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The comparlson of these results with an analytlcal solution shows an exact
match.

Plane Triangular-Element Systems

The simplest element for two-dimensional continuum problems is the triangular
element shown in Figure 7.17. It can be used effectively to approximate practically
any system configuration. Such elements were introduced by early investigators to

study the torsion problem and to derive the stiffness matrix for plane stress
problems.

X3

X3

Figure 7.17 Triangular element of thickness t.

Consider the triangular element of relatively small thickness ¢ shown in Figure
7.17. The nodes are located at the vertices and are numbered 1, 2, and 3. These are
the local node numbers for the element. The corresponding global coordinates for
these nodes are (x,, y,), (x3, y5), and (x3, ¥;). The displacement behavior of the
, element will be described with u and v values, corresponding to x and y movements -
'f respectively, at each node. Thus the displacement simulations with this element
l will require six degrees-of-freedom as represented by the vector relationship shown
? in Equation 7.26.

' {Q} =[u, Uy u, Uy Uz v3]" (7.26)

We make the direct assumption of linear displacements in'the x-y plane so that we







- 244 Simulation Methods

can introduce the following approximating functions.
i=a+a;X;+asy;

vy=b; +byx;+b3y;

(7.27)

The a's and b’s can be evaluated using the matrix equations given by Equations
7.28, 7.29, and 7.30.

Uy ay Uy b,
U, =Jf [A] Sazp; v, ¢=[A]l4b, , (7.28)
u3 } as U3 : b3 A

The A matrix is given by Equation 7.29.
1 S 7 T 1 :
[A]=]1 X2 Y2 (7.29)
' 1 X3 Y3

Solving for the a and b vectors requires the inverse of [ 4], as shown in Equation

7.30.
ay uy b, Uy
=[4]"" Qu, byt =[A]"" {v, (7.30)
as {u; b, Vs

The inverse of [A] is given by Equation 7.31.

05 X2Y3—X3Y2 X3Y1—X1Y3 X1Y2—X2 V1

[A]7 =— | y2—ys V3—=n Yi—YV2 (7.31)
X3— X, Xy —X3 Xp— X,
In Equation 7.31, A=0.5 det [A4] and is the area of the trlangle as given by Equa-
tion 7.32.
A—OS[x2y3 TX3Y2t X3V — X1 Y3+ X Y2~ X Y1 ] (7 32)

It is left as an exercise to show that we can get Equations 7.33 and 7 34 from
Equatxons 7.28 through 7.31. -

.
u,w

u=[N, N, NyJdu,s o (1.33)

,LuaJ
£ Y

™
v=[N, N, Nilqvap ' (7.34)
V3
In Equations 7.33 and 7.34, N,, N,, and N, represent the shape functions for the

triangular element. A generalized form can be used to express the shape functions,
as shown in Equations 7 35 and 7.36.
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[cx +Bix+y;:v] i=1,2,3 (7.35)
The o, ﬁ,, and y; are determmed from Equation 7.36.
Xy =X3Y3—X3)> Bi=y,—y, Y1=X3—Xy
U2 =X3)1—X1 Y3 ﬁ‘2=J’3“,V1 Va=X;—X; (7.36)
oc3=x1y2—~X¢y, Bs=y1—y, Y3=Xp—Xy

Equations 7.33 and 7.34 can be written as a single matrix equation, as shown in
Equation 7.37.

W [N, 0 N, 0 Ny 0 uy|
{u}”[o Ny 0 N, 0 N3]{02_ (7.37)

The two-dimensional strain displacement relations are

__au' ] _60 ) 6v+5u
*Tox’ oy T Ty dy

and the correspondmg stress—strain relations for a homogeneous, isotropic plane
stress element are given by ‘

E .
ax:'l__';i (8x+V8y)

E
Oy =12 (e, +ve,)

1
0.5Ey,, l—-v
= TXY Ey,y ——s
=gy 0 T
The latter can be written in matrix form as shown in Equation 7.38.
{o}=[Cl{e} - (7.38)
where
Ox | €x
{o}=Jo, 15 {g=
Txy ) Vxy
and |
1 v 0
E v 1 0
[Cl= [ — ] L
0 0 —
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Substituting the foregoing derivatives of the shape functions (given by Equation
7.35) gives us a general matrix equation for the strains, as shown in Equation 7.39.

| rul\
‘l Uy
Ex 05 Br O B2 0 B3 0 Jéal _
g ¢=—10 Y1 0 Y2 0 Y3 || V2 (7.39)
A
Pxy Y1 B, Y2 B Y3 - B3 |u;
' Lvaj

It is noted that Equation 7.39 can be written in shortened form as

‘ {e} =[B1{q}

To complete the derivation of the stiffness matrix, the joint force stress matrix
needs to be constructed. The constant stresses relative to the triangular element are
illustrated in Figure 7.18. Since the stresses are just the stress distributions, they
can be conveited into equivalent nodal forces. For example, the o, stress on the
right-hand face [see Figure 7.19] yields a total force:

F;O‘al=axt(y3 _y1)=oxtﬁ2

This force produces the equivalent nodal forces f1, f3, and f3%. Part of the total
load is taken by nodes 1 and 2, and part by nodes 2 and 3. That'part of the force
taken by nodes 1 and 2 is now assumed to be divided equally between the two
nodes and is given by Equation 7.40.

1=f3=~050,t8, (7.40)

That part of the force taken by nodes 2 and 3, which again is assumed to be divided
equally, is given by Equation 7.41.

3=13=-050,t8, (7.41)

>

S X

Figure 7.18 Plane stress triangular element.
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N
—— g <y
h‘

3

A

Figure 7.19 Direct stresso, and shear stress T4y ON right-hand face with
equivalent nodal forces.

Hence, for the right-hand face under the influence of o, we have the equivalent
nodal forces grouped under Equation 7.42. Note that — (83 + ;)= — (¥, — y3) = ..

chr= —O-SO-xtﬁEl
5r=—0.50,1p3—0.50,1f, =0.50,8, (7.42)
f§r= —0.50,18,

Consulting Figure 7.19 again, we see that the shear force on the right-hand face
gives us a total force of

F;olal ='_txyt(y3 _yl):':‘cxytﬁZ

This force produces the equivalent nodal forces f%, f%, and f%. Again part of
the load is taken by nodes 1 and 2 and part by nodes 2 and 3. Assuming that it is

equally divided, as before, we can express the part for nodes 1 and 2 as Equation
7.43.

f}{z'f’:E:O'STxyt(yZ*yl): _O-STxytﬁii (743)
Equation 7.44 gives us the part taken by nodes 2 and 3. -
f§=f%=0'51xyt(y3_y2)= "_O'STxyt/}l (744)

Thus nodal forces owing to shear forces on the right-hand face can be given by the
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grouping under Equation 7.45.
fir=—0.51,,B; |
Jhr=~0.51,tB;—~0.51,t, =0.57,,1f, (7.45)
S3r=—0.57,,tB,

Using the same reasoning, we can develop nodal forces owing to total stress
forces on the left-hand face and the top and bottom faces. From the left-hand face,
we get the nodal forces shown grouped under Equation 7.46.

