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Direct Methods
Iterative Methods
Vector and Matrix Norm Definitions

Nonlinear Algebraic Sets of Equations-used to solve nonlinear PDEs Chapt 2

Ordinary Differential Equations Chapt 6
Single step methods available
Multistep methods available

Introduction to PDE's
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Classification of PDE's
Finite Difference Notation

Parabolic Differential Equations Chapt 8
Explicit and Implicit Methods
Initial and Boundary Conditions, Limiting Conditions
Convergence, Stability and Consistency
Well Posedness and Sufficiency
Lax-Wendroff Conservation Equations
Nonlinear Parabolic Equations and Schemes to Solve Them

Elliptic PDE's Chapt 7-8
Laplace Equation and Iterative Schemes to Solve It
Poisson Equation .
Dealing with Limiting Conditions of Boundary Conditions
NonCartesian Meshes and NonRegular Regions

Hyperbolic PDE's Chapt 8
Implicit and Explicit Schemes
Problems of Stability in the Schemes
Courant-Friedrichs-Levy Condition
Numerical Integration along Characteristics-maintaining discontinuities
Second Order Equations

Optimization Chap 7
Linear Programming
NonLinear Programming

TEXT:
C.F. Gerald and P.O. Wheatley, Applied Numerical Analysis, Addison-Wesley, 7th Ed.






REFERENCES:

Elementary Numerical Analysis by Conte and deBoor, McGraw-Hill Publishers
Applied Numerical Methods by Carnahan, Krieger Publishers
Advanced Calculus for Applications by Hildebrand, Prentice-Hall Publishers

Applied Numerical Methods for Digital Computations by James, Smith and Wolford, 4th Edition, Harper Collins
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GRADES
Grades will be determined on the basis of
1 Midterm Exam 40 % each
HW/Project 20 %
Final Exam 40 %

Letter Grades will be based as follows;

(A) 95 & above (B+) 85-89 (C+) 73-76 (D) 60-64
(A-) 90-94 (B) 80-84 (C) 70-72 (F) below 60
(B-) 77-79 (C-) 65-69

This is a preliminary syllabus subject to change,

Please be on time to class and keep up with the work. There is a lot of work to cover and it will be
difficult for you if you do not do the homework assignments. My office hours are M and W 1-4pm
and also by appointment. Please come to see me if you are having problems or have suggestions on
how to improve this rather compact course.

We will be meeting 2 times a week T and R 240-355pm. Our meeting room will be EAS 1110.

This is a preliminary syllabus. Any changes will be announced in class.
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Eq. No X1 X2 X3
1 -1 -0.125 0.125
2 0.143 -1 0.286
3 ~0.222 -0.111 -1
X1 R, Xz R: X3 R,
0 1080~ 0 SH 0 1333
+167 +381
1167 _9572° +1333 P
+167 -259
+1167 0 any =259
—-140 -124
~140~ +1119 e =383~
— 48 - 109 :
=189~ -169~ -383 B
- 27 + 42
—189 e —136~ A2
+ 17 + 15
AF -136 I 5
- + 7 +.16 . -
24 16 +57 e
+ 3 - 5
+24 N o B =5
- 2 - 2
= +19 L =
— 1 —_
=3 =2 -7 B
0 + 1
-3 o =2~ <X
0 0
o -2 P P
0 0 +1 0
999 1000 1001
Check residuals: 1 -1 0

Figure22 Solving a set of linear equations by relaxation

We make three double columns, one for each variable and for the residual of the
equation in which that variable appears with —1 coefficient. The initial x values and
the initial residuals are entered as the first row of the table. It is convenient to work
entirely with integers by multiplying the initial x-values and residuals by 1000, and
then to scale down the solution by dividing by 1000 at the end of the computations.
We avoid fractions; if a fractional change in a variable is needed to relax to zero,

we only relax to near zero.

JInFig. 2.2, we set down the increments to the x’s but record the cumulative effect
on the residuals. (The old values of the residuals are crossed out when replaced by






| 162 CHAPTER2 SOLVING SETS OF EQUATIONS

! vAv | ' a new value.) When the residuals are zero, we add the various increments to the
‘ (\ ' initial value to get the final value. In this example, round-off errors cause an error
: , of one in the third decimal.

l : It is important to make a final check by recomputing residuals at the end of the
calculation to check for mistakes in arithmetic. The method is not usually pro-
grammed because searching on the computer for the largest residual is slow, adding ¢

: enough execution time that the acceleration gives no net benefit. The search can be

l ' done rapidly by scanning the residuals in a hand calculation, however. .

Southwell and his co-workers observed, for many situations, that relaxing the
residuals to zero was less efficient than relaxing beyond zero (overrelaxing) or
relaxmg short of zero (underrelaxing). The reason this strategy is an improved one
is that a zero residual doesn’t stay zero; relaxing the residual of another equation
affects the first residual, so it is appropriate to anticipate and allow for this by an

" . . appropriate under- or overrelaxation.

Table 2.1 shows that a significant improvement in the speed of convergence is
obtained if R, is underrelaxed by 10% and R; is underrelaxed by 25%. Unfortu-
nately, the optimum degree of under- or overrelaxation is not easily determined. In |
many problems, acceleration is obtained by overrelaxing rather than underrelaxing. -

o ety Bepreent

- Table 2.1 Accelerated solution of linear equations.by-elaxation
.'i . Eq. No. X Xz X3
1 -1 -0.125 0.125 i
2 0.143 -1 0.286 5
3 ~-0.222 -0.111 -1 ‘l;q
() |
N ‘/, X1 R, X2 R, X3 R_3
b 0 0 0 1333
g +125 +286
j 195 _857 +1000
| +144 -225
¢ +1013 ez _loer” 108"
: -125 : ~111
—13- +1001 & =3
i -2 +3
~12 =t =2 -
+0 +0,
=t -2 e -
_ +0 +0
\ ' -1 0 0 0
! ‘ A — e
1 1000 : 999 1000
;

N Even though Southwell’s relaxation method is not often used today, there is on
o aspect of it that has influence on the iterative solution of linear equations b
computer. In using the Gauss-Seidel method, we can speed up the convergence b
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2.11 THE RELAXATION METHOD 163

“overrelaxation,” that is, by making the residuals go to the other side of zero instead
of just relaxing to zero as in the first -example. We can apply this technique to
Gauss-Seidel iteration by modifying the algorithm. '

The standard relationship for Gauss-Seidel iteration for the set of equations
Ax = b, for variable x;, can be written

i i-1 n -
x,'(k+1) = _l‘(b, - 2 a,-jx}k“) - z a,-ix,-(k)), (2-50)
Jj=1

a;i j=i+1

where the superscript (k + 1) indicates that this is the (k + Dystiterate. On the right
side we use the most recent estimates of the x;, which will be either x or &+
An algebraically equivalent form for Eq. (2.50) is

1. i-1 n
xi(kﬂ) = x:(k) + '—(bi - Zaijx/‘(kﬂ) - Zaiix/(k) ’
. e

ii j=i

because x{ is both added to and subtracted from the right side. In this form, we see
that Gauss-Seidel and Southwell’s relaxation can have identical arithmetic: The term
we add to x{¥) to get x{**! is exactly the increment that relaxes the residual to zero.
(Of course, we apply the relaxation to the x/’s in a different sequence in the two
methods.) Overrelaxation can be applied to Gauss-Seidel if we will add to x® some
multiple of the second term. It can be shown that this multiple should never be more
than 2 in magnitude (to avoid divergence), and the optimum overrelaxation factor

lies between 1.0 and 2.0. Our iteration equations take this form, where w is the
overrelaxation factor:

i-1 n . '
w :
x,§k+1) = X,'(k) + ""‘(b, - Za,-,-x}k“) - E:aijx,(k)>-' (2.51)
j=1 j=i

ii

Table 2.2 shows how the convergence rate is influenced by the value of w for the
system

-4 1 1 1 1
1 -4 1 1|__|1
1 1 -4 1|*T1)
1 1 1 -4 1

starting with an initial estimate of x = 0. The exact solution is

X = —1, Xy = -1, X3 = ‘—1, X4 = —1.
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Numereal It and Diff

must be solved. Derivations of the more accurate expressions are not given here, but such
expressions for several derivatives are included in the list that follows this discussion.
Derivations for the higher derivatives are accomplished with much greater facility and far
less labor by using difference, averaging, and derivative operators. Such a method is
outside the scope of this text, but it can be found in various books concemed with numerical .
analysis.’ :

It has been shown that the centrai-difference expressions for the various derivatives
involve values of the function on both sides of the ¥ value at which the derivative of the
function is desired. By utilizing the appropriate Taylor series expansions, one can easily
obtain expressions for the derivatives which are entirely in terms of values of the function
at x; and points to the right of x,. These are known as Jorward finite-difference expressions.
In a similar manner, derivative expressions which are entirely in terms of values of the
function at x; and points to the left of x; can be found. These are known as backward finite-
‘difference expressions. In numerical differentiation, forward-difference expressions are
used when data to the left of a point at which a derivative is desired are not available, and
backward-difference expressions are used when data to the right of the desired point are
not available. Central-difference expressions, however, are more accurate than either for-
ward- or backward-difference expressions. This can be seen by noting the order of the
-error in the list of differentiation formuld$ that follows. : :

Central-difference expressions with error of order h?

r— Yied T Vi

Yi 0

v Yie1 = 2%+ ¥y
¥i = \NN

G119y

= Viv2 = 2 + 2y, — Yim2

i M\Nw

o Yiea ~ Wi 6y~ 4y v,

= o

Central-difference expressions with error of order /*
= iz + 8 — 8yt Y, .

! 12h

v TYir2+ 16y, — 30y, + 16y, ~ 3,
yi= 3 -

12k
(5.120)

w “Yie3F 840 — 13y, + 13y, — 8y, + ¥, s

Yi=— 3 ;
. e ,
o Z“Yie3 ¥ 12y;05 — 39y, + 56y, — 39y,_, + 12y,_, — Yi—3 : =
P = s vy - . = §
K 2
e

M. G. Salvadori and M. L. Baron, Numerical Methods in Engineering (Englewood Cliffs, N.J.: Prentice- %
Hall, 1961). 3

Numerical Differentiation

Forward-difference expressions with error of order i

p_ Yier T ¥
h

o Yie2 = Wis + ¥
Yi= \aw

wo_ Yiea = 3iea + 3y, —
Yi = bw

m Yies " Bias + OVin — Ay, +y;
yi = Iz

Forward-difference expressions with error of order h?
“Yix t 4y, — 3y,

’

Yi = 2
o T¥en t Wier = Sy + 2y,
Yi= Iz

o Ziva  Myis — 24y, + 18y, , ~ 5y;
Y= Mbw

o T s T 1Yia = 24y, 5 + 26y, , — 14y, + 3y,
Yi = K "

Backward-difference expressions with error of order h

s Vi = Vi
Yi 7
w Y=y + Y,
- = \m_
m_ Y= F 3=y s
Yi= bm
Vi T A 6, Ay sy,

y i = &A
Backward-iiifference expressions with error of order i

By =4y + Y,
2n

yi=

Sy H 2= Yis

&N
Sy, — 185y + 24y,_5 — My, 5 + 3y,_,
yi = N\uu

(5.121)

(5.122)

(5.123)

(5.124)
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*7l7
ADAPTIVE STEP-SIZE SELECTION AND ERROR CONTROL

IREEEXXEX LRy

DIFFERENTTAL
"(0.)+Y(1.)=1,

Up to this point we have not discussed how the step size 4 of the preceding
methods is to be chosen. Obviously, there is a trade-off to be made: If the step
size is too small, then computer time is needlessly wasted and accumulation of
arithmetic roundoff errors can become a hazard. A large step size invites large
truncation error associated with higher-order terms neglected in the construction
of the methods. For simplicity, our developments will be concerned only with
Runge-Kutta rules. '

Techniques for automatic step-size selection are based on estimating the local
error at each step and then choosing the step size to keep this estimated error
within some tolerance bound. Thus step-size selection hinges on estimation of the -
local error, which at the jth step is defined to be.

TIONS
ITERATION
UKU

!***t*t*****x‘

E SECA *kx

Xk x
X X %

Y = v

Here y;. | is, of course. the computed approximation of ¥(x;.,), and _C'(xj,._ 1) we
define to be the exact value at X¥;.1 of the differential equation solution that passes

LUSING  **x through the point (x,, ¥;). That is, ¥(x) solves the initial-value problem

! BY SECA **x

¥o= fle B, ) = ¥

In contrast to local errors. the global error at X;—, is defined to be

where y(v) is the exact solution of the original initial-value problem (7.3). Figure
7.7 illustrates the relationships between y(x). ¥(x). and local and global errors.
Intuitively. the local error is the additional truncation error arising from inexact

i ~ solution at a given step. The global error gives the accumulated total error propa-
IT 15 ‘xx gating from the entire sequence of steps. :
¥k X l;'
Z Exact solution v () S
k: vy vy)
Global error = v(x, . )= 1;_
(xp. o) - —a -
£ : : Computed/ Local error =
£ ] trajectory | | Tl 1) — 1
& ! | ' PR A A
|
3 [ | Exact solution Ty !
I I | |
l | 1 I
: : j : x
AY)) X .\‘,' .\',' +1
\ ' FIGURE 7-7 Relationship Between y(x), 9(x), Local
=\__~N and Global Errors .
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CH. 7/THE SOLUTION OF ORDINARY DIFFERENTIAL EQUATIONS

Assume that some Runge-Kutta procedure has been selected. We let y,, y,,
Y2, - - - denote the computed solution values at the arguments x,, x,, X,, .
The local error estimation techniques at each stage apply a higher-order technique
to compute an additional approximation, say z;..,, of y(x;, ;). Since a higher-order
technique is used, if the solution is *‘well behaved’” and the step size & is small
enough that neglected terms really are negligible, then one may anticipate that the
local error of the higher-order method is much less than that of the selected
Runge—Kutta procedure. That is,

_wx\«:_v - N\.+_. << _w.AH:_V - &.1_. (7.51)
If the approximation above indeed holds, then
Zis1 T Yjer = .m.ﬂ\«\.iv = Yiv1- (7.52)

and we take z;,; — y;,, as the estimate of local error.

Of course, computation of z;, , is typically more expensive than that of Vi
itself; since z;,, must be more accurate. Here, as in other walks of life, infor-
mation must be paid for. A popular idea toward making this expense as small as
possible has been offered by Fehlberg (1964). For a given order, say p + 1, the
corresponding member of the Fehlberg family computes z;, , with a minimum
number of function calls, according to the limitations in Table 7.10, and then
provides the pth-order estimate y;, , without any additional function calls. A par-
ticularly popular Fehlberg rule is given in Table 7.21, which gives a lifth-order
estimate z;, , for a fourth-order rule y;, ,. .

Subroutine RKF (Table 7.22) implements a single step of this Runge—
Kutta~Fehlberg formula, outputting y;, , and z;,4 as the parameters YOUT and
ZOUT. In view of (7.52), the difference of these values provides a local error
estimate. Subroutine ARUKU (Table 7.23) utilizes RKF to update the step size
as the computation progresses. If the absolute value of ZOUT-YOUT is less than

TABLE 7.21 Runge-Kutta-Fehlberg Formula

W— = \on‘\ .«Gv

1 1
k, = \Ak\ +=hy + lbw_v

4 4
3 3 9
ky = \Ak\ + |m|~r y; + &Amw. + mleNVV
. 12 1932 7200 7296
K, = +Zhy + bk, - =D 4 120
. Aﬁ 13 AESF 2197 *2 SSEVV
439 3680 845
kg = +hy, = - Sk -
s \As 3+5A8m5 8k: * 51 ¥ ﬁ%whvv
1 8 3544 1859 11
ke=flx, +>hy,+ h| ——k, + 2k, - oo g, 4 222, _ 1
s Aﬁ 2 ™Y A 271 2~ 2565 "3 * 2104 4 Swmvv
o4 n(2g 108, 2197 1
Vi1 = % 216" T 2565 ° T 310474 5°S
16 6656 28561 9 2
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AR Aam ' 128257 " 56430 * 50 ° ' 55 mv
-
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TABLE 7.22 Subroutine RKF for the Runge—Kutta—
Fehlberg Formula

SUBROUTINE RKF(XI,YI,H,YOUT,ZOUT)

ﬂﬁ“.il.nu'ﬂQ.QNilldhuIlﬂN-.ﬂ““ﬂ'ﬂ.ﬂ“C.lﬂﬂ‘ﬂ““’ﬂ“““lﬂﬂﬂ“ﬁ““lﬂ

* FUNCTION: A CALL TO THIS SUBROUTINE (CMPUTES ONE STEP OF*
* THE SOLUTION AND A GUESS OF THE ERROR FOR A *
* DIFFERENTIAL EQUATION Y'=F(X,Y) WITH INITIAL =
* VALUES XI, YI. THIS SOLUTION IS OBTAINED *
* USING A 4-TH ORDER RUNGE-KUTTA FEHLBERG STEP *
* METHOD IMBEDDED IN A 5-TH ORDER STEP SOLUTION *
* USAGE: *
* CALL SEQUENCE: CALL RKF(XI,YI,H,YOUT,ZOUT) *
* EXTERNAL FUNCTIONS/SUBROUTINES: FUNCTION F(U,V) *
*  PARAMETERS: *
* INPUT: *
* XT=INDEPENDENT VARIABLE INITIAL VALUE *
* YI=-DEPENDENT VARIABLE INITIAL VALUE *
* H=INTERVAL STEP SIZE *
* OUTPUT: *
* YOUT=4-TH ORDER SOLUTION ESTIMATE *
* ZOUT~S-TH ORDER SOLUTION ESTIMATE *
“ (ZOUT-YOUT-LOCAL ERROR ESTIMATE) *

x

NC'ﬂ&“hﬂdhﬂ“*ﬂl!HQ‘Q“iﬂQ“h*ﬂﬂﬂ“iQ“ﬂﬂll““!ﬂ“l““hlﬂ&“l“ﬂ“ﬂﬂ”

aaoaaaoaaoaaaanaoaaoan

REAL K1,K2,K3,K4,K5,K6
K1=F(XI,YI)

U=X1+0.25%H

VaY140.25*H*K1

K2=F(U,V)

U~XI+(3./8.)*H
V=YI+H*((3./32.)*K1+(9./32.)*K2)
K3=F(U,Vv)

U=XT+H*(12./13.) i
V=Y1+(H/2197.)*(1932.*K1-7200. *K2+7296 . *K3)
K4=F(U,V)

U=X1+H
V=YI+11*((439./216.)*K1-8.*K2+(3680./513. ) *K3-
1(845./4104.)%K4)

K5=F(U,V)

U=XI+0.5*H
Ve-(8./27.)*K142.*K2-(3544./2565.)*K3+
1(1859./4104.)*K4-(11./40.)*K5

V=YI+HI*V

K6=F(U,V)
YOUT=(25./216.)*K1+(1408./2565. ) *K3+
1(2197./4104.)*K4-K5/5.

