EGM 5615 Synthesis of Engineering Mechanics

Review of elementary formulae

Here we critically re-examine some basic formulae in connection with underlying assumptions.

1. Simple tension of a bar of cross section area A, length L under load P. E is Young's

modulus.
P : PL

Stress, 6 = x . Deflection, A=z

2. Twisting of a bar by torque T. r = radial coordinate, J = polar moment of inertia, L =
_length, G = shear modulus.

Tr . TL
Stress T =T, twist angle, 0 = 77 .
3. Beam bending. Moment M is applied to beam of area moment I. y is distance,

perpendicular to the long axis of the beam, from neutral axis. x is coordlnate along beam. v =
dlsplacement
Stress ¢ = curvature d’y _M

T 4 ' ’ dx2 E I *

Geometrical assumptions.

Axial load in tension must be centered, otherwise there is superposed bending.

In torsion, cross section must be circular. There can be a hole, but it must be on center.
Plane sections perpendicular to the rod axis were assumed to rotate but remain plane. For non-
circular sections, there is warp of cross sections.

In bending, moment vector must be along a principal axis of inertia. For the deflection
equation to be valid, deflections must be small enough that the second derivative is a- good
approximation to the curvature:

In bending, depth of cross section should exceed width. Otherwise the beam tends to act
as a plate, and structural stiffness is perhaps 10% greater for many structural materials. Why?
The Poisson effect is restrained in cylindrical plate bending, while it is free to occur in beam
bending.

Material assumptions
Demonstration: stretch or bend viscoelastic putty. Observe time dependent behavior.
We have assumed elastic material behavior, specifically linearly elastic. _
Demonstration: bend copper wire. It stays bent. Deflection depends not only on applied
moment, but also exhibits a threshold effect and hysteresis.
We have assumed elastic material behavior, specifically linearly elastic.
Demonstration: Bend off-axis honeycomb, observe twist.
We have assumed isotropic elastic behavior.
Demonstration: Bend stack of paper, observe slip between sheets. Stack is much éasier to
bend than to stretch in comparison with a block of wood of similar thickness.
We have assumed homogeneity.

All materials are in fact heterogeneous, if only due to their atomic structure. Real materials such
as steel or aluminum, have larger scale heterogeneities such as dislocations, grain boundaries,
and inclusions. Often, we can get away with an assumption of homogeneity if the heterogeneities

~are much smaller than any size scale of interest in the deformation field.
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2. The components of stress at a point in a body referred to a rectangular
Cartesian system of coordinates are given by

ox= 5 Mpa xy= 5 MPa ' 1xz = 8 MPa
Tyx = 5 Mpa oy = 0 MPa tyz = -7.5 MPa
tzx = 8 MPa t1zy = =-7.5 Mpa gz = =3 MPa

i

a) Find the principal stresses$ gl, o2, and g3 and
b) the directions that accompany these principal stresses;
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EGM 5615 - Synthesis of Engineering Mechanics

Maximum shear stress

Sk
i

Suppose the pripcipal stresses are 6, > G, >‘;Lcr3'f"

Then the maximum shear stress is

1
T ax=2(01'03)

and it acts on planes 45 degrees from the principal stresses. Proof: Sokolnikoff, Mathematical Theory of
Elasticity, page 50-53.

QOctahedral shear stress

An octahedral plane makes equal angles with the principal stress directions. It is given
that name because there are eight such planes forming an octahedron about the origin. Octahedral
shear stress is of interest in the context of failure criteria.

Consider force dR on an arbitrary plane of area dA, AN
dR=c, dAi+o,mdAj +o;ndAk. | A

The traction vector T has dimensions of stress: D

d ' i
T= a% !

The stress normal to this plane is -
A o, .
o,=dR-wdA. = G120, m+G4

The shear stress is, by the Pythagorean theorem,

1,=dR/dA = (1/dA) A [dRZ-dR 7 ,

butn=1 i+mj +nk,withl, m, n as direction cosines.

For the octahedral plane,] =m=n= 1/\j3 since it makes equal angles with the axes and since -
the sum of the squares of the dlrectlon cosines equals 1.

z 22 i ,
dR¥dA2= (dR - dR)/dA% = GG g = L(g% ,.,/)

The octahedral normal stress is, by 6, = ;.

c =(1/3) (o, + 0, + 03)

oct, n

The octahedral shear stress is, by 1, dR, and n,

- 2 2 1/2
_{Gn - octn}
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The cubic formula is the closed-form solution for a cubic equation, i.e., the roots of a

cubic polynomial. A general cubic equation is of the form

ZS+¢I222+¢Z1Z+R‘0 ==

To solve the general cubic (), it is reasonable to begin by attempting to eliminate the &2

term by making a substitution of the form

[x~.7t]3 + g (x—1)2+w1 (- +eap <0
0 =3 43 - P -2+ AN 4 (- )+ =0
-3 -2 A+3 )+ @ —m A+ am A -2%) =0,

The **is eliminated by letting 2 =#2/3, so

ZEX—%—WQ
Then
z = (* - % ]—-—x —d X +1aéx—£;a§
w2 = a (%~ 3 a o) =a ¥ ~idx+la
a z = a (% - % ]"‘ﬁ1."€—-§-ﬁ16{2,

so equation (1) becomes

(- +) X +[ aé——aéwn]x [2l?c€—--1—6€+-;-d1ﬂ,2~— ]=0
x+[¢z1-—3-a,§]x [ ma:g—-—ag —ag) =0

By —a xo2. Doy ap —27 ag ~ 2 45

3
3. =0,
e 9 54
Defining
P = 3“13—@
B Qay oy —27 @y — 205
d - 27 '

then allows (0J) to be written in the standard form

x3+px=g.

(1

@)

€))
)
)

©)

)
®
®

(10)
(11)

(12)

(13)
(14)

(15)






The simplest way to proceed is to make Vieta's substitution

r
E=W- o (16)

which reduces the cubic to the equation

3

T 7R

—g =0, (17)

which is easily turned into a quadratic equation in w by multiplying through by W io
obtain

Y -gw?)- L 7 =0 (18)

(Birkhoff and Mac Lane 1996, p. 106). The result from the gquadratic formula is

§[¢i1-{42+-2‘-‘;p3]=-;-qi TE+ = P (19)
Ri R +0°, (20)

where £and Rare sometimes more useful to deal with than are Pand ¢. There are therefore
six solutions for W(two corresponding to each sign for each root of w? ). Plugging Wback in
to () gives three pairs of solutions, but each pair is equal, so there are three solutions to
the cubic equation.

w?

i

Equation ({!) may also be explicitly factored by attempting to pull out a term of the form
(% - Blfrom the cubic equation, leaving behind a quadratic equation which can then be
factored using the quadratic formula, This process is equivalent to making Vieta's
substitution, but does a slightly better job of motivating Vieta's "magic" substitution, and
also at producing the explicit formulas for the solutions. First, define the intermediate
variables

3q, -
0 - " @)
R _ Qag oty ~27 g ~2 8 22)
54
(which are identical to #and Zup to a constant factor). The general cubic equation ()
then becomes |
X +30x-2R =0 23)
Prpx=g (56)






in the variable ¥, then %2 =0, &1 =2 and % =—¢, and the intermediate variables have the

simple form (cf. Beyer 1987)

1

2 = 4
R . = ';" g

_ 3.kt =BV + (LY
D = Q+Rz__[3) +(2].

The solutions satisfy Vieta's formulas
7y + 22 + 23 = —it2
Z1Zy + 23 83 + 5 & = 1«31
21 22 23 = =0

In standard form (), #2 =0, @ =P; and % =—¢, so eliminating ¢gives
p=—d a5y +)

for ¢+ J, and eliminating #gives
§ = —2 Zj (2 +2j)

for ¢ # /. In addition, the properties of the symmetric polynomials appearing in Vieta's
formulas give

Z + 2 +2, = -2p
n+n+E = 3¢

Z 23+ 24 = 2 p
B+ +5 = 524

The equation for Z1in Cardano's formula does not have an ‘appearing in it explicitly while
Zzand 23 do, but this does not say anything about the number of real and complex roots
(since Sand Tare themselves, in general, complex). However, determining which roots are
real and which are complex can be accomplished by noting that if the polynomial
discriminant £ > 0, one root is real and two are complex conjugates; if £ =0, all roots are
real and at least two are equal; and if £ <0, all roots are real and unequal. If 2 <0, define

Then the real solutions are of the form

21

¢
24/ -0 cos [-5) - —;-ug

(57
(58)

(39)

(60)

(61)
(62)

(63)

(64)

(65)
(66)
(67)
(68)

/)"b L4 nd
[ roblem

(69)

(70)






: f+2
Z2 = -0 cos[ * HJ—%@ : . (71)
o+4
zZ3 = -0 cos[ +3 7 ]— -;— . (72)

This procedure can be generalized to find the real roots for any equation in the standard
form (/) by using the identity

singﬁ—%—sin6+%sjn[369=0 (73)
(Dickson 1914) and setting

x= i’é"_' ¥ (74)

(Birkhoff and Mac Lane 1996, pp. 90-91), then

4 |p| ¥ 4

[—-I—ﬂ] yap 22 g - (75)

3 3

3,3 P [ 3 ¥ 76)

o Iply ap) 7

3

17 sasmoy=te( ) =c @
If 2> 0, then use

sinh (36) = 4 sinh’ 6 + 3 sinh 0 (78)
‘toobtain

y=sinh (£ sizh™! €), | | (79)

Ifp<0and €121 yse

cosh (36) = 4 cosh® 6 - 3 cosh 6, (80)
and if # < 0and IC1=2 1 yse

cos (36) =4 cos® 6 — 3 cos 6, 81

to obtain






)

)

cosh [-;— cosh™ C) forC'=1
y =1{—cosh {3 cosh™ |C1) for C'< -1 (82)

cos [% cos™ €) [three solutions] for|C< 1.

The solutions to the original equation are then
=2 By 14, (83)
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EGM 5615 - Synthesis of Engineering Mechanics

Maximum shear stress

Suppose the principal stresses are ¢, > 6, > 0.

Then the maximum shear stress is

. 1
Tmax = 2 (Gl - 0‘3)

and it acts on planes 45 degrees from the principal stresses. Proof: Sokolnikoff, Mathematical Theory of
Elasticity, page 50-53. . :

Octahedral shear stress

- An octahedral plane makes equal angles with the principal stress directions. It is given
that name because there are eight such planes forming an octahedron about the origin. Octahedral
shear stress is of interest in the context of failure criteria. .

-

Consider force dR on an arbitrary plane of area dA, <
dR=c,l dAi+o,mdAj +ondAk. NG

o N 3 - . —_ N
The traction vector T has dimensions of stress: v T

. . | ‘//”)"
dR | . %

T=gx .

The stress normal to this plane is

2

. The shear stress is, by the Pythagorean theorem,

1, =dR/dA = (1/dA) \[dRZ-dR 7 ,

butn=1 i+m j +nk, with 1,m, n as direction cosines.

For the octahedral plane, | =m =n= 143, since it niakes equal angles with the axes and since- = . .0
the sum of the squares of the direction cosines equals 1. ' i

2 42 Z 2 L1 g L ) :L:
dRY4A?=(dR - dRY/AAZ= G £+ Gm + Gn = 4(0,4 0% )

: . 2 2 2
The octahedral normal stress is, by 6, = (J}l +Gm gy

o =(1/3) (o, + o, +03)

oct,n
The octahedral shear stress is, by T, dR, and n,
2} 12 b.

e 2
Toct ™ {Gn Ooct, n
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- ‘ no
2 z T A 2 :
T = (113)1[(0 - 6))° +(0y-03)° +(03-0))" = [(0}~0‘,)2+ (G- 03) " (03~ G ) + & (Bog+ Ty * s )]

“Strain energy

Consider a spring. F = kx. The work done in compressihg the spring is

W= TF dx =r kx2. Since the spring is elastic, this is the strain energy U.
0 - S '
Now consider the strain energy in compressing a cubic block of side L and Young's modulus
E‘ . - )
F=kx

@ cA=ocl2=kx=kxL/L=kelL,so0

c =1-i§ .So E=K/L. SoU—_:% kx2= 5 (EL)eL)2= 5 Ec213 = o 0213,
1 . '
Sox E€? represents strain energy per unit volume.