Jir=-050,18,
f3=0
Ja=~050,p,
Su=—051,,18,
Sou=0

5= —0.57,,tp,

(7.46)

From the top face, we get the nodal forces shown grouped under Equation 7.47.
fii=~0.50,ty,
f4=—050,ty,
S5:=050,ty,
fii= —0.51,,ty,
Ja=—0.51,,ty,
S3:=0.57,,ty;

(7.47)

From the bottom face, we get the nodal forces shown grouped under Equation 7.48.
fylbé —0.50,ty; | -
b=—0.50,ty,
S3=0
Siv=—0.57,,ty,
J3p=—0.51,,ty,
J3=0

The total force on any node is the sum of the nodal forces given for that node above.
For example,

(7.48)

e ’f:l+f’fb+f3fr+f°fx
fi= ~0.578y2+73)— 0.50,4(85 + B,)
!
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This gives us Equation 7.49. o
S1=050,t8,+0.57,,ty, (7.49)

In the same manner, we can get five more similar equations. However, we can
express all six of these nodal force equations easier by using one matrix equation,
as shown in Equation 7.50. ’

{f}=[Al{0} (7.50)
where
O'x
{o} =10,
Tyy
rﬂl 0 1]
0 Y1 B,
B2 0 Y2
[A]=0.5¢ 0 e B
B3 0 Y3
L0 V3 B3
(/3]
VAt
{f}=1 fyz t
2
/3
Lf3)

Substituting Equation 7.38 and the shortened form of Equation 7.39 into Equation
7.50 gives us our final element equation, Equation 7.51, relating nodal forces and
displacements. '

{f}=[k1{q} (1.51)

The element stiffness matrix, [k], consists of the product of three other matrices,
as indicated in Equation 7.52.

[k]1=[AJCI[B] (7.52)

Pérforming the matrix multiplication implied in Equation 7.52 gives the required
stiffness matrix for the plane triangular element. Details are given as Equation 7.53.

—ku ki, kis kia kys kig

Et \kss kg ks ke
kl= ——— 7.53)
Lk] [4A(1 _Vz)] I kyy kys kys (
symmetric ™~ kss kse
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where

kyy =P34 Vmyi
'k12=VpY1ﬁ1
kiz=PB1B2+VYm¥172
kia=vBiy2+vmBays
kis=PB1B3+Vmy173
kig=vB173+Vmp1Ps
kzz—)’?f+vmﬁ2
ka3 =vP2y1+ Ymy2B1
koa=7172+VmB1 B2
kys=vy1 B3+ vmP173
kye=7173+YmB1B3
kyz=PB3+Vmy3

k34=vp)’2ﬁz
kys=PB2B3+ Vmy2V3
k36=vﬁz)’3+vnz)’zﬂ;
kaa=73+vmb3
kqs=vyB3+vnB2ys -
kas=7273+VmB2B3
ksé“-ﬂ%’*‘v;n)’% |
kse=vB3y3+VmP3ys
kss“)’%”f‘vmﬁ% .

and

v __1—-v

)
1+4v

W=y

The stiffness matrix for a triangular element in plane strain may be obtained in
the same manner as described in the foregoing except that the stress— strain
relatlonshlps (Equation 7.38) must be modified. The modified stress—strain
equation is given as Equation 7.54.

{o}=[C"1{e} (7.54)
where _
! 1—v 1 0
[C'T=E[(1+v(1=20)1""]v 1—v 0
' 0 0 11— 2v'
» 2

and {c} and {¢} are as defined before.
The required matrix multiplications are as shown in Equation 7.52, except that
[C] must be replaced by [C']. The resulting matrix is given as Equatlon 7.55.

Ky Ko Ky Ko Kis t6]
\ K22 K23 K24 K25 K26
K33 K34 K35 K36

[K]=CK (7.55)
§ \K44 Kys Ky
‘symmetric NKss K
} ’ \K66

where

(CK)=Et[2(1 +v)(1 —2v)] !
Al =(1—V)

Kys=vf3y1 +42B173
Koe=219173+ 428183
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fp=r=2 Kyy=1, 63+ 1,3
) - and : Ki3s=vB2y,+ 1,827,

K1 =4 B+ A,7} K3s=2A1B2B3+ 427275
Kya=vB1p,+ 2,87, K36=vB3y3+ 127,85
Kyi3=2B1B2+ 2717, Kaa=273+ 2,83
Kya=v1y2+ 2782 Kys=vy2f3+2,8,7;
Kys=24,1B3+ 237,73 Ky6=2417273+ 1,8, 85
Kie=vB1ya+2y 85 - Kss=24,83+ 4,93
Kya=Ayi+ 4,82 Kss=vB3y3+1,73p83
Kaz=vy; B2 +2,8,7, Keg=A1y5+ 1,53

Kaa=A1y1y:+2,8,8,

Examples 7.6 and 7.7 illustrate use of the foregoing element formulations in
structural plate systems.

EXAMPLE 7.6

Consider the thin flat plate system shown in Figure 7.20. Assume consistent units
and take a thickness of 0.25, an elastic modulus of 30 x 10, and a Poisson ratio of
0.3. The right edge of the plate is loaded with a distributed load of 400 force units

per unit area. Using a two triangular-element approximation, simulate the two-
dimensional deflections and stresses.

f’
Z
/ v
7
7 .
05 é »| p = 400 psi
1 >
Z >
Z — X
A
1.0
Thickness = 0.25 in.
E = 30 x 108 psi
v =0.3

Figure 7.20 Flat plate, Example 7.6.
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B We choose the plane stress case and visualize the finite elements and nodes as
shown in Figure 7.21.

Rollers

|l 1.0n.

Figure 7.21 Finite-element idealization of flat plate (plane stress condition).
Two elements.

For element 1 (nodes 1, 2, and 3), we have A =025, B, =y,—~y3=-0.5,
B, =y3—y;=0.5, Bi=y, —y2=0,7, =X3—X;=—1.0, V2=X;~Xx3=0,and y;=
X2 X1 =1.0. The stiffness matrix, using Equation 7.53, becomes

F .

[0.6000 0.3250 —0.2500 —0.1750 —0.3500 —0.1500]
1.0875 —0.1500 —0.0875 —0.0175 —1.000
| 02500 0 0 0.1500
17_ oyt
e ]=Edaad -] 00875 01750 0
symmetric 0.3500 0
] 1.000

For element 2 (nodes 2, 4, and 3), we have A=0.25, B, =0, B.=0.5, f3=-0.5,
71= =10, y2=1.0, and y;=0. The stiffness matrix becomes

[k*] = Ef[4A(1 —v¥)] ! |

(03500 0 —03500 —01750 0 0.1750
1000 —01500 —1.000  0.1500 0
) 0.6000 03250 —02500 —0.1750
| 10875 —0.1500 —0.0875
symmetric 0.2500 0
] | | 0.0875 |

The element stiffness matrices can be combined in the direct fashion pre-
viously illustrated to form the overall global stiffness matrix. The resulting
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_matrix equation follows.

(u;] [F3)

Uy F}

U F3

Et[4A(1 —v¥)]™! [KG] }or - = F3
Uj F3

U3 F

U, F;

(V4] | F3

Since the system is fixed at node 1, and restr
Uy =0y =u3=0. Introducing these constraint
the final global matrix equation to be solved
for reference.