YOUT=YI+H*YOUT
ZOUT=(16./135.)*K1+(6656./12825. ) *K3+
1(28561./56430.)*K4-(9./50.)*KS
ZOUT=ZOUT+(2./55. ) *Ké

ZOUT=Y1+H*Z0UT

RETURN

END

the user-specified value TOL (for tolerance), the value ZOUT is accepted for y;, |,
and a larger step size (by a factor of 3) is chosen for the next step. Otherwise, A
is reduced by a factor of 10, and the computation is repeated from the same
condition x; and y;. Strictly speaking, YOUT, rather than ZOUT, should be chosen
for y; .y, but since in principle the higher-order estimate ZOUT should be more
accurate, and since it is available, we adopt the pragmatic viewpoint that it should
be used. The reader will note that AKUKU is an obvious modification of subrou-
tine ASIMP for adaptive quadrature (Section 3.8.2). RN
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CH. 7/THE SOLUTION OF ORDINARY DIFFERENTIAL EQUATIONS

TABLE 7.23 Subroutine AKUKU for the Adaptive
Runge—Kutta Method

SUBROUTINE ARUKU(X,Y,B,M,TOL)

I“ﬁh'bl”‘ﬁﬁﬁﬁ'ﬂlﬁﬁll““!*lﬁ'*'*"**n'l&NQQ“‘&**&‘N%&"““&'Q!*

* FUNCTION: THIS SUBROUTINE COMPUTES THE SOLUTION OF A *
* DIFFERENTIAL EQUATION BY ADAPTIVELY GHOOSING *
* THE STEP SIZE TO LIMIT THE LOCAL ERROR EST- *
* IMATE WITHIN A GIVEN TOLERANCE. A 4-TH ORDER *
* RUNGE-KUTTA-FEHLBERG METHOD IS USED .
*  USAGE: .
* CALL SEQUENCE: CALL ARUKU(X,Y,B,M,TOL) *
. EXTERNAL FUNCTIONS/SUBRGUTINES : *
* SUBROUTINE RKF(XI,YI,H,YOUT,ZOUT) *
*  PARAMETERS: *
* INPUT: ’
* X(1)=INDEPENDENT VARIABLE INITIAL VALUE *
* Y(1)-DEPENDENT VARIABLE INITIAL VALUE *
* B=-SOLUTION INTERVAL ENDPOINT (LAST X VALUE)  *
s M-MAXIMM NUMBER OF ITERATIONS *
* QUTPUT: *
* X-M BY 1 ARRAY OF INDEPENDENT VARIABLE VALUES *
* Y-M BY 1 ARRAY OF DEPENDENT VARIABLE SOLUTION *
x VALUES *
* =

Qﬂll"l“h“””ﬂ&i"“”“.ﬂ&”ﬂ'*l'llllllﬂl“ﬁl*nih*h“ﬂlﬂll*iﬂlﬂn

DIMENSION X(M),Y(M)
*** INITIALIZATION ***
H=.10E-02
I=1
N=0
C *** OOMPUTE SOLUTION ITERATIVELY ***
DO WHILE(X(1).LE.B)
N=N+1
CALL RKF(X(1),Y(1),H,YOUT,ZOUT)
ERR=ZOUT - YOUT
(o *** TEST IF THE NUMBER OF ITERATIONS EXCEEDED ***
.~ I1F(N.GT.M) THEN
WRITE(6,1)
1 FORMAT(1X, *PROGRAM STOPPED TOO MANY ITERATIONS')
sTOP
END IF
(o **+ TEST STEP SIZE ***
IF(ABS(ERR).LT.TOL) THEN
I=1+1
X(1)=X(I-1)+H
H=3,0*H
Y(1)=20UT
ELSE
H-H/10.0
END IF
END DO
M=1
H=B-X(I-1)
X(M)=Xx(1-1)+H
CALL RKF(X(1-1),Y(1-1),H,Y(M),ZOUT)
RETURN
END

We serve notice that the code ARUKU is intended only to illustrate the prin-
ciples of automatic error control. It is inefficient and does not have the safeguards
of a professional differential equation program package. More will be said about

this matter after the following computational example.
[ 2 .

4
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SEC. 7.7/ADAPTIVE STEP-SIZE SELECTION AND ERROR CONTROL 327

EXAMPLE 7.17

By means of the calling program given in Table 7.24, the automatic step-sizc
routine ARUKU is called on to solve the differential equation

yo=y, WO =1 (7.53)

over the interval [0, 1]. We chose this over our ‘‘usual’’ differential equation
because in the present case it is easy to compute the exact local error wﬁ«? 0=
7.1 and thereby see how well the RKF error estimator is doing. Specifically, the
solution of (7.53) that passes through points (x;, y;) is

) = yexp (x — Xx;),

and il i is the current step size, then the exact local error is given by

¥; exp (h) — YOUT.

TABLE 7.24 Calling Program for the Subroutine ARUKU

PROGRAM. RKPMETH

L R P P P e I e I N I

THIS PROGRAM WILL SET UP AND SOLVE NWERICALLY THE DIFFERENTIAL
EQUATION Y'~Y WITH THE INITIAL CONDITION Y(0.)=1.
THE SOLUTION 1S OBTAINED USING THE AUTOMATIC STEPSIZE ROUTINE
USING 4-TH ORDER RUNGE-KUTTA FEHLBERG METIIOD
CALLS: ARUKU,RKF (BOTH MDDIFIED FOR DOUBLE PRECISION)
QUTPUT:
X(I)-VALUE OF X FOR I=1,... {(MAX=50)
Y(1)=APPROXIMATED VALUE OF Y AT X(1I)

A R R L S S N P R s I

IMPLICIT DOUBLE PRECISION(A-H,0-2)
DIMENSION X(50),Y(50)

*** FIRST, THE INITIAL CONDITION AND ENDPOINT ARE ESTABLISHED®**
*** THE MAXIMM NUMBER OF ITERATIONS IS SET TO 50 rre

aaQaan

X(1)~0.D0
Y(1)=1.D0
B=1.D0
MAX=50
TOL=1.D-4

*** SUBROUTINE ARUKU WILL APPROXIMATE THE SOLUTION ik
*** RETURNING AT MDST 50 VALUES IN ARRAYS X AND Y b

aaaa

CALL ARUKU(X,Y,B,MAX,TOL)
WRITE(10,*)(X(1),Y(1),1=1,50)
STOP

END

*** FUNCTION F SPECIFIES THE DIFFERENTIAL EQUATION. IT IS 2
*** CALLED BY SUBROUTINE RKF At

aaQaa

FUNCTION F(X,Y)

IMPLICIT DOUBLE PRECISION(A-H,0-Z)
FaY

RETURN

END

b
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(6.112)
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fica = fi-3)]

(6.113)
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uncation-error
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the truncation
these formulas
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r formula con-

The Adams (Adams-Bashforth) Methods

Table 6.1 ADAMS FORMULAS

Coefficients of

Order of Coefficient Local truncation
formula of h i Fioq fi—z ~Fi-a fiea fis error E,.

1 1 1 Fh%y"(E)

2 3 3 -1 By (E)

3 = 23" -16 5 Sntyme)

4 % 55 -5 . 37 -9 BRyV(E)

5 o 1901 -2774 2616 —-1274 251 r‘,&—ﬁohﬁyvf(g)

6 0 4277 —7923 . 9982  —7298 2877 —475  BEIAVIE)

for the other local truncation errors shown in Table 6.1.

represents most of the local truncation error. From the definition of the third backward
difference given in Section C.2 of Appendix C we can write

h(%V3fi) = %h(fi - 3fi—1 + 3fi—2 - f,-_3). (6-114) )

Backward finite-difference expressions for derivatives are given by Equations (5.123).
From the third of Equations (5.123) we deduce that

" y;_3y:—1+3y:—2_y:—

Y= 5 2+ Oh)

or

YT =¥ = 3+ 3yi, = vy + RIOM)]. | (6.115)
From Equation (6.115) we determine that _
(Fi=3fio1 + 3fig — fi_y) = Ky" — O(h“)-. _ (6.116)

Combining Equations (6.116) and (6.114),
hEV2F) = Bi'y'Y ~ Oh%) = §nty™(&)

where the fourth derivative of y is evaluated at some unknown x value £ in the range of x

values spanned by the one-step application of the third-order Adams formula. Thus, the
local truncation error of the third-order method is

Er = §n'y"(&) ' | (6.117)
as shown in Table 6.1. In similar fashion we can show that

hGYS) = $h%y'(E)
hGEV?f;) = fahdy"(e)
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The Adams-Moulton Methods 523

Carrying out the infegration indicated, the general formula is
Yiei1 =i+ b(fipy — 810 — 15V = 3V 11 — 6V i1

6.137)
~ %oV i - —633380V6f,~+1 =)
To obtain the third-order Adams—Moulton corrector formula from this general formula,

Equation (6.137) is truncated to three terms following y;, which yields
Yier = Vi ¥ W= Froy = 8VFey = 1Vir0).

Then substituting the backward differences as given in Section C.2 in Appendix C into
the above, we find

h
yi+1=yi+'i—2'("'fi—l+8fi+5fi+1) (6.138)

which is identical with Equation (6.129) derived previously.
The fourth-order Adams—Moulton corrector formula is found by truncating Equation
(6.137) to four terms following y;, yielding

Yie1 =Y + A(fiiq _%Vfi+l - .11_2V2fi+1 - 513V3fi+1)- :

Substituting the backward differences from Section C.2 of Appendix C into the above
gives the corrector equation

p
Vit =yi+5£(fi—2_5fi-—l + 19f; + 914 1) ' _ ‘ (6.139)

which is identical with Equation (6.134) found previously.

Using the terms in Equation (6.137), we can obtain Adams—Moulton corrector for-
mulas of orders 1 through 7, or of orders 1 through 6 plus a local truncation error expression
for each of the six. These expressions are given in Table 6.2. In the Jocal truncation-error
expressions & is an unknown x value in the range of x values spanned in the one-step
application of a particular Adams—Moulton formula. While explicit numerical values can-
not be found for these expressions because the derivatives in them cannot be evaluated,
they are useful for comparing the truncation errors of the various Adams—Moulton for-
mulas, and for comparing the truncation errors of these formulas with those of other

Table 6.2 ADAMS-MOULTON FORMULAS AND LOCAL TRUNCATION-ERROR EXPRESSIONS

Coefficients of

Order of Coefficient Local truncation
formula of h Fian T Fioy Fia fi-3 fizs error E;.

! ! ! ~$n2y"(®)

2 H ‘ 1 | ~ By (®

; # s 8 -l . ~ 2y (®

4 % 9 19 -5 1 — BB E)

5 745 251 646  —264 106 -19 — ZhSyViE)

6 o 475 1427 —798 482 —173 27 ~ RhTYVI(E)
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676 = CHAPTER9 HYPERBOLIC PARTIAL-DIFFERENTIAL EQUATIONS

The finite-différence method, with

Tg(Ax)* _ 1
w(Ar)? ’

will be found to be the equivalent of integration along the characteristics, lending
further support to the likelihood that it will give exact answers. ‘ '

EXAMPLE 9.3

Solve
9%u d%u
| o Tt T h
with initial conditions
=12 for 0=x=0.25,
u=4-4x for 0.25=x=1.0,
'ilf-:O for 0=x=1.04
ot :

boundary conditions are u = 0 at x = 0 and at x = 1.0.
‘Putting the equation into the standard form,

du u *u
— + + te=
e b xar g Te=0,
givesa=~2b=0,c=1,and e = 4. (The e(juation is linear since a, b, ¢, and

e are independent of u, u,, and u.).
The slopes of the characteristics are the roots of

=2m? + 1 =0,

V2

m=t—=,

so the characteristic curves are straight lines in the xt-plane, as shown in Fig. 9.5.

Consider points P, Q, and R—(0.25,0), (0.75,0), and (0.5, 0.1768)—and solve Eq.
(9.16), which is _ K A

‘ amuAp + cAg + e At = 0.

Along P— R: -—2(%2'-)&) + Ag + 4At = 0,
~V2(px = pr) + (ar = g5) + 4(0.1768) = 0;
-V2
Along O — R: -2 — Ap + Ag + 4A1 = 0,

V2(px = po) + (gr ~ go) + 4(0.1768) = 0.
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0.5
0.4
0.3~
0.2

0.17

0
Figure 9.5

,Usirig ,

L R = (%) _ ~ 9wy _ _
pPﬁ<3x)Pm 4’ r (31)1’ 0. Po (3)‘)@ 4

: ou
qQ_<3t>Q~O’

we find pr = —4, gz = —V?2/2 by solving the equations P— R-and Q — R simulta-
_neously.
Now we evaluate u at point R through its change along P— R:

?u‘? G’P"’ aR)/Z

Y _
Au = p,, Ax + g, At = —4(0.25) + (9—-—7-\/5-/2)(0.1768)
= —1.0625;
ug = 3 + (—1.0625) = 1.9375.
up*bl&

(If we compute through evaluating Au along Q — R, we get the same result.)

For this simple problem, the finite-difference method is much simpler, and we
expect it to give the same results. Following the procedure of Section 9.2," we
compute with Ax = 0.25, At = Ax/Vc¢ = 0.1768, and obtain Table 9.3. The circled
value agrees exactly with that calculated by the method of characteristics.

* The gradient has a discontinuity at x = 0.25. The value of du/dx for points to the right of P applies for
the region PRQ.

tThe algorithm is /™’ = (uly + ul.y) — wi™ — 4(Ar)* with Ar = Ax/V2. For the first time step, u}
=3(ul, + uly) — 3(4) (A1

et e
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Table 2.3
x 0 0.25 v 0.5 6.75 1.0
u(t = 0) 00 3.0 2.0 . 0.0
u(f =0.1768) - 0.0 0.9375 A.9375 0.0
u(r=03535 0.0 ~1.1875 —0.2500. - 0.0
u(r = 0.5303) 0.0 —1.3125 —2.4375 0.0
A
EXAMPLE 94 Solve
u - -
= + —_
o = U+ 2) ax?
over (0, 1) with fixed boundaries and the initial conditions E
u@,00=0, 2L(x,0)=x(1 - x).
at
For this problem, a = —(1 + 2x),b = 0,c =+l,e = 0. Thenam’ + bm + ¢ =0
gives S
m = =* H
) TN+ 2 .
The characteristic curves are found by solving the differential equations dt/dx =
V1/1 + 2x) and dt/dx = —V/1/(1 + 2x). Integrating* from the iniiial point x, and
ty, we have b= 04l rex ~{ir2e2d Fi

t=1t+V1+2x = V1+2, f i T
, P s from m t=0-dTT2x +F 2Bt

t=1t—V1+2+V1+2% fromm..
Figure 9.6 shows several of the characteristic curves. We select two points on the %
initial curve for + =0, at P = (0.25,0) and Q = (0.75,0), whosc characteristics £=0.178%
intersect at point R. Solving for the intersection, we find R = (0.4341,0.1782). « = 4G
We now solve Eq. (9.6) to obtain p = du/dx and g = du/dt at R: 0.
) - - 0.4
Atpoint P:  x=025, t=0, u=0, p=|2%) =9
P ’ o ’ > P ox/p 7 0.
= () —x -2 =0.1875
. q t ), . J 0.;
m = S 0.8165
1+ 2x) ’ ’ 0.1
a=—-(1"x)=-15 b=0, c=4#, e=0. {U
N Fig

*In thic avamenla tha febanentline coailaada a0 1 8 . s .
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9.4 METHOD OF CHARACTERISTICS 679

Atpoint Q: x=0.75 ¢t=0, u=0, p=0, q =x — x*=10.1875,

/ 1
m = m 06325

-(#) 2 a=-25, b=0, c=4, e=0.
At point R: x = 0.4841, = 0.1783,

—_— 1 —
my = 1/ ) = (.7128,
/ 1
m. = FE—) —0.7128,

a=-19682, b=0, ¢c=1, e=0.

