::ﬁm_ SBﬁoSER distribution in mos-a_amsmuosm_ form is

" (a) u=2x, O=sx<si,
sSxXx=

(b)) u=2(1-x), % @5




14 Parabolic equations

In other words we are seeking a numerical solution of du/dt=
d*u/dx* which satisfies

(i) u=0 when x=0 and 1 for all t (The boundary conditions)
@) u=2xfor0=sx=<%

TH 0. (The initial condition)
and u=2(1—-x)fori<x=<I1. ‘
(This initial temperature distribution could be obtained by heating
the centre of the rod for a long time and keeping the ends in contact
with the ice.)

For 6x=h=15, the initial values and boundary values are mm
shown in Table 2.1. The problem is mﬁzsmﬁ:o with respect to x =3
so we need the solution only for 0<x <1

-TABLE 2.1
x=0 0-1 0-1 03 0-4 0-5 06
X
= 0-2 0-4 0-6 0-8 1-0 0-8

St Sy ey oy e
fl
WP O
SCOOOO

Case 1

Take Sx=h=1, 6t=k =155, so r=k/h*=%. Equation (2.4)
then reads as

Upjor = To(Uimyj + 8+ Uiy ). (2.6)

For pencil and paper calculations the relationship between these
four function values is represented very oo=<a=6=a< by the
‘molecule” in Fig. 2.2. The numbers in the ‘atoms’ are the multi-
pliers of the function values at the corresponding mesh points.
Application of equation (2.6) to the data of Table 2.1 is shown in
Table 2.2, and readers are recommended to check some of the
calculations, remembering that the values of u at x =74 and & are
equal because of symmetry. (Increasing values of ¢, i.e. of j, are

Parabolic equations 15

i1

=

i—1

Fig. 2.2

shown moving downwards for convenience of calculation.) As exam-
ples,

5.1 =1510-8+(8 X 1)+0-8}=0-9600.
,=2{0-6+ (8% 0-8)+0-96}=0-7960.

TABLE 2.2
i=0 i=1 i=2 i=3 i=4 i=5 i=6
x=0 01 0-2 3 -4 0-5 -6
(j=0)t=0-000.| 0 0-2000 0-4000 0-6000 0-8000 1:0000 0-8000
(j=1) 0-001 |0 0-2000 0:4000 0-6000 0-8000 0-9600 0-8000
(j=2) 0002 |0 0-2000 0-4000 0-6000 0-7960. 0-9280 0-7960
(j=3) 0-003 | 0 0-2000 0-4000 0-5996 0-7896 0-9016 0-7896
(j=4) 0-004 | 0 0-2000 0-4000 0-5986 0-7818 0-8792 0-7818
(j=5) 0005 | 0 0-2000 0-3999 0-5971 0-7732 0-8597 0-7732

(j=10) 0 0-1996 0-3968 0-5822 0-7281 0-7867 0-7281

(j=20) o.o,m 0 0-1938 '0-3781 0-5373 0-6486 0-6891 0:6486

The analytical solution of the partial differential equation m»am@-
ing these noua_cosm is

..;.:nlmw Y =5 : = (sin inm)(sin nmx)exp(—nw1).
¥ T n=1 3




16 . Parabolic equations

Comparison of this solution with the finite-difference one at x =0-3,
as given below, shows that the finite-difference solution is reasona-
bly accurate. The percentage error is the difference of the solutions
expressed as a percentage of the analytical solution of the partial
differential equation. .

TABLE 2.3
Finite-difference Analytical Numa.nazﬁma
™ solution (x =0-3) solution (x=0-3) Difference error
t=0-005 0-5971 0-5966 0-0005 0-08
t=0-01 0-5822 0-5799 0-0023 0-4
t=0-02 0-5373 0-5334 0-0039 0.7
t=0-10 0-2472 0-2444 0-0028 1-1

The comparison at x=0-5 is not quite so good because of the
discontinuity in the initial value of du/dx, from +2 to -2, at this
point (Equation 2.5). Inspection of Table 2.4 shows, however, that
the effect of this discontinuity dies away as t increases.

TABLE 2.4
Finite-difference Analytical Percentage
solution (x=0-5) solution (x=0-5) Difference error
t=0-005 0-8597 . 0-8404 0-0193 - 23
t=0-01 - 0-7867 0-7743 0-0124 1-6
t=0-02 : 0-6891 0-6809 0-0082 12
t=0-10 0-3056 0-3021 0-0035 1-2

It can be proved analytically that when the boundary values are
constant the effect of discontinuities in initial values and initial
derivatives upon the solution of a parabolic equation decreases as ¢
increases. (See Chapter 3, exercise 20.)