[KG]=

ained in v only at node 3, we get
s into the above equation yields
- The [KG] matrix is shown first

[0.6000 0.3250 —0.2500 —0.1750 —0,3500 —0.1500 0 0 ]
1.0875 —0.1500 —0.0875 —0.0175 —1.000 0 0
0.6000 0 0 0.3250 —0.3500 —0.1750
1.0875  0.3250 0 —0.1500 —01.000
0.6000 0 —0.2500 —0.1500
1.0875 —0.1750 —0.0875
symmetric 0.6000  0.3250
i | 1.0875 |
06000 0 03250 ~0.3500 —0.1750| [u,) (F3 ]
10875 0 —0.1500 —1.000 ||, F3
Et[4A(1 —v?3)] -1 1.0875 —0.1750 —0.0875 | 4 v, ?=JF§f
0.6000 03250 | [u,| - [Fz
symmetric 10875 | {vy) | F2]

The external loading is applied only to the right-hand face as shown in Figure

7.20. Consequently,
F3=Fi=05P(y,—y,)t
or
= fi= 0.5(400)(0.5)0.25) = 25
also

Fy=F}=F}=0

the loading is divided equally between nodes 2 and 4.

With the nodal loads specified, the global matrix equation shown above can
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be solved to give the displacements.

(u,) [109.8001] [ 1.3333)
UZ _ '2 0 v 0 4

4o, &=[4—A—(-1ET"—2] 4 —16.4835} = 1 —0.2000 t x 10~
u, 109.8901 1.3333

04 |~164835)  |{-0.2000)

Once the displacements have been determined, the reaction forces at the
support nodes 1 and 3 can be computed. Using the appropriate equations from
the original global set (e.g., for RY, we use the first equation), we get the following.

Ri=(En[4A(L—v*)]™(~0.25u, —0.175v, —0.15v,)
Ry =(Et)[4A(1 —v?¥)]~ {(~ 0.15u, —0.0875v, — v3)
R3=(Ef)[4A(1 —v*]71(0.3250, —0.25u,—0.15v,)
The result is Ri=—25, R} =0, and Ri= —25, all in consistent force units.
The stresses in the elements can be obtained by using Equations 7.38 and 7.39.
Thus, for plane stress, we have the following. 1 v
{o}=[Cl{e} or {o}= [CI[B1{q}

Performing the matrix multiplications indicated in the foregoing gives the
following matrix equation,

: B i B2 vy, By VY3
{o} =E[2A(1 "Vz,)]_l vBi By s VBs 73 {4}
ivr iy vay, ViB2 viys vy,

|

where v =(1~v)2. | | “
For element 1 (E =30 x 105, v=0.3, A =0.25, v =0.30) we have the following,

-05 -03 0.5 0 0 03] ]
{0}1=6.5934 %107 [ -0.15 -1.0 015 o 0 1.0 ]u,

—-035 0175 0 0175 035 o0 v, |

03

As expected, we get the following element stress values from the multiplication._

[ 4001

fo}t=y0
Lo

In a similar manner we find the following stress values for element 2.
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400
{o}2={ 0 |
0 \
We observe that, in this example, large stress gradients are not present. Con-
sequently, we would not expect that 1mproved accuracy could be obtained in
the simulated values simply by increasing the number of elements. A BASIC

computer program that can be used to simulate the displacements m this
example is given as Figure 7.22.

100 REM EXAMFI’LE 7,6 AND 7,7 BASIC FROGRAM

110 CLS! CLEARSO! DEFINT I, 7,1, M,N

120 PRINT"2D TRIANGULAR-ELEMENT FINITE ELEMENT EXAMPLE PROGRAM"

130 INPUT"GIVE PLATE THICKNESS"|TH

140 INPUT"GIVE ELASTIC MODULUS"'EM .

150 INFUT"GIVE POISSON RATIO"P

180 INPUT"GIVE NUMBER OF TRIANGULAR ELEMENTS"{NT

170 INPUT"GIVE NUMBER OF NODES";NN

180 DIM NHNT),M2(NT), N3(NT} ALNT),AZINT), AZNT), BINT), Bz(NT) B3(NT) 1GHNT)G2(NT), GANT), X(NN), YINN), ACHT)
190 M=2¥NN! DIM K(M,M),F(M),D(10,M), ND(10), U(NN), V(N IN)

200 REM INPUT ELEMENT INFORMATION

210 FOR I=1TONT"

220 PRINT"GIVE GLOBAL NODE NUMBERS (LOCAL 1,2,&3 CCW) POP ELEMENT"{I

230 INPUT NI(D,N2(D,N3)

240 NEXTI

250 FORI=1TONN

260 PRINT"GIVE GLOBAL CODRDINATE’S. XY, FOR NODE"]I

270 INPUT X, YD

280 NEXTI

220 PRINTIPRINT">>>>> ELEMENT NODE LXST L L=0

300 FORI=1TONT .

310 PRINT"NODES 1, 2, & 3 FOR ELEMEN _"' I}" AREIM{NIDIN2()N3)

320 L=L+1! IF L<14 GOTO350 i

330 INPUT"FOR MORE, PRESS ’ENTER"“ZZ’ L=0

340 PRINT"ELEMENT NODES CONTINUED*

350 NEXTI

360 INPUT"TO CONTINUE, PRESS ‘ENTER™"|22

370 PRINTIPRINT"////// NODE COORDINATES /////7/" L=0

380 FORI=1TONN
390 FRINT" X AND Y FOR NODE.“}Ij* ARE!"} X(DIY(D

400 L=L+1! IF L<14 GOTD430

410 INPUT"FOR MORE, PRESS ‘ENTER"}ZZ} L=0

420 . PRINT"NODE COORDINATES CONTINUED"

430 NEXTI

440 PRINTHNPUT"DO YOU DESIRE TO MAKE A CHANGE IN A NODE NO\?--Y/N";0$

450 IF Q$O"Y" GOTO490

460  INPUT"ENTER THE ELEMENT NUMBER"{Y ’
470 INPUT"GIVE THE NEW GLOBAL NODE NUMBERS ( 1, 2, & ccw LOCALY"INH(T),N2(T3,N3(J)
480 GOTOA440

480 PRINTIINPUT"DO YOU DESIRE TO MAKE A CHANGE IN A NODE’S COORDINA TES’--‘\ /N"Q1s
00 IF Q1$OY" GOTO540 .

510 INPUT"GIVE THE NODE NUMBER"}J

520  INPUT"GIVE THE NEW COORDINATES, X , Y"X(D,Y(D

530 GOTO480

540 FRINT"DO YOU WISH TO SEE NODE ASSIGNMENTS & COORDINATES AGAIN?--Y/N"

530 INPUT AAS! IF AA$="Y" GOTO290 -

560 REM COMPUTE ELEMENT AREAS AND SHAPE FUNCTION PARAMETERS .
570 FOR I=§TONT .
S0 AD=0,S(X(N2(IN*Y(NIIN-XNBDIT(N2ID+XINAD#Y (Nl(I))-—X(NI(l))*Y(NS(I))+X(Nl(I))*Y(NE(I))—X(NZ(D)*Y(NI(I)))

Figure 7.22a BASIC program, examples 7.6'and 7.7.
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- 1.7 SUMMARY OF IMPORTANT RELATIONSHIPS

Triaxial Stress

Strain-stress relationships:

Ex = 'é' [O'x - V(Uy + 0'2)]

Ey = Gy_V((rz+ax)]

i

E[
1

&=5 [o. —v(oy + 0,)]

2(1+w)
Yxy = E Txy

_2+w)
’Y.VZ E yz

21+ )
'sz - E Tzx

Stress-strain relationships: }

|

o, = a+ V;(‘ ) [(1=v)e, +v(e, + £,)]

o E Ve 4 4o
T ETT =2 e F e el

E
7= T o [(1=w)e, + v(e + &,)]

Shear relations are straightforward from Eqgs. (1-27).