Three-dimensional forms for the strain energy density are obtained by superposition. Poisson
related strains enter in the energy expression because stresses in an orthogonal direction do
work as the material deforms due to Poisson effects.

Up= 2E {o 2t O'y2 + QZZ -2v(0,0y10y0,1040,)} + 7G {TXY2+TYZZ+tZX2}'

Strain energy of distortion

In the study of yield criteria it is expedient to separate the effects of normal and shear stress.

1 . e
Mean normal stress: 6, =7 [0,t0y+0,] =173 [o+o,+03] , since the trace is invariant.
This is also the.normal stress on an octahedral plane.

Deviatoric stress: The trace of this is zero by construction. This produces change of shape only,
no change of volume. By contrast, a hydrostatic stress produces change of volume only, no
change of shape in an isotropic material. A general state of stress can be written as a sum of
hydrostatic and deviatoric stresses.

Ox0a Oxy Oxz
g=| Oy OyCa Oy
Ox Oz 070,

3 1
Distortional energy, Ugg = 4G Too = 5G Oeft™

1 .
Oeff ~ _\/3" {(Gx' O‘y)2 + (Gy' 02)2 + (sz cx)2 + 6{Txy2+‘cyzz+’czx2} }'1/2°
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Ki Uses of concept of strain energy density.
& Strain energy is used in criteria for yield, which will soon be discussed.

@ Consider some examples on the magnitudes of strain energy. Consider conversion of strain
energy as potential energy into kinetic energy associated with velocity v.

1 1 . L3 1
5 Eg2l3= vav2,sov2=E82-ﬁl— =E825 ;50
v=¢ 5 ' o ' _

Steel, E =200 GPa, p = 7000 k_g/m3, £=0.001,so0v=>5.35m/s= 12 mph.
Bone, E =20 GPa, p =2000 kg/m3, € =0.01, so v =32 m/s = 72 mph.
- Rubber, E=1MPa, p=1200 kg/m3, € =1, so v=29 m/s = 65 mph.

We could imagine high strength steel at € = 0.01, so v=120 mph.
Rubber at &= 5 (we surely have nonlinearity at that point), v =324 mph. -
Defect free glass, for strains approaching the theoretical lim.it, o
E = 70 GPa, p = 2000 kg/m3, € = 0.07,.s0 v = 414 m/s = 926 mph. When this breaks, it
shatters into powder. : , : :

Applications: catapults, slingshots, shattering in brittle failure; kangaroos.

Energy is absorbed in creating fracture surfaces, so during fracture it does not all get converted
into kinetic energy. .

“Discuss table of strain énergy per mass data, after Gordon.
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‘Maximum shear stress

Suppose the principal stresses are o, > 6, > o;.

Then the maximum shear stress is

Tnax =2 (01 = 63)

and it acts on planes 45 degrees from the principal stresses. Proof: Sokolnikoff, Mathematical Theory of
Elasticity, page 50-53.

Octahedral shear stress

An octahedral plane makes equal angles with the principal stress directions. It is given
that name because there are eight such planes forming an octahedron about the origin. Octahedral
shear stress is of interest in the context of failure criteria.

.
Consider force dR on an arbitrary plane of area dA, i
dR=oc/l dAi+o,mdAj +c3ndAk. J
The traction vector T has dimensions of stress: ' / T} %
\ s /—/‘/“
dR ' ]
T=3&

The stress normal to this plane is
2

o, =dR0/dA. = G 2eg, w4y

The shear stress is, by the Pythagorean theorem,

t,=dR/dA = (1/dA) [dRZ-dR 7 ,

butn=1 i+mj +nk, withl, m, n as direction cosines.

For the octahedral plane, 1 =m =n = 1/4f3, since it makes equal angles with the axes and since -
the sum of the squares of the direction cosines equals 1.

: 2,2 Z 2 L 2 2 .
dR%dA2=(dR - dRY/dA2= G L+ Gm + G h = 4(0," 03 %0, )

. 2 2 2
The octahedral normal stress is, by 6, = L+ Gm o+ %N

c =(1/3) (o, + 6, + 03)

oct, n
The octahedral shear stress is, by T, dR, and n,

— 2 20172
Toct = {Gn " Ooct,n 3
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2 7 3 ] 2 2 2 ¢ 7 T ]yl
Too = (1/3)4[(0) = 6))* + (0, - 63)* + (05- 0))” = gl(@'ov)*(”:r‘@)'* (03~ ) *é(z;y*'(yz”h) N

Strain energy

Consider a spring. F = kx. The work done in compressing the spring is

W= j‘F dx =~ kx2. Since the spring is elastic, this is the strain energy U.
0
Now consider the strain energy in compressing a cubic block of side L and Young's modulus
E.
F=kx

& cA=ocl2=kx=kxL/L=keL,s0 w/ x=¢&
L

1 - ' . .
So 5 Eg? represents strain energy per unit volume.

Three-dimensional forms for the strain energy density are obtained by superposition. Poisson
related strains enter in the energy expression because stresses in an orthogonal direction do
work as the material deforms due to Poisson effects.

1 1
U= o {0x*+ 0,2+ 0,2 -2v(040,+0y0,70x0,)} + 75 {Tyy? Ty, 2+152)
Strain energy of distortion

In the study of yield criteria it is expedient to separate the effects of normal and shear stress.

1 . . .
Mean normal stress: 6, =5 [Gx+6y+Gz] =7 [o;t0,1063] , since the trace is invariant.
This is also the normal stress on an octahedral plane.

Deviatoric stress: The trace of this is zero by construction. This produces change of shape only,.
no change of volume. By contrast, a hydrostatic stress produces change of volume only, no
change of shape in an isotropic material. A general state of stress can be written as a sum of
hydrostatic and deviatoric stresses.

Ox~Ca ny Oxz
s=| Oyx OyOa Oy,
Ox  Ozy 0,0,

3 1
Distortional energy, Upg = 4G Toc? = 3G Cet

1 .
Oeff = ﬁ {(Gx' c’y)2 + (Gy" Gz)z + (Gz’ o'x)z + 6{Txy2+TyZZ+sz2} } 12,






)

EGM 5615 - Synthesis of Engineering Mechanics

Uses of concept of strain energy density.

¢ Strain energy is used in criteria for yield, which will soon be discussed.

& Consider some examples on the magnitudes of strain energy. Consider conversion of strain

energy as potential energy into kinetic energy associated with velocity v.

1 1 L3 1
5 Ee2L3= 5 mv2,s0ov2=Ee? =E825 , SO
v=egA[=

5 -
Steel, E =200 GPa, p = 7000 kg/m3, € = 0.001, so v = 5.35 m/s = 12 mph.
Bone, E =20 GPa, p =2000 kg/m3, € =0.01, so v =32 m/s = 72 mph.
Rubber, E=1 MPa, p = 1200 kg/m3, € = 1, so v =29 m/s = 65 mph.
We could imagine high strength steel at € = 0.01, so v =120 mph.
Rubber at € = 5 (we surely have nonlinearity at that point), v =324 mph.

Defect free glass, for strains approaching the theoretical limit,

E = 70 GPa, p = 2000 kg/m3, € = 0.07, so v = 414 m/s = 926 mph. When this breaks,' it

shatters into powder.

Applications: catapults, slingshots, shattering in brittle failure; kangaroos.

Energy is absorbed in creating fracture surfaces, so during fracture it does not all get converted

into kinetic energy.

"Discuss table of strain energy per mass data, after Gordon.
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Concept of superposition

The effect of a compound cause, say a loading configuration, is the sum of the effects of
the individual causes.

Motivation: solve problems involving complex load configurations based on simpler
solutions.

Caveat: Superposition depends on linearity, both material and geometrical. Geometrical
nonlinear situations include large deformation of a bar in bending, and contact between two
spheres.

Safety factor

: failure load
Safety factor SF = Wec%llilifg'—cl)g_ad

Failure does not necessarily mean fracture. It may mean excessive deformation, damage, or any
effect which causes the structure or structural element to no longer function as intended.

Example: What if airplane wings could be made of an infinitely strong but not infinitely
stiff material?

§2.1 Plane elasticity

Method of solution.

Recall in the mechanics of materials method, we began with an assumption about the .
deformation field. We only checked the stresses to make sure they agreed with the applied loads

in terms of resultants .

In the elasticity method, one must simultaneously satisfy:

1. equilibrium conditions in a continuum sense at each point,
2. continuity of the displacement field,
3. boundary conditions at the surface.

If they are all satisfied exactly, we have an exact solution.

The theory of elasticity permits one to deal with problems which are not necessarily
geometrically simple.

Few new elasticity solutions are now being discovered. Even so, study of elasticity aids in the
development of physical insight.

 Stress-strain relations

Elementary form of Hooke's law for a linear, isotropic, elastic solid:
1
€&x " E {Oxx - VOyy - Vo-_zz}

1 _
&y = {cyy - VOyy - VO,,},
€27 E {02z~ VO - chy}'
These three are complete, but sometimes a shear relation is also presented,

1
Yxy = G Txy-






Plane stress in xy plane means 6, Gy,, and G, are zero. Then,
1
€x T E {oxx - VOyy }

1

E&ywTE {ny - VOx }
1

Txy =G Txy-

Although they are simpler in the compliance formulation, one can solve for stress and present
them in the modulus formulation, for plane stress.

E
Oxx = 1T-v2 {axx t Vﬁyy }

E é
Oy = T2 {&yy T Ve }
Txy = G Txy

§2.2 Equilibrium equations, boundary conditions, Saint Venant's principle

We are familiar with the application of Newton's first law of equilibrium to macroscopic
objects. In solving problems on a continuum scale, a differential form of the equations of
equilibrium is needed.

Consider a free-body diagram of a differential element of thickness t of material.

From sum of forces in the x direction,

80'” aTx
o dxjtdy + {T,, + _?ay_ydy} tdx=0

t Oy dy = Tyy tdx + {Oy, +

From sum of forces in the y direction,

oz, oo,
Ty dy - Oy tdx + {1, + e dx}jtdy + {oy, + > dy}tdx=0

Simplifying, the equilibrium equations are:

oo T . g
—= + 2 =0 in x direction
Ox
or oo ) .
a_"y + —2=01iny direction.
x

The equilibrium relations in the index notation are as follows for force -and moment
respectively: The Einstein summation convention assumed in which repeated indices are
summed over. The comma represents differentiation with respect to the spatial coordinate -
corresponding to the index after the comma.

oji is stress

G; is a body force, or force per unit volume.

ejjk is the permutation symbol

my; is a moment per unit area or couple stress. It is neglected in classical elasticity.
C; is a body moment, or couple per unit volume.

Giji,j + Gi =0 €))

Cijk Ojk + my; + Ci =0 (2)

Body forces arise due to gravitation.
Body moments arise due to electromagnetic interactions in magnetic materials.






Couple stresses represent a distributed average of moments upon fibers, ribs, layers or other
structural elements in composite materials.

In classical elasticity, in the absence of body couples or surface couples, Eq. 2 reduces to
G- = G .
jk kj »

that is, the stress is symmetric.
If body couples or surface couples are permltted the stress can become asymmetric.

Boundary conditions.

Boundary conditions entail prescription of stress or displacement upon the surface of the
object in question. In many problems, the surface tractions (stresses at the surface) are zero over
much of the surface.