An examination of Tables 2.19 and 2.21 given in exercise 1 at the
end of this chapter shows that the same finite-difference solution for
a problem in which the initial function and all its derivatives are

continuous is very close indeed to the solution of the partial

differential equation.

Richtmyer, reference 31, has shown for this particular finite-
difference scheme that when the initial function and its first (p—1)
derivatives are continuous and the pth derivative ordinarily discon-
tinuous (i.e., changes by finite jumps), then the difference between

Parabolic equations “i7

the solution:of the partial differential equation and-a convergent
solution of the difference equation is of order (8£)®*?/®*%_for small
ot o

In this omeEP p=1, so the difference is of order (5t)%. As
(0-001)3=0-016, it is seen that the finite-difference solution is
actually better than the estimate indicates, a feature common to
most error estimates. When all the derivatives are continuous,
p—>, and H..uo error is of order &t _

Case 2 _
Take 8x=h=15, 8t=k =105, so r=k/h>=0-5. Then equation

(2.4) gives .
Uje1 = WA:TZ. +Uierj) v (2.7)

and the solution obtained by applying this finite-difference equation
to the boundary and initial values is recorded in Table 2.5.

- TaBLE 2.5
i=0 1 2 3 4 5 6
x=0 01 02 03 0-4 0-5 06
T=0000] 0 02000 0-4000 0-6000 0-8000 1-0000 _0-8000
0-005| 0 0-2000 0-4000 0-6000 0-3000 0-8000 0-8000
0-010 Y0 0-2000 0-4000 0-6000 0-7000 0-8000 0-7000
0015 |0 0:2000 0-4000 0-5500 0-7000 0-7000 0-7000
0-020 o 0-2000 0-3750 0-5500 '0-6250 0-7000 0-6250
0-100 | 0 0-0949 0-1717 0-2484 0-2778 0-3071 0-2778
) TABLE 2.6
* + Finite-difference Analytical Percentage
solution (x = 0-3) solution (x=0-3) Difference error
t=0-005 & 0-6000 . 0-5966 0-0034. 0-57
t=0-01 -=. 0-6000 0-5799 0-0201 .35
t=0-02 0-5500 0-5334 0-0166 3-1
t=0-1 0-2484 0-2444 0-0040 1-6

It is seen that this finite-difference solution is not quite as good an
approximation to the solution of the partial differential equation as
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the previous one; nevertheless it would be adequate for most

technical purposes.’

Case 3 - : L
Take 6x =&, 8t =135, so r = 81/(8x)? = 1. Then equation (2.4) gives
. Upjr1 = Ui—1,j — S.._. + Uirrp (2.9)

and the solution of this finite-difference scheme is as below.

TABLE 2.7

i=0 1 2 3 4 5 6
x=0 01 02 03 0-4 0-5 06
t=00010 02 04 06 0-8 1-0 0-8
00110 02 04 06 0-8 06 0-8
0:02 0 02 04 06 0-4 1-0 0-4
0030 02 04 02 12 -0-2 1-2
00410 02 00 14 -1-2 2-6 ~1-2

Considered as a solution of the partial differential equation this is
obviously meaningless, although it is, of course, the correct solution
of equation (2.9) with respect to the initial values and boundary
values given.

These three cases clearly indicate that the value of r is important
and it will be proved in Chapter 3 that this explicit method is valid
only when 0 <r=<1. (The conditions that must be satisfied for a valid
expansion are dealt with both descriptively and analytically in
Chapter 3 under the headings of convergence, stability and consis-
tency. Any reader who would prefer to have an introduction to
these concepts at this stage could do so by reading the descriptive
treatments of these topics as they are independent of the remainder

- of this chapter.)

The graphs opposite compare the analytical solution of the partial
differential equation (shown as continuous curves) with the finite-
difference solution (shown by dots) for values of r just below and
above 3, and the same number of time-steps.