Equation (9. 16) becomes when we use avera%e values for a and m,
(4

P—R: —1 7341(0 7646)(pR = 0) + (Dlgs = 0. 1875) = 0;
O0—R: . 2341( 0.6726)(pr — 0) + (1)(qR —0.1875) = 0.

Solving éimultaneously, we get pr = 0,gg = 0.1875.
We calculate the Change in u along the characteristics:

dx= (UR§i--26)=Ke-Xp At:(.1783 -0 )alg-bp
P—>R: Au = 0(0%%71) + 0, 1875(0 17832 = (.0334,

Q—R: Au = % 0. 2659) T O 1875(0. 1783) =0 0334.
Ug —O+00334~OO334
Up +  Bu, = Ug+8ugan
Figure 9.6 gives the results at several other intersections of characteristics. Students
should verify these results to be sure they understand the method of characteristics.

N \
05+ N N me
AN
N
\\
0.4 N
N N
\\
0.3 7 \\ U
N w£0.0363N
0.2 1\
( S0.2265°02071)
U 50.0235 N
N
0.1 \
AN
\P
0 0.25
Figure 9.6
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predictor—corrector approach. In the first trial, use the initial values over the whole

arc; that is, take m,. = +mp and m_ = —my: v 3
my = Vup = V0.16 = 0.4, =
m- = —Vug = ~V0.24 = —0.490.

We now estimate the coordinates of R by solving simultaneously
g = m+(xR - xp) = 0.4(XR - 02),
g = m_(xR - XQ) = _0490(XR - 04)
These give . y
XRr = 0310, Ik = 0.044. ’ L '
We write Eq. (9.16) along each characteristic, again using the initial values of m :
since m at R is still unknown:
amAp + cAg + eAr =0, Xprig
<1 _0.04 + 0.09
' ‘+X,€'

(1)(-0.490)(ps = 0.2) + (~0.24)(gx — 0) + <1 - ﬂ6—i’2—°'—99—6—)(0.044) =0. -

2

My

' (1)(0.4)(pR = 0.6) + (~0.16)(gr — 0) + )(0.044) =0,

In these equations we used the arithmetic average of x? in the last terms. Solving
simultaneously, we get
pr=0.399, gz = —0.246.
As a first approximation for u at R, then,
Au——p%x-f—th q...,gk —e'
Up Xp ~Xp §
ugr — 0.16 = 0—%9-3—22(0.310 -0.2) + M(O 044 — 0), S '
ur = 0.2095. |

‘TheJust computation was along PR, using average values of p and g. We could have
alternatively proceeded along QR If this is done

4 tp-t

p - Xg R~ e
BRPPPRRIL ET0E - M PR g
ug = 0.2076, g v Unet g IR

The two values should be close to each other. Let us use the average value, 0.2086, -

as our initial estimate of ur. We now repeat the work. In getting the coordmates of

R, we now use average value"? of the slopes,
P _f_
= 0.4 + V0.2086

R = D) (xR - 02),
ma "z,
—0.490 - V0.2086
r = ) (xR - O4)a

Xp = 0305, tp = 0045,
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Cp Cx
Mo My i g
0.4 + \/0.2086 0.16 + 0.2086
) ST Ny, — o) - (LL0LO2E0),
2 2 oo
0.04 + 0.0930
+ <1 - —'——'——*——)(0.045) =0,
Mg Mr Ca Cr
[ —0.490 ~ \/0.2086 0.24 + 0.2086
(1) (pr = 0.2) — | ——5"—=(gxr — 0)
2 2.a v
0.16% 00030
+ (1 - —'———2-'——->(o.o45) =0,
= 0.398, = ~0.242;
06 ER(? 398 " 0" 025
up = 0.16 + ;fz—'——(o.sos ~0.2) + == (0.045 - 0)
ur = 0.2071 Pq(alongpr); %a * %e
up = 0.24 + &—2%93%(0.305 ~0.4) + 0—"%2—_(0.045 - 0),
N : . - . '
(77 Y, : : up = 0.2063 (along QR).

i Rp =Urr+Yra .  20(7
The average value is 0.2067. T

Another round of calculations gives uz = 0.2066, which checks the previous value
sufficiently. This method is, of course, very tedious by hand.

A

9.5 The Wave Equation in Two Space Dimensions

The finite-difference method can be applied to hyperbolic partial-differential equa-
tions in two or more space dimensions. A typical problem is the vibrating membrane.
Consider @ thin fiexible membrane suetched over a rectangular frame and sct 10
vibrating. A development analogous to that for the vibrating string gives !

EXAMI

_

in which u is the displacement, ¢ is the time, x and y are the space coordinates, T

is the uniform tension per unit length, g is the acceleration of gravity, and w is the

weight per unit area. For simplification, let Tg/w = o’. Replacing each derivati_ve_by

_ its central-difference approximation, and using & = Ax = Ay, gives (we recognize
(,/ the Laplacian on the right-hand side)

k+1 k k-1 k k k k k .
u,»‘,- - 2u,-,j + u,-.,- 2 U,'.HJ‘ + Ll,'_l‘/- + Lt,"l'ﬂ + u,»‘j_} - 4u,-‘,< . (9191

(Ar)? @ h?
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680 CHAPTER 9 HYPERBOLIC PARTIAL-DIFFERENTIAL EQUATIONS

CEXAMPLE 9.5

Solve the quasilinear equation, with conditions as shown, by numerical integration
along the characteristics. (This might be a vibrating string with tension related to the
displacement u and subject to an external lateral force.)

: } o
T Y L a—y =, u,0) = x(1 - x),  u(x,0=0,xq

ax? or 0.18
w0,0) =0,  u(l,f) =0, ©-18)

We will advance the solution beyond the start from P, at x = 0.2,¢=0,and Q,
atx = 0.4,¢ = 0, to one new point R. Comparing Eq. (9.18) to the standard form,

au,, + bu, + cu, +e =0,

we havea = 1,b = 0,c = —u,e = 1 — x2. We first compute u, p, and g at points
Pand Q, ‘ '

u=x(1-x)
(from the initial conditions), so
up = 0.2(1 — 0.2) = 0.16,
up = 0.4(1 — 0.4) = 0.24.
Also,,

e

(by differentiating the initial conditions), so
pr=1~2(0.2) = 0.6,
Po=1-2(0.4) =0.2;
and

du
=2 =9
1=
(from the initia} conditions), so

QP=O,
90 = 0.

To locate point R, we need the slope m of the characteristic. Using am? — bm +

¢ =0, we get
b+ Vb?— dac
2a ’

= +Vqy.

m =

*+*Vidy
2

m =

Since m depends on the solution u, we will need to find point R through the
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Figure 9.4

EXAMPLE I

Figure 9.5

Solve
u_ o,
at? ox2 ’
with initial conditions
u=12x for 0=x=0.25,
u=4 — 4x for 025=x=<1.0,
ou
5—1;—-0 for 0=s=x=1.0

boundary conditions are # = 0 at x = 0 and at x = 1.0.
Putting the equation into the standard form,
0%u 3%u 0%u

a5z T by T o2

+e =0,

0.l

1.00
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givesa = —=2,b=0,c =1, and e = 4. (The equation is linear since a, b, ¢, and ¢
are independent of u, u,, and u,.)
The slopes of the characteristics are the roots of

—2m* + 1 = 0,

V2
2 )

m=*x

so the characteristic curves are straight lines in the xt-plane, as shown in Fig. 9.5. Consider
points P, Q, and R—(0.25, 0), (0.75, 0), and (0.5, 0.1768)—and solve Eq. (9.16),
which is

amg, Ap + ¢ Aq + e At = 0.

Along P ~» R; —2(—\;—5)Ap + Ag + 4Ar = 0,
=V2(px = pp) + (gg — ) + 4(0.1768) = 0;
Along Q0 — R: —2<~_T-\/§>Ap + Ag + 4At = 0,

V2(pr = pp) + (gr — 4g) + 4(0.1768) = 0.

Using

- ou y ou ‘ ~ f(ou
= | == = —4 * = [ — = = | — = -
Pr (ax)P 4’ ar (at>P O: PQ ’ (ax>Q 4:

ou
- (5,
ot 0

we find pp = —4, g = ~V72/2 by solving the equations P — R and Q — R
simultaneously.

Now we evaluate u at point R through its change along P — R:

Au = p,, Ax + g,, At = —4(0.25) + (0_—7@>

(0.1768)
= —1.0625;
up =3 + (—1.0625) = 1.9375.

(If we compute through evaluating Au along @ — R, we get the same result.)

*The gradient has a discontinuity at x = 0.25, The value of du/dx for points to the right of P applies for the
region PRQ.




()
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Table 9.4

EXAMPLE 2

x 0 0.25 0.5 0.75 1.0
u(t = 0) 0.0 3.0 2.0 L0 . 0.0
u(t = 0.1768)° 0.0 0.9375 0.9375 0.0
u(t = 0.3535) 0.0 -1.1875 ~0.2500 0.8125 0.0
u(t = 0.5303) 0.0 -1.3125 ~2,4375 ~1.3125 0.0

For this simple problem, the finite-difference method is much simpler, and we expect
it to give the same results. Following the procedure of Section 9.1* we compute with
Ax = 0.25, At = Ax/Vc = 0.1768, and obtain Table 9.4. The circled value agrees
exactly with that calculated by the method of characteristics. =

Solve

%u 8%u
a2 Lt 252

over (0, 1) with fixed boundaries and the initial conditions:
ou
ux, 0) = 0, E(x, 0) = x(1 — x).

~ For this problem, a = —(1 + 2x), b =0,c =1, e = 0. Then am?® + bm + ¢ =

0 gives
S
mﬂi\,(l-*—?.x)'

The characteristic curves are found by solving the differential equations dt/dx =
V1/(1-+ 2x) and dt/dx = —V1/(1 + 2x). Integrating® from the initial point x4 and f,,
we have :

t=t0+\/1+2x—\/1+2x0 fl‘omm+‘,
t=ty— V1+ 2+ V1+2 fromm_.

Figure 9.6 shows several of the characteristic curves. We select two points on the initial
curve for t = 0, at P = (0.25, 0) and Q = (0.75, 0), whose characteristics intersect at
point R. Solving for the intersection, we find R = (0.4841, 0.1782).

*The algorithm is lu{:“ = )y, + ul_y) — Wt — 4(Ar)? with At = Ax/V/2. For the first time step, u] =
i(“?ﬂ + u?—-l) - '2'(4)(At)2~ ‘ ) .

TIn this example, the integration methods of calculus are easy to use. We could use a numerical method if they
were not.
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0.5
0.4
03
(03328, 0.2906)
u = 0.0363 (0.5928, 0.2536)
02 B u=0
50385, 0.2071) ~
- 04841, 0.1783
u = 035 u(___ 04 4 ) Aomg, 0.1589)
orl ) u=100
P Q
5 -
0 0.25 0.50 0.75 1.0
x

We now solve Eq. (9.16) to obtain p = 9u/dx and q = du/dt at R:

At point P; x=025 ¢t=0, u=0, p=<%) =0,
x/p

() ___ 2_
q= (at),, =x—x*=0.1875,
m=V1/(1 + 2x) = 0.8165,

v a=~1+2)=-15 b=0, ¢c=1, e=0.
Atpoint @: x

=075, t=0, u=0, p=0, g=x—x=0.1875,
m==VI/d + 20 = —0.6325,

a=-25b=0, c=1, e=0.

Atpoint R: x = 04841, 1= 0.1783,

+
Il

V1/(1 + 2x) = 0.7128,
m. = -V1/(1 + 2x) = -0.7128,
a=-19682, b=0, c=1, e=0.
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EXAMPLE 3

Equation (9.16) becomes, when we use average values for a and m,

P—R:
Q- R:

~1.7341(0.7646)(pg — 0) + (1)(gr — 0.1875) = 0;
—2.2341(—0.6726)(pg — 0) + (1) (g — 0.1875) = 0.

Solving simultaneously, we get pr = 0, gz = 0.1875.
We calculate the change in u along the characteristics:

P—R:
Q— R

Au = 0(0.2341) + 0.1875(0.1783) = 0.0334,
Au = 0(—0.2659) + 0.1875(0.1783) = 0.0334,
ug = 0 + 0.0334 = 0.0334.

Figure 9.6 gives the results at several other intersections of characteristics. Students
should verify these results to be sure they understand the method of characteristics. =

Solve the quasilinear equation, with conditions as shown, by numerical integration along
the characteristics. (This might be a vibrating string with tension related to the displace-
ment u and subject to an external lateral force.)

2 2
SusEra-a=0,

o ¥ u(x, 0) = x(1 — x),

ufx, 0) = 0,

u®©, 1 =0, u(,r=0. 9.18)

We will advance the solution beyond the start from P, atx = 0.2, ¢ = 0, and Q, at
x = 0.4, 1t =0, to one new point R. Comparing Eq. (9.18) to the standard form,

au,, + buy, + cu, + e =0,

wehavea = 1, b =0, ¢ = ~u, e = 1 =~ x2, We first compute u, p, and g at points P
and Q0

u=x(1—x)
(from thé initial conditions), so
up = 0.2(1 — 0.2) = 0.16,
up = 0.4(1 — 0.4) = 0.24.
Also,

(by differentiating the initial conditions), so

pr=1-—20.2) = 0.6,
pg=1-204)=0.2
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and

(from the initial conditions), so

To locate point R, we need the slope m of the characteristic. Using am? — bm +
¢ =0, we get -

b+ Vb — dac

m = ,
2a

m=_24u=t\/ﬁ.

Since m depends on the solution u, we will need to find point R through the predictor—
corrector approach. In the first trial, use the initial values over the whole arc; that is,
take m, = +mp and m_ = —mg:

m; = Vup = V0,16 = 0.4,
m_- = Vug = -V0.24 = —0.490.

We now estimate the coordinates of R by solving simultaneously
g = my(xg — xp) = 0.4(xz — 0.2),
Ir = m_(xg — Xg) = —0.490(xz — 0.4).
These give
xg = 0.310, 5 = 0.044.

We write‘Eq. (9.16) along each characteristic, again using the initial values of m, since
m at R is still unknown:

am Ap + c Ag + e At = 0,

_0.04 + 0.096
2

_ 0.16 + 0.096

7

(1)(0.4)(pg ~ 0.6) + (~0.16)(qx — 0) + (1 )(0.044) =0,

)0.04) = 0.

s

(1)(—=0.490(p; — 0.2) + (~0.24)(gp — 0) + ( 1

In these equations we used the arithmetic average of x? in the last terms. Solving simul-
taneously, we get :

Pr=0.399, gr = —0.246.
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As a first approximation for « at R, then,

Au=p Ax + q At,

~0.16 = 0—92—0@(0.310 —02) + ——~9-%41§(0 044 — 0),

ug = 0.2095.

The last computation was along PR, using average values of p and q. We could have
alternatively proceeded along QR. If this is done,

U — 0.24 = 93159—39—9(0.310 ~0.4) + —%(o 044 — 0),
g = 0.2076.

The two values should be close to each other. Let us use the average value, 0.2086,
as our initial estimate of uz. We now repeat the work. In getting the coordinates of R,
we now use average values of the slopes,

0.4 + V0.2086

tR 3 ( Xr — 0. 2)’
-0.490 — V0.2086

tg = 5 (xg — 0.4),.

xg = 0.305,  tp = 0.045;
0.4 + V0.2086 0.16 + 0.2086
(———~—2————)<pR - 0.6) - (————~——~—><4R )

) 2
: (1 ~0.04 +20.0930) 0.045) = 0,
( 1)<—0.490 —;ﬁéﬁ%) (ox ~ 0.2) - (0.24 +20.2086) @ — 0)
N (1 0.16 +20 0930>(0 045) = 0,
pr= 0398, g = —0.242;
ug = 0.16 + 0'‘”—”F,ZO—'31933(0.305 -0.2) + w«) 045 — 0),
ug = 0.2071 (aiong PR); |
g = 0.24 4 Q‘:ﬂizp—q-?(o 305 ~ 0.4) + —»—%--»1-4 (0.045 — 0,

ug = 0.2063 (along QR).

The average value is 0.2067.
Another round of calculations gives ug = 0.2066, which checks the previous value
sufficiently. This method is, of course, very tedious by hand. w
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the region is defined solely by limiting values for the variables themselves, this ig not
necessary,

In Excel, we invoke Tools/Solver; in Quattro Pro, we use Tools/Numeric
Tools/Optimizer. In dialog boxes, we enter the cell numbers for variables anq the
function, together with constraints that define the region. Clicking on Solve produceg the
solution and we can get the successive iterations if we want (o see them. Optiony

that are
available include Gradient, Conjugate, and Newton.

Linear Programming

A widely used technique for maximizing the profits or minimizing the costs iy lineqy
programming. It is often used in business to determine those decisions that will increage
profitability. It has other business applications, such as finding the optimal schedule for an
outside salesman to visit his customers.

The word programming here does not mean a computer program in the ordinary senge
(although computers are nearly always used to solve the problems). It refers instead to a
systematic procedure, one that is based on solving set linear equations. Linear program-
ming is linear in that the function whose optimum is sought is a linear combination of two
or more (often many) independent variables. The solution _is subject to a4 number of con-
straints, and these are themselves always a linear combination of the Vari%. A con-
straint, for example, might be how a limited resource will be utilized by several competing
potential applications.