Saint Venant's principle

Saint-Venant's principle is important in the application of elasticity solutions in many
practical situations in which boundary conditions are satisfied in the sense of resultants rather
than pointwise. For example, a bending moment may be applied to a beam via a complex array
of bolted joints, which generate a locally complex stress pattern. In view of Saint-Venant's
principle, one expects to observe bending type stresses far from the ends.

Saint-Venant's principle states that a localized self-equilibrated load system produces
stresses which decay with distance more rapidly than stresses due to forces and moments. It is
applicable in many situations of interest in engineering.

Demonstration: stress fields for concentrated loads which give rise to compression or
bending, as seen with a photoelastic demonstrator.

There are some counter-examples. Consider a sandwich panel with rigid face sheets
and an elastic material of Poisson's ratio v sandwiched between them. For Poisson's ratios in the
vicinity of 0.5, stresses applied to the end will decay with distance z as o(z) « ez The decay
rate is

-ZV
Y[ TFav

The distance 1/y, over which there is significant stress, diverges as Poisson's ratio approaches % .
In some thin-walled structures, localized self-equilibrated loads may propagate a

significant distance. Saint-Venant's principle is inapplicable for such structures.
Constitutive relations

We mostly deal with linear isotropic elastic materials in this class. Many other
possibilities exist.

Anisotropic: Dependent upon direction, referring to the material properties of composites,
aggregates, single crystals, and oriented polycrystalline materials.

Creep: Time dependent strain in response to step stress; a manifestation of viscoelastic behavior.

Cubic: A type of anisotropic symmetry in which the unit cells are cube shaped. There are three
independent elastic constants. Material is invariant to 90 degree rotations.

Elastic: Stress-strain path for loading is identical to the path for unloading, with immediate
recovery to zero upon unloading.

Elastic-perfectly plastic: Elastic up to yield point after which strain increases with no increase
in stress.



O



2N

Elastic-plastic with work hardening: Beyond yield point, stress increases with strain.

Hexagonal: A type of anisotropic symmetry in which the unit cells are hexagonally shaped.
Material is invariant to 60 degree rotations about an axis. There are five independent elastic
constants. Transverse isotropy is mechanically equivalent to hexagonal although the structure
may be random in the transverse direction.

Homogeneous: Material properties are identical at every point in the body. Concept of symmetry
is expressed here as translational symmetry: material is invariant to translations. Homogeneous
materials may be isotropic or anisotropic. At the atomic scale all materials are heterogeneous, but

for many engineering applications we may view them as continuous media.

Isotropic: Independent of direction, referring to material properties. There are two independent
elastic constants for a linearly elastic material. Engineering constants are E, G, B v, but they are
interrelated.

Linear: Stress is proportional to strain, assuming all other variables upon which stress or strain
might depend are held constant.

Orthotropic: A type of anisotropic symmetry in which the unit cells are shaped like rectangular
parallelepipeds. In crystallography, this is called orthorhombic. There are nine independent
elastic constants. Principal directions are mutually orthogonal. Material is invariant to reflections
in two or three orthogonal planes.

Piezoelectric: In some crystalline or polycrystalline materials which lack a center of symmetry,
there is coupling in which both stress and electric field contribute to the strain.

Thermoelastic: In all materials with a nonzero coefficient of thermal expansion, there is
thermoelastic coupling in which both stress and temperature changes contribute to the strain.

Triclinic: A type of anisotropic symmetry in which the unit cells are oblique parallelepipeds
with unequal sides and angles. There are 21 independent elastic constants.

Viscoelastic: Relation between stress and strain depends upon time or upon frequency.

Principal stress

Principal stresses are normal stresses which act on mutually perpendicular planes. They include
the absolute largest and smallest normal stresses at a given point.

Recall Mohr's circle is a tool for 2-D transformations of stress and special 3-D transformations. It
can be used to determine principal stresses under those special circumstances. It is not applicable
to general 3-D transformations.

Consider a free body diagram of a cut corner of a unit cube. This is called a Cauchy tetrahedron.
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EGM 5615 Synthesis of Engineering Mechanics

Failure criteria

Failure criteria deal with failure of a material, in contrast with failure of a structure.

Brittle materials
T .

Maximum normal stress criterion

- Failure if 5; > o !t thatis, if the largest tensile principal stress exceeds the ultimate strength.

The other principal stresses are ignored. Similarly in compression, the applied stress is compared
w1th the ultimate strength in compression. This criterion is simplistic since if all the principal
stresses are compressive, most materials are much stronger than would be expected based on
uniaxial tests.

Mohr criterion

This takes into account ultimate tensile, compressive and shear stresses. Represent each state

by a Mohr circle. Draw an 'envelope' tangent to the circles. Mohr suggested that, provided an
arbitrary state of stress was represented by -Mohr circle within that envelope, failure would
not occur. Sometimes a simplified form is taken in which the shear test is ignored. Then the
envelope is a straight line and failure is predicted if 6,/c,%!t - 55/ 4t > 1 This also is not ery

reahstlc for hydrostatic compress1on

Ductlle materials: yield criteria
Maximum shear stress criterion (TreSca criterion)
Yielél when Ty, > Ty.
In p;incipal stress space this looks like a hexagon.

Tension test to yield.

Recall that the maximum shear stress is 7 = 2(61 - 63) , but the minimum principal stress is
zero so for tension, Ty = 0.5 oy. ' ‘

Von Mises
Yield when G4 > ty.

Recall 64 = P2+ (0, 6,2+ (0,- 6, + 6{t, 21,241, 2} 12,

1
ﬁ {(Gx' Y

3 1
Distortional energy, Ups =G Toc? = §G  Oett

In principal stress Space, the Von Mises criterion looks like an ellipse.

e
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Fatigue

A material loaded through multiple cycles will break at a stress considerably less than the
ultimate strength for a single application of load. Fatigue is quantified by the S-N curve, in which
the number N of cycles is plotted logarithmically.

The effect of cyclic stresses is to initiate microcracks at centers of stress concentration
within the material or on the surface resulting in the growth and propagation of cracks leading to
failure.

As for fatigue testing, the rate of crack growth can be plotted in a log-log scale versus
time. Testing the fatigue properties to generate an S-N curve entails monitoring the number of
cycles to failure at various stress levels. This test requires a large number of specimens compared
with the crack propagation test.

The endurance limit is the stress below which the material will not fail in fatigue no matter how
many cycles are applied. Not all materials exhibit an endurance limit. (a practical limit is often
chosen as 107 cycles).

. The presence of a saline environment exacerbates fatigue. /

i-Surface roughness exacerbates fatigue. A polished surface is better.

. Rubbing or 'fretting' exacerbates fatigue. Re-design the part or use lubricants.
| Heat treatment to introduce residual surface compression can be helpful. /
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Stress concentration

Ratio of local maximum stress to applied stress in the absence of the heterogeneity is called the
stress concentration factor or SCF.

Stress concentration factors are determined from

« Elasticity theory

« Experiment

» Finite elements.

Stress concentration factors arise from

» Holes

e Notches

*  Grooves

» Heterogeneities in loading

Heterogeneities in material
Some particular values for holes and inclusions
Circular hole in plane uniaxial tension, SCF =K =3.0

Elliptic hole, with a as major axis, b as minor axis, p as radius of curvature
a a
SCF=K=(1+2¢)=1 +2\/:p:

Example, consider glass with theoretical strength of otlt = 14 GPa, with cracks
2 pm long with radius of curvature 1 A (0.1 nm). Then the strength of glass with these cracks is
o = 14 GPa/[SCF] = 70 MPa. This is about the strength of common glass.

Spherical cavity in uniaxial tension

3+15v 27-15v 3-15v
SCFlpolar = = 14-10v> CFleas = T4-10v>Fleaww = = T4-10v

Spherical cavity in biaxial tension

Spherical cavity in pure shear

_150d-v)
SCF 7-5v

Rigid cylindrical inclusion in uniaxial tension

1 1 1 3
SCFlyotar = 5(3-2v+ 5:‘;) SCFleq = 5(1 +2v- 3 4v)
Rigid spherical inclusion in uniaxial tension

2 1 v S5v
SCllpotar =11y * 225v SCFleg=Tov ~3-10v

Rigid spherical inclusion in hydrostatic tension
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contact region radius: a = 0.880 (FR/E)!3. Tt increases slowly with force.

peak compressive stress: po = 0.616 (FEZ/R2)13_ 1t increases slowly with force.

Stress vs radial position in region, 6,~-py =

, a parabolic distribution.

Overall 3-D pattern of stress is complex and multiaxial. Cracks may develop below the surface in
ball bearings.
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1-v
SCFleagia =3 75 1+v

Reference: Goodier, J. N., "Concentration of stress around spherical and cylindrical inclusions
and flaws", Trans. ASME Vol. 55, 1933, 39-44. (later called J. Applied Mech., Vol. 1)

Observe that for the three dimensional cases, the stress concentration factor depends on
the Poisson's ratio of the material in question.

A heterogeneous load distribution

Consider a rigid circular cylindrical indenter of radius R pressed with load F on a semi
infinite solid substrate. This could represent a building erected upon compliant earth, or an
industrial press operation. A solution for an elastic solid of Young's modulus E and Poisson's

ratio v is available. The indenter displacement is (Timoshenko, S. P. and Goodler, J. N., Theory
of Elasticity, McGraw Hill, 1982. )

_F1-v?)
W= 2RE .

The pressure distribution q(r) as a function of radial coordinate r is

q(r) = __________‘F—
2R RE =12

Observe that the pressure becomes singular at the edge. The indenter is idealized as perfectly
rigid (much stiffer than the elastic substrate), and with a perfectly sharp edge.

Uses of concept of stress concentration.

& Find stress distribution (nominal) in the absence of holes.

@ Multiply nominal stresses by the appropriate stress concentration factors. Many of these may
be obtained from a handbook.

& The largest stress will cause failure. It is not necessarily the largest nominal stress.

@ In the design process it is sensible to ameliorate stress concentrations by avoiding sharp re-
entrant corners, and rounding them off when they are an unavoidable part of a structure.

Demonstrations, by photoelasticity. Circular hole at center of a compressed bar. Circular
hole in bar subjected to pure bending. Circular notches in bar subjected to pure bending.

Contact stress

From the theory of elasticity, we have several interesting solutions for spheres and cylinders
in contact.

For spheres of radius R of Young's modulus E, Poisson's ratio v, under force F,
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Fracture mechanics

As elliptic hole becomes progressively narrower, the ellipse approaches a crack shape and
SCF =K —»o0, Actual observed stress concentration factors for cracks are not infinite.

Therefore a material with one perfectly sharp crack will have zero strength, since the stress
concentration factor becomes infinite. Experimentally, even for brittle materials, strength is
reduced by cracks but not infinitely.

A criterion based on energy balance rather than on stress has therefore been adopted. The

approach is due to Griffith. The energy relations are visualized as follows. The energy required to

extend a crack is linear in crack length because the energy is expended in creating new free
surfaces. By contrast the strain energy available comes from a roughly semicircular region around
the crack and is therefore quadratic in crack length. As the crack propagates, the material in that
region is unloaded and its energy is made available to drive the crack. When the crack is long
enough that an increment in crack length gives rise to an energy release equal to energy
expended, catastrophic crack growth impends.

Griffith proposed an energy approach to fracture. The elastic energy stored in a test
specimen of unit thickness, in a circular region around a crack of length a, is:

2ma2 ”2% c? (F1)

1 1 . .
Recall that 5 Ee2 =55 o2 represents a strain energy per unit volume.

The elastic energy for a brittle material is twice the area under the stress strain curve. The elastic
energy is used to create two new surfaces as the crack propagates. The surface energy, 4 ya (v is
the surface energy; it is an energy per unit area.) should be smaller than the elastic energy for the
crack to grow. Thus, the incremental changes of both energies for the crack to grow can be
written,

d (1: acs)2

_4d
da° E )"da(47a)

(F2)

Hence,

o [2E
N F3)

Since for a given material E and y are constants,

Tra (F4)
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In this case K has the units of psi \/171 or MPa \/ﬁ and is proportional to the energy required
for fracture.