Crank—-Nicolson implicit method

Although the explicit method is computationally simple it has one
serious drawback. The time step 8t=k is necessarily very small

Parabolic equations 19
! Ar .= (4R Solution of the differential equation
- shown by the curves
Osr Solution of the finite-dilference
cquations shown by the dots
04+ )
1=0-048. (j+1=10)
03 1=0-096. (j+ 1 =20)
> 1=0-192, (j41=40)
02 N
01k N
L 1 - J i 1 ] 1 1 1

0-0 041 0-2.: 03 0-4 0-5 0-6 07 08 09 1-0 X

) (a)

u )

r=0-52

0-5F

041

03F

0-2

01

0-0 21 02 03 o4 05 o6 07 08 09 10 x

(6)
Fig. 2.3

because the -process is valid only for 0< k/h?<3}, i.e., k<3h? and
h = 5x must be kept small in order to attain reasonable accuracy.
Crank and Nicolson (1947) proposed, and used, a method that
reduces the total volume of calculation and is valid (i.e., convergent
and stable) for all finite values of r. They replaced a*u/ox? by the
mean of its finite-difference representations on the (j+1)th and jth
time rows and approximated the equation
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where 67 s the ugual central difference. For / odd, Eqn. (2-265) becomes

R s e
K
o

U iea=U st N\.@mm\ﬁai .

[T

Thus. Gordon's method is made up of a series of familiar calculations. .
Another series of dsymmetric approximations for the diffusion ¢quation,
= w, .o was introduced by Saul'vev [85] followed by variations due to

Larkin .?2. Barakat and Clark [87]. and Liu [88]. and related group explicir
methods by Abduijzh [89]. Evans and Abduliah [90]. and Evans [91]. In each
ir of approximations that are explicit . . - MI,

i1

case. the result is an approximation or pa
and are unconditionallv stable.
The basic ideas are ¢asy to describe. Saul'yev replaces u | i—t2, I

u,| ;- U

. i+1.2, L P
N\.p..w. & i~ = \N .. ]
c . —& r
by v, [, i2,.; and uses the central difference approximations i1 i il .
Ui = U, Figure 2-16  Molecule for Eqn. (2-266) A)
N&.«.§T¢_u.\“ .Q\N s m
t
. Q\.\‘ilm\\rr\i q
Uy ~12, e = !
. h
for u_ and 3 forward difference for u, t0 obtain the algorithm (Saul’yev A),
which has been sofved for U ;, ,:
C+l§.\iHQM.\..T\AQ.L.\.IISL..T Uiir;)- (2-266) i y /e
: o J*
The asymmetric computational molecule for Egn. (2-266) is - shown in ; (8
Fig. 2-1s. : .
An analogous form (Saul'vev B) (Problem 2-58) is 1 s
A...m.\vm\\“.,\p_ = P......,\+~.:\1_ 1T g.\+£|~,\v. AN-NQJ
with the computational molecule shown in Fig. 2-17.
I’s important o note that Saul'vev A g explicit if the evaluation begins at o
the lefi-hand boundary (v = @, and moves 1o the right. so that only the single ¥
value U, | iy unknown. A simjlar explicit nature holds for Saul'yev B if the . - i-1 i i-1

caleulation proceeds 1o the left from the right-hand boundary (say, x = ). It ) Figure. 2-17 Molecule for Eqn. (2-267)

Is interesting to note that if 7 = | thep Saul'yev A simplifies 1o .
The options open to using the Saul'vev schemes are:

m\m..\rm = .,_.«mxﬁi_.\x:.érmxw..:i\v.
mm:g Saul'vev B to (i) Use Egn. (2-266) only and proceed line by line i the ¢ direction. but
. always from the left boundary to the right en a line,
* RN M:\wf_ SRR . (ir) Use .TE. (2-267) only and proceed line by linc in the ¢ 9.3\1@:. but
abways from the right boundary to the left on a line. y

— e the value of L., 1y not needed in the computation!

D

N



)

)



Etusing Sauivey A and then Bl or the
W alternating direction methods 1o be

v Use Suui'ves A und Suul'vev B on the same line and average the results
for the fingd unswer (A first. and then B). This is equivalent to
introducing the Jummy varishiog £ and O such tha

=i

I - rip T ﬁ.?f,.;. {2-268a)
dnad
el = .I\u_...\i + O, jai)- (2-269)

This averaging method has some computational advantage because of
the possibility of truncation error cancellation.