A Simple Problem

We begin with a simple problem with just two variables, but this will illustrate the method
and introduce some of the many special terms of linear programming. The problem is to
maximizef(.\‘l, X)) = Sxp + 8.x2,
subject to:
X+ 3x, = 12,
3x| + 2,\'2 =15,
X)Xy = 0.
Think of a company that is to manufacture two products. The amount of each is measured
by x, and Xy. f(x;, x,) is the objective function. This function, Sx), x,), determines the

manufacturing profit. The larger the values for x| and x,, the greater the profit. The coeffi-

cients are the profit per unit of product.

However, it is nat possible to manufacture any destred quantits of these peadacts, 1o

there s a fimited smoum of tvo pecessary resources. (These might be available empioy-
ees, critically Tmporttant parts, machine avallabtlity, or the like.) The constraint relations
show how each of the resources is used up in the manufacturing process. The coefficients

g
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6 1 f=5x +8xy
Cl: X|+3X7S 12
C2: 35+ 25,5 15
54 XX 20

Cl: x +3x,812

o —C2 3x #2515

Figure 7.9

The feasible region

Figure 7.10
Ob]ecnve function values are superimposed on the feasible
region

in the constraint relations represent the required amount of the resource used per unit
amount of the product.

Notice that each of the constraints is linear and that the objective function is also a lin-
ear combination. The last inequality is a special one; while not a constraint in the same
sense as the others, it forces the solution to have only nonnegative values for the variables.
This is common because it is impossible to make a neqative quantity of product.

We will first solve this graphically; this will introduce the topic and help to define a
number of special terms. A plot of the constraints in Figure 7.9 shows the feasible region,
the possible production quantities of product 1 and product 2. (We have scaled the numbers
to make them small. The actual quantities might be 100 or 1000 times as great.) The region
is bordered by the heavy lines.

Observe that the feasible region is bounded by the x;, x, axes (from the nonnegativity
condition) and by two intersecting lines. There are four vertices to the polygonal region,
including one at the origin and two on the axes.

In Figure 7.10, we redraw the feasible region and superimpose on it a number of lines
defined by setting the objection relation equal to several values.

Because the objective function is linear, the lines for f(x,, x,) are parallel. The larger the
value assigned to the function, the farther from the origin the line lies. Some of the lines do
not fall within the fessible recion—we cannot achieve that much profit. Fome lie within
the 1egion but represent choices that give foss profit ihan the maxinium. Poiuls o such

lines: within the region are feasible solutions. There is one line (not drawn) that would
show the maximum; it would just touch the feasible region. In this example, it will touch at
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the point (3, 3). A different objecti:
region at a different vertex. The impx
will always fall at one of the vertices ! the region.
The four vertices of the region in [igure 7.10 (we include the origin) are called bggj,
feasible solutions. 1t is then clear that ::ne way to solve this linear programming problem i
to find values for x, and x, at the vertices and from these compute the values for the objec-
* tive function at each vertex of the region (more commonly called corner points), and then
- select the point where it Is a maximuiii. For our example, these values are

o function whose slope is different might touch he
:nt conclusion from this is that the optimal Solution

——

1 X Slxp,x;)

0
32
39
25

hWwoo
O WA O

- This confirms the fact that the optimu! value for the two products is three units and three
units, respectively.
Examining Figure 7.10 suggests scveral other possibilities:

1._If the objective function had dirirent coefficients, the objective function lines might
be parallel to one of the constra:uts and one of these lines will coincide with an edge
of the region. In that case, ther: :.re multiple optimal solutions. Any combination of
choices for x; and x, that lie on i)at edge give the same profit.
2. There could be a third constrair: and this can have different possible effects:
a. It could Jie totally outside the reasible region and thus not limirt the amounts to be
produced. We would call th:: :: redundant constraint.
b. It could coincide with one of the previous constraints. This_too is redundant; the
region is not affected.
¢. It could lie partially within t!:- region. This would decrease the area of the feasi-
ble polygon and might create :idditional corner points.
3. The graphical method for solvisng a linear programming problem is fine if there
are only two variables. It could tie applied (with difficulty) to three variables, but
more than three is virtually iimpossible. We need to find a different way to solve

linear programming probler:s because some applications have hundreds of
variables.

. The Simplex Method

Even though we have already solved uur example, we will use it to introduce the simplex
:method, which is most frequently us.< for linear programming. We repeat the problem:

7~ “Maximize - (U
\ I N
- fx.. x.) = 5x. + 8.
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subject to
x +3x, =12,
3x) + 2x, = 15,
Xy Xy = 0,
The simplex method solves the problem through solving a set of equations that represent
the constraints. “But our constraints aren’t equations, they are inequalities,” you say. That
is a good observation. We need to change inequalities to equalities. This can be done by a
simple device: We add another variable to the constraint, a quantity called a slack variable.
This measures the amount of the resource not utilized; it takes up the “slack.” Call the
slack variable for the first constraint X4, and that for the second, X,. Our problem then
becomes to maximize
SOy x,) = 5x; + 8x, + Ox; + Ox,
subject to
x) + 3x, +xy =12,
3x; + 2x, + x4 = 15,
Xys Xy X3, %4 = 0.
We have expanded the objective function to include the slack variables. They contribute

nothing to profits, of course. )
In matrix form, the constraint equations are

X

13 1 0)|x| [12
32 0 1|x| [15]
X4

This system is underdetermined; there are only two equations but four variables. Still, we
can solve this if we first assign values to two of the variables and move these terms to the
right-hand side. Observe that adding the slacks to the system expanded the matrix of con-
straint coefficients to include an identity matrix.

Let us assign zero to both x, and X,. The system is reduced to

FHISEH

where the solution is obvious: x; = 12, x, = 15. “Of course,” you say, “if neither product
is made, the entire amount of both of the resources is unused. The slacks measure that,”
The important result is that we have values for x; and x, at a corner point, a basic feasible
solution to the problem, though surely not the eptimum.

Inothe tenminclogy of linear programming, what we have just done is 10 cause two vari-
ables to leave the system and two to enter. The ones that leave are x; and X,; the ones that
enter are x, and x,.
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Suppose we allow a new variable o enter the system, replacing one that Is already there,
So. one of xy orxy must leave. In effect we are cxw:z:%:& a current vartable for ope not
yet in the system.
: ‘ —
Which of v, or x5 should we select 1o enter? Looking at the objective function, we
see that the profit from one unit of v, is &, while one unit of x, returns only 5 v, ig
the better cholce. (You may want ¢ sce whether the other choice ends up at the same
final answer.) So. v, is to enter the svstem. Now we must decide which of g and X,
should leave. We answer the question by trying both possibilities:

:..J leaves, the variables in-the o quations are v, and v, and the system becomes

3 0] [x
201

12 soluton: x, = 4,

|
|
_ 5 i, =17

Xy

If x, leaves Instead. we have

Only the first is acceptable: the second violates the nonnegativity condition. The variables
now present are X, and x,. Remembering that v, is still zero but now v, 15 4: we have moved

(0. 0) to another basic feasible solution, (0. 4). At
wction is 32,

We proceed irt similar fashion to zllow v, to enter. v, will have to leave. The variables

: present are the non-slacks. x, and v,. We need 1o solve:

i
'

1 3| x 12 solution: x,

3 2] |xs 15 X

3.

We have moved to another basic feasible solution (3. 3). where the value of the objective
function is 39. In this problem. we know that this must be the optimum point because

- removing either .x, or x, can only reduce the profit.

(What we have done is to solve for ii.c intersection of the two constraints. a corner point.)

Variations of the Problem

Even this simple example can illustruic how some variants to the problem affect it.

1. What if the lower limit of one of the variables is something other than zero? This
would have to be a positive quuntity. It also would have to be small enough to lie
within the feasible region, or elsc we would say the problem is infeasible: No solu-
tion is possible. This is also true if both variables have lower limits other than zero.
Having lower limits other than zero will reduce the area of the feasble region. The

initial basic feasible solution would still be at one of the lower-1 points. If the

nonegativity constraint were replaced by X X > D
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this would chop off a triangle from the lower-left part of the feasible region. We
would have to include this inequality in the matrix of constraints. With a greater
than or equal relation, the slack variable is subtracted to give the constraint
equation.

2. What if additional greater than or equal constraints are included? We just include
these with a subtracted slack variable. It is then possible to have a diamond-shaped
feasible region. v

3. What if the lines for the objective function are parallel to one of the constraints? One
of these lines would then coincide with an edge of the region, and any point on this
edge is optimal; there is then an infinity of optimal points, all with the same value for
the objective function.

4. What if the objective function has a positive slope? (This would mean that one of the
products incurs a loss rather than a profit.but that, while unlikely, could happen.) The
objective function lines would then intersect the constraints. For a region like that of
Figure 7.10, the optimum would still occur at a corner point. The simplex method
will still find it.

5. What if we want to minimize an_objective function? (The coefficients then would
represent unit costs rather than unit profits.) The simplex procedure works exactly
the same — we just maximize the negative of the objective function.

6. Can we use the simplex method to solve a problem where either the Ob_]eCUVC
function or a constraint is discontinuous? No, the requirement of linearity is
absolute.

Another Example

We now present a slightly more complex problem that will show how the simplex method

works when there are more than two constraints. It often occurs that there are more con-

straints than variables. The example still has only two variables, so it could be solved

graphically or by computing a list of function values are the corners. Here is our example:
Maximize :

SO xy) = 8x1 + 9x,,
constraints: ‘
ClL: 2x| + 4x, = 32,
C2: 3xl + 4x, =< 36,
C3: 6x; + 4x, = 60,

xoov, =0,
1 Fa

We add slacks X4, X4, X5 to the three constraints. In matrix form we have:

f= 8, + 9x, + Ox, + Ox, + O,




()
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roq
X

2.4 10 0% 32

34 01 0GB ] =361

6 4 0 0 1% 60
X5

XXXy, xg 2= 0.
We begin as is customary with a basic feasible solution at the origin, (0. 0). where f= (.
: We improve the solution, by bringing in a new <u1m._u_m to replace one of x;. x . or ¥5. Our
best choice of the variable to bring into the solution is x5, We need to see which of the ey
rent variables is to leave, so we try each in turn.
If x; leaves and x, enters, the variubics in the solution are X5, g, and x5 We solve:
4.0 0 3 va= 8 sormerph
4 1 0lx= whose solution is { v, = 4. (0,8)
4 0 1 x5 =28

“which we can accept; the nonnegati condition holds.
Let us see if any of the other choices is acceptable. If x, leaves instead of X3, the vari-
ables in the solution will be Xy, X3, and x5, We solve:

4 1 0 xn= 9
4 0 0flx= . - whose solution is {.x; = —4, X
4 0 1 x5 = 24

This is not acceptable. What if we lct v5 leave instead of x;? The variables will be X, X3,
and x,. We solve:

4 10 321 x, = 15
4 0 I{x=136 g whose solution is {xy; = =28, X
4 0 0 60 | xy =24

which is also not acceptable. With variubles X, X4, and x5 in the system, the value for X, 18
8, X, is zero. At (0, 8), fis 72.
We hope to improve the solution by rzplacing x3 or x,. We don’t want to put x5 back in,

H,mo we let X replace either X3 or x4 If we replace X3, we will have Xy, Xy, and x,. We solve:

2 40 32] _ xp =17
3 4 1|x=]|36| whosesolutionis{x, =45 X

hoice, giving the variables as x,, x,, and x5 We solve:

uq x =38 )re ?WV

w.b ,.a@wv. _

I
hed

_ whose solution is { x,
o& S

S s
o O
=
i

2
6

Il
&~
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We canb accept this. So, we have moved from (0, 8) to (8, 3), where the value of fis 91.
Can we improve further? The only possibility is to put x5 back in, replacing x;. With
variables x|, X,, and xg, we solve:

2 40 32 . x, = 4 )<_ }
3 4 0|=136|, whose solgtion is{x, = 6. (4"
6 4 1 60 x5 =12

At (4,6),f = 86, and we do not increase the value of f. It seems that the optimum is at (8, 3),
where f = 91. : -
There is one more corner point that we could test; it is at (10, 0), where f = 80, less than

that at other corners. 2 107 [x ,{, annes
23):(3) g = eoep (o)
Ny o

¢oo ’: ¢

fx3, the vari-

v11'l be x,, x;,

alue for X, is

it x5 back in,
- We solve:

3 We solve:

300 Fhd

Xpe¢ X

-

Are There More Efficient Ways? | [, ' ¢](§’.‘ ): (i‘z) Xs

s=j2
- We have used a procedure that would most clearly show the basic principle bg}incf the sim-

plex method. This is perhaps not the most efficient. We solved the examples in this way to
emphasize that we move from one basic feasible solution to another where the objective
function is improved. We did this by replacing one current variable with another. Selecting
the variable to enter was easy: We chose the one that would contribute most to the objec-
tive function, the one with the larger unit profit. We selected which variable would leave by
examining whether the nonnegativity constraints were violated. This examination was
done by computing the amounts of the present variables that would remain in the solution
when the new variable entered; if any of these were negative, we rejected it.

An alternative procedure sets up a simplex tableau. In using this tableau, all of candi-
dates for leaving the basis are tested simultaneously, rather than individually as we have
done. The tableau is modified at each iteration by doing the equivalent of a Gauss—Jordan
reduction. This may require fewer arithmetic operations but what is happening to the vari-
ables is not seen as clearly. '

Every linear programming problem has another problem called its dual and the solution
to the dual problem is the same as for the primal problem. The dual may require less effort
to solve than the primal, and solving it will be more efficient. We discuss the dual to a pri-
mal problem later in this section.

A problem with many variables and many constraints can be solved in the same way as
we have described but doing it would be painfully slow. The use of a computer program is
essential and there are many available. We can even use the Excel or Quattro Pro spread-
sheet programs. Here is how Quattro Pro solves a linear programming problem. We use the
last example as an illustration.

Using Quatiro Pro

We restate the problem:

Maximize f(x;, x,) = 8x, + 9%x,,
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within some tolerance bound. Thus step-size selection hinges on estimation of the -
local error, which at the jth Step is defined to be

Here Yi-1 18, of course, the computed approximation of Y. ), and ) we
define to be the exact value at Y- of the differentia] equation solution thar passes
through the point (x;, Y. That is, $(x) solves the initial-vajye problem

F=feds fu =y,

In contrast to local errors. the global error gt Y- Is defined to pe

Yy ~ Yi-1

" where y(v) is the €xact solution of the original initial-vajye problem (7.3), Figure
7.7 illustrates the relationships between Y. $x). and loca and global errors.
Intitively, the local error is the additional truncatjon EITOr arising from inexact

i gives the accumulaged total error propa-

Global error =rly, . D=1y

-

-
Computed /
trajectory

Local error =
_’I'\(.\',' )= Ly

RY] ‘\‘/ + 1

FIGURE 7-7 Relationship Between y(x), 9(x), Local
and Global Errors
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Assume that some Runge-Kutta procedure has been selected. We let Yo, Y1r
¥, - - - denote the computed solution values at the arguments Xo, Xy. X2, -
The local error estimation techniques at each stage apply a higher-order technique
to compute an additional approximation, say Z;.+1» of ¥, - Since a higher-order
technique is used, if the solution is “*well behaved”” and the step size h is small
enough that neglected terms really are negligible, then one may anticipate that the
local error of the higher-order method is much less than that of the selected
Runge—Kutta procedure. That is,

_.w.A.«TL - N\.+_— << _w.AkT_v — i+ __‘ (1.51)
If the approximation above indeed holds, then

Zier — ¥t T Fx) T Yiew G.mwv
and we take z;,, — Yj+1 38 the estimate of local error.