Biaxial Stress (o, =7, = 1, = 0)
Strain-stress:

1

Ex = 'E."(O'x - vo,)
1
£, =—E:(0y - vo,)

E: = "’EV‘(U'x +0'y)

_21+v)

E 'Txy

xy

(1-21a)
(1-21b)
(1-21¢)
(1-27a)
(1-27b)

(1-27¢)

(1-22a)

(1-22b)

(1-22¢)

(1-23a)
(1-23b)
(1-23¢)

(1-27a)






ENERGY TECHNIQUES IN
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Example 4-1 Cables BC and BD, shown in Fig. 4-1 form angles of 30° and 45°, respectively, to
the vertical. Determine the vfertica! and horizontal displacement of point B if a vertical force
P of 20001b is applied at B. The cables can be considered to be of solid steel (E = 30 x
10° Ib/in?) each with a crosstsectional area of 0.2 in%

Sor.uTioN The first step is to determine the forces in each cable. From Fig. 4-1b, summation
of forces in the x and y directions results in

Fue = 146415 Fyp = 103510 (@)
G = 2 5 tan30 (D)
v cos 30 )y 1A - v
8y
and (Bn)y = 28— (5,), tan 45 (©)

Setting the two equations equal with

Sup =5.07% 10%in
(8s) =0.26 % 10? in
Substituting this into either of Egs. (b) or (¢) yields

Suc = 5.86% 10~ in
yields

(o¢ 30°

b = Sedn don 30°

(Bn)v =691 X 10" in

. v‘,‘,

Figure 4-2
(1464)(24)

5 = Fu(‘Lnt‘ _
He AE
bun =

T(0.2)(30 x 10%)
_ FusLlap _ (1035)(29.4)

= 586X 107 in

=507 % 107%in

AE

T 0.2)(30 % 107)






Example 4-2 Determine the vertical drop of point B in Exmﬁple 4-1 by equating the total work
done by the force P to the sum of the work P performs on each cable.
SoLuTioN The work done by gradually applying the force P of éOOOlb is simply
W = iP(8y)y = l()()d(&,,)\,
The work applied to each cable is
1 FicLuc

}. ‘ Wi = 1Fye8ne = ‘i "“A‘E—‘ =4.29 in'lb
2
Wn[)‘ = '%F,")anp = % EJ:_&‘)E'%L'!Q =2.62 in'lb

The total work is the sum of the work applied to each cable, and so
W = Woc + Wan |
1000(85)v = 4.29 +2.62
' ’ (8u)v =691 %10 in

Thus it can be seen that a work or energy approach can simplify things considerébly.T

Example 4-3 Determine the horizontal deflection of pomt B in Example 4-1 by the approach
used in Example 4-2. i

\ (FBC)I; (Fyol / g

Wy = H(8u)u
The forces in cables BC and BD due'to H alone are found by static analysis and are
(Fyedu = 0.732H (Fm))n = -0.897H %

e additional work obtained from these forces on the cables arises from the deflections
ised by the actual applied force. The additional work terms are§

(Wi = (Fuc)ubne = (0.732H)(5.86 X 107") = 4.29H x 107°
d : (Wan)n = (Fup)udun = (—=0.897H)(5.07 X 107) = —~4.55H x 10"
e work Jdue to H equals the work H performs on the elements of the system®
Wi =(Wacha +(Wap)w
’ H(6p)uy =4.29H x 107 —4.55H x 107*
(Bn)u = —0.26x10"%in" | S .
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Since the stress is uniaxial, in the elastic range &, = o./E and the resulting

strain energy per unit volume is

U=

Additional Normal Stresées

~If the normal stresses o, and ¢, are also present,

1
u =306, +ioe, +io.e,

4-5)

and using the general strain-stress relationships [Eqgs. (1-21)], we see th’xt the

strain energy per unit volume is

1 B
U=5g [o:+ o2+ ol = 2v(oy0, + 0,0, + 0,0.)]

{ T
\

A Figure 4-6

Xy

Shear Stress

The work due to 7., can be seen in Fig. 4-6. The force 7, Ax Az moves a
distzmce Y«» Ay, which results in a work per unit volume of }y,,7.,. When Eq.
1-27a) is used, the strain energy per unit volume is

14-'1}7_?‘y - (4-7)

u'::

(4-6)

[

pa







General State of Stress
Combining Eq. (4-6) and the strain energy per unit volume due to all the shear
- stresses yields, for the general case,

1
u=sgloi+oltai-2v(ow,+ 00, + 0.00)

+2(1+v)(rl + 75+ 7)) (4-8)

Equation (4-8) can be written in terms of the principal stresses o, o2, and o,
which is basically the same element transformed to eliminate the shear
stresses. Thus, the strain energy per unit volume for the general case can also
be expressed as

!
u '“"i%‘ [oi+ o+ 03— 20(0102+ 0205 + 030)] (4-9)

i
i
i

Biaxial State of Stress

For this caée (see Fig. 4-7) 0, = 7,, = 1, =0, and Eq. (4-8) reduces to

1
=5 [oi+0)—2vo0, +2(1 +v)72] (4-10)
v y
’ !
t x
A 4 N *2 &l //
1. Ty
a, . T, -x . e B > X
Q
Toy  ~—f—— ~ a
! T, 7,
a,
(a) (b)
Figure 4.7

or, in terms of principal stresses (with &; = 0), from Eq. (4-9)
1 .y A Pl A
=5 (Gi+ ¢3—~ 2vq,az)

In many cases of biaxial stress, o, = 0, and Eq. (4-10) reduces to

U= é-IE: [o2+42(1+ v)72)

o

-

(4-11)

(4-12)






4-3 TOTAL STRAIN ENERGY IN BARS WITH
SIMPLE LOADING CONDITIONS

Axial Loading ' E

The stress in a bar undergoing axial loading (see Fig. 4-8) is o = +P[A
throughout the bar, where the plus sign indicates tension and minus compres-

- Fieure 4-8

yi. Thus, ifitegrating the strain energy per unit volume [Eq. (4-5)] throughout
¢ bar yiclds the total strain energy. The total strain energy is therefore

v 1 1 / P\? ’
U«'ﬁfﬁ(x) av

1 (“P*dx
U, =5 , AE _ (4-13)

£ . A, and E are constant, Eq. (4-13) reduces to

1 P’L ;
U.=37F (4-14)

v/hich, as can be seen, is the total work performed by P since W =4P8§ and
= PLIAE.

owever, dV = A dx; thus







I'orsional Loading

ne shear stress induced by torsion is a function of radial position, that is,
= TrlJ. Establish a dV element in which the shear stress is constant (sce Fig.