K is a measure of fracture toughness, called the stress intensity factor. Cracks and stress
concentrations also occur in ductile materials, but their effect is usually not as serious as in brittle
ones since local yielding which occurs in the region of peak stress will effectively blunt the
crack and alleviate the stress concentration.

The stress intensity factor K is the criterion for fracture in cracked objects. For a small Mode I
crack of length a,

K, =06 vma f(a/c).

Here f(a/c) is a dimensionless function of loading geometry; it expresses the effect of crack
length in relation to block size. o is the stress required for fracture in the absence of a crack.
The units for K are MPavm, in contrast to the stress concentration factor which is
dimensionless. Observed that there is no characteristic length scale in the classical theory of
elasticity. The length scale must come from other considerations.

Fracture occurs when K exceeds a critical value, K, determined from experiment. This is

the fracture toughness based on a static test. The fracture toughness for a dynamic situation
is NOT the same as for a static situation

Formulas for K are valid over a range of geometrical parameters, specifically,
thickness t >2.5 (K, /oy )2, and crack length a > 2.5 (K; /oy ).

In a thick block, the stress field around the tip of the crack is triaxial, since the Poisson
contraction in the highly stressed region near the crack is restrained by the surrounding
material, which is not so highly stressed. This triaxial stress causes brittle behavior in
seemingly ductile materials, since shear deformation is suppressed.

If the block is thinner than the above limit, toughness depends on thickness. If the crack length is

less than the above limit, then the material may undergo yield before any fracture occurs from
the crack.

Be aware that K;, depends on temperature, and often drops precipitously at low temperature.

Example

Estimate the size of the surface flaw in a glass whose modulus of elasticity and surface energy
are 70 GPa and 800 erg/cm? respectively. Assume that the glass breaks at a tensile stress of 100
MPa. ‘

Answer
From equation (F4), and keeping in mind the transformation from cgs to SI units,
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2vyE

a=—=
nof
_2 x 800 dyne/ cmx 70 GPa
n (100 MPa)?

=3.565 um

To two significant figures, a = 3.6 pm.
[Note that if the crack is on the surface its length is a, if it is inside the specimen it is 2a.
Remember 1 erg = 1 dyne cm]

Example (adapted from example on page 62-63)
Consider a 1 cm crack in a large plate of steel. Assume the plate is large enough that f(a/c) =1.

What stress gives rise to fracture for a weaker or 'mild’ steel (5, = 500 MPa, K =175 MPavm)
and a high strength steel (o, =1410 MPa, K;; =50 MPavm).

Solution: Use K; = ¢ f(a/c) Jma ,so with fa/c) = 1, o= K,/ Nma .

Weaker steel A, 6 = 987 MPa, which exceeds the yield strength, so it undergoes yield at 500
MPa rather than fracture from the crack.

Stronger steel, o = 282 MPa, which is less than the yield strength 1410 MPa, so it fractures
catastrophically.

Consequently, in the presence of 1 cm cracks, the stronger steel actually is weaker than the 'mild’
weaker steel. Moreover, the consequence of an overload is more severe for the stronger steel
since it catastrophically fractures rather than yields in bulk.

Example (adapted from Gordon, Structures )

Suppose we have a large structure such as a ship or a bridge and wish to tolerate a 1 meter long
crack without catastrophic failure. Consider 'mild’ steel (5, = 500 MPa, K= 175 MPavVm) .
Solution-

With fla/c) = 1, o= K,/ /7 =90 MPa or 14,000 psi.

In foam, Gibson and Ashby [Cellular solids] predict toughness Kic proportional to [V(cell
size)](density)>2.

Stress concentrations: appendix
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Experimental stress concentrations in composite materials are consistently less than the
theoretical ones. The non-classical fracture behavior has been dealt with using point stress
and average stress criteria, however that approach cannot account for non-classical strain
distributions in objects under small load. Such differences may be accounted for via a
generalized continuum approach. Reduced stress concentration factors for small holes are
known experimentally in fibrous composite materials. The fracture strength of graphite epoxy
plates with holes depends on the size of the hole [1]. Moreover the strain around small holes
and notches in fibrous composites well below the yield point is smaller than expected
classically [2,3], while for large holes, the strain field follows classical predictions [4].

1. R.F. Karlak, "Hole effects in a related series of symmetrical laminates”, in Proceedings of
failure modes in composites, IV, The metallurgical society of AIME, Chicago, 106-117,
1977)

2. J.M. Whitney, and R.J. Nuismer, "Stress fracture criteria for laminated composites
containing stress concentrations”, J. Composite Materials, 8,(1974) 253-275.

3. M. Daniel, "Strain and failure analysis of graphite-epoxy plates with cracks", Experimental
Mechanics, 18 (1978) 246-252, .

4. R.E.Rowlands, I. M. Daniel, and J. B. Whiteside "Stress and failure analysis of a glass-
epoxy plate with a circular hole", Experimental Mechanics, 13, (1973) 31-37
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Stress concentration

Ratio of local maximum stress to applied stress in the absence of the heterogeneity is called the
stress concentration factor or SCF.

Stress concentration factors are determined from

"+ Elasticity theory

* Experiment
* Finite elements.
Stress concentration factors arise from

* Holes

* Notches

*  Qrooves :

* Heterogeneities in loading

Heterogeneities in material

Some particular values for holes and inclusions

: a1
. : . . e L 3,0 - .f(li)
Circular hole in plane uniaxial tension, SCF =K = 3.0 [ﬁfx-a I D
: ' i
Elliptic hole, with a as major axis, b as minor axis, p as radius of curvature N
K= 2y 2 dSenimefey pzb e L
SCF=K=(1+2%)=1+2 —\/; g ﬁ':‘ ':zf“ P2 p= % <\M°*D

Example, consider glass with theoretical strength of cUlt = 14 GPa, with cracks

2 um long with radius of curvature 1 A (0.1 nm). Then the strength of glass with these cracks is
o = 14 GPa/[SCF] = 70 MPa. This is about the strengthgfl common glass.

Spherical cavity in uniaxial tension . —— i

Jg,0r o

\B oy
3+15v 27-15v - : D = O p o
SCFlpotar =~ 12-T0v  SCFleqeo = 13- T0v ~ SCFlequy= - TaTOV - | - 2 E@Eﬁ' e
| 00 Tza \;‘z'fyz)f:n_ %Tyz)rm;gso #=toy \[" =10y
Spherical cavity in biaxial tension «?x . v T
Spherical cavity in puré shear ' ws{ o “l - \““&5\8»@
Egiby | B
» 15(1-v) 4 | g \t&,/’ |
SCF =—13= \)
‘ e
Rigid cylindrical inclusion in uniaxial tension Fal )
' .. 1 1 3 R
SCF|potar = 7 3-2v+ v v) SCFleq = 2(1+2v- Ty v) [ {‘
Rigid spherical inclusion in uniaxial tension 1 ]
2 1 v 5y e
SCF|polar =T+v T 35v SCFleq ~TFv ~“¥-T0v (‘]L)E
Rigid spherical inclusion in hydrostatic tension N
: : TV e

1-v . ' '
SCFlragiat = 3 THv ,
Reference: Goodier, J. N:, "Concentration of stress around spherical and cylindrical inclusions
and flaws", Trans. ASME Vol. 55, 1933, 39-44. (later called J. Applied Mech., Vol. 1)
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Observe that for the three dimensional cases, the stress concentration factor depends on
the Poisson's ratio of the material in question. ‘

A hetercgeneous load distribution

Consider a rigid circular cylindrical indenter of radius R pressed with load F on a semi
infinite solid substrate. This could represent a building erected upon compliant earth, or an.. .-
industrial press operation. A solution for an elastic solid of Young's modulus E and Poisson's
ratio v is available. The indenter displacement is (Timoshenko, S. P. and Goodier, J. N., Theory
of Elasticity, McGraw Hill, 1982.)

. . Lbr:(/?fﬁcb e J‘"» | L -
F(1-v2) . L ’r;). |
“TI2RE - ' s "
The pressure distribution q(r) as a function of radial coordinate r is |f 'f” eonsland foud n_r' T kil of Load 1R
p , -
q() = | | MQ

2aRIRE =1

Observe that the pressure becomes singular at the edge The indenter is idealized as perfectly

. rigid (much stiffer than the elastic. substrate) and with a perfectly sharp edge.

Uses of concept of stress concentratlon

& Find stress distribution (nominal) in the absence of holes. -

& Multiply nominal stresses by the appropriate stress concentratlon factors. Many of these may
be obtained from a handbook.

& The largest stress will cause failure. It is not necessarily. the largest nommal stress. -
< In the design process it is sensible to ameliorate stress concentrations by avoiding sharp re-
entrant corners, and rounding them off when they are an unav01dable part of a structure.

Demonstrations, by photoelasticity. Circular hole. at center of a compressed bar. Circular
hole in bar subJected to pure bending. Circular notches in bar subjected to pure bending.

Contact stress (HerJrz. Contack S&Mc«a)

From the theory of elasticity, we have several 1nterest1ng solutions for spheres and cylinders

in contact. ,

e . . 5 (~
For spheres of radius R of Young's modulus E, Poisson's ratio v, under force F,
contact region radius: a = 0.880 (FR/E)!1/3, It increases slowly with force. (R
peak compressive stress: po = 0.616 (FE2/R2)153_ 1t increases slowly with force. f/

e aZ-r o
Stress vs radial position in region, 6,= - p, SaE , a parabolic distribution.

Overall 3-D pattern of stress is complex and multiaxial. Cracks may develcp below the surface in

ball bearings. - aen '/%M be3.04 j T ),;
..... N L “
Fou p««ﬂ‘l‘cﬂ&«_‘lﬁa 2 s {// . E, & Vz-3, 5
_____ [ Nl P~0.4/8’j E(/ }/)
L>> sb

e s
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Section 3.5 Introduction to Fracture Mechanics 59

Most failure criteria for composite materials address failure of an individual ply.
Failure of the laminated structure is more complicated because of unresolved ques-
tions about interlaminar stresses, how degraded plies unload, and how failure of some
plies influences the remaining intact plies. At present, no failure criterion intended for
a laminated structure is reliable enough to be used without experimental confirmation.

INTRODUCTION TO FRACTURE MECHANICS

Cracks and Brittle Fracture. One expects that materials such as glass and rock will
fail in a brittle manner. A normally ductile material such as structural steel may also fail
in a brittle manner if it contains a crack in a region of tensile stress. Typically a crack
begins at a stress raiser and grows gradually, due to cyclic loading or due to corrosion
under steady loading. When a crack reaches a “critical length” it suddenly propagates as
a brittle fracture, and the part or structure breaks, perhaps completely in two. Complete
separation may be prevented by progagation of the crack into a “crack arrester” such as
an existing hole, or by deformations that happen to relieve the mechanism that causes
the crack to propagate. Crack propagation speeds may exceed 1000 m/s.

The Liberty cargo ships of World War II are classic examples of this kind of fail-
ure. Of some 2700 built, more than 100 broke in two. Part of the trouble was welded
construction, in which edges of adjacent plates were welded together. (Previously,
ships were constructed of overlapping plates connected by rivets, thus incorporating
“crack arresters” in the structure.) Also, the material itself was made more susceptible
to brittle fracture by heat of the welding process and by cold conditions in which these

ships often operated.