Of course, computation of z;, is typically more expensive than that of ¥\
itself, since z;,, must be more accurate. Here, as in other walks of life, infor-
mation must be paid for. A popular idea toward making this expense as small as
possible has been offered by Fehlberg (1964). For a given order, say p + 1, the
corresponding member of the Fehlberg family computes Z;. 4 with a minimum
number of function calls, according to the limitations in Table 7.10, and then
provides the pth-order estimate y;. 1 without any additional function calls. A par-
ticularly popular Fehlberg rule is given in Table 7.21, which gives a fifth-order
estimate Z;4 for a fourth-order rule y;, -

Subroutine RKF (Table 7.22) implements 2 single step of this Runge—
Kutta—Fehlberg formula, outputting ;.1 and z;,, as the parameters YOUT and
ZOUT. In view of (7.52), the difference of these values provides a local error
estimate. Subroutine ARUKU (Table 7.23) utilizes RKF to update the step size
as the computation progresses. If the absolute value of ZOUT-YOUT is less than

TABLE 7.21 N::molﬂﬁnnmL...mEUmnm Formula

k, = fx, ¥,)

_ 1 1
wnl\k\+M?_v~\+M~:m_

B 3 3 9
rulwx‘+m?.5+rwmw_+|w|NW~

X |Ax L2, +vﬂ$u~x _ 7200 , 72%
.. ‘5.3 Boq_ﬁquNHS 3

439 3680 845
kg = \Ax\ +h y + :ﬁw\umwﬂ — 8k, + II‘m»w ky — \N:o» FVV
wo=flx +sny +h B bk, - 2y L9, 1,
s jr ™Y 270 2" J8e5 3 T 4104t 40°°
R -1 a8, | 297, 1k
Yisr = ¥ ek Fases @ T a0t 5T
Z. = +=Au.|m|w , 5658 ,2meel, 3, + 2y
o1 7 Y 135 X1 * o825 3 " se430 © 50 s T 55 °
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TABLE 7.22 Subroutine RKF for the Runge-Kutta—
Fehlberg Formula

OOOOOOOOOOOOOOGOOOOOOO

SUBROUTINE RKF(X1,YI ,H,YOUT, ZO0UT)

unu.....un““luOn0ﬂCQOﬂ.ﬂNﬂﬂhlﬂﬂh'Iﬂ“d&ﬂhﬂlﬂﬂh’hﬂﬂ“”ﬁﬂ“hl““h

*+ FUNCTION: A CALL TO THIS SUBROUTINE OOMPUTES ONE STEP OF*
* THE SOLUTION AND A GUESS OF THE ERROR FOR A  *
* D1FFERENTIAL EQUATION Y'=F(X,Y) WITH INITIAL *
* VALUES XI, YI. THIS SOLUTION 1S OBTAINED *
* USING A 4-TH ORDER RUNGE-KUTTA FEHLBERG STEP *
* METHOD IMBEDDED IN A 5-TH ORDER STEP SOLUTION *
*+ USAGE: *
* CALL SEQUENCE: CALL RKF(XI,YI ,H,YOUT,ZOUT) *
* EXTERNAL FUNCTIONS/SUBROUTINES: FUNCTION F(U,V) *
+ PARAMETERS: *
* INPUT: >
* X1~ INDEPENDENT VARIABLE INITIAL VALUE *
* Y1-DEPENDENT VARIABLE INITIAL VALUE *
* H-INTERVAL STEP SIZE ’ *
* OUTPUT: *
* YOUT=4-TH ORDER SOLUTION ESTIMATE *
. ZOUT~5-TH ORDER SOLUTION ESTIMATE *
“ (ZOUT - YOUT=LOCAL ERROR ESTIMATE) *

x

ﬂh'“"’ﬂ.h..hlQﬂ”“‘IIﬁ’h“i“ﬂﬁﬂﬂlﬂl“l’ﬁﬂ“hﬂ'..ﬂl'h“ﬂ'ﬂﬂ‘“ﬂ’

REAL X1,K2,K3,K4,K5,K6

Ki=-F(XI, Y1)

U=X1+0.25*1

V-Y1+0.25%H*K1

K2-F(U,V)

U-X1+(3./8.)%

v-Y1+H*((3./32. )*K1+(9./32.)*K2)
K3=F(U,V)

U=XI+H*(12./13.) i
vaY1+(H/2197.)*(1932.*K1-7200. *K2+7296.*K3)
K4=F(U,V)

U=X 1411 : )
V=YI+1i*((439./216.)*K1-8. *k2+(3680./513.)*K3-
1(845./4104.)*K4)

K5=F(U,V)

U-X1+0.5*H
Vo-(8.727.)*K1+2.*K2-(3544./2565. )*K3+
::Go.t:i.v.f-ﬁ:.io.v.wu

V=YI+HI*V

K6=F(U,V)
YOUT=(25./216.)*K1+(1408./2565. )*K3+
1(2197./4104.)*K4-K5/5.

YOUT=Y1+H*YOUT
Z0UT=(16./135.)*K1+(6656 . /12825 L) *K3+
1(28561 /56430.)*K4-(9./50.)*K5
ZOUT=ZOUT+(2./55.)*K6

ZOUT=Y1+H*Z0UT

RETURN

END

2
|4
|
1!
LS
¥
Iy
2
!
1
H
I3

the user-specified value TOL (for tolerance), the value ZOUT is accepted for y;. .
m_E_ a larger step size (by a factor of 3) is chosen for the next step. Otherwise, h
is reduced by a factor of 10, and the computation is repeated from the same
condition x; and ;. Strictly speaking, YOQUT, rather than ZOUT, should be chosen
for ¥; .1, but since in principle the higher-order estimate ZOUT should be more
accurate, and since it is available, we adopt the pragmatic viewpoint that it should
be used. The reader will note that AKUKU is an obvious modification of subrou-
tine ASIMP for adaptive quadrature (Section 3.8.2). -

T T
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TABLE 7.23 Subroutine ARUKU for the Adaptive
Runge—Kutta Method

SUBROUTINE ARUKU(X,Y,B,M,TOL)

m l’"'.....'.DQ.'”.I”QQ“"OQ'D.”'.&".'.hﬂﬁ’h'h"b&l"“'!"l'
C * FUNCTION: THIS SUBROUTINE CUMPUTES THE SOLUTION OF A *
cC »* DIFFERENTIAL EQUATION BY ADAPTIVELY GOOSING *
c THE STEP SIZE TO LIMIT THE LOCAL ERROR EST- *
C = IMATE WITHIN A GIVEN TOLERANCE. A 4-TH ORDER *
cC * RUNGE-KUTTA-FEHLBERG METHOD 1S USED *
C * USAGE: *
C * CALL SEQUENCE: CALL ARUKU(X,Y,B,M,TOL) *
C = EXTERNAL FUNCTIONS/SUBROUTINES : *
cC = SUBROUTINE RKF(XI,YI,H,YOUT,ZOUT) *
C * PARAMETERS: *
C * INPUT: *
c * X(1)-INDEPENDENT VARIABLE INITIAL VALUE *
C * Y(1)~-DEPENDENT VARIABLE INITIAL VALUE *
c * B-SOLUTION INTERVAL ENDPOINT (LAST X VALUE) *
cC = M-MAXIMM NUMBER OF ITERATIONS *
c OUTPUT: ' *
C * X-M BY 1 ARRAY OF INDEPENDENT VARIABLE VALUES *
C »* Y-M BY 1 ARRAY OF DEPENDENT VARIABLE SOLUTION *
C »* VALUES *
O ”.&Q&hl’NQ’.D.'I'ni&’..Qn.hﬂ“hln.llQﬂ“hl'Nﬂﬂ'..ﬂh"'.’lﬁh'.*
C
DIMENSION X(M),Y(M)
C *** INITIALIZATION ***

H=-.10E-02
1-1
N=~0
C *** QOMPUTE SOLUTION ITERATIVELY **+
DO WHILE(X(1).LE.B)
NeN+1
CALL RKF(X(1),Y(1).H,YOUT,ZOUT)
ERR=ZOUT - YOUT
(o **¢ TEST IF THE NUMBER OF ITERATIONS EXCEEDED ***
.~ IF(N.GT.M) THEN
WRITE(6,1)
1 FORMAT(1X, *PROGRAM STOPPED TOD MANY ITERATIONS')
STOP
END IF
C *** TEST STEP SIZE ***
IF(ABS(ERR).LT.TOL) THEN
I=-I+1
X(I)=X(I-1)+H
H=3.0*H
Y(1)~z0UT
ELSE
H=H/10.0
END IF
END DO
M=l
H=B-X(1-1)
X(M)=X(1-1)+H
CALL RKF(X(I-1),Y(I-1),H,Y(M),ZOUT)
RETURN
END

We serve notice that the code ARUKU is intended only to illustrate the prin-
ciples of automatic error control. It is inefficient and does not have the safeguards
of a professional differential equation program package. More will be said about
this matter after the following computational example.

S gepey
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EXAMPLE 7.17

By means of the calling program given in Table 7.24, the automatic step-size
routine ARUKU is called on to solve the differential equation

¥o=y, ¥0) =1 (7.5

over the interval {0, []. We chose this over our *“‘usual’’ differential equation
because in the present case it is easy to compute the exact local error Flxey) —
¥;+ 1 and thereby see how well the RKF error estimator is doing. Specifically, the
solution of (7.53) that passes through points (x;, y;) is

) = yexp (x — x),

and if /i is the current step size, then the exact local error is given by

y;exp (h) — YOUT.

TABLE 7.24 Calling Program for the Subroutine ARURKU

PROGRAM RKFMETH

n»-nnnnnnn:»10nlnunnnnn»unnnnnnnnnnn-nnnnnnnnnn-nuunu»nnnonuﬁnn

THIS PROGRAM WILL SET UP AND SOLVE NUMERICALLY THE DIFFERENTIAL
EQUATION Y'=Y WITH THE INITIAL CONDITION Y(0.)=1.
MNIE SOLUTION 1S OBTAINED USING THE AUTCMATIC STEPSIZE ROUTINE
USING 4-TH ORDER RUNGE-KUTTA FEHLBERG METIOD
CALLS:  ARUKU,RKF (BOTH MODIFIED FOR DOUBLE PRECISION)
OUTPUT:
X(I)=VALUE OF X FOR I=1,.. (MAX=50)
Y(1)=APPROXIMATED VALUE OF Y AT X(1)

-u&»n‘nnnﬁnnn»»anunnnnn»nnnnnnnﬂn»nnnn»nnnnnnn&nnnn»nunnnnn-nnnn

aacaaaaaaaonaan

IMPLICIT DOUBLE PRECISION(A-H,0-Z)
DIMENSION X(50),Y(50)

*** FIRST, THE INITIAL CONDITION AND ENDPOINT ARE ESTABLISHED®**
*** THE MAXIMM NWMBER OF ITERATIONS IS SET TO 50 e

aaaa

X(1)=0.D0
Y(1)=1.D0
B=1.D0
MAX=50
TOL=1.D-4

*** SUBROUTINE ARUKU WILL APPROXIMATE THE SOLUTION b
*** RETURNING AT MOST 50 VALUES IN ARRAYS X AND Y b

aoaon

CALL ARUKU(X,Y,B,MAX,TOL)
BRITEC10,*)(X(1),Y(1),1=1,50)
STOP

END

*** FUNCTION F SPECIFIES THE DIFFERENTIAL EQUATION. IT IS bl
*** CALLED BY SUBRCUTINE RKF e

aaaan

FUNCTION F(X,Y)
< IMPLICIT DOUBLE PRECISION(A-H,0-Z)
F=Y
RETURN
END
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The Adams (Adams-Bashforth) Methods

Table 6.1 ADAMS FORMULAS

Coefficients of

Order of Coefficient Local truncation
formula of h i Fiy fi-2z Fis Fi-a fi-s error E,

1 1 1 in%y"(E)

2 3 3 -1 ‘ B hy"(E)

3 & 23 -16 5 gty

4 & 55 -59 37 -9 ' B aSyV(E)

5 e 1901 -2774 . 2616 ~1274 251 ﬁ?;%héy""(g)

6 o 4277 -7923 9982  —7208 2877 —475  BRIAYVIE)

for the other local truncation errors shown in Table 6.1.

represents most of the local truncation error. From the definition of the third backward
difference given in Section C.2 of Appendix C we can write

h@V3f) = Bh(f; — 3fi_, + 3fics = fi3) (6.114)

Backward finite-difference expressions for derivatives are given by Equations (5.123).
From the third of Equations (5.123) we deduce that

nn y;—3y:—-l+3y§—2_y:—

Yy = e 2+ Oh)

or

Ry =yt =3y + 3yl _, =yl s + B[O, (6.115)
From Equation (6.115) we determine that

(Fi = 3fi_1 + 3fiea = fros) = By ~ O(hY). (6.116)

Combining Equations (6.116) and (6.114),
h(%V3f‘) = %h“y”{' _ O(hs) - %h"'y””(g)

where the fourth derivative of y is evaluated at some unknown x value & in the range of x

values spanned by the one-step application of the third-order Adams formula. Thus, the
local truncation error of the third-order method is

Ep = §h*y"(£) . ' (6.117)
as shown in Table 6.1. In similar fashion we can show that

hGYS) = $h%y'(®)
W52, = fhy"(E)
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The Adams-Mouiton Methods

Carrying out the integration indicated, the general formula is
Yisr =Xt h(fiv1 = %VfH-l - Ilfvzfi+l - ﬁv:ifi-*-l - %V4fi+l
"‘Tﬁﬁvsfiﬂ - ﬁ%ﬁvéfiﬂ -0

To obtain the third-order Adams—Moulton corrector formula from this general formula,
Equation (6.137) is truncated to three terms following y;, which yields

Yie1 =Y+ (= fis: _%Vfi+l - ilfvzfi+l)'

Then substituting the backward differences as given in Section C.2 in Appendix C into
the above, we find

(6.137)

h ,
Yier =¥t I (=fi—y +8fi +5fi0) (6.138)

which is identical with Equation (6.129) derived previously.
The fourth-order Adams—-Moulton corrector formula is found by truncating Equation
(6.137) to four terms following y,, yielding

Yier =V + h(fiy = 8V %V — 3V i)

Substituting the backward differences from Section C.2 of Appendix C into the above
gives the corrector equation

h
Yier = Vit oy (fica = S5fi—y + 19f; + 9fi 1) , (6.139)

which is identical with Equation (6.134) found previously.

Using the terms in Equation (6.137), we can obtain Adams—Moulton corrector for-
mulas of orders 1 through 7, or of orders 1 through 6 plus a local truncation error expression
for each of the six. These expressions are given in Table 6.2. In the local truncation-error
expressions £ is an unknown x value in the range of x values spanned in the one-step
application of a particular Adams—Moulton formula. While explicit numerical values can-
not be found for these expressions because the derivatives in them cannot be evaluated,
they are useful for comparing the truncation errors of the various Adams—Moulton for-
mulas, and for comparing the truncation errors of these formulas with those of other

Table 6.2 ADAMS-MOULTON FORMULAS AND LOCAL TRUNCATION-ERROR EXPRESSIONS

Coefficients of

Coefficient Local truncation

of h Fier i fi-1 fica fi-3 fica error Ep

: : ~ Ity

H : 1 ~ iy (®)

B s 8 -l . — iy

% 9 19 -5 1 R N (5]

740 251 646 ~ —264 106 -19 — ZLshSyVIE)
vl 475 1427  -798 482  —173 27 — 8 nTyVI(E)
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The Adams (Adams-Bashforth) Methods

Table 6.1 ADAMS FORMULAS

Coefficients of

Order of Coefficient : Local truncation
formula of h 5 Fi—a fia fis Fi-4 fi_s error E

: : 1 bRy

2 % 3 -1 I% h3y’”(§)

3 e 23 -16 5 $htye)

4 b 55 -59 37 -9 BV ()

5 75 1901  —2774 2616 —1274 251 8 15y VicE)

6 o 4277 =793 9982 7298 2877  —475 A,V

for the other local truncation errors shown in Table 6.1.

represents most of the local truncation error. From the definition of the third backward
difference given in Section C.2 of Appendix C we can write

h@V3F,) = Bh(f, - 3f,_, + 3fi_s = fi_a). (6.114)

Backward finite-difference expressions for derivatives are given by Equations (5.123).
From the third of Equations (5.123) we deduce that

m =y: - 3)’;'_.1 + 3)’:'—2 _y:'—

" 3 2+ O(h)

or

Ry =y, = 3yi_y + 3y, = yi_s + B[OM)]. (6.115)
From Equation (6.115) we determine that

(i = 3fioy + 3fies — fi_g) = Y™ — O, (6.116)

Combining Equations (6.116) and (6.114),
hEV2f) = §i'y'T — O) = $h'y™(®)

where the fourth derivative of y is evaluated at some unknown x value § in the range of x

values spanned by the one-step application of the third-order Adams formula. Thus, the
local truncation error of the third-order method is

Ep =§h%y"® ' (6.117)
as shown in Table 6.1. In similar fashion we can show that

h@EVf;) = 3h%y'(E)
W5V = Hhy"(8)
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The Adams-Moulton Methods

Carrying out the integration indicated, the general formula is
YVior = Vi + iy = 8F1i) = BV — 2V — A
=S~ Vs =)

To obtain the third-order Adams—Moulton corrector formula from this general formula,
Equation (6.137) is truncated to three terms following y;, which yields

Yier =Yt h(—=Ffiv1 — %Vfi+l - llﬁvzfiﬂ)-

Then substituting the backward differences as given in Section C.2 in Appendix C into
the above, we find

(6.137)

h
Yis1 =y,-+1—2 (=fiey + 8fi + 5fis1) (6.138)

which is identical with Equation (6.129) derived previously.
The fourth-order Adams—Moulton corrector formula is found by truncating Equation
(6.137) to four terms following y;, yielding

Yier =Y+ Ay — %Vfi+l - ﬁvzfi-rl - 21_4V3fi+1)-

Substituting the backward differences from Section C.2 of Appendix C into the above
gives the corrector equation :

h
Yi+1 =yi+'2—4(fi—2—5fi——l + 19f; + 9fi: 1) : (6.139)

which is identical with Equation (6.134) found previously.

Using the terms in Equation (6.137), we can obtain Adams—Moulton corrector for-
mulas of orders 1 through 7, or of orders 1 through 6 plus a local truncation error expression
for each of the six. These expressions are given in Table 6.2. In the local truncation-error
expressions £ is an unknown x value in the range of x values spanned in the one-step
application of a particular Adams—Moulton formula. While explicit numerical values can-
not be found for these expressions because the derivatives in them cannot be evaluated,
they are useful for comparing the truncation errors of the various Adams—Moulton for-
mulas, and for comparing the truncation errors of these formulas with those of other

Table 6.2 ADAMS-MOULTON FORMULAS AND LOCAL TRUNCATION-ERROR EXPRESSIONS

Coefficients of

Order of Coefficient Local truncation
formula of h Fivn fi fica Fica fies fi-a error E;

: : ! ~ ' (®)

2 t Lo ~ By

; t > 5 -l . ~ &y (®)

) % o 1 -5 A

5 7o 251 646  —264 106 -19 L (3)

6 v ~ o’y ®
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- The Adams (Adams~Bashforth) Methods

Table 6.1 ADAMS FORMULAS

Coefficients of

Order of Coefficient Local truncation
formula of b I fi fi—2 Fis fi4 fis error E,.