1-9). Thus from Eq. (4-7) :
1+ v (Tr\?
U, = f"—ij—” (7) dx.dA

n general, except for r* all the finite terms within the integral will be functions
f x. Thus integrating with respect to dA first results in

=[5 s

However, since [r*dA =J,

I. 2
(U +w»)T |
U, = f( gy dx (4-15)

/\ - dA

= (r)

dV = dx dA

Figure 4-9

If v, T, E, and J are not functions of x, Eq. (4-15) reduces to

T?L
EJ

U =1+v) (4-16)

e e s

o o S £ s

<o
e

ot e e
petnspont e






‘x [
) ; .
, b — dA
g N Tl // dV = dx dA
S T XL
\\\\ >
V .L R (b) Volume under constant stress.
I'tansverse loading.
from Eq. (4-12), the strain energy will be
_ L[ L[ (M) V,Q):
U 2fE[( o ) +2(1+v)(12b-)]ddi
_L[L (M, v, - LU,
v [5 () v avans [FEE) () axar = G # Grean
L,z . '
e L_..Z_\/i_f,/ ('/A —_ ,Z:g . L/ - J_, L /{’/‘g / // — / ‘l‘— VA .
e ) B 2 X chi ‘ = i C/X
° £l ’ g ZEZ}"/«"“ EA

The second integral in Eq. (4-17), U,, is evaluated in a similar manner. Since
V.[I, is a function of x alone, integration with respect to dA can be performed
first as was done for U, but the integral f (Q/b)> dA must be evaluated for the
particular shape of cross sect:on under investigation, It is common practice to
assume a constant shear stress across the cross section, 7, = V,/A. This
introduces a small error, and in light of the fact that for most beams U, > U,,.
this error becomes quite negligible. Therefore, if 7., = V,/A is used instead of
7o = V,Q/Lb, the strain energy due to the shear force V, is

1. 2
[+ n)Vy '
U‘. —_ J‘Q. EA ':fix (4"22)

If v, E, and A are constant,

+
U, = 1 Vf V3 dx (4-23)
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Figure 4-11

Example 4-4 Determine the total strain energy of the steel bcam shown in Fig. 4-11. The cross
section is rectangular, 25 mm wide, and 50 mm deep. E, = 20.5 X 10" N/m?; v = 0.3.

SorutionN First, solving for the rea';:tions at A and B gives
R, =8kN R, =4kN

The next step is to determine the shear-force and bending-moment equations:

V. = {'~8kN 0<x<0.5
>l 4kN 0.5<x<LS
M. = {8x kN'm 0<<x<0.5
U8 —12(x ~05)kN-m  05<x<L5

When Eq. (4-19) is used, the bending energy is given by

“ros K]
U, = i—-ér {f (8000x)* dx + f [8000x — 12,000(x — 0.5)1? (lx}
z 0 0

.S

Integration of this and substitution of E =20.5Xx 10 N/m?> and I, = 4(0.025)(0.05)" =
2.604 x 1077 m" results in
U, =749 N'm

The strain energy due to the shear force V, is found using Eq. (4-23), which yields

U, = et 103 ”M( 8000)? d +f"'540'002d] 0.244 N-m
¥ - 0 - (x ) = . '
@05 % 10%0.05)0.029 | J, ¢ os 0 "

Thus " U=U,+U ~75Nm

Note that the strain energy due to bending is considerably greater than the shear energy. This

is usuallv the case for heapls unless they are very short. Thus, in most cases, the shear energy
15 nujlcckj o : :

{
|
|
|
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4-4 THE STRAIN-ENERGY THEOREM

Consider a series of forces P, gradually applied to a structure. At each point of
load application i let 8, be the component of the total deflection of point i along
the line of action of P, Therefore, the total work applied is

W == '}!“‘1 f.]’,: d8,

If energy is conserved, the total work performed on the structare increases the
total strain energy of the structure. Thus U = W, and

?

U= 1| Pp,ds (4-24)
i=1
Now, fixing the points of application of all the forces except one specific point
I, allow point i to deflect an infinitesimal amount Ad; in the direction of P, by
applying an infinitesimal force AP, The additional work AW will cause an
infinitesimal change in strain energy of the system AU. Thus

a8,
AW=P3A6,'4‘I Ap,d8,=AUT
0 .

The work term in the integral is of the order of the product of two infinitesimal
terms and thus can be neglected. Therefore, AU = P; AS,, or

AU R
= 2 225
P; A, _ (4-25)
If AS; is now allowed to approach zero, Eq. (4-25) reduces to
” U
P, = 35, (4-26)

Equation (4-26) actually represents n equations since i =1,2,... 5.

To use Eq. (4-26), it is necessary to describe the strain energy as a function
of the deflections 8, which may be difficult to do as the geometry of
deformation is necessary. This is the disadvantage of Eq. (4-26).

Equation (4-26) is also applicable to problems where the force-deflection
relation is nonlinear provided energy is conserved and rotations are small,

Example 4-5 Two cables shown in Fig. 4-12a are made of a nonlinear material whose
stress-strain behavior is o = Eg — Ke?, where E =30 x 10 Ib/in* and K = 10 % 10° Ib/in®. The
cross-sectional area A of each cable is 0.2 in’, and both have a length L of § ft. Determine the
vertical deflection 85 of point B after a load Py of 200016 is applied.

' !
SoLuTioN Thanks to symmetry, the strain energies in each cable are equal, Thus, it is only
necessary to evaluate one cable, for example, BC. The total energy is then '

U= 2IE1<' dam'

T Here P, was considered constant through the deflection A8, The force AP, is gradually
applied throughout the loading period, resulting in the integral term.

Ia
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w

Py = 20001b

PB
(u) (b)
Figure 4-12
Since Fn(* = (TA = (EF et KE z)”CA and Epc = Sl;c/L, we have
é { Suc\?
Fye = [E‘fg“ K(%) ]A (a)

. anc 855' ? . E(l_sﬁ(_')z 5(&;() ]
U —-2Af [ ( T ) ] ddpc = 2AL[2 1. 3

Now from Eq. (4-24)

___(')_g_ 5”(.') _ (éf_ﬂ_‘)z]@i’_‘: /
Py by - ZA[F( L K L 38y ®

It is now necessary to obtain a relationship between 8,. and 6p using geometry of
deformation. From Fig. 4-12b it can be seen. that

Sne = 8, cos 30 ’ (c)
Therefore R Bpe cos 30 | (d)
_ a8,

Substituting Eqs. (cf) and (d) into Eq. (b) yields
‘ ﬂsn 81} 2 2
P, =24 bZ—K cos 30 1) |cos 30
Rearranging results in

WY __E &, Py _ ‘
(L) Kcos30L T7AK cos’30 0 ()
Solving Eq. (e) yields

.‘; ~ ——*~L +L[( E____)z_ 4P_1; ',IIZ
TR T21VK cos 30! TIAK cos’ 30

)






. /\

€, £y ¢  Figure 4-13

kd

Substituting in numerical values and solving for 8, results in
8y = 0.0142in or 0.194 in

Two solutions are obtained because the stress-strain relationship given is double-valued in
*strain, as can be seen in Fig. 4-13. Thus for a given stress in cables BC and BD, it is possible to
have ecither strain €, or &,. However, since the applied force is gradually increased to

P, =200 1b and does not exceed this value, only the lower strain (and displacement) value is
acceptable. Thus :

8y = 0.0142 in

Note that in Example 4-5 the equilibrium force equations were not used in
obtaining the solution. Although in this example, it would be quite easy to solve
for Fyue and Fg) using the static equilibrium equations, it would not be a simple
matter if the problem were statically indeterminate. When the strain-energy
theorem is used, the solution of the forces comes out of the analysis without
any difficulty. If 85 is substituted into Eq. (c),

8sc = 0.0142 cos 30 = 0.0123 in

Substituting 8¢ into Eq. (a) yields
0.0123

C 0.0123
60

Fye = [(30 x 10%) — (10 % 109)< 60

)2](0.2) = 11501b

The method in evaluating forces! in statically indeterminate problems is
basically the same as that illustrated in Example 4-5.