The state of stress at a crack tip causes material there to lose ductility. Consider,
for example, a flat plate with a crack oriented perpendicular to the direction of load
(Fig. 3.5-1a). Near the crack tip, normal stresses in the plane of the plate are tensile
and very large. Consequently, due to the Poisson effect, material around the crack tip
tries to contract in the thickness direction (normal to the plate surface). However, the

Opening: : Sliding: Tearing:

(a) _ (b) ()
FIGURE 3.5-1 The three crack modes, commonly named I, II, and IIL

e e T e o
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Fracture mechanics

As elliptic hole becomes progressively narrower, the ellipse approaches a crack shape and
SCF =K —0. Actual observed stress concentration factors for cracks are not infinite.

Therefore a material with one perfectly sharp crack will have zero strength, since the stress
concentration factor becomes infinite. Experimentally, even for brittle materials, strength is
reduced by cracks but not infinitely.

A criterion based on energy balance rather than on stress has therefore been adopted. The

approach is due to Griffith. The energy relations are visualized as follows. The energy required to

extend a crack is linear in crack length because the energy is expended in creating new free
surfaces. By contrast the strain energy available comes from a roughly semicircular region
around the crack and is therefore quadratic in crack length. As the crack propagates, the material
in that region is unloaded and its energy is made available to drive the crack. When the crack is
long enough that an increment in crack length gives rise to an energy release equal to energy
expended, catastrophic crack growth impends. :

Griffith proposed an energy approach to fracture. The elastic energy stored in a test

specimen of unit thickness, in a circular region around a crack of length a, is:
1 ‘ v M ‘ 1 G‘R
2na2 2-E- 62 = Z’ Sﬁk&fv\a M%a d‘vﬂ‘a”ﬂ‘) ' 'n"d"4 , (Fl) .
1 1 ' i . : o

Recall that 7 Ee? = 55 o2 represents a strain energy per unit volume.
The elastic energy for a brittle material is twice the area under the stress strain curve. The elastic
energy is used to create two new surfaces as the crack propagates. The surface energy, 4 ya (y is
the surface energys; it is an energy peft unit area.) should be smaller than the elastic energy for the

crack to grow. Thus, the incremental changes of both energies for the crack to grow can be
written, ;

2 ‘SVW&M»U) ) e.sxe‘mzﬁ i K' ZO,

d Y d -
2] e e o
a E da (F2) ‘ b%kc& érw,v%
2
Inakd - 4%
Hence, € T T
ma (F3) — I~ 2a
Since for a given material E and y are constants, $ 7
o =
P ra | (F4)

In this case K has the units of psi fin or MPa+fm and is proportional to the energy required for
fracture. '

K is a measure of fracture toughness, called the stress intensity factor. Cracks and stress
concentrations also occur in ductile materials, but their effect is usually not as serious as in brittle
ones since local yielding which occurs in the region of peak stress will effectively blunt the
crack and alleviate the stress concentration.
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q The stress intensity factor K is the criterion for fracture in cracked objects. For a small Mode I
o crack of length a,

K, =0 Jm f(alc).

Here f(a/c) is a dimensionless function of loading geometry; it expresses the effect of crack
length in relation to block size. o is the stress required for fracture in the absence of a crack.
The units for K are MPaVm, in contrast to the stress concentration factor which is
dimensionless. Observed that there is no characteristic length scale in the classical theory of
elasticity. The length scale must come from other considerations.

'+ Fracture occurs when Kl éﬁ(ce@ds 'a:i*criticéi value, .ch det‘e.rniir'ied _Zf‘rlom _cxpefiineﬁtf? This is-.
; the fracture toughness based on a static test; The fracture toughness for a dynamic situation’
+is NOT the same as for a static situation / ~ '

_ Formulas for K are valid over a range of geometrical parameters, specifically,
 thickness t >2.5 (K /oy )%, _{féndgcrack lengtha>2.5 (K, /oy )2 /

In a thick block, the stress field around the tip of the crack is triaxial, since the Poisson
contraction in the highly stressed region near the crack is restrained by the surrounding
material, which is not so highly stressed. This triaxial stress causes brittle behavior in
seemingly ductile materials, since shear deformation is suppressed.

If the block is thinner than the above limit, toughness depends on thickness. If the crack length is
less than the above limit, then the material may undergo yield before any fracture occurs
from the crack. :

N’

Be aware that K, depends on temperature, and often drops precipitously at low temperature.

Example

Estimate the size of the surface flaw in a glass whose modulus of elasticity and surface energy

are 70 GPa and 800 erg/cm? respectively. Assume that the glass breaks at a tensile stress of 100 -
MPa.

lérrcl)srrlvzrquation (F4), and keeping in mind the transformation from cgs to SI units,
_ 2vE , '
nof
_2x800dyne/cmx70 GPa
) = (100 MPay?

a

=3.565 ym

To two significant figures, a= 3.6 um.
[Note that if the crack is on the surface its length is a, if it is inside the specimen it is 2a.
Remember 1 erg = 1 dyne cm]






X ASTM modil. -%./ K, Yok
A dbw ‘}wal-u-a. peded KI‘:‘ s _HOU;‘?

Y YY) S /2.5‘(‘4:7 )7‘

2. " .+ BZ 25(K1¢7>13 - |

. A%Awﬂ ‘e M#L st e 045 ~0.55 W (M\L&e;}srw>

. owdk mert, bt sheep td st Bt twhoduad vio. & {ﬁw&
erade sjrwd—uw\ '&wa. V- motch

s. T %A« ol madl be wihoduces Lo‘ lm’ fype oJ‘cL«,m\

‘; A d‘sPQW Qe ml\ be waeS o aaw\uw\ SNV L
mlam d\s‘:(zk(_uwm\’ c}( +uro ?Mx,wi«.\ lo cakiS gages bosi Moo
Nk\—l \H*-‘—'SL MWWWK - .

O 25 (K'I.c./ > . ~Hu;° w o %W M io MUJA%A‘\
| | sug‘mwt be des 4(” LEFM 4o bold

O ral |
B Cows\,clu o Flm /zmu " 4%%

'R s ?I:leu. K
va Ha rﬁm %ow

Coepm i SR e
Y W, G TR SEe .
'L«/ .

= We desume Hholk %szMa prdinbibukd  ahuad {5%&1 mdz_- co that e
" oad bw oL ‘w., nowd -&M WMI/., L. wob\mn\d w-ben L&nddwa\
0 tLrho - :\)ﬂ ifu.w:‘\ QLW eMcla.A oyl wnd 1l %mpk ofe. ‘Hbu. B ke

= Thea 2c=2c°+2_r = 2¢q+R w*hfﬂ bt \mﬁ\\k(%w’t

C:\: - In Flw ShM. wodt I Rz A (KI/G?\Z\

w C:co"’-—‘-—/KY/\






4 e shu @ bk b ase Kyt odee o He
?lm-lu_, bm an—w-dww

— | -4
Thie Ke = TITG { f - L (%_Y>"} ¢ (1)

- lna.%‘—,a-é (T-—“»O‘y' )KI-—)KI

- |;§0':-e,wkuo- be fru l%:)ﬁm@gwu%m
L!Ml—%“p\o.ai«.,o o il ?(J;MJ R) __>°°.ku,w~¢- V:obv‘&

LEFM awkm 04 Swaldl  seale %t'ddmﬂ
- We wak  Kp= Ky Jm&m. Ty o Tews L Ky =Ky,
o (N Cud soloe der th sk Jumgte 2% |

) /ﬂZrco = __% (K:;,;)Z{ (0%’52‘ _ ",Lz} »)41-;!(1_‘:. |
O Ths will cauer wmateble sk Growrth |

- _‘m-w@ M%L Mwmwuﬁww@«m =T

v 2Cs = _'.\_._2.'(l<x¢/)z o (K
: \2 il (7"7 2 -—-6,_':"'

"f . °->O'7. e ZC; < 'EZ‘ (K:‘-/<r )Z mm-:»tﬁug:\*ﬂrtk
T< c:, Yo 26 > ) (KI¢/€ ) or Co ‘?_L (mx%ﬂx
Bﬁcmu we Woast 4o wmalic GA@OTWR WMMM ’-{- KI:‘ |
wt wiak e DD Z (K;c‘_/q_v _'

2
| Sr‘wlu\ owd Broum $udzxf,k5 Hal ¢ = > 2.5 (KIC/CR/)
\) C ad B a.oufké oo Ha SWW






3
=~z

2,  >,25 (Kxc/) wgrw M{um%u
Mﬁmwmw mb,]MODE'I Hfm{mm
Tront s .
Asﬁum s hown %ﬁmmmwwfn%_}varaﬁw@c
%bw&mm He' made bifensom fre G, =2%g,
RO A T u«%'%m%wwﬁm
Fuﬁuam\] thon  crade s wll pdy oten when @ «zxﬂa
Mw?m‘fh/‘;MLc,md@a#wmmws%. meJrf’ @ttt
MW ow%s\%_ (‘{M’PQM'LK/%M a)ﬂmw
:‘—m)uLMD MMWWWMMMMPN

i we dfen R=emde M—\th‘Suv\ /\.tm,a\lmm RN ,*Huw ’{w

G’I ’)R
;# we /uma»lrw Heok G1= Tme (-v) od ool o &
. | 5
‘L\ﬂncol - GI Mrowe © e P
I | ' | G‘Ic. - BRIVTTLE | DycTiLE
| | e . . |
& | /
G ¢ =0 Gy )

. G= . .o-t,
or A ' R
R Ny l. _ |

e M'S-‘uu( —
GROWTH

y >e . C
Laan well Mw.l,g G = P ﬁowf 9/ WII(ASL(_MW O (/e Mow 71/&«







K
-

2. 4 ’B>/ 2.5 (KIC/U.y )Z . TLJ’A N%W M ’fwm 'HM«
tonaidinakion ik we waak Py MODE I Hpo. 4{%"@4/&.

-~ As ﬁMM S houwmn "}utfo«.m MWW%% %FMF‘UZ‘“’H
e gty batle makealo , He trade bpusin dne Gpo= 2%,
whon ¥ @1&9 p««&m u.b\% Howeren fa—«. WW&LAnm
]—»Laduawj ; Hon  cracde wme,&,;__,\'_uan.w\ occun whew Gz 2¥p
whotr b o B plactie wnke o}tk mbusin . b b Mot 4 Cter e
ond dipenda o e s of R plaske 3o ) T4 TLMMM
rok | et aup Hey ol G dun dipuds o fhe trade dagth -
|f we ﬂ%w-u R = ernde trlmsun atsotamen = 2%+ fp ) Then :f&»’
wonadoble M we et have Hat
| G 2R

and  odeo

B R ok Gr= ome (1-v)  oned {Zuolu ot o
-l—\w@l Gy Wowe C  cwret, . |

. ) O—w_c

| . B Ny LT =
. BRIVTTLE

Gy ¢ ¢=0c Gz
J§ ey / .

l
|

3 O ’ . <« umstuble —o

‘ : | CROWTH ol S e
Noke thay e brtile malsual shows LML plaotie defrrmatirn dudl
Larnwtl, AedinsS Gz R poud of tndessechon and oceura delow Fha.

73







: o Mk ai He plide i wade Hiiner Ho .
| W WWMWJ Fuve o dis bt  sbessction
f@u;d/" . 7/{0 AL ffy% k‘w 7%4, ?«5 A. rj ) “Slu.m /&7:4” f'\,o-w”l%u

DIR. oF ¢rach fmmwl-m,\q—p SLANT

The M V(f‘/ﬂ phian Ao w0 i Jo ThL ’zmww?go e

L ; Spatad ua '{W ‘Tf“m«'-« ot p ¢
' S ,T._) b e chamiam Hoak will s

- gl Crad Litinsion il b dute F0

mﬁ.%f\w realishic ,&MM we shaaxr ( Mo“f’m> ) .
Zone. Ao wt s Ha sdod ﬁnmoaw‘*uhw,

V SLANT

- TN, © <TRESS
SHEAR LiP 77N PLANE
' . Py
o 4 o
// o PLAE STIAIN

IMITIAL ) Ve
“ ARACK FRoNT .