As an alternative to Eqns. (2-268a. b) one can retain the P, ; and Q; ; from
the previous step and replace U ,, U..1; in (2-268a) by P. ; and Py

respectively. and U, i+ Uizy ; in (2-268b) by O; ;and Q,_ L

Liu [88] used higher order approximations and obtained the algorithms
(Liu A)

(Br+2)4 . =201 -2y,

+r{U

i1

o3 ..IQTH.?".T#QT_L#L.

i+,

-2 - .
- i~ ; il 122

Piture 208 v Cowa ol Lty | e R

S rh.__.,._......n___ —— -

i-2 1-1 i iy 2
Figure 2-18(b) Molecule of LiuB:Rto L
with the computational BohmoEm shown in (Fig. 2-18a). Liu B is given by
(r+2)4, ., =201 - 2r), |
+ \.«QI._L. +3U_, ;- Uz juy + Wi 40)-
These are analogous to the Saul'yev schemes €xcept that the first point on any

line (either from the left or the right) must be obtained by some other means.
As with the Saul'yev forms, combinations can be used. :
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First Central-Difference Expressions

»(l‘
,.\ c(C\ﬂ
A et

.Pm\ﬁ\fﬁ (218

, Yivr — Vio
S TEYS! Rl
yl' = Yier — 2y + v
| (2)° (5-38)
o Yier = i + 2y = yiea
Yoo 2(ax)
v Yier = Vi + 6y — 4y + ¥
T (x)°
~econd Central-Difference Expressions &xﬁ
B ~Yiez + 8y — 8y + yia
= 12(Ax)
b= —Yis2 + 16y, — 30p; + 16y, — yis
i 12(Ax)? (5-39)
W ~Vies + 8Yina — 13y + 13y, — 8pics + 3
~ 8(Ax)’
o —Vies 12y = 39y + 56y, — 39y, + 123, 5 -y,
Yoo s 6(Ax)* :
first Forward-Difference Expressions . A
y Jiwr — Y
e
y o= Yier = Vi + i
(Ax)?
(5-40)
p = Yier = 3iea + i — ¥
(Ax)’
yr = Yiva = 4Yiss + 6yia — 4y + 1
(Ax)*
Second Forward-Difference Expressions Lo
L TPier+ Ayin = 3y, -
- 2(Ax)
v DY+ Wi — Sy + 2y
(4x) (5-41)

=3Yiea + 14y — 28y, + 18y, — Syi

2(Ax)}

|N\«...+m + -¥.IL - N&\F..vu + N@\«,:N - _A..«..,.: + 3y

14

f\

(axy*

A

5
251

X,
L&

438,
‘3(‘.'

ity

i L i g

%
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Eirct Bockward- Differonce
’ .u. - ‘w.k. i
Vo= —
’ (Ax)
o ST D F i
i A.VHVN
5-42
- Pi—= 3y 4 32 — i, ( )
S A:VRvu
p = Y A‘V..l_ + @‘«...lu - A.«.Tw + Vios.
JH A.Vuﬂ.‘v&
Second Backward-Difference Expressions
;3= Ay + v
Fo= 3(Ax) Orax ¥
yl = 2yi = Sy + 4pia —- vis
. | (Ax)° (5-43
ef@?&?l&x?3fi&: )
Y 2(ax) ,
p = 3y; — 14y + 26y, — 24y, 5 + :.F.WL - 2yis
_ (Ax)*
: ExampPLE 5-3

In Example 3-4 the Newton-Raphson method imm used to determine
the output lever angles of a crank-and-lever 4-bar ::men system for each
5° of rotation of the input crank. Now we shall determine the angular
velocity and the angular acceleration of the output _a<2 of the same type

“of mechanism for each 5° of rotation of the input Qwax with the latter

rotating at a uniform angular velocity of 100 nma_u:m\mno
We can determine the output lever positions ¢, corresponding to
each 5° of crank rotation 6, by =::N5a Freudenstein's equation and the
Newton-Raphson method, as was done in Example 3-4. Such a set of
values, in effect, gives us a series of points on the ¢ versus § curve, and
the ¢ values are stored in memory to provide data for the differentiation
processes which follow. The slope of the ¢-8 curve may be related to the
angular velocity of the output lever d¢/dr if we realize that, with 50 crank
rotating at a constant w, its angular position is given by
8 = wt :

so that

do _ 1ds |
dé w dr \U

el B peye

@
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42 HYPERBOLIC DIFFERENTIAL EQUATIONS

nnwnmn of .the momentum of the object struck aESm the time of the stroke.
Let the change in velocity of the point in the interval 4x be equal to v,
where v is the initial velocity. Under the assumption that the initial velocity
v _m constant in 4x, then we obtain the n:mnqm of momentum,

- pvdx =
where p is-the linear density of the string. Consequently, we must solve
the wave equation with the initial velocity,

I
pdx

P =0 R.a+ma.