Example 4-6 Using the strain-energy method, determine the cable forces of the symmetric
structure shown in Fig. 4-14. The length, area, and modulus of cable 1 are L,, A,, and E, and

of cable 2 are L,, A,, and E,; etc. The materials are linear.

SoLuTION The total strain energy is

U=IF|d8|+2Ide82+ZJ’F3d83 ((l)
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Pl

Y

Xy

Py Figure 4-14

Since the force-deflection relationship for each cable is

AE
. r=(1),8 ®)
Eq. (a) becomes

_(AE\ 81, (AE\ (éf) 2 )
U= (L)2+(L>8+ L)% ()

The deflection of point B is the deflection 8, of cable 1, and so

U _(AE AE 682 (AF) a8,

Py = 75 (L ) 8, +2(1 ) 8’88.+2 I 8= 75, (d)‘

As in Example 4-5, a geometric relationship is established:

,/“"\-\M/ :
62:6\COS a, —SICOS 24 (e)
and g—% = COS &2 3‘;’ = COS Q3 _ 0N
1 1 . .

Substituting Eqs. (e) and (f) into Eq. (d) results in

Py = [("}F) +2 (%IE)2 costa,+2 (%)3 cos? a;] 8

Solving for 8, yields .

PH
§ == ()

where =(———1 +2( IE) cos? a2+2( IF) cos? a; ’ )

Substituting 8, into Eq. (b) yields the force in cable 1, Thus

AEY P | | |
F) = (‘”I‘:')l "IZ : . (i)
Substituting 8, into Eqs. (¢) and then substituting into Eq. (b) yields the forces in cables 2 and

. AE\ P
pr—_( ) —Ecoq a; F,-—(%E):Ecos a, 0))
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4-6 CASTIGLIANO’S THEOREM ' £ - /?/

" As demonstrated in Example 4-7, if the load dlsphcement relatlon is linear, the

complementary energy cquals the strain energy. Thus, Eqgs. (4 -30) and (4-31)
can be written

6U
) -3
, - | = 9U (4
and 0; = M, (4-33)

Equations (4-32) and (4-33) are statements of Castigliano’s theorem as applied
to problems where the force-deflection relation is linear. Since many practical
engineering problems involve linear load-displacement relations and the forms
of the strain energy are known for simple cases (see Sec. 4-3), the method of
Castigliano provides a simple and straightforward approach to a complex
collection of simple elements. :

/

Example 4.9 For the structure shown in Fig. 4-17, determine the vertical deflection of point B.

All members have a cross-sectional area A; members 1, 2 4, and 5 are of length L, and
members 3 6, and 7 are of length 1.41L.

- Figure 4-17

r

SoLuTIiON The total strain energy is the sum of the strain energies of all the members. Thus
U = U|+ Uz+ U3+ U5+ U6+ U1
Since each member is loaded ‘axially, the energy in the ith member is

1FIL,

Ui = 2 AE

i=12,...,7
Thus it is necessary to determine the axial load in each member F, using static analysis.,
Assuming tension positive for each member, 'we have
F|=P F2=P F3='—1.41P F4=0
F.=-2P Fc=0 F,=141p



P




The total energy is then given b'y

R . ) :-—y‘ ‘/./
[j_lP”L+1I”L+10441PYUA1L)+0+10&PYL+0+1(DHPYUAIL) Wl
"2AE 2AE 2 AE 2 AE 2 AE

Simplifying results in

11.6 P*L
U=="4E
From Eq. (4-32), the vertical deflection (8,)v of pdint B is dU/oP. Thus

! U PL
(8a)v =3P ll.ﬁXE

In Example 4-9 in order to determine the horizontal deflection of point B
using Eq. (4-32), it would be necessary to place a dummy force at B in the
horizontal direction.

Example 4-10 Using Castigliano’s method, determine the horizontal deflection of point B in
Example 4-9, :

SoLUTION Place a horizontal dummy force H at point B as shown in Fig. 4-18. A static
analysis of the forces in the members caused by H alone can be added by superposition to the

R, H

MANN

forces caused by P, as determined in Example 4-9. Thus

F,=P+H F2=P+H F3="‘l.4lp F4=0
Fg=-2P F¢=0  F,=141P

"The forces can then be substituted into the strain-energy relations to obtain U,, U,, etc. The
displacement of B in the horizontal direction is then calculated from Eq. (4-32), where,

U (P +H)L

(8n)u =;?71—_2——AE
However, H = (), and the final result is .
PL.
(Sn)u =2

AE

The displacement of any point in the structure in any direction can be
found by (1) placing a dummy force at that point in the direction desired, (2)
determining the strain energy of the system due to all applied fotces and the
dummy force, (3) substituting the total strain energy into Eq. (4-32) and
performing—the partial differentiation; and (4) eauating the dummy force to —






T Mgy = My, = P

/06

D yMpy = M, = Pb

(b

[E—— T

Example 4-16 For the wire form shown in Fig. 4-25a determine the deflection of point B in
the direction of the applied force P. (Neglect direct shear effects.) The diameter of the wire is
d, the modulus of elasticity is E, and Poisson’s ratio is v.

The strain energy in CD is due to torsion and bending,t

rain energy i'n BC is due to bending alone: : b
| Weo 204 ¥) (payayby+ o= [ (~Px)(=x) dx
8Usc 1 a Pa’ ap JE EIL )o
e [ ernenay = £2
: Jo s =2(1+v)Pa’b Pb? (b/
JE 3EI,
The strain energy in DG is due to an axial load and bending in two planes:#
oo _ Pc, 1 [ oy v L [0
L ap “AE+EI, fo (Pb)(b) dz +EI—,J’0 (Pa)(a) dz
Pc  Pb? 2
¢, Pa’c (c)

=AE"EL TEL

t Note, for torsion, U, =[(1+ »)/JE]T*L. Therefore
AU, _2(1+vw) 8T

3P~ JE Tk
t Likewise, for axial loading
_1FL
Ue=374F
therefore U, = _F_oF
dP AE 6P

A .

ae deflection of point B in the direction of P is

U aU U,
6 - BC co , dU;
8 )p 3P 3P +‘ ——-—ap ——-—aP’G

P, |
(8s)p = A {-,—(a’ +b)+ c(a®+ b))+ (1+ v)a’b + C%J






Example 4-18 The curved beam shown in Fig. 4-27a has a radius of curvature R, modulus E,
and @ sectional moment of inertia I, about an axis out of the page directed through the
centroid of an area section. Determine the horizontal and vertical deflections of point A
considering only bending due to the application of the horizontal force P.