. o P
SHEAR Lie 4 ///J\

M dawe ’F/\JOPO";L.S mdxl; 4'; d?uj;a.lrb u;kzk&o;zmb(/?zjww; dj:”j
o  msdil (o Thed , I Van |
sl>7 Bluhm, o ' % /LA// ' / S%MW““’ 7! 1((C°>
| 2. Shen Lpo oot
Aotdmed o occwr 4H

45° ,
3 f/u ﬁmm )5 e
Sunfaet ;n/mmmm,ow '
4. Stear /t'ﬁ W Vot uls

mm A fo M%’«M?AA//W da L}:‘




9,



/c(/—s) + Bszﬁ . Note VRt S is peked Sothed &
‘2 BS = corotut ae cmcLZL«;z‘A f
anel . G’I —_ K

F’OO' ’ | |

' . Frewe doda. én Al nvan
% square | 3035-TL

Sy Arachure

v K~ 200 KJ/m

4 ~ 20 kJ/w

Zron - B 28mm

Looke of Hha plaskie Oud swpripoge The modil of Knallt ¢
plache Yo “prposs el Knolf

. | s
o e -1 255 0
Sinea vrf (Ha—wsw\ I:;, la()ﬂ 'S hot

Mo << 1 W_P_<S<<1 . |
| B ok c:} -}h. CA04 —'AL@\!’\A‘W o wt’mn hawrt

f}a/w,/a&. Mzuczg,m7 é‘#wl, 'U‘I,": 259 Ks(

3 100
0 I'
57 |
g W N? {é 12 TESTS
< = loIsTineY o= o
S5 oo 8 S A A cmcluoion : -
<
~ 60 ! . B "
ézw-q.,,.‘ j . . . L_ . s
: E| al ' Ig
e } Hen . R & B a 25- ( fg"c)
i ] ‘ Oy
L o SRERE o
[ i
{ ? i Nf"“;’ﬂ ¢ | & A : ]
! ; r e ) 1/; I . . N ‘
¢ P Kye o B8KS1 ¥IN. . . .
5‘ ukunj ' -———"'2’ te : o W \ 0“'0 .s“ _
l . {# a ‘:ou c¢
'R 0.2
. 41 AND 2% 0.2" roos]‘ PT BEND
0 .3 ] .5

B Ntss 5, N,

FIG 14--E[7ect ol l/uckness jn popm behav:or and apparem Kie Iar 259 kst

wismnl nmaniiean tuna



9,



| Specimen Stae AZsiiiemiemds
= 7§

must ek ,Z‘A?c dovaples  wnlh  Long Cracks,
Thes kr = &, before - 0y . P e
<£7,,,Jo we (Acfua’j

c > 2.5 £ \s
) é f‘, Sl . U—; j/"

s ')uul’s 59, Lo t;;[{.e-c@e/; o ~_4_&0 ’l-fM 'v.;f.tu;_é wux:f
scoample b ofn . plone st AT . |

 (moida T075-Te - ( Ms¥E 202¢ w,awmuf ).
0 = 75 i T LT
Kr = 2¢ .,/"" - - a.s ,/ -—‘)’ = ! T 0e3 e
I-C ._,~ . kS( e > . g_§ = ! ) " . g. ) TM

Z‘ e s o> oo

oko : oﬁs

l ' - | | ' Io[d-le *hchneeo B B Ao o Feo H«g,,ﬂ

' ATML‘MJA\ '-A Mac“"‘
MY B




)



By = RV PP Y

s much lower stresses. Thickness-direction tension at the
il just ahead of the crack tip is therefore in a state of trigx-
ure more than plastic flow.

agate at great speed after reaching a critical length? The
rgy considerations, which are summarized as follows.
ometry of Fig. 3.5-1a, which is shown again in Fig.3.5-2a.
crack an amount da is independent of crack length 4, so
luce the crack varies linearly with a (Fig. 3.5-2b). As the
uced in material alongside the crack, and stored strain
1y released varies approximately quadratically with a.

ine that a crack of length 4 nullifies the uniaxial state of
of radius a, shown dashed in Fig. 3.5-2a. Strain energy
>rtional to the volume of this disc, V= 7a%/2.) When a
ment of strain energy released to equal the increment
the crack, sudden fracture impends. Thus dU, = dU, in
al crack length. Energy needed to drive the crack is sup-
1 material. There is no need (and insufficient time) for
ork of external forces acting through a distance. The fail-

'ould be if the crack were absent because the crack pro-

“bonds to be broken sequentially rather than all at once.

d as shown in Fig. 3.5-1. In practice, Mode I is most com-

le. For any mode, one can calculate a stress intensity fac-

are it with an allowable value to determine whether

nsity factor is not a stress concentration factor! Indeed,

Is it is not necessary to use stress concentration data:

:d not be calculated.

ider only isotropic materials, and oE.vN Mode I cracks
‘ess intensity factor for a Mode I crack is denoted by X,

K; = BoVma (3.5-1)

at would exist if the crack were absent. Thus, stress o is
Aultiplier B is dimensionless and depends orn geometry
3.5-1). Dimension a is defined as either the full crack
n geometry. Units of K, are MPa\/m. Fracture impends
i known as fracture toughness. K, can be considered a
 of specimen thickness , if the specimen is sufficiently
nsioA at the crack tip to develop fully. Also, the crack
minimum. Recommended minimum dimensions are

R 2 . v
Hv and aww.mﬁw:v (3.5-2)

Ty oy

is determined by a tension test of the material, and ¢ is
i thickness is less than the value described by Eq.3.5-2,

-

o U
U, U,
* : Critical 'y )

o~ length dU,

Y du,
[

da

O
\ .
2 da U, = energy expended to

propagate the crack
\/\
o

(a) (b)

FIGURE 3.5-2 (a) Plate with an edge crack of length a. (b) Energy
relations for crack extension.

U, = strain energy released

TABLE 3.5-1 Stress intensity data for flat plates, of isotropic material and uni-
form thickness, with in-plane loading [3.6].
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EGM 5615 Synthesis of Engineering Mechanics

Example (adapted from example on page 62-63)
Consider a 1 cm crack in a large plate of steel. Assume the plate is large enough that f(a/c) =1.

What stress gives rise to fracture for a weaker or 'mild' steel (5, = 500 MPa, K, = 175 MPavm)
and a high strength steel (o, = 1410 MPa, K, =50 MPavm).

Solution: Use K| = & f(a/c) Jma ,s0 with f(a/c)=1, o= K,/ N .

Weaker steel A, o = 987 MPa, which exceeds the yield strength, so it undergoes yield at 500
MPa rather than fracture from the crack.

Stronger steel, o = 282 MPa, which is less than the yield strength 1410 MPa, so it fractures
catastrophically.

Consequently, in the presence of 1 cm cracks, the stronger steel actually is weaker than the 'mild'
weaker steel. Moreover, the consequence of an overload is more severe for the stronger steel
since it catastrophically fractures rather than yields in bulk.

Example (adapted from Gordon, Structures )

Suppose we have a large structure such as a ship or a bridge and wish to tolerate a 1 meter long
crack without catastrophic failure. Consider 'mild' steel (5, = 500 MPa, K, = 175 MPa\/m)
Solution-

With fa/c) = 1, o= K,/ 7 =90 MPa or 14,000 psi.

In foam, Gibson and Ashby [Cellular solids] predict toughness Kic proportional to [\/(cell
81ze)](den31ty)3/2

Stress concentratlons: appendix

Experimental stress concentrations in composite materials are consistently less than the
theoretical ones. The non-classical fracture behavior has been dealt with using point stress
and average stress criteria, however that approach cannot account for non-classical strain
distributions in objects under small load. Such differences may be accounted for via a
generalized continuum approach. Reduced stress concentration factors for small holes are
known experimentally in fibrous composite materials. The fracture strength of graphite epoxy
plates with holes depends on the size of the hole [1]. Moreover the strain around small holes
and notches in fibrous composites well below the yield point is smaller than expected
classically [2,3], while for large holes, the strain field follows classical predictions [4].

1. R.F. Karlak, "Hole effects in a related series of symmetrical laminates", in Proceedings of
Sailure modes in composztes 1V, The metallurgical society of AIME, Chlcago 106-117,
(1977 -

2. JM. Whitney, and R.J. Nuismer, "Stress fracture criteria for laminated composites
containing stress concentrations", J. Composite Materials, 8, (1974) 253-275. -

3. M. Daniel, "Strain and failure analysis of graphite-epoxy plates with cracks", Experimental
Mechamcs 18 (1978) 246-252, .

4. R.E.Rowlands, I. M. Daniel, and J. B. Whiteside "Stress and failure analysis of a glass-.
epoxy plate with a circular hole“ Experimental Mechanics, 13, (1973) 31-37
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EGM 5615 Synthesis of Engineering Mechanics

Fatigue

A material loaded through multiple cycles will break at a stress considerably less than the
ultimate strength for a single application of load. Fatigue is quantified by the S-N curve, in which
the number N of cycles is plotted logarithmically.

The effect of cyclic stresses is to initiate microcracks at centers of stress concentration
within the material or on the surface resulting in the growth and propagation of cracks leading to
failure.

As for fatigue testing, the rate of crack growth can be plotted in a log-log scale versus
time. Testing the fatigue properties to generate an S-N curve entails monitoring the number of

cycles to failure at various stress levels. This test requires a large number of specimens compared
with the crack propagation test.

The endurance limit is the stress below which the material will not fail in fatigue no matter how
many cycles are applied. Not all materials exhibit an endurance limit. (a practical limit is often
chosen as 107 cycles).

The presence of a saline environment exacerbates fatigue.

Surface roughness exacerbates fatigue. A polished surface is better.

Rubbing or 'fretting' exacerbates fatigue. Re-design the part or use lubricants.
Heat treatment to introduce residual surface compression can be helpful. -
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EGM 5615 Synthesis of Engineering Mechanics

Fracture mechanics

As elliptic hole becomes progressively narrower, the ellipse approaches a crack shape and
SCF =K —®. Actual observed stress concentration factors for cracks are not infinite.

Therefore a material with one perfectly sharp crack will have zero strength, since the stress
concentration factor becomes infinite. Experimentally, even for brittle materials, strength is
reduced by cracks but not infinitely.

A criterion based on energy balance rather than on stress has therefore been adopted. The

approach is due to Griffith. The energy relations are visualized as follows. The energy required to

extend a crack is linear in crack length because the energy is expended in creating new free
surfaces. By contrast the strain energy available comes from a roughly semicircular region
around the crack and is therefore quadratic in crack length. As the crack propagates, the material
in that region is unloaded and its energy is made available to drive the crack. When the crack is
long enough that an increment in crack length gives rise to an energy release equal to energy
expended, catastrophic crack growth impends. '

Griffith proposed an energy approach to fracture. The elastic energy stored in a test

specimen of unit thickness, in a circular region around a crack of length a, is:
1 o ‘ . GR
2753.2 7E 02 ® 2 §Tdem .»'ENM-B?; &'&%4;;;«,,? v TR 'g : (Fl) '
1 1 . . o

Recall that oA Ee2= 7E o2 represents a strain energy per unit volume.
The elastic energy for a brittle material is twice the area under the stress strain curve. The elastic
energy is used to create two new surfaces as the crack propagates. The surface energy, 4 ya (v is
the surface energy; it is an energy per unit area.) should be smaller than the elastic energy for the

crack to grow. Thus, the incremental changes of both energies for the crack to grow can be
written, \

N Z (gwu‘%&'”’? o i»?-t..:@;f’;‘*ﬁ ¥ :lf' ZQ«
i(n ac 2) =E(4ya) , o i
da\ E da (F2) o
2nugd ’ = 4%
Hence, "E e
B
o= (Sf = _2__lY_E
" (F3) ~ 1= 2a

Since for a given material E and y are constants, * -

o= o

" ra -

In this case K has the units of psi 4fin or MPa+[m and is proportional to the energy required for
fracture.