1 1 ()

2 3 3 -1 BhY"(E)

3 ey 23 -16 5 Ertym e

4 * 55 -59 37 -9 BayVee)

5 5 1901 —2774 2616 - 1274 251 ﬁ&%hﬁny(g)

6 1 4277 =7923 9982 -7298 2877  -475 BV

for the other local truncation errors shown in Table 6.1.

represents most of the local truncation error. From the definition of the third backward
difference given in Section C.2 of Appendix C we can write '

h@Vf) = 8h(f; = 3fi_y + 3f,_y — fizy). (6.114)

Backward finite-difference expressions for derivatives are given by Equations (5.123).
From the third of Equations (5.123) we deduce that

m_ Vi = 3y +3yi_, — i

Y= e +om

or

WY =y = 3yi_ +3yi_, — yi_5 + KO, (6.115)
From Equation (6.115) we determine that '
(= 3oy + 3fiey = fi_y) = K" — Ok, (6.116)

Combining Equations (6.116) and (6.114),
h@VF) = By — O = §ty™ (®)

where the fourth derivative of y is evaluated at some unknown x value £ in the range of x

values spanned by the one-step application of the third-order Adams formula. Thus, the
local truncation error of the third-order method is

Ep = 31" (®) ' 6.117)
as shown in Table 6.1. In similar fashion we can show that

hGEVS;) = $h%y'(E)
K5V, = Fhy"(§)
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The Adams-Moulton Methods

Carrying out the integration indicated, the general formula is
Yier = Vi + W(Fiv1 — Vfi - Vi — 3V — 76V f 111
“T%'}Gvsfiﬂ - 3‘.%V6fi_+l R

To obtain the third-order Adams—Moulton corrector formula from this general formula,
Equation (6.137) is truncated to three terms following y;, which yields

Yier = Yi + B(—fis _%Vfi-i-l - %ﬁv2fi+l)'

Then substituting the backward différences as given in Section C.2 in Appendix C into
the above, we find

(6.137)

; _
Yier =¥ T - (=fi-y +8f + 5fi0) (6.138)

‘which is identical with Equation (6.129) derived previously.

The fourth-order Adams—Moulton corrector formula is found by truncating Equation
(6.137) to four terms following y,, yielding

Yie1 = Vi T h(fiey = 3V = BV — 1V i)

vSubstituting the backward differences from Section C.2 of Appendix C into the above

gives the corrector equation

Yoot = 9+ o5 (Fimz = SFiy + 196+ 9111 (6139
which is identical with Equation (6.134) found previously.

Using the terms in Equation (6.137), we can obtain Adams-—Moulton corrector for-
mulas of orders 1 through 7, or of orders 1 through 6 plus a local truncation error expression
for each of the six. These expressions are given in Table 6.2. In the local truncation-error
expressions £ is an unknown x value in the range of x values spanned in the one-step
application of a particular Adams—Moulton formula. While explicit numerical values can-
not be found for these expressions because the derivatives in them cannot be evaluated,
they are useful for comparing the truncation errors of the various Adams—Moulton for-
mulas, and for comparing the truncation errors of these formulas with those of other

Table 6.2 ADAMS-MOULTON FORMULAS AND LOCAL TRUNCATION-ERROR EXPRESSIONS

Coefficients of

Order of Coefficient Local truncation
formula of h fis1 §i fia fiz fi-s fi-a error Er

1 1 1 ~3h%y"(E)

2 3 1 1 —&hy"(E)

3 T 5 8 -1 — 22h*y"'(£)

4 & 9 19 -5 1 L MO)

5 5 251 646 —264 106 -19 — Sy V()

6 o 475 —798 482 ~173 27 ~ g283shTyVIE)
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" ’ Figure 2.6 (continued)
{ ‘> , AFTER ITERATION NUMBER 4 X AND F VALUES ARE
' ‘ 0.56551 2.25006
0.38258 -0.51029
- AFTER ITERATION NUMBER S X AND F VALUES ARE
‘ 0.26959 - 2.23942
i : . 0.08768 -0.07001
’ AFTER ITERAT%ON,NUMBER_G X AND F VALUES ARE
0.20694%  2.22739
0.00407 -0.00252
. AFTER ITERATION NUMBER 7 X AND F VALUES ARE
it ' 0.20434 2.22671
-\\5 0.00000 0.00000
!hk AFTER ITERATION NUMBER 8 X AND F VALUES ARE
. 0.20434 2.22671
0.00000 0.00000
THE X-VALUES ARE:
0.204337
2.226712
Exercises
- Section 2.2 a. Find 34,24 + 4B,2x — 3y.

»b. Find A ~ B, Ax, By.

1. Given the matrices A, B, and the vectors X,y, e, Find xTy,xyT.

) [' . d. Find B™.
[2 -1 3 -4 _; 2. Given the matrices
A=10 3 4 1| x| 72 _
2 5 5 4 2 -3 1 -2 3 -2 5
) ( A= 2 3 0|, B=| 2 -4 1|

rl -1 6 —4 —; ’ -1 2 3 -4 1 6
‘ B=1]3 3 4 3 ’ y = ’
! 4 0 2 —sj -3 »a. Find BA, B?, AA™.

- | 2] b. Find det(A), det(B).
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¢. A square matrix can always be expressed asasum  Section 2.3 .

of .an upper-triangular matrix U and a lower- 7. a. Solve by back-substitution:

: ( \> triangular matrix L. Find two different combina-
tions of L’s and U’s such that A = L + [/, 26 = 3x, + x5 = —11,
3. Given the matrices dx; — 3x; = —-10,
2X.'3 = 4,
rl -2 2 -1 -2 4 »b. Solve by forward-substitution:
A=13 1 1 B=j{ 1 3 -5
. B ’ SX3 = 10,
2 0 1 2 4 -7
F 3x2 —3x; = 3,
212 2*1"X2+2¥3= 7.
_ ¢= i (1) g ’ »8. Solve the set of equations in Exercise §.

- »9. Solve the set of equations in Exercise 6.

. 10. Solve the following (given as the augmented matrix):
a. Show that AB = BA = I, where I is the 3 X 3

identity matrix. We shall later identify B as the

5 |
inverse of A. . ) ! i _; % |' g
—3 = l :
b. Show that Al = 4 = A, 3 —1 3 : 8

¢. Show that AC # CA and also that BC # CB. In

eneral, matrices do not commute under multipli- : '
8 ’ ) P »11. Show that the following does not have a solution:

cation.
»d. A square matrix can be expressed also as the sum 3+ 20— x3 — dxy = 10,
of an upper-triapgular matrix,.a diagonal matrix, X=X+ 3xs = xy = —4,
and a lower-triangular matrix. Express A as )
L+D+U. 21+ X2 — 3x, = 16,
4. Let . V T Xa + 8X3 - SX4 = 3.
' 12. If the right-hand side of Exercise 11 is (2,3, 1,3)7,
g
—] 8 -1 1 show that there are an infinite number of solutions.
( \ A= [:? g], B=|-2 2 -1|  »13. Showthat the setof left-hand sides of Exercise 11 are
./ -2 4 -3 not independent vectors.
a. Find the characteristic polynomials of both 4  Section 2.4
ar.ld B. . »14. Using Gaussian elimination with partial pivoting
»b. Find the eigenvalues of both 4 and B. and back-substitution,
5. Write as a set of equations: : a. Solve the equations of Exercise 5.
b. Using part (a), find the determinant of the coeffi-
2 1 1 -2 0 cient matrix. .
4 0 2 1 1 8 ¢. What is the LU decomposition of the coefficient
3 2 2 o0 iz =71 matrix? (Rows may have been interchanged.)
3
1 3 2 0llx 3 »15. Using Gaussian elimination with partial pivoting
5 and back-substitution,
14, »6. Write in matrix form: ’ a. Solve the equations of Exercise 10,
6 _ - b. Using part (a), find the determinant of the coeffi-
. 3 =6y +2z = 15, cient matrix.
—4x+ y- z=-2, c. What is the LU decomposition of the coefficient
=3y +7z= 22 matrix? (Rows may have been interchanged.)
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»16. a. Solve the system

2.51x; + 1.48%; + 4.53x; = 0.05,
1.48¢, + 0.93x; — 1.30x; = 1.03,
2.68%; + 3.04x, — 1.48%; = —0.53,

by Gaussian elimination, carrying just three sig-
nificant digits and choppirg. Do not interchange
rows. Observe that there is a small divisor in
reducing the third equation.

b. Repeat part (a), but now use partial pivoting.
Observe that there are no small divisors.

¢. Substitute each set of answers into the original
equations and observe that the left- and right-
hand sides match much better with the answers to
part (b). The solution, correct to six digits, is

x = 145310, xp = —~1.58919, x, = —0.27489.

17. Solve the systems of Exercises 5, 10, and 11 by the
Gauss—Jordan method.

18. Augment the coefficient matrix with all three of the
nght-hand sides and get all three solutions simulta-
neously, given

4 0 -1 3 0
12 1 -2 o0 1
A=ly 3 2 —2f b= 4}
1 1 0 5 -2
0 7
-1
b2"' _(2)3 b3= 4'
| 4 -2

19.a. For a general n X n matrix, show that steps
1-4 of Gaussian elimination take at most
n(n — 1)(2n — 1)/6 + n(n — 1) multiplications/
divisions. You will need to know that

1+2+3+- «+n=”—('5§ﬂ,
T e (C R ek )

6

b. Show also that the back-substitution part of Gaus-
sian elimination takes n(n + 1)/2 multiplications/
divisions.

»¢. Verify that Gauss—Jordan takes about 50% more

operations than Gaussian elimination for the case
of three equations. In this, add the number of
adds, subtracts, multiplies, and divides.

»20. Suppose we want to solve the system Az = b, where
the a;, i, and b; are complex numbers.

a. Show that this can be done using only real arith-

_ metic. (Hint: A can be written as B + Ci.)

b. If one solves the system in a computer using a
language that permits complex numbers, com-
pare the amount of storage space needed com-
pared to the amount if done as in part (a).

21. a. Show that the system

2+2 -1+2i(|=zn|_|2+2
-3 3-2|]|z2 1-3i

can be written as

2 -1 -2 =2||x 2
0 3 3 2||x|_| 1
2 2 2 -t||n|7| 2|
-3 =2 0 3]|ly] |-3

»b. Solve the syStem of part (a), then find z; and z,.

Section 2.5

»22.
23. Use Crout reduction to solve Exercise 11.

24. Repeat Exercise 16, but this time use Crout reduc-
tion.

25. Suppose that we do not know all of the three right-
hand sides of Exercise 18 in advance.

a. Solve Ax = b, by Gaussian elimination, getting
the LU decomposition. Then use the LU to solve
with the other two right-hand sides.

b. Repeat part (a), this time using Crout reduction.

26. Exercise 19 shows that the number of multiplica-
tions/divisions to solve a system of n equations is
O(n®). If we already have the LU decomposition of
the coefficient matrix, find how many multiplica-
tions/divisions are required to first get Ly = b’ and
then solve from Ux = b’. Make a table that com-
pares the total number of multiplications/divisions in
the two cases, if n = 5, 10,20, 100.

Use Crout reduction to solve Exercise 10.
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Section 2.6
27. Which of these matrices are singular?

a 3 2 -1
A=l0 -1 4
6 3 2
b. [ 1 0 -2 3]
13 1 1 4
B=1_1 0 2 -1
| 4 2 6 0]
c. [ 1 0 -2 3
13 101 4
C=l_1 0o 2 -1
4 3 6 0

28. a. Find values of x and y that make A singular:

4 1 0
A=|2 -1 2|.
1x 1

_b. Find values for x and y that make A nonsingular.

29, Matrix A in Exercise 27 is singular. Do its rows form
linearly independent vectors? Find the values for the
a; in Eq. (2.28).
»b. Repeat part (a) for the elements of A considered
as column vectors.

30. Do these sets of equations have a solution? Find a
solution if it exists.

a | 3x—-2y+z= 2
x=3y+z= 35§, .
x+ y—z=-5,
3x +z= 0.

»b.f1 1 0O 1]
01 1] _t-2
10 1|*7Tf of

1 11 4]
e[ 213 1
-1 0 21x=10|.
L 6 2 2 0
213 1
i1 0 2|x=]ol.
i 6 2 2 2

EXERCISES 203

»31. The Hilbert matrix is a classic case of the patholog-
ical situation called “ill-conditioning.” The 4 X 4
Hilbert matrix is

ey
il
B W N
Uied s (s DI
V= Vb s LI
= QM s Bl

For the system Hx = b, with b7 = [25/12 77/60,

57160, 319/420], the exact solutionisx” = [1,1,1,1].

a. Show that the matrix is ill-conditioned by showing
that it is nearly singular,

b. Using only three significant digits (chopped) in
your arithmetic, find the solution to Hx = b. Ex-
plain why the answers are so poor.

¢. Using only three significant digits, but rounding,
again find the solution and compare it to that
obtained in part (b).

d. Using five significant digits in your arithmetic,
again find the solution and compare it to those
found in parts (b) and (c).

Section 2.7

32. Find the determinant of the matrix

0 1 -1
3 1 —4
2 1 1

by row operations to make it (a) upper-triangular,
(b) lower-triangular.

33. Find the determinant of the matrix

1 4 -2 1
-1 2 -1 1

3 3 0 4y

4 -4 2 3

34. Invert the coefficient matrix in Exercise 5, and then
use the inverse to generate the solution.

35. If the constant vector in Exercise 5 is changed to one
with components (1,2, 4, 2), what is now the solu-
tion? Observe that the inverse obtained in Exercise
34 gives the answer readily.

36. Attempt to find the inverse of the coefficient matrix
in Exercise 11. Note that a singular matrix has no
inverse. :
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37. a. Find the determinant of the Hilbert matrix in
Exercise 31. A small value of the determinant
(when the matrix has elements of the order of
unity) indicates ill-conditioning.

»b. Find the inverse of the Hilbert matrix in Exercise
31. The inverse of an ill-conditioned matrix has
some very large elements in comparison to the
elements of the original matrix. )

»38. Both Gaussian elimination and the Gauss-Jordan
method can be adapted to invert a matrix. In Section
2.7, we say “it is more efficient to use the Gaussian
elimination algorithm.” Verify this for the specific
case of a 3 X 3 matrix by counting arithmetic oper-
ations for each method.

_ Section 2.8

39. For each of the following, evaluate the norms
| *lp,p =1, 2, and . (For a matrix, the 2-norm is
the largest magnitude eigenvalue.)

a. x = [1.15,-2.3,19.1,2.0]

b.y =[~2,1,0,7, -11]

-2 8 0

¢ A=|-1 7 0
L 0 3 2_

8 -2 1

»d. B =| -2 2 -1
;.—2 4 =3

e. Find the norms of B3, A + B, AB.
£, Does the triangle inequality of Eq. (2.29) hold for
A + B?forx +y?

»40. Find the co-norm of the Hilbert matrix of Exercise
31.

41. Find the «-norm of the inverse of the Hilbert matrix
of Exercise 31.

Section 2.9*

42. Consider the system Ax = b, where

3.01 6.03 199
A=|127 416 -123|, b
0.987 —4.81 9.34

il
—

»a..Using double precision (or a calculator with 10 or
more digits of accuracy), solve for x.

b. Solve the system using three-digit (chopped)
arithmetic for each arithmetic operation; call this
solution X.

¢. Compare x and ¥, and compute e = x — &. What
is [lel2?

d. Is the system ill-conditioned? What evidence is
there to support your conclusion?

43, Repeat Exercise 42, but change the element a3
to —9.34,

»44. Suppose, in Exercise 42, that uncertainties of mea-
surement give slight changes in some of the elements
of A. Specifically, suppose @11 is 3.00 instead of 3.01
and a5, is 0.99 instead of 0.987. What change does
this cause in the solution vector (using precise arith-
‘metic)?
45. Compute the residuals for the imperfect solutions in
42(b) and 43(b). Use double precision in this compu-
tation.

46. What are the condition numbers of the coefficient
matrices in Exercises 42 and 43? Use the 1-norms.

47. Verify Eq. (2.37), using the results in Exercises 42
and 43.

»48, Verify Eq. (2.37), using the results in Exercises 43,

45, and 46..
49. Verify Eq. (2.38) for the results of Exercise 44. .

50. Apply iterative improvement to the imperfect solu-
tion of Exercise 42.

»51. Apply iterative improvement to the imperfect solu-
tion of Exercise 43. . .

Section 2.10

.52, Solve Exercise 6 by the Jacobi method, beginning
with the initial vector (0,0, 0). Compare the rate of
convergence when Gauss-Seidel is used with the
same starting vector.

53, Solve Exercise 6 by Gauss—Seidel iteration, begin-
ning with approximate solution (2,2, —1).
»54. The pair of equations.
4 X+ 2x; =3,
3.+ x, =4,

* In certain exercises (42, 43, 44, 50, 51), imperfect solutions will result because low-precision arithmetic is used when the condition
number is large. This exaggerates the condition number problem.
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can be. rearranged to give x; =3 — 2, x,=
4 — 3x,. Apply the Jacobi method to this rearrange-
ment, beginning with a vector very close to the solu-
tion x® = (1.01,1.01)", and observe divergence.
Now apply Gauss-Seidel. Which method diverges
more rapidly?