N
V7<’
AV,
N
AN

Figure 4-27

SoLUuTION It is necessary to establish how.tﬁ'e bending moment varies throﬁghout the beam.
When the variable 0 is used, as shown in Fig. 4-27b, the bending moment can be determined as

a function of 6. If this is done, an infinitesimal lenz._.th of beam will be R d6. Substituting R d0
for dx in Eq. (4-34) gives

=2 I%%’—Rdv (a)
Summing moments at the center of the break at 6 yields
M,=-PRsin0 0<0<m (h)
The horizontal deflection (8, ), of point A is given by aU/aP; thus aM, /3P is desired. From
Eq. (b)
%%5 = —R sin 0 : (c)

Substitution of Egs. (b) and (c) into Eq. (a) results in

W _
(6A).,=‘ j’ bl( PR sin 0)(—R sin 0)R d§

Since EI, P, and R are constants, the integral simplifies to

PR3 LA '
Badu = EL ). sin® 0 d9 (d)
After using the trigonometric identity sin® 8 = (1 — cos 20)/2, integration of Eq. (d)reducesit to
PR*
(Ba)y = E*‘:‘“

2 EI







For the vertical deflection (84)v of point A a dummy force Q must be added, as shown in Fig.
4-27¢, where -

ol
= (e)
(Ba)v 30 00

The bending moment as a function of 0 is then given by

M, = —PR sin 8 + QR(1 —cos 0) o<o<aw N
and since dM,/aQ will be needed,

’ aM, _ ,
-;)6— R(1 —cos 6) ()

Now that differentiation has been completed, Eqgs. (f) and (g) can be substituted into Eq. (e)
with Q = 0. This results in

"1

(B = ————-( —PR sin 8)[R(1 —cos 6)] R d6 : oy
. [} |
iIntegration of Eq. (h) gives” ty
PR3
(8a)y =—2 L

Example 4-18 neglected the effects of the normal and transverse forces.
The effect and order of magnitude of the contrlbutxon of these forces can be
seen in the following example

SOL._UTXON From Fig. 4-27b the complete internal reactions are
i farid Zopfal Fi'4 M, =—PR sin @
%) /7»*—/5%’(//0’14/) 2y
xrek ! Fraovapensre  Slean

Crmr el 4 5H né«c-—=€<_7 B ey - =~Pcos 9 (c)

Since N and V are varying, Egs. (4-13) and (4-22) are used with dx = R d6. Differentia-

tion with respect to P can be performed before integration, and the resulting deflection
equation is

(a)
N=Psing b)

By

au oM, 2(1+v) A%
(Badu = 3P " EL IM Rd0+-———-fN—-—Rd0+ IV R do (d)

From Egs. (a) to (¢) the derivative terms are

M,
'51‘;'=—R sin 8 ’ v (e)
aN
3P sin 0 | )
v
'5‘1;———-0050 : (g)

Substituting Egs. (a) to (c) and (e) to (g) into Eq. (d) yields

el " PR < R < U ASSUN
(8a)n —'EL.L (—PR sin 0)( Rs.m G)Rd0+EAJ:, (P sin 0)(sin )R do

+2 H-Vf (—P cos 0)(—cos )R do

Integration and simplification result in

PR® = PR R
e =3 Fr+3 At T+ gx . :
__7r R
or . (8,‘)1{ ""i l+(3+2V) (h 2

L-,
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84 KINETICS: FORCES AND MOMENTS OF FORCE

37200131 = 0.0642 kg - m?
36.9 rad/s? E

i

(¢4

From Example 4.2,Ry = 10.52 N, Ry, = 3.69 N, and M, =134 N m,
1. SF, = ma,,
Ro— R, = ma,

R = 1052 + 3.72(~0.03) = 1041 N

2 XF, = may,

Ry~ R, — mg = ma,

Ry=369 + 372 % 98 + 3.72(~4.21) = 2448 N
3. About the center of mass of the leg, SM = lo,

M,- M - 0.169R,, + 0.185R,, — 0.129R,; + ().142R,g = Jo

My =134 + 0.169 x 10.52 — 0.185 x 3.69 + 0.129 x 10.41

= 0.142 x 24.48 + 0.0642 x 36.9
=134 + 1.78 - 068 + 134 - 348 + 237 = 267N m

Discussion

. M, is positive, This represents a counterclock wise (extensor) moment
acting at the knee. The qQuadricep muscles at this time are rapidly ex-
tending the swinging leg.

- The angular acceleration of the leg is the net result of two reaction
forces and one muscle moment acting at cach end of the segment. Thus
there may not be a single primary force causing the movement we ob-

serve. In this case each force and moment had a sigpificzmt influence on
the final acceleration,

N

4:2 FORCE TRANSDUCERS AND FORCE PLATES

In order to measure the force exerted by the body on an external body or
load, we need a suitable f()rcc-mcasuring device. Such a device, called a Jorce
transducer, gives an clectrical signal proportional to the applied force. There
are many kinds available: strain gauge, piczoclcctric,,.',piczorcsistivc, capaci-
tive, and others. All these work on the principle that the applied force causes
dcertain amount of strain within the transducer. For ti
calibrated metal plate or beam withj

change (strain) in one of its dimens

fraction of 19, causes a ¢}
(sce Section 2.2.2), resultin
force. Piczoclectric and pic
the atomic structure within
example, is a naturaily foun
crystalline structure change
trical charge acrosg approp
translated via suitable clectre
Piezoresistive types exhibit
gauge, upset the balance of |

4.2.1 Multidirectional For

In order to measure forces in
or tri-directional force transe
more force transducers mou
problem is to cnsure that th,
cach of the individual transd

4.2.2 Force Plates*

The most common force act
which acts on the foot during .
is three-dimensional and cons;
poneats acting along the force
solved into anterior-posterior
The fourth variable needed
ground reaction vector, The fo
different pressurcs gt cach pa
under every part of the foot, v
of caleulating the net effect of
Some attempts have been mad,
but they have been very expens
therefore neeessary to use g foq
& complete inverse solution,
Two common types of foree
plate supported by four triaxial
the coordinates of cach transdy
location of the center of pressuy
Seen at each of these corner tras
1"“(), F,\'(), Fnz, and [“,\'x, ”IL‘ (i
+ Fyz. If all four forees are equ;

*Representative paper: Elftman, 1939,
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4.2 FORCE TRANSDUCERS AND FORCE PLATES 85

fraction of 1%, causes a change in resistances connected as a bridge circuit
(sec Section 2.2.2), resulting in an unbalance of voltages proportional to the
force. Piezoelectric.and piezoresistive-types requireé minute deformations of
the atomic structure within a block of special crystalline material. Quartz, for
example, is a naturally found piezoelectrical material, and deformation of its
crystalline structure changes the electrical characteristics such that the elee-
trical charge across appropriate surfaces of the block is altered and can be
translated via suitable electronics to a signal proportional to the applied force.
Piezoresistive types exhibit a change in resistance which, like the strain
gauge, upset the balance of a bridge circuit.

4.2.1 Muitidirectional Force Transducers

In order to measure forees in two or more directions it is neeessary to use a bi-
or tri-directional force transducer. Such a device is nothing more than two or
more force transducers mounted at right angles to cach other. The major
problem is to ensurc that the applied force acts through the central axis of
cach of the individual transducers,

4.2.2 Force Plates*

The most common force acting on the body is the ground reaction force,
which acts on the foot during standing, walking, or running. This force vector
is three-dimensional and consists of a vertical component plus two shear com-
ponents acting along the force plate surface. These shear forces are usually re-
solved into antcrior-posterior and medial-lateral directions, '

The fourth variable nceded js the location of the center of pressure of this
ground reaction vector. The foot is supported over a varying surface arca with
different pressures at each part. Even if we knew the individual pressures
under every part of the foot, we would be faced with the expensive problem
of calculating the net effect of all these pressures as they change with time.
Some attempts have been made to develop suitable pressurc-measuring shoes,
but they have been very expensive and are limited to vertical forces only. It is
therefore necessary to use a force plate to give us all the forces necessary for

.a complete inverse solution.