K is a measure of fracture toughness, called the stress intensity factor. Cracks and stress
concentrations also occur in ductile materials, but their effect is usually not as serious as in brittle
ones since local yielding which occurs in the region of peak stress will effectively blunt the
crack and alleviate the stress concentration.
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Example (adapted from example on page 62-63)
Consider a 1 cm crack in a large plate of steel. Assume the plate is large enough that f(a/c) =1.

What stress gives rise to fracture for a weaker or 'mild' steel (6, = 500 MPa, K, = 175 MPavm)
and a high strength steel (o, = 1410 MPa, K, =50 MPavm).

Solution: Use K = ¢ f(a/c) Jma , so with flalc) = 1, ¢ = K/ Jra .

Weaker steel A, o = 987 MPa, which exceeds the yield strength, so it undergoes yield at 500
MPa rather than fracture from the crack.

Stronger steel, o = 282 MPa, which is less than the yield strength 1410 MPa, so it fractures
catastrophically.

Consequently, in the presence of 1 cm cracks, the stronger steel actually is weaker than the 'mild’
weaker steel. Moreover, the consequence of an overload is more severe for the stronger steel
since it catastrophically fractures rather than yields in bulk.

Example (adapted from Gordon, Structures )

Suppose we have a large structure such as a ship or a bridge and wish to tolerate a 1 meter long
crack without catastrophic failure. Consider 'mild’ steel (o, = 500 MPa, K. =175 MPavm) .
Solution-

With f(a/c) = 1, 6= K/ 7z =90 MPa or 14,000 psi.

In foam, Gibson and Ashby [Cellular solids] predict toughness Kic proportional to [V(cell
size)](density)>2. :

Stress concentrations: appendix

Experimental stress concentrations in composite materials are consistently less than the
theoretical ones. The non-classical fracture behavior has been dealt with using point stress
and average stress criteria, however that approach cannot account for non-classical strain
distributions in objects under small load. Such differences may be accounted for via a
generalized continuum approach. Reduced stress concentration factors for small holes are
known experimentally in fibrous composite materials. The fracture strength of graphite epoxy
plates with holes depends on the size of the hole [1]. Moreover the strain around small holes
and notches in fibrous composites well below the yield point is smaller than expected
classically [2,3], while for large holes, the strain field follows classical predictions [4].

1. R.F.XKarlak, "Hole effects in a related series of symmetrical laminates", in Proceedings of
failure modes in composites, IV, The metallurgical society of AIME, Chicago, 106-117,
(1977) '

2. JM. Whitney, and R.J. Nuismer, "Stress fracture criteria for laminated composites
containing stress concentrations", J. Composite Materials, 8, (1974) 253-275.

3. M. Daniel, "Strain and failure analysis of graphite-epoxy plates with cracks", Experimental
Mechanics, 18 (1978) 246-252, .

4. R.E.Rowlands, I. M. Daniel, and J. B. Whiteside "Stress and failure analysis of a glass-
epoxy plate with a circular hole", Experimental Mechanics, 13, (1973) 31-37
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U, = strain energy released

(b)

FIGURE 3.5-2 (a) Plate with an edge crack of length a. (b) Energy

relations for crack extension.

TABLE 3.5-1 Stress intensity data for flat plates, of isotropic material and uni-
form thickness, with in-plane loading [3.6].
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EGM 5615 Synthesis of Engineering Mechanics

Fatigue

A material loaded through multiple cycles will break at a stress considerably less than the
ultimate strength for a single application of load. Fatigue is quantified by the S-N curve, in which
the number N of cycles is plotted logarithmically.

The effect of cyclic stresses is to initiate microcracks at centers of stress concentration
within the material or on the surface resulting in the growth and propagation of cracks leading to
failure.

As for fatigue testing, the rate of crack growth can be plotted in a log-log scale versus
time. Testing the fatigue properties to generate an S-N curve entails monitoring the number of
cycles to failure at various stress levels. This test requires a large number of specimens compared
with the crack propagation test.

The endurance limit is the stress below which the material will not fail in fatigue no matter how
many cycles are applied. Not all materials exhibit an endurance limit. (a practical limit is often
chosen as 107 cycles).

The presence of a saline environment exacerbates fatigue.

Surface roughness exacerbates fatigue. A polished surface is better.

Rubbing or 'fretting' exacerbates fatigue. Re-design the part or use lubricants.
Heat treatment to introduce residual surface compression can be helpful. -
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5.2 TORSION OF CLOSED THIN-WALLED TUBES

e shear stress on the 3 -in wall is

T 50(10°)

(T)I/Zin.:".—zi‘; = 2®BII2) = 11{10'p‘si -

Tyain = (2)(43.8)(1/4) pst

t i

Jééﬁz(sﬁ—;.——%

267

AMy. Shatl
«¢/4ff//w’ Sheso Aral

o ady

2 MorrpLE CELL SECTIONS IN TORSION

igure 5.2-5 shows a closed, thin-walled, multiple cellular cross section transmit-
ing a torque T. Conventional practice isto treat the torsion contribution of each cell
separately and combine the results using superposition. This is done subject to the
condition that the angle of twist of each cell is the same. '
"The torsion contribution of the ith cell is given by Eq. (52-3)as T; = 2q;A;.
Summing the contribution of the n cells yields S

‘[5.2-8]

Figure 5.2-5  Muliiple cell cross section.
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5.2 TORSION OF CLOSED THIN-WALLED TUBES

| T

Lo e m e a e am m———

Figure 5.2-7

ubstitution of values giveé

mo=2ql%am0+qﬂmmm%—aM)+%mmmmﬁ

implifying results in
3.142q; + 6q; + 20g; = 1(105) - . fal

- For the angle of twist of each cell, consider cell 1 first. Sti_ntting at the radial wall
d consider_ing each wall of the cell in a clockwise order, Eq. (5.2-9) for cell 11is

A+ (g (7 |

E[(m/4)a®] Lt \2

<@+ﬁ§2@+@lﬂw>

153

(1+v)L 4 q1 .
E 7r(0.022) 0.003

7\, Q%
— R e ) +
) (0.02) + 0,003 (0.02)

g1~ 43
0.002

(0.02)

lacing the term involving v, L, and E on the left side of this equation together with
| and simplifying gives

5

ET:BZ=@6%%—21n%—3J%%xm%

(3

AL
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5.2 TORSION OF CLOSED THIN-WALLED TUBES

gure 5.2-8 shows the shear flow and shear stress definitions for this example. The

ar stieSSes are:

4
_ 6L g o108/ = 821MPa.

5.1

T8 37(103)kN/m2 = 8.3TMPa _

3860 _ 3 - |
= S5 = 172010 )/m 7.72MPa.

— g 3860 — 24.62
t2 0.002

= 6.99(10*)kN/m* = 6.99MPa

- 511 — 24.62
@ _ 25 1% = 62 _ 0163(10°)kN/m? = 0.163MPa

3860 - 2511 _ o
==z~ 7o JkN/m? = 6.75MPa

angle of twist is found from Eq. (b) as
3 1+ v)L(104) c
- E R

_ (1+029)(1. 5)(104)
210(10°)

36.56(10%) = 3.37(107%) rad = 0.193°

Figure 5.2-8  Shear flow for Example 5.2-3.







5.2 TORSION OF CLOSED THIN-WALLED TUBES

- The shear stress on the 3 -in wall is : ' Ady. £
3 £ Apolicd Shese Arel
(T = ‘?—— = M =1140psi =~ . . g) v
, - 2Ar (2)(43.8)(1/2) , . by Buo

nd on the 1 -in walls : 2"% ¢

50(10°)

Tidin = m = 2280 psi

n‘evaluating the integral [ds/t note that ¢ is constant for each wall; thus

Jé_z(s—é.— )

; =

1
4

«2 MurrpLE CELL SECTIONS IN TORSION

1gure 5.2-5 shows a closed, thin-walled, multiple cellular cross section transmit-
ng a torque 7. Conventional practice is to treat the torsion contribution of each cell
eparately and combine the results using superposition. This is done subject to the
ndition that the angle of twist of each cell is the same.
“"The torsion contribution of the ith cell is given by Eq. (5.2- 3) as T; = 2q,~Z,
umming the contribution of the n cells yields

'15.2-8]

Figure 5.2-5  Multiple cell cross section.
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CHAPTER 5 ToPICS FROM ADVANCED MECHANICS OF MATERIALS

Celll i
N

Figﬁre 5.2-6 Posifive shear flow in cells i and |.

where we have 7 unknown values of g;. The condition that each cell has the sam
angle of twist 6 establishes n equations of twist for each cell. Equation (5.2-5) ap
plies to a single cell where g is the same for all walls of the cell. For a cell withina’
multiple cell structure, the shear flow g in each wall is the superposition of the shear’
flow of adjacent cells. Thus in this case, g can vary throughout the walls of a give
cell and g must be placed within the integral of Eq. (5.2-5). As an example, the

angle of twist of cell i is ,
1+ v)L :
A Chu)i2 “2 ds>

The sign of the shear flow is extremely important. Here we will consider counter-
clockwise flow within a cell and its walls to be positive. For example, the twist
equation of wall a of cell i shown in Fig. 5.2-6 is (g% = ¢; - q; For the twist equa-
tion of wall a of cell j, o) = g — g '
Equation (5.2-9) represents n equations, one for each cell. This, together with
Eq. (5.2-8), represents n + 1 equations in terms of the n + 1 unknowns; 8, 41, g
.., g, Once the ¢; are found the shear flow in each wall can be determined
Dividing the shear flow in a specific wall by the wall thickness yields the sheat
stress in that wall.

Example 5.2-3

A steel tube 1.5 m long has the cross section shown in Fig. 5.2-7. The tube is trans
mitting a torque of 200 N-m. Determine the average shear stress in each wall an
the angle of twist of the tube. E= 210 GPa, v = 0.29. '

Solvution: ‘

From Eq. (5.2-8),

T = 2[(11(% a2> + ga)(c — a) + q3(bc)}







5.2 TORSION OF CLOSED THIN-WALLED TUBES

Figure 5.2-7

Substitution of values gives

200 = 2 ql(% 0.022> + ,(0.02)(0.05 — 0.02) + 3(0.04)(0.05)

implifying results in
3,142, + 6q; + 20q3 =1(10%) - S O

For the angle of twist of each cell, consider cell 1 first. Startmg at the radial wall
and considering each wall of the cell in a clockwise order, Eq. (5 2—9) for cell 1is

(L+v)L [ qu QB
E[(w/4)a2] f ( >( ) ( )+ t, ( )

- 02 + 0.02 + 0.02

E 77(0.022) 0.003 (0 ) 0 003 ( ) 0 002 ( )

Placing the term involving v L, and E on the left side of this equation together with
and simplifying gives

0 g
e (8.6384, — 21224, — 3.183g)(10%)

0F

AR

C =







CHAPTER 5 TOPICS FROM ADVANCED MECHANICS OF MATERIALS

Thus Eq. (5.2-9) for cell 1 reduces to
8.638qy — 2.122q, — 3.183¢; — C=0

For cell 2, starting at the top wall and moving clockwise around the cell

AN S YA .- Qg_"_ﬂlab
L T e @ BTy @|

1
~ (0.02)(0.05 — 0.02) | 0. 003

(0.05 — 0.02) 0003

+ 0q3(005—002)+ 2~ % 0 0p)

0. 0.003

Using the term C as before, we 6btain
_1111g; + 63894, — 2.5¢5 —

For cell 3, combining the right, bottom, and left walls, and then separating the top
two sections gives ‘