»55. Solve the system

O +4y + z = -17,
14,
4,
a. Using the Gauss—Jacobi method.

b. Using the Gauss—Seidel method. How much
faster is the convergence than in part (a)?

x —2y —62z
x + 6y

il

Section 2.11
»56. Beginning with (0, 0, 0), use relaxation to solve the
system :
6x; — 3%, + x3= 11,
2x; + x; — 8x3 = —15,
X1= Tz + x3= 10,

57. Solve the system in Exercise 55 by relaxation.

58. Relaxation is especially well adapted to problems
like Exercise 18. Solve by the relaxation method,
starting with the vector [1, 1, 1, 1] which one obtains
by inspection. for b, ony

Section 2.12

»59. Find the two intersections nearest the origin of the

two curves x> + x — y* =1 and y — sin x* = 0.
60. Solve the system

X4y +2=09,
xyz =1,
x+y-2=0,

by Newton’s method to obtain the solution near
(2.5,0.2,1.6). '

»61. Solve by using Newton’s method:

X2+ 3y* =121,
X+ +2= 0.
Make sketches of the graphs to locate  approximate
values of the intersections.

EXERCISES 205

62. Apply Eq. (2:58) to compute partials and solve this
system by Newton’s method:

xyz — x* + y* =134,
xy — z2=0.09,
e~ ¢ +z=0.41.
There should be a solution near (1,1, 1).

-63. At the end of Section 2.12, it is suggested that it
would be more efficient to avoid recomputing the
partials at each step of Newton’s method for a non-
linear system, doing it only after each nth step when
there are n equations. Redo Exercises 59 and 62
using this modification. Compare the rate of conver-

gence with that when the partials are recomputed at
each step.

Section 2.13

64. Given matrix A, write the permutation matrix that
does the following interchanges.

4 7 3 -2
1o 0o 2 1

A4=16 1 1 of
1 0 1 8

a. Row 3 with row 1
»b. Row 1 with row 4
»c. Column 2 with column 1
»d. Row 2 with row 4 and column 4 with column 2
simultaneously

65. Confirm that P! = P for each permutation matrix
of Exercise 64.

66. Confirm Eq. (2.61) by first computing H=
H3PH,P,H\P, and then multiplying this times A.
67. Repeat Exercise 66, this time using

H = H3H2H1P3P2P1.

. Section 2.14

(Note that for Exercises 6876, the matrix A can indicate
either the coefficient matrix or the augmented matrix.)

68. Use MAPLE to solve Exercise 10.

a. Use linsolve.

b. Use gaussjord(A) and gausselim(A). -
69. Use MAPLE to solve Exercise 2, parts (a) and (b).
70. Use MAPLE to solve Exercise 3.




[T
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71. Use MAPLE to solve the system of Exercise 10
a. through reduced row echelon, rref(A).
b. using the inverse matrix.
c. with linsolve(A, b).

72. Use MAPLE to solve Exercise 4.

73. Use MAPLE to get the exact solution to the system
given in Exercise 31.

74. Do Exercise 37 with MAPLE.

75. Plot the curves of Exercise 59 to get the approxima-
tions, then refine with fsolve.

76. Solve Exercise 61 using MAPLE.

Section 2.15

77. Show that solving an n X n system by Gaussian
elimination requires these numbers of steps:
Making upper-triangular:

(2n® + 3n*— 5n)/6 multiplications/divisions
(n® - n)/3 additions/subtractions

Applied Problems and Projects

78.

79.

80.

81.

Back-substitution:
(n* + n)/2 multiplications/divisions
(n* — n)/2 -additions/subtractions

" For a total of

(n® + 3n* — n)/3 multiplications/divisions
-(2n® + 3n* — 5n)/6 - additions/subtractions

Find the equivalent number of operations (as in
Exercise 77) for the Gauss—Jordan method.

Develop an algorithm for inverting an #n X n nonsin-

gular matrix by parallel processing using approxi-

mately #* processors.

The final algorithm developed in Section 2.15 used
n? + n processors. Show how this can further be
improved so that only (n + )(n — 1) =n®~1
processors are needed.

Develop an algorithm for solving a system of n linear
equations by Jacobi iteration using n* processors.

82. In considering the movement of space vehicles, it is frequently necessary to transform
coordinate systems. The standard inertial coordinate system has the N-axis pointed north,
the E-axis pointed east, and the D-axis pointed toward the center of the earth. A second
system is the vehicle’s local coordinate system (with the i-axis straight ahead of the vehicle,
the j-axis to the right, and the k-axis downward). We can transform the vector whose local
coordinates are (i, ], k) to the inertial system by multiplying by transformation matrices:

n cosa -sina 0 cosb 0 sinb||1 O 0 i
e|=|sina cosa 0 0 1 0 0 cosc —sinc jlj|
d 0 0 —-sinb 0 cosb||0 sinc cosc || k

Transform the vector [2.06, —2.44,-0.47]7 to the inertial system if a = 27°,

b=5%¢c="72°

83. a. Exercise 31 shows the pattern for Hilbert matrices. Find the condition number of the

9 X 9 Hilbert matrix.

b. Suppose we have a system of nine linear equations whose coefficients are the 9 X 9
Hilbert matrix. Find the right-hand side (the b-vector) if the solution vector has ones

for all components. Now increase the value of the first component of the b-vector by
1% and find the solution to the perturbed system. Which component of the solution
vector is most changed?

4 84. Electrical engineers often must find the currents flowing and voltages existing in a complex
i § ’ resistor network. Here is a typical problem.
Seven resistors are connected as shown, and voltage is applied to the circuit at points
1 and 6 (see Fig. 2.7). You may recognize the network as a variation on a Wheatstone
bridge.




. ' . APPLIED PROBLEMS AND PROJECTS 207

e
.
sions
tions
ms (as in
d. ‘
1 nonsin- . Figure 27
, approxi-
2.15 used . . . . .
arther be While we are especially interested in finding the current that flows through the
=n? -1 ammeter, the computational method can give the voltages at each numbered point (these
are called nodes) and the current through each of the branches of the circuit. Two laws
el are involved:
s nlinear
)CESSOTS. * Kirchhoff’s law: The sum of all currents flowing into a node is zero.
. Ohm’s law: The current through a resistor equals the voltage across it divided by its
resistance,

l We can set up-eleven equations using these laws and from these solve for eleven
ransf unknown quantities (the four voltages and seven currents). If V; = Svoltsand Vi = Ovolts,
.rillns orm set up the eleven equations and solve to find the voltage at each other node and the
;Sr;z;t;é 1 currents flowing in each branch of the circuit.

e vehicle 85. Mass spectrometry analysis gives a series of peak height readings for various ion masses.
108 "“cai For each peak, the height #; is contributed to by the various constituents. These make
m! lg: different contributions ¢;; per unit concentration p; so that the relation
STt
' hj= 2 cips
i=1
holds, with n being the number of components present. Carnahan (1964) gives the values
shown in Table 2.3 for ¢;;:
a =27,
ser of the 4 Table 2.3
he 9 X 9 , Peak Component _
has ones : number CH, C.H, C.H, C:H, CsHs
vector by 7 ' »
s solution 3 1 0.165 0.202 0.317 0.234 0.182

g 2 27.7 0.862 0.062 0.073 -0.131

) 3 22.35 13.05 4.420 6.001
rcomplex 4 11.28 0 1.110

. 4 5 9.850 1.684
at points & 6 15.94

heatstone




. ry—

-

208

CHAPTER 2 SOLVING SETS OF EQUATIONS

86.

If a sample had measured peak heights of 4, = 5.20, h, = 61.7, hs = 149.2, hy, = 79.4,
hs = 89.3, and hs = 69.3, calculate the values of p, for each component. The total of all

the p; values was 21.53.

The truss in Section 2.1 is called statically determinate because nine linearly independent
equations can be established to relate the nine unknown values of the tensions in the
members. If an additional cross brace is added, as sketched in Fig. 2.8, we have ten
unknowns but still only nine equations can be written; we now have a statically indeter-
minate system. Consideration of the stretching or compression of the members permits
a solution, however. We need to solve a set of equations that gives the displacements x
of each pin, which is of the form ASA™x = P. We then get the tensions f by matrix

multiplication: SA”x = f. The necessary matrices and vectors are

0 -1 -0.8660

07071 0 0o o O 0
0701 0 1 0 0S5 0o o O 0
o 1 0 O 0 i 0 O 0
0 0 -1 0 0 0 0 O 0
A=| 0 0 0 O 0 0 1 0 07071
0 0 0 1 0 0 0 0 -0.7071
0 0 0 0 0860 1 0 -1 0
0 0 0 0 -05 0 -1 0 0
. 0 0 0 0 0 0 0 1 0.7071

S is a diagonal matrix with values (from upper left to lower right) of

4255, 6000, 6000, 3670, 3000,
3670, 6000, 6000, 4255, 3000.

0 .7
0
—0.8660
-0.5
0.5

(These quantities are the values of aE/L, where a is the cross-sectional area of a member,

E is the Young’s modulus for the material, and L is the length.)

£y

Figure 2.8

Solve the system of equations to determine the values of f for each of three loading

vectors: )
P, = [0, —~1000,0,0,500,0,0, 500, 0],
P; = [1000,0,0, —500,0,1000, 0, —500, 0]7,
P = [0,0,0, -500,0,0,0, —500,0]".
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L =179.4, ' 87. For turbulent.flow of fluids in an interconnected network (see Fig. 2.9), the flowrrate V.

{al of all . from one node to another is about proportional to the square root of the difference in \
(a f\ pressures at the nodes. (Thus fluid flow differs from flow of electrical current in a network
ivend ’ ¢ in that nonlinear equations result.) For the conduits in Fig. 2.9, find the pressure at each \'-\“
'geir:l :ll;le node. The values of b represent conductance factors in the relation vi; = by(p; — p;)'*. ;

have ten
" indeter-
i permits
:ments x
y matrix

T
360
60 ’ i A Figure 2.9

» These equations can be set up for the pressures at each node:
- . At node 1: 0.3V500 — p; = 0.2Vpy — p2 + 0.1Vp, — p3;

node 2: 0.2Vp, — p, = 0.1Vp; — ps + 0.2Vp; - ps;
node 3: 0.1Vp; — ps + 0.2Vp; — ps = 0.1Vp; — pa;
node 4: 0.1Vp; — ps + 0.1Vps — ps = 0.2Vp, — 0.
88. Translate each of the programs of this chapter to another computer language.
nember, b | 89. Implement the solutions to Exercise 55 with a spreadsheet.

()

: loading
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“ *7.7 v
BEEEEXERLaEay ADAPTIVE STEP-SIZE SELECTION AND ERROR CONTROL
([)F)+Y(1 §Alf
) R Up to this point we have not discussed how the step size h of the preceding
%’ggi’rl oN methods is to be chosen. Obviously, there is a trade-off to be made: If the step
U size is too small, then computer time is needlessly wasted and accumulation of

arithmetic roundoff errors can become a hazard. A large step size invites large
truncation error associated with higher-order terms neglected in the construction
of the miethods. For simplicity, our developments will be concerned only with
Runge-Kutta rules. '

R E 2R E T

SECA  xxs Techniques for automatic step-size selection are based on estimating the local
error at each step and then choosing the step size to keep this estimated error
within some tolerance bound. Thus step-size selection hinges on estimation of the

~local error, which at the jth step is defined to be
xXxx
Xxx

M) = ¥oy

Here v;_, is. of course. the computed approximation of y(x;_ ). and F(x. ) we

define to be the exact value at X;—, of the differential equation solution that passes

USING  *xs through the point (x,, ¥;). That is, ¥(x) solves the initial-value problem

BY SECA **=

o= fle . M) =

In contrast to local errors. the global error at x;_, is defined to be

M) = Yo

where y(x) is the exact solution of the original initial-value problem (7.3). Figure
7.7 illustrates the relationships between ¥(x). $(x). and local and global errors.
- Intuitively, the local error is the additional truncation error arising from inexact

: solution at a given step. The global error gives the accumulated total error propa-
gating from the entire sequence of steps. .

* IS 'EE ]
xkx
¥
. i ' Exact solution 1ix) e
‘_ xp. v
: Gilobal error = v(x, - =i
(xg. ¥g) ’ I -~ -
i Computed Tow =
b g i (rajegrorv / | ’l:ouxl error =
? ’ I ‘ | ¥ (.\'/ -1 )y— Yien
’: | [ [ (e 1 ¥e )
b |
3 ! { Exact solution F(x)|
| [ [
&y I I I
t } } X
Xy X ,\'I' .\'I' + 1
L . FIGURE 7-7 Relationship Between y(x), §(x), Local
' — i and Global Errors
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The Adams (Adams-Bashforth) Methods

Table 6.1 ADAMS FORMULAS

Coefficients of

Order of Coefficient Local truncation
formula of h b fi-q fiez h Fiea fis error E,.

1 1 1 2h%y"(E)

2 3 3 -1 HRY"()

3 % 23 -16 5 IR (3)

4 * 55 -59 37 -9 - By

5 s 1901  -2774 2616 —1274 251 s hSyVYE)

6 o 4277 ~7923 9982  —~7298 2877  —475 BEEATYV g

for the other local truncation errors showﬁ in Table 6.1.

represents most of the local truncation error. From the :deﬁnition of the third backward
difference given in Section C.2 of Appendix C we can write

h@V3f,) = $h(F, — 3ficy +3fi2— fiza). 6.114) -

i

Backward finite-difference expressions for derivatives are given by Equations (5.123).
From the third of Equations (5.123) we deduce that

w2 Vi T 3oy + 3yt — )

Re e = + o)
or
By =y = 3y + 3oy = yis + BOM]. (6.115)
From Equation (6.115) we determine that
(i = 3fici + 3fina = fiog) = By ~ o). (6.116)

Combining Equations (6.116) and (6.114),
hEVF) = Byt ~ 00) = $nty(®)

where the fourth derivative of y is evaluated at some unknown x value & in the range of x

values spanned by the one-step application of the third-order Adams. formula. Thus, the
local truncation error of the third-order method is

Ep = §h*y" (&) (6.117)
as shown in Table 6.1. In similar fashion we can show that
hGVE) = 3y ()

W&V f,) = iy ()
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Carrying out the iniegration indicated, the general formula is
Yier = Vi + h(Fiey — 3VF — 15V i1 — 31V 141 — 756V fi1
"l%zﬁvsfiﬂ_-@‘véfiﬂ-“')- '

80,480
To obtain the third-order Adams—Moulton corrector formula from this general formula,
Equation (6.137) is truncated to three terms following y;, which yields

Vi1 = Vi F W= Fror = 8Vf1r — V10

Then substituting the backward differences as given in Section C.2 in Appendix C into
the above, we find

(6.137)

h
Yisr = Yot o (i 8fi + 5fi+1) (6.138)
which is identical with Equation (6.129) derived previously.

The fourth-order Adams—Moulton corrector formula is found by truncating Equation

(6.137) to four terms following y,, yielding
Yier = Vi + hfiey — %Vfi+l - %V - 1V i)
Substituting the backward differences from Section C.2 of Appendix C into the above
gives the corrector equation

h
Yier =¥t 54 (fiz = Sfi—y + 19fi + i) (6.139)
which is identical with Equation (6.134) found previously.
~ Using the terms in Equation (6.137), we can obtain Adams~Moulton corrector for-
mulas of orders 1 through 7, or of orders 1 through 6 ptus a local truncation error expression
for each of the six. These expressions are given in Table 6.2. In the local truncation-error
expressions £ is an unknown x value in the range of x values spanned in the one-step
application of a particular Adams—Moulton formula. While explicit numerical values can-
not be found for these expressions because the derivatives in them cannot be evaluated,

they are useful for comparing the truncation errors of the various Adams—Moulton for-
mulas, and for comparing the truncation errors of these formulas with those of other

Table 6.2 ADAMS-MOULTON FORMULAS AND LOCAL TRUNCATION-ERROR EXPRESSIONS

:ctor equation

. Order of
formula

Coefficient

Coefficients of

fl'-l fl-z

Local truncation
error Er

of h h fics fiea

~3h%"(E)

- Teh’y"(E)

~ kY (®)
—455h°yY (E)

— 1a55h%yV(E)
~ go3gah’yVH(E)

-1
19
646
1427

-19
—173

106
482

- 264

~798 27

39w




U

17. (For Ex. 1): y(0.1) = 1. 1118805, y(0.5) = 2.037337, using
h = 0.1. The error estimates dré all less than 2E-7.

(For Ex. 6): y(1) = 1.414217, using h = 0.5; error
estimate is 6E-6. (The analytical result is 1.414214,
actual error is 3E-6.)

(For Ex. 9) y(0.5) = 3.4429728, using h = 0.25; error
estimate is -4.2E-6. With h = 0.5, y(0.5) = 3.443255;
error estimate is -9.7E-5.

18. X y (computed) y(analytical)
0.2 ~0.781269 -~0.781269
0.4 -0.529680 ~-0,529680
0.6 -0.251188 -0.251188
0.8 0.049329 0.049329
1.0 0.367879 0.367879

19. a) Using RKF with h = 0.5, v(6. 0) = 104.149. The error
estimate is -~6.4E-6. Each figure in the answer is
presumably correct.

b) With RK-Merson and h = 0.5, v(6.0) = 104.149.
20. a) -0.28326 b) -0.28387
c) ~0.28396 (To get the value with a gquartic, add
251/720)hJQ f to the results.from a cubic.)
21. t 0.8 1.0 1.2
Yy 2.0155 2.2843 2.5246 "
analytical 2.0145 2.2817 2.5199 7

22. Exact results are obtained because dy/dt is a quadratic.

23. X 0.8 1.0 1.2 1.4
Y 2.20794 2.19060 2.21327 2.29194

24. y(1.2) = 2.5199 versus 2.5199 (analytical).
25. y(4) = 4.2256 (predlcted), v(4) = 4.1147 (corrected).
The error estimate is +0.0038 so y has 3-digit accuracy.