P =v= X, x+ dx,

for the initial displacement.

The lengthening obtained by the action of the impulse can be described
by a trapezoid whose lower base equals (Zat) + 4x and whose upper base
equals (2at) — dx, for t > 4x/2a. Obviously, the quantity I/dx = [, can be
interpreted.as the impulse density. As 4dx—0 the following resulits for the
form of the displacement: the lengthening is equal to zero everywhere out-
side the interval (x — at, 'x + at), and inside it is equal to 1/2a - 1/p. Loosely
speaking, one can say that the displacement is produced by the point im-
pulse I '
’ We consider-now the x,! phase plane
4 (Figure 10) and place the two ndmnmnnm:wcnm

through (xo, Z5):

x—at =x, — aly
x+at =% +at.

They determine two angles a, and e,
the so-called upper and lower characteristic

, angles at the point (xo, Zo) -
The action of a point impulse at the
AG. 0. point (x,, £,) produces a lengthening which
. in the interior of the above nrmnmormﬂm:o

angles mncEm 1/2a - 1/p and outside the interval equals zero.

" Of interest to us now is the region in which the solution is uniquely
am,nawa by the initial conditions when these are prescribed in a given interval

WO of the lines ¢t =0.
Formula (2-2.9) shows that it suffices for :5 determination of the func-

_tion u at any point M(x, ¢) of the x,¢ phase piane (Figure7) when the initial

no:a._:osm in the interval PQ are known. Thus, P, @ are the points of the
x axis with the coordinates x — at and x + at. The segments MP and M@
of the characteristics passing through the point A and the segment PQ of
the x axis form a triangle MPQ called the characteristic triangle of the

point M.
I If the initial conditions are not given on the entire line —ec < x < 50

. but are ‘given only in 2 fixed interval PQ, then these initial conditions define

- c? ?

2-2. WAVE-PROPAGATION METHOD . . 43

‘the solution uniquely within the characteristic triangle which has the interval

PQ as a base.

3. m*ov ity of the solution

) The solution of Eq. {2-2.1) is uniquely determined by the initial condi-
tions (2-2.2). We shall prove that between this solution and the initial condi-
:o:m mx_mn.m a_continuous amvmsam:nm and, in fact, wé have a..m theorem:

or each EBo :.ao?,m: 0'st <1, and for MHU;SQ € n:mwm ex Jsts anumber
.Such ‘that two ‘Solutions N:AR ) ‘and a,? 2); om “Eq. Acwc Emnn from-
805 oauﬂ. d% an amount _mmm ‘than e

laa(x, ) Iﬁ@;c Iz ,m;,w,}o <74,

E.oiawa that the initiai <&:mm e

&%&. Ov S_A&v . s«mﬁd.v = @a{x)

s . E.&
w0 =gm N %,0) = gulx)
differ from each other by an amount less ,,,rrmb 3:
Foule) —ga() | < _‘c_glimv‘_w L @2

The proof of a.:m 3mo$3 is mEﬁEmﬂbmw(« EEEm. The functions u,(x, t) and
uz(x, £) are linked t the initial values by formula {2-2.9), so that

,.,_S? t) — iz, :_ = Ledr e =l a - B

P R~ A
- _%RR:.I;Q& .hﬂ»«k'WD_ H xtat
S ,.NL"., a_e,g — ol dar,
whereas on the basis of the Schw_F% (2-2. H; there follows
. N T R )
§ kL — us(x, £ — ==
_ o Viia Nl = N ..... «m\ima,w N& H+:V. .

Hence our assertion is proved if we take

&
=77 5

Every physically defined process must be capable of description through
functions which depend continuously on those initial.conditions determining
the process. If the solution of a boundary-value problem depends continuous-
ly on the initial conditions, then one also says that the boundary-value problem
is well set or the solution is stable.

If this continuocus dependence did not exist, there could be two essentially
different processes corresponding to practically the same set of initial con-
ditions (whose difference lies within the limits of the accuracy of measure-
ment); that is, the solution would not be stable. It cannot be asserted that
such processes are determined by the initial conditions (in a physical sense).
From the above theorem, it follows that the vibrations of-a string are deter-
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