LB+ & ‘h()_+

93~ D (c —a)
)

bc t3

1

— { -4
(0.04)(0. 05) 10.005

0 002

(008 + 0.05) + (0.05 — 0.02)

— 42
0.02 +
0.02) + 50

As with the other cells, simplification yields
~0.5g; — 075, + 1.754¢s — € =0
Solving Eqs. (@) and (c) to (e) simultaneously yields
g = 24.62kN/m

, = 25.11 KN/m
, = 38.60 KN/m

C = 36.56 kN/m’







5.2 ToORSION OF CLOSED THIN-WALLED TUBES

ure 5.2-8 shows the shear flow and shear stress definitions for this example. The
hear stresses are: :

= 8.21(10%)kN/m? = 8.21MPa

2 = 8.37(10°)kN/m? = 8.37MPa
1

- % 3880 3 2
. = 0005~ 1TA(0)KN/m’ = 7.72MPa

g3 — q1 _38.60 — 24.62

= 3 2 — -
t 0.002 6.99(10°)kN/m* = 6.99MPa

T4 =

@ —q 2511 —24.62
o 0.003

= 0.163(10°)kN/m?* = 0.163MPa

g~ ¢ _ 3860 — 25.11
tz 0.002

‘angle of twist is found from Eq. (b) as

1+ v)L(10%)
= C

= 6.75(10%)kN/m? = 6.75MPa

a+ 0.29)(L.5)(10%)
B 210(10°)

36.56(10°) = 3.37(1073) rad = 0.193°

Figure 5.2-8  Shear flow for Example 5.2-3.
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8.2 TORSION OF CLOSED THIN-WALLED TUBES

¢ shear stress on the 1 -in wall is

T 50(10°)

(e =33~ Q@81/2) -

1140 psi

on the §-in walls

50(10%)

Ty jtin = W: 2280 psi

Iri evaluating the integral [ds/t note that ¢ is constant for each wall; thus

J£_2@~§—®+6~

1
t 3
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2.2 MucLtiPLE CELL SECTIONS IN TORSION

re 5.2-5 shows a closed, thin-walled, multiple cellular cross section transmit-
ga torque 7. Conventional practice is to treat the torsion contribution of each cell
rately and combine the results using superposition. This is done subject to the
ondition that the angle of twist of each cell is the same.
The torsion contribution of the ith cell is given by Eq. (5.2~ 3) as T = 2q;A;
umming the contribution of the n cells yields

'[5.2-8]1

Figure 5.2:5  Multiple cell cross section.
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Cell i

Y

Figl.u’e 5.2-6 Positive shear flow in cells i and j.

where we have n unknown values of g;. The condition that each cell has the same
angle of twist 6 establishes n equations of twist for each cell. Equation (5.2-5) ap
plies to a single cell where ¢ is the same for-all walls of the cell. For a cell within
multiple cell structure, the shear flow ¢ in each wall is the superposition of the shear
flow of adjacent cells. Thus in this case, g can vary throughout the walls of a give
cell and g must be placed within the integral of Eq. (5.2-5). As an example, th

angle of twist of cell i is ‘
1+ v)L :
6= (———_—)—< Ji ds> [5.2-
EA; t ; .

The sign of the shear flow is extremely important. Here we will consider counter
clockwise flow within a cell and its walls to be positive. For example, the twist.
equation of wall a of cell i shown in Fig. 5.2-6 is (g,); = ¢: - q; For the twist equa
tion of wall a of cellj, (9.); = 9; — 4= ‘

Equation (5.2-9) represents n equations, one for each cell. This, together with
Eq. (5.2-8), represents n -+ 1 equations in terms of the n + 1 unknowns; 8, g3, g2,

.., g, Once the g; are found the shear flow in each wall can be determine

Dividing the shear flow in a specific wall by the wall thickness yields the shear
stress in that wall.

Example 5.2-3

A steel tube 1.5 m long has the cross section shown in Fig. 5.2-7. The tube is trans;':
mitting a torque of 200 N-m. Determine the average shear stress in each wall and
the angle of twist of the tube. E= 210 GPa, v = 0.29. ) :
Solution: '

From Eq. (5.2-8),

T= 2{%(—2— a2> + ga)(c — @) + q;,(bc)]




5.2 TORSION OF CLOSED THIN-WALLED TUBES

Figure 5.2.7

ubstitution of values gives

200 = 2 q1<% o.Oz?) + ¢,(0.02)(0.05 — 0.02) + g5(0.04)(0.05)

implifying results in A
3142, + 6g; + 2dq3 = 1(10%) - . [l

For the angle of twist of each cell, consider cell 1 first. Startmg at the radial wall
d considering each wall of the cell in a clockwise order, Eq. (5.2-9) for cell 1 is

(1+V)L q1 1~ @ d1— 43
E[(wr/4)d?] rl( >() L@ (@)

E  (0.02%) | 0.003 (0 02) + o 003 Aoes 00 + o5’ 000 S (002)

P cing the term involving v, L, and E on the left side of this equation together with
and simplifying gives

OF

T (8.638¢; — 2.122g, — 3.183¢5)(10%)

oF -
C= m(lo 4)
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Thus Eq. (5.2-9) for cell 1 reduces to
8.638g, — 2.122¢g, — 3.183¢; — C = 0

For cell 2, starting at the top wall and mbving clockwise around the cell

0E 1

- 92 a
1 +vL  (a)c—a)

2 =0+ P B

1
~(0.02)(0.05 — 0.02) |O. 003

(0.05 = 0.02) + 5o 0 02)

0. 003

22" B 05— 002) + 22 (00m2)

O 002 0 003

Using the term C as before, we obtain
~1.111g; + 6.389g, — 2.5¢s — C =10 | . Id
For cell 3, combining the right, bottom, and left walls and then separating the to

two sections glVCS

(2b+)+ . (a)+——-t—‘i%(e—a)

o1 {
~ (0.04)(0.05) 1 0.005

0,08+ 005) + LT (0.02) + L 2 (0.05 — 0.02)

0 002 0 002

As with the other cells, simplification yields

~0.5¢, — 0.75g, + 1.754q; —
Solving Egs. (@) and (c) to (¢) simultaneously yields

| = 24.62 KN/m
, = 25.11KN/m
, = 38.60 KN/m

C = 36.56 kKN/m?




5.2 TorsioN OF CLOSED THIN-WALLED TUBES

4 _ 2462 3 2 _
= S oos = 821(10°)kN/m’ = 8.21MPa

511 5 -
003 = 8.37(10°)kN/m* = 8.37MPa

3860 , ,
= o5 = 17210°)kN/m? = 7.72MPa
—q, 3860 — 24.62
t2 0.002

~ g 2511 - 24.62
n 0.003

= 6.99(10°)kN/m? = 6.99MPa

= 0.163(10%)kN/m? = 0.163MPa

— g, 3860 — 25.11
t2 0.002

= 6.75(10°)kN/m?* = 6.75MPa

(1 W)I(10%
—————E C

a+ 029)(1.5)(10%)
210(10°)

36.56(10°) = 3.37(107%) rad = 0.193°

Figure 5.2-8  Shear flow for Example 5.2-3.
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EGM 5615 FINAL EXAMINATION December 4, 2019
This examination will be a takehome exam. This exam allows you to use your book and
notes only as well as one book on fluid mechanics. This exam is due December 10, 2019 at
2 pm in my office EC3442.

Please sign the following:

I certify that I will neither receive nor give unpermitted aid on this examination. Violation
of this may result in failure of the exam.
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This examination consists of feu-lﬂ—problems with several parts to one of the problems.

Problem 1 (30 points).

Consider a bar of thin-walled closed section having the geometry illustrated in the
accompanying figure. While the thicknesses ¢ vary from wall to wall as indicated, they are
assumed to remain constant along each wall.

If the bar is subjected to a torque T= 9 x 10° in-lbs and length a = 9 inches, determine the
shear stress distribution in the walls and the angle of twist per unit length of the section.
Take G =4 x 10° psi.
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Figure for Prdblem 1

Problem 2 (15 points).
Do problem 7.12.4 on page 230 AND find expressions for the stress components Goo, Gro,
orr and the displacements ur, and ug . Assume this problem is a plane strain problem






v Problem 3 (25 points).

— j A hollow cylinder of very long length, inner
: radius Ri and outer radius Ro, is submerged
o0 — . in an infinite, incompressible, inviscid fluid
U et flowing with a uniform velocity U” as shown
to the left.
PUSOR—
s Determine the stress state in the cylinder at

steady state flow. Clearly state all
assumptions you are making in formulating the associated boundary value problem.
Indicate which book on Fluid Mechanics you are using.

Hint: Look at potential flow theory. Assume no pressure on the inner surface and find an
expression for the pressure on the outer surface as a function of U™ and the angle 6. The
angle 0 is measured positive counterclockwise from the x axis. Show that the pressure is in
the form A+Bef(0). Write the boundary conditions on o, and o5 from this information
and solve.

Problem 4 (15 points).
Do problem 4.5.2 part (c) only, found on page 121 of Cook and Young.

Problem 5 (15 points).
Do problem 8.2.3 on page 253 of Cook and Young.






Problem 3 (25 points).

A hollow cylinder of very long length, inner
~ radius Ri and outer radius Ro, is submerged

in an infinite, incompressible, inviscid fluid

flowing with a uniform velocity U* as shown

to the left.

Determine the stress state in the cylinder at
steady state flow. Clearly state all
assumptions you are making in formulating the associated boundary value problem.
Indicate which book on Fluid Mechanics you are using.

Hint: Look at potential flow theory. Assume no pressure on the inner surface and find an
expression for the pressure on the outer surface as a function of U and the angle 6. The
angle 0 is measured positive counterclockwise from the x axis. Show that the pressure is in
the form A+Bef(0). Write the boundary conditions on 6 and 6¢ from this information
and solve.

Problem 4 (15 points).
Do problem 4.5.2 part (c) only, found on page 121 of Cook and Young.

Problem 5 (15 points).
Do problem 8.2.3 on page 253 of Cook and Young.
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This examination consists of four problems with several parts to one of the problems.

Problem 1 (30 points).

Consider a bar of thin-walled closed section having the geometry illustrated in the
accompanying figure. While the thicknesses 7 vary from wall to wall as indicated, they are
assumed to remain constant along each wall.

If the bar is subjected to a torque T= 9 x 10° in-Ibs and length a = 9 inches, determine the
shear stress distribution in the walls and the angle of twist per unit length of the section.
Take G =4 x 10° psi.
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g 4 ?-04 A ty ?.os
- ¥
O towow O |7

\ £,5=003
om -
4h2=0036  (2) £950.025"
. ;
Cle—2s 2 34

A "'005"

G .

Bl

Flgure for Problem 1

Problem 2 (15 points).
Do problem 7.12.4 on page 230 AND find expressions for the stress components 0gg, 0o,
o and the displacements uy, and up . Assume this problem is a plane strain problem






ME 440 Spring 2002
Midterm Exam

. A piece of chalk is subjected to combined loading consisting of a tensile load P

and torque T. The chalk has an ultimate strength ©,. The load P remains constant
at such a value that it produces a tensile stress 0.51 o, on any cross section. The
torque T is increased gradually until fracture occurs on some inclined surface.

~ Assuming that the fracture takes place when the maximum principal stress &,

reaches the ultimate strength, determine the magnitude of torsional shear stress

produced by torque at fracture and determine the orientation of the fracture
surface. :

y Y
I /<o
| T et %Frammuurhce%x———(}—) - T
P 0, P
» . X

<

- For the given stress state in the body, derive expressions for the displacement

components u(x,y). v(x,y), where c is a constant.

. A circular cylindrical shaft made of steel with (o, = 700MPa) is subjected to

bending moment M = 13 kN'm and torsional moment T = 30 kN-m. Employing
factor of safety SF=2.6, determine minimum required safe diameter for the shaft.
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