Two common types of force plates are now explained. The first is a flat
plate supported by four triaxial transducers, depicted in Figurc 4.9. Consider
the coordinates of each transducer to be (0, 0), (0,2), (X, 0), and (X, Z). The
location of the center of pressure is determined by the relative vertical forces
seen at cach of these corner transducers. If we designate the vertical forces as
Fony, Fy, Foz, and Fys, the total vertical force s Fy= Fo+ Fy + Fo,
+ Fyg I all four forees arce equal, the center of pressure is at the exact center

*Representative paper: Elftman, 1939,

TSR e BRI e







o
S
e i
1[«'-\‘”"
thoars

el
swoinatin
JARNNIT
Hiter ()f }
thing,
ermine
Nemient
IS Ogra

flecting
nputern
oy, pl
tor cont
-« and
aential
e ntend

it brasic
ent
RHESE
CasuTe)
ouh at
Jinents
iphasis
netion:
woan tl
A tran
e ¢
e
volm
spaor
crne:
"h“l'(’
Cwall
Hsthg
dthr
Lirope
Ny oso
ed tad
anthy
introc
on ol
NS T
TN
cecha
L an
wced
rical
ophy
O
Voo

86 KINETICS FORCES AND MOMENTS OF FORCE

KZ

o

N
\-"

N

cation of ground reaction force F ¢ > de ine
cells in cach of the support bases,

of the force plate, at (X/2, Z/2). In gencral,

w= X114 Exat Fag) ~ (Foo + Fyy)

4.4

2 L, (4.4)

;= g 1+ (@{_i_{z:)_l;iw (4.5)
v ’

A second type of force plate has one centrally instrumented pillar which
Supports an upper flat plate. Figure 4.10 shows the forces that act on this in-
strumented support. The action force of the foot £y acts downward, and the
anterior-posterior shear force can act cither forward or backward. Consider a
reverse shear force Fx, as shown. If we sum the moments acting about the

Figure 4.10 Centraj su

pport type force plate, showing the locat
pressure of the foot
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central axis of the support, we get

Mz"'FY'X'{“F,\f'yn:O

r = Fx yo + M,

=X S0 T My
Fy

where M, = bending moment about

Yo

it

Since Fy, Fy, and M, continuously change with time,

show how the center of pressure moves across

quired for both types of force platforms when

weight). During this time a smal] crror in Fy

error inx and z a5 calculated by Equations (4,4

Typical force plate data are shown in Figure
subject walking at a normal speed. The vertical
acteristic in that it shows 4 rapid rise at heel ¢
body weight as ful weight bearing takes place (i

R R [ ST PR

'Figurc 4.11 Force p

late record obtained during gait,
shown in Figure 4.10, o ’

(TR

(4.6)

axis of rotation of support
distance from Support axis to force plate surface

X can be calculated to
the force plate., Caution is re-
Fy is very low (<2% of body
Tepresents a large percentage
), (4.5), and (4.6).

4.11 plotted against time for a
reaction force F, js very char-
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Chapparal

* Bolt Failure on a Racing Automobile

At a recent luncheon meeting at which he was a guest speaker, Mr. Jim
Hall was asked fo comment on some bolt failures on his new Chaparral 2E auto=
mobiles which had been reported in the press. A number of responsible publica-
tions had reported that during some practice runs prior o the Byidgelﬂampfon Grand
Prix, similar bolt failures had occurred on two of Mr. Hall's cars. According to
one reporfl, a bolt fell off one of the car's spoilers, into :thé bodywork; and onto
a rear tire causing it to blow, after which the cdr went off the race coursel. This
article also reported that soon afterwards, the same bolt failure occurred ina

second Chaparral and that it went off the track at the same spot as the first.

1 .
Competition Press, Vol. 16, No. 40, Oct. 8, 1966 (Exhibit 1)

SURSIPSINY S,

(c) 1967 by the Board of Trustees of Leland Stanford Junjor University, Stanford, Cal,

Prepared in the Design Division of the Department of Mechanical Engineering by
William J. Clemens under the direction of Professor Henry O. Fuchs with financial
support from the National Science Foundation. -
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The Chaparral

The Chaparral is a custom racing machine designed particularly for Grand
Prix style sports car races. It is revolutionary in that it is fhe first and only con-
sistently successful competition automobile to make use of an automatic tranSmlssmn
Perhaps its most noticeable feature is the distinguishing wing (spo:ler) mounted on the
rear deck of the car. Early models had the "spoiler" mounted on the automobile
chassis close to the rear deck. The newer Chaparral 2E however, has a wing
mounted on struts approximately two feet above the highest point on the car. The
angle of attack of the wmg is controlled by a foot pedal in the driver's compart-
ment and by changing this angle, the driver can put more force on the rear wheels
of the car, increasing the car's cornerlng ablllfy over that of its competitors. The

wing is also used to increase aerodynamic drag of vehicle for braking.

For lateral support of the wing assem'bly, Mr. Hall had provided a stabiliz-
ing side link attaching the left ng strut to a rear chassis bulkhead. Beccuse he
wanted to avoid disturbing the exhausf duct on that side of the car, Mr Hall put

a bend, as shown in Exhibit 2, in the sfclblhzmg link so that it would miss the duct-.

Mr. Hall pointed out to those at the meeting that the failure the press
referred to on each of his cars was not g bolt failure, but was a fracture of the rod
end where the sfobilizing link shown in Exhibits 2a and 2b is joined to one end of
a ball joint which, in turn, is joined to the wing strut What actually happened
was that these rod ends broke and the strut fell against the rear wheel causing the
reported blowouts. The stablhzmg link was connected to the wing strut by a ball
and socket joint, one end of the joint being rigidly attached to the link, The joint
was screwed into the link and held in place by means of a lock nut. The fracture,
which appeared to be o fatigue failure, was located on the threaded shaft of the
joint where the lock nut adjoined the stabilizing imk Mr. Hall assumed in the
initial design of the strut assembly that the main force acfmg on the link would not
exceed that caused by a lateral acceleration of one "g". The links that broke

should have withstood this force.
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Exhibit 1,

NEW SPOILER SPOILS CHAPARRAL 2E DEBUT

Bridgehampton, N.Y, Sept. 18 - The spoiler
on the new Chaparral 2E more than lived

up to its name in this second round of the
Can Am series,

In practice, a bolt fell off the device
on Phil Hill's car, dropped down into the
bodywork and onto a tire, causing it to
blow, and the car slewed off the course at
turn 11 and Hill trudged back to the pits.

Hall offered the ex-world champ his own
car "to get some practice in" and out went
Hill again. After five tours of the track
a bolt fell off the spoiler on Hall's car
(Hill driving), dropped down into the body-
work and onto a tire, causing it to blow..

The car slewed off the course at turn 11 and e

parked right next to the first car.

Then, with hill's the only car capable of
proper repair, Hall withdrew his pole-sitting
2E and Hill began a classic chase of eventual
winner Dan Gurney.

For 50 laps they were within fractions of
a second of each other until the spoiler
on the Chaparral stuck in the "brake" position
and Hill dropped back to finish fourth.

From Competition Press, Vol, 16, No.40 Oct 8, 1966

ECL79
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Exhibit 25. Ball joint of the type that failed
on the Chaparral stabtlizing link,
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