(The actual error is -0. 0084). The origianl data must be
correct to at least 3- digits.

Ex 5 - 3



26. By RKF: ® 0.2 0.4 0.6
’ Yy 1.06267 1.24601 1.51691
By Milne: x 0.8 1.0
(\5 y  1.77973 1.89205
27. b 0.8 1.0 1.2 1.6 2.0
y 2.3164 2.3780 2.4350 2.5381 2.6294
est error <BE-5 <5E-5 <5E-5 6E-5 <5E-5 \
(h was increased at x = 1.2).

28. Substitute the values. ‘ !
29. Divide: (1+2r)/(1-r) and (-1+2r)/(1-r).

30. Substitute definitions of the differences in terms of
f-values and collect terms.

31. X 0.8 - 1.0 1.2
y 2.0145 2.2817 2.5199
(These match the analytical results.)
32. Xs 0.8 1.0
Y ' 1.77999 1.89541
(These are less accurate than by Milne's method.)
33. Using Runge-Kutta:

X 0 0.2 0.4 0.6
Y 0 0.00040 0.000640 0.03247

.
Using Adams-Moulton:

X 0.8 1.0
h'4 0.10343 0.25757
<»\\ : error ~3E-5 -1.5E-5 (need to decrease h)
e Interpolated values (Eq. 5.23):
x 0.5 0.6 0.7 0.8
Yy 0.01586 0.03247 0.06038 0.10343

Continuing with Adams-Moulton:

X 0.9 1.0 1.1 1.2 1.3 1.4 . : i

\'s 0.16687 0.25712 0.38356 0.55797 0.79932 - 1.13878 !
error -1E-5 -1E~5 -3E-5 ~5E-5 -10E-5 ~21E~5

(Probably one should decrease h again at x = 1.3.)

Ex 5 - 4
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Figure 9.4

EXAMPLE | Solve

'_" with-initial conditions
: T w=1x for 0=x=0.25,

ST w=4-4x for 025=x=10,

R . . . ou _

| A

,[[ I - bdﬁndary conditions are ¥ = O at x = 0 and at x = 1.0,
! e » L Putting the equation into the standard form,

. L . : 2 2 .92
\| po . ) '! .aa u‘~+ biy_. +Ca u

w0

0.5

il o 02

0.l

_ 0 025 0.50 075 100
Figure 9.5 : x
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givesa = —2,b=0,c =1, and e = 4. (The equation is linear since a, b, ¢, and e

are independent of u, u,, and u,.) m
The slopes of the characteristics are the roots of : e

—2m? + 1 = 0,
me s

so the characteristic curves are straight lines in the xt-plane, as shown in Fig. 9.5. Consider

. points P, Q, and R—(0.25, 0), (0.75, 0), and (0.5, 0. 1768)—and solve Eq. (9.16),
which is

amy, Ap + ¢ Ag + e At = 0.

Along P — R —2<\/—>Ap + Ag + 4Ar = 0,
 =Va(pr — pp) + gk - qp) + 4(0.1768) = 0
Along Q0 — R: —2( \/—>Ap + Ag + 4At = 0,

V2(pr ~ pg) + (gr — 4g) + 4(0.1768) = 0.

Using

du\ - du ou O
= | -— = -4 % = | — = = {— = -
Pr (ax>p e (az)p 0 P (ax>g +

du
= (8),
ot 0

we find pp = —4, gz = =V2/2 by solving the equations P — R and Q — R
simultaneously. :

Now we evaluate u at point R through its change along P — R:
: 0-V2/2
Au = p,y, Ax + g,y At = —4(0.25) + <~——2ﬂ>(0.1768)

~1.0625;
3 + (—1.0625) = 1.9375.

It

i

Ug

(If we compute through evaluating Au along Q — R, we get the same result.)

*The gradient has a dxscontmulty at x = 0.25. The value of du/ax for points to the right of P applies for the
region PRQ.
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Table 9.4

EXAMPLE 2

x 0 025 0.5 0.75 1.0
u(t = 0) 0.0 3.0 2.0 1.0 0.0
u(t = 0.1768) 0.0 0.9375 0.9375 0.0
u(t = 0.3535) 0.0 ~1.1875 -0.2500 0.8125 0.0
u(t = 0.5303) 0.0 ~1.3125 ~2.4375 ~1.3125 0.0

For this simple problem, the finite-difference method is much simpler, and we expect
it to give the same results. Following the procedure of Section 9.1* we compute with
Ax = 0.25, At = Ax/\/E = 0.1768, and obtain Table 9.4. The circled value agrees

exactly with that calculated by the method of characteristics. =

Solve

ki C %
o 4+ 205,

over (0, 1) with fixed boundaries and the initial conditions:
du
u(x, 0) =0, —é?(x, 0) = x(1 — x).

For this problem, a = —(1 + 2%),b=0,c=1e=0. Then am? + bm + ¢ =

0 gives
_ 1
m=ENT+ 29

The characteristic curves are found by solving the differential equations dt/dx =
V1/(1 + 2x) and dt/dx = —V1/(1 + 2x). Integrating’ from the initial point xo and ¢y,
we have

) + \/T+ 2x — \/T + ZxO from m..,
to— V1I+ 2+ V1+ 2 from m_.
' Figure 9.6 shows several of the characteristic curves. We select two points-on the initial

curve for t = 0, at P = (0.25, 0) and Q = (0.75, 0), whose characteristics intersect at
_ point R. Solving for the intersection, we find R = (0.4841, 0.1782).

t

il

!

’;‘The algorithm is 1uf,” = (W, + i) — w7t = 4An)? with A = Ax/V2. For the first tiime step, 1] =
By + uin) — 24BN

*In this example, the integration methods of calculus are easy to use. We could use a numerical method if they
were not.
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05+
0.4
03
(0:3328, 0.2906)
u = 0.03¢3 (0.39Q8, 0.2536)
02} u=20.
503285, 0.2071)
- 4841, 0.1783
u = 0035 <Z ¢, 0.1783) 7(07374, 0.1589)
u = 00334
0.1 b » u=00
" ; . o .
0 \/ \/ N\ N
0 0.25 0.50 0.75 10

X

We now solve Eq. (9.16) to obtain p = du/dox and q = du/dt at R;

s

609

At point P:

At point Q:

At point R:

ou
x=025 t=0, u=0, =(—> = Q,
p 0x/p

1 O
q—(at)P—x x 0.1875,

m=V1/(1 + 2x) = 0.8165,
a=—-1+2)=-15 b=0, c=1, e=0.
x=075 t=0, u=0, p=0, qg=x—x%=0.1875,

[ ————————

m = —V1/(I + 2x) = —0.6325,
a=-25b=0, ¢c=1, e=0.
x = 04841, ¢=0.1783;

my = VI/(1 + 2x) = 0.7128,

m_ = —-V1/(1 + 2x) = —0.7128,
a=-1.9682, b=0, c=1, e=0.
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EXAMPLE 3

Equation (9.16) becomes, when we use average values for a and m,
P-—R:
0— R

~1.7341(0.7646)(pg ~ 0) + (1)(gg — 0.1875) = 0;
~2.2341(—0.6726)(pg — 0) + (1)(gz — 0.1875) = 0.

Solving simultaneously, we get pr = 0, gg = 0.1875.
We calculate the change in u along the characteristics:

P— R
Q— R

Au = 0(0.2341) + 0.1875(0.1783) = 0.0334,
Au = 0(—0.2659) + 0.1875(0.1783) = 0.0334,
ug = 0 + 0.0334 = 0.0334,

Figure 9.6 gives the results at several other intersections of characteristics. Students
should verify these results to be sure they understand the method of characteristics.

Solve the quasilinear equation, with conditions as shown, by numerical integration along
the characteristics. (This might be a vibrating string with tension related to the displace-

‘ment u and subject to an external lateral force.)

2 2
- =0,

ax2 EYY) u(x, 0) = x(1 — x),

ufx, 0) =0,

u©0,6) =0, u(l,t)=0. (9.18)

We will advance the solution beyond the start from P, at x = 0.2, r = 0, and Q, at
x = 0.4, t = 0, to one new point R. Comparing Eq. (9.18) to the standard form,

au,, + bu, + cu, + e = 0,

wehavea=1,b=0,c= —u,e =1 — x2, We first compute u, p, and g at péintsP
and Q

u=x(1—x)
(from the initial conditions), so
up = 0.2(1 = 0.2) = 0.16,
ug = 0.4(1 — 0.4) = 0.24.
Also,

_u_

p~6x_-1_2x‘

(by differentiating the initial conditions), so

pp = 1 — 2(0.2) = 0.6,
po=1-204) =02
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and .
O

(from the initial conditions), so
qp = 0:
qQ = O.

To locate point R, we need the slope m of the characteristic. Using am? — bm +
¢ =0, we get

1dents _ b+ Vb2 — 44
s m= 2a o

S )
along m = 5= +*Vu.
place-

Since m depends on the solution u, we will need to find point R through the predictor—
corrector approach. In the first trial, use the initial values over the whole arc; that is,
take m, = +mp and m_ = —mg:

my = Vup = V0.16 = 0.4,

©-18) m- = Vg = —\V0.24 = ~0.49.

1O, at We now estimate the coordinates of R by solving simultaneously

’ g = myi(xg — xp) = 0.4(xz — 0.2),

Sints P : tr = m_(g — xp) = —0.490(tz — 0.4). O

These give
xg = 0310, 1z = 0.044.

We write Eq. (9.16) along each characteristic, again using the inijtial values of m, since
m at R is still unknown;

am Ap + ¢ Aq + e At = 0,

_0.04 + 0.096

(1)(0.4)(pg — 0.6) + (—0.16)(qx — 0) + (1 >

)(0.044) =0,

(1)(—0.490(pg — 0.2) + (=0.24)(gg — 0) + (1 - 916—%—0-'%)(0.044) = 0.

In these equations we used the arithmetic average of x? in the last terms. Solving simul-
taneously, we get : '

Pr =039, gp = —0.246.
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As a first approximation for u at R, then,

Au = p Ax + ¢q At,

0.6 + 0.399
2

ug = 0.2095.

0 — 0.246

up — 0.16 (0.310 - 0.2) + ) (0.044 — 0y,

1l

The last computation was along PR, using average values of p and ¢q. We could have
alternatively proceeded along QR. If this is done,

0.2 + 0.399
2

ug = 0.2076.

0 — 0.246

2 (0.044 — 0,

up — 0.24 (0.310 — 0.4) +

The two values should be close to each other. Let us use the average value, 0.2086,
as our initial estimate of ‘uz. We now repeat the work. In getting the coordinates of P,
we now use average values of the slopes,

e © 04 V02086,
- ity = e s — 0.2),
~0.490 — /0.2086
te = 5 (xg = 0.4),
xp = 0.305, 1z = 0.045;

0.16 + 0.2086

(pR - 0'6) - ( 2

0.4 + V0.2086
(1)<‘—-—2 )

)(CIR -0

N <1 _0.04 +2o.0930> 0.045) = 0,
—0.490 — /0.2086 0.24 + 0.2086
o : )epw - 0) - (S22, )
s <1 _0.16 +20.0930>(0_045) o,
pr = 0398, gp = —0.242;
ug = 0.16 + (19—%0'—395(0.305 ~02) + 9—"—%)—‘&(0.045 - 0),
ugp = 0.2071  (along PR);
e = 0.24 + (L“ng'ﬂ(o.sos —0.4) + 0—"2&(0.045 - 0),
ur = 0.2063  (along QR).

The average value is 0.2067.
Another round of calculations gives ug = 0.2066, which checks the previous value
sufficiently. This method is, of course, very tedious by hand. »
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712 ANSWERS TO SELECTED EXERCISES

" Exercise Ser 1 a)

. 10.4 (page 557) b)

. _ 9
() | 0
\ 3 a)
b)

©)

d)

5 a)

b)

)

49

CHAPTER 11 &

Exercise Set 1 a)

11.1 (page 565)

3 a)

b)

©)

With x©@ = (0,0), x® = (0.9960763,0.9973286)'

With x = (0, 10), x'" = (1.537896,.10.96678)"

With x© = (1, 1), x*¥ = (0.5014280, 0.8698339)*

With x(©@ = (—0.1,0.1), x!® = (—~0.2795486,0.4641872)"

With x'® = (0,0,0)", x¥) = (1.073144, 1073144, 0.8044867)°

With x@ = (0,0,0)", x* = (—0.02005700, 0.09019657,0.9946810)"

With x!9 = (0,0,0), x'® = (1.038654, 1079038, 0.9289789)’

With x© = (0,0,0)", " = (0.4730910,0.01915232, —0.5231886)"

With x© = (0.1,0.1)!, x® = (5343082, —0.6262875) and G(x®) = 0.006995494
With x© = (0,0), x"¥ = (0.6157412,0.3768953)' and G(x"'?) = 0.1481574

With x@ = (0,0,0)", x® = (-0, 6633785 0.3145720, 0.5000740)" and
G(x'%) = 0.6921548

With x(@ = (1, 1, 1), x® = (0.04022273,0.01592477,0.01594401)" and
G(x@®) = 1010003

i X Wiy b Xi Wy

1 1.047197 —0.533308 1 0.7853982 0.1631159 I

2 2.094394 ~1.51942 2 1.570796 —0.7662053 g
3 2356194 —1.246696

i Xio Wii Wi

5 1.25 0.1676179 1.656001
10 1.50 0.4581901 0.8016986
15 1.75 0.6077718 0.4406008
20 2.00 0.6931460 0.2610475

Exerci
11.2 (
i Xi Wii Wi
5 1.0 0.00865076 ~0.04179500 ,
10 20 0.00007484 ~0.00036134 ‘ i
15 30 0.00000065 0.00000313 '_‘
20 4.0 0.00000001 0.00000003 ;
i X; ) wy; Wi
3 03 0.7833204 —1.800761 ‘ g
6 0.6 0.6023521 0.2968196

9 09 08568906 1305988 I




Exercise ‘Set

12.3 (page 632)

1

5

a)

a)

<)

a)

b)

ANSWERS TO SELECTED EXERCISES

719

i j X t Wy by i X ot Wy

1 1 0.5 0.05 0.632952 { | 1/3 0.05 1.59728
2 1 1.0 0.05 0.895129 2 1 2/3 0.05 —1.59728
3 1 1.5 0.05 0.632952 1 2 1/3 0.1 1.47300
1 2 0.5 0.1 0.566574 2 2 2/3 0.1 —1.47300
2. -2 1.0 0.1 0.801256

3 2 15 0.1 0.566574

Forh = 0.1 and k = 0.01; b) Forh = 0.1 and k = 0.005:

i j X; t 8 Wi i J X; ¢ Wi

4 5 04 05 —9.3352 x 108 4 100 04 05 0.1757581
10. 50 10 05 -—9.1860 x 108 10 100 1.0 05 0.2990169
17 50 1.7 0S5 2.6047 x 108 17 100 17 0.5 0.1357617
i j X L Wy j d) i Jooox t; Wi

4 10 08 04 1166142 2 10 02 04 03921147
8 10 16 904 1.252404 4 10 04 04 0.6344550
12 10 24 04 0.4681804 6 10 06 04 0.634‘4550
16 . 10 32 04 —0.1027628 8 10 08 04 0.3921148
For h = 0,1 and k = 001: g

i j X; tj W,i'f

4 5 04 05 23541 x 107°

10 50 10 05 1.7610 x 107V

t7 50 1.7 05 —~3.8090 x 107°

Forh = 0.1 and k = 0.01;

i j X; tj W,'_j

4 50 04 0S5 01770914

10 50 10 05 03012839

17 50 1.7 05 0.1367806
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Florida International University
Department of Mechanical and Materials Engineering
EGM 6422 Fall 2006 DR. C. LEVY

Midterm EXAMINATION
Nov. 16, 2006

General Instructions -- This examination is 75 minutes long. Put
away all your books and other material except for:
a) your notes :
b) your calculator and straight- edge.
Please sign the following:’
I certify that I will neither receive nor give unpérmitted

aid on this examination. violation of this will result in failure
of the course and possibly other academic disciplinary actions.

Hot  Zhew, o | Z%QQfZ%U%@ﬁ/ -

Print your nHme , “Sign your name

This examination consists ofvthree probléms with several parts to
each of the problems. You are to answer all the problems!

GOOD LUCK!
Problem #: Breakdown by ' Score
- Problem '

1 208 Jo
.2 15% 15
T 3 30% 30

4 35% B2

TOTAL '

77






Problem 3 (30%)

Given the following first-order Ordinary Differential
Equation:

y'(x) = x* + ¥

with the following initial conditions

yi{x = 0) = 1
(15%)a)  Use the Classical Runge-Kutta [O(Ax®) error per step]
method to obtain y ( x = 0.1) in one step of h =
0.1. T
(15%) b) Use the results found in a) and the proper order of

Adams-Moulton method that maintains the same error
to obtain y ( ¥ = 0.2) in one step of h = 0.1.

Problem 4 (35%)

(10%) a) Find the Pseudoinverse used in the Gauss—Seidel
iterative technique for the following matrix A

2 +1 0
+1 2 +1
0 +1 2
(25%)b)  You are now to use the Gauss-Seidel iterative technique
to find the solution to
Ax =Db
,with B¥ = { 2, 0, 0 }. Find x using the starting
vector x° ={1, 1, 1} and the pseudoinverse found in
a).

DQMA$_£Q§EL§_L?ERAmIONS FOR EACH ELEMENT OF THE x VECTOR.
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