Coniider dicketie, imshuchions

just copy this diskette to your harddrive. You DO NOT NEED TO RUN THE
INSTALL PROGRAM. I suggest you create a subdirectory called FORTRAN IN
WHICH YOU HAVE YOUR COMPILER AND THE programs from the diskette in the
back of the book.

to run a fortran program that is on the diskette from the book:
1) use at the > prompt: fl /¢ program name.for
This compiles the program
EXAMPLE: S$fortran/> fl /c search.for
2) then at the next > prompt type: link program name.obj
EXAMPLE: S$fortran/> link search.obj
3) then do several carriage returns at run file, list file and lib file lines
4) then type in the name that appears on the run file line (that is the
default name of the executable file), that is
at the > prompt: type in the program name
EXAMPLE: S$fortran/s> search
5) input the data as required.
BEFORE you run the program check to see if there is an $SINCLUDE command at
the end of the file. If so line number one must be altered at the prompt to
read:
>fl /¢ program name.for /i name of include file

EXAMPLE: S$fortran/s> fl /¢ examp2-4.for /i diff.sub

points 2 3 4 and 5 remain the same as before.






README . FOR
USING THE FORTRAN COMPUTER PROGRAMS

A backup copy of this diskette should be made before
attempting to compile and link any of the programs to obtain
executable programs. If your PC computer has a hard disk
drive, all programs, subroutine subprograms,. and data files
on this diskette should be copied to a directory <DIR> cont-
aining the FORTRAN compiler software.

To facilitate the use of these programs along with the
text, the user may find it helpful to store the files by
chapters in SUBDIRECTORIES of a main DIRECTORY. The use of
files on this diskette as they are used by chapter is outlined
at the end of this file README.FOR.

The programs are written using FORTRAN 77, and can be used
on any computer that is IBM compatible. In using some versions
of FORTRAN, it may be necessary to modify some of the state-
ments slightly. The programs have been made user friendly by a
generous use of comment statements in the program listings
which provide the algorlthms that should help the user follow
the general programming steps used.

The programs can be easily modified by using some type of
editing program such as is available in word- proce881ng software.
When it is desired to temporarily replace a statement in the
program, such a statement can be bypassed by simply typlng C
in column 1, as in a comment statement, and then typing in the
temporary statement. Return to the original program is then
made by deleting the C and the temporary statement. The use of
a batch program (created by user) can facilitate the compiling
and linking of a source program by the FORTRAN software being
used to obain the executable program. If the files have been
stored by chapters in SUBDIRECTORIES, the batch program should
be in each SUBDIRECTORY for compiling and linking source
programs listed in that particular SUBDIRECTORY. The data to
be entered for running an executable program are requested on
the console screen by WRITE statements in the program.

MAIN PROGRAMS AND SUBPROGRAMS

All of the main programs in the text that are in file
on the diskette have the extension FOR on their names. All
of the subroutine subprograms which are in file on the disk-
ette have the extension SUB on their names. The subroutine
subprograms shown in the text and listed in the index that do
not have the extension SUB will be found listed following the
main programs in which they are called, and are on the disk-
ette in the files of these main programs. The subroutine
subprograms in file are compiled and linked with the main
programs by an $INCLUDE statement. For example, the meta-
command $INCLUDE:’NAME.SUB’, beginning in column 1, would
be at the end of the calling program. If the files have been
stored by chapters in SUBDIRECTORIES, the subprograms in
files with the extension SUB need to be stored in every
chapter where they are used with the $INCLUDE statement.






DATA FILES

In some of the programs, data is entered by a READ state-
ment in which the Logical Unit Specifier is the number of the
data file to be read. The data files referred to in the text
which are in file on this diskette are as follows:

FORTO03 .DAT

FORTO04 .DAT Hold permanent tables of data
FORTO05.DAT for the GAUSSQD.FOR program.
FORTO06 .DAT

FORTO7 .DAT

FORT10.DAT General purpose data file.

The data files above with Logical Unit Specifier numbers 3
through 7 must be maintained as is on the diskette for

input to the GAUSSQD.FOR program (Gaussian quadrature integ-
ration). The data file with the Logical Unit Specifier 10
can be used and changed as needed for different problems.

OPEN Statements

The OPEN statements associated with READ and WRITE
statements in the programs are as follows:

OPEN (2, FILE='PRN’) (Printer)
OPEN (n, FILE='FORTn.DAT') (Data Files)

where n is the Logical Unit Specifier number for data files
previously shown.

The use of an asterisk * as the Logical Unit Specifier
in READ and WRITE statements specifies, respectively, the
keyboard and console screen. The use of an asterisk * in
place of a FORMAT statement number means free format.

LIST OF FORTRAN FILE NAMES

The file names of the FORTRAN programs and subprograms
in the text and on this diskette by chapters are as follows:

Chapter 1

BISECT.FOR NEWTNR . SUB
BAIRSTOW.FOR

EXAMP2-4 .FOR

NRPOLYRT.FOR

SEARCH.FOR

NEWTRAPH.FOR

Chapter 2
FADDEEV.FOR CHLSKY.SUB FORT10.DAT
MATINV.FOR TRIDI.SUB

DEFLATE.FOR (a) JACOBI.SUB






IGAUSSJO.FOR
GAUSSEL. FOR
JACOBI.FOR

(a) The subroutine subprogram JACOBI (in file JACOBI.SUB) for use
on standard eigenvalue problems is not shown in the text but
is on this diskette.

Chapter 3 and 4

LSTSQOR . FOR CHLSKY . SUB FORT10 .DAT
EXPON. FOR TRIDI.SUB
SPLINE.FOR

Chapter 4
SIMPSON.FOR DIFF.SUB (b) FORTO03.DAT
DIFFER.FOR TRAPYZ.SUB (b) FORTO04.DAT
GAUSSQD. FOR (b) FORTO05.DAT
KINEMAT.FOR (b) FORTO06.DAT
ROMBERG . FOR (b) FORTO7.DAT

FORT10.DAT

(b) Data files which must be maintained as is for
use with the program GAUSSQD.FOR (Gaussian
quadrature integration).

Chapter 5 and 6

RATTRAP.FOR MEULER . SUB
VIB.FOR RKSFX4 .SUB
VANDERPL. FOR ADMOUL . SUB
PARTROOP. FOR START.SUB

(c) RKSFX5.SUB

(c) The subroutine subprogram RKSFX5 (in file RKSFX5.SUB)
for the fifth-order Runge-Kutta method is not in the
text but is on this diskette.

Chapter 6
HEATRAD.FOR RKSFX4 .SUB
BEAMDEFL. FOR CHLSKY . SUB

Chapter 7-9

PLATETMP.FOR TRIDI.SUB
STRNGVIB. FOR

RODTEMP . FOR

RODTEMP2 . FOR
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SOLVING NONLINEAR EQUATIONS

1.8 Bairstow’s Method for Quadratic Factors

The methods considered so far are difficult to use to find a.complex root of a
polynomial. It is true that Newton’s and Muller's methods work satisfactorily,
provided that we begin with initial estimates that are complex-valued; however, in
a hand computation, performing the multiplications and divisions of complex num-
bers is awkward. There is no problem in a computer program if complex arithmetic
capabilities exist, but the execution is slower.

For polynomials, the complex roots occur in conjugate pairs if the coefficients are
all real-valued. For this case, if we extract the quadratic factors that are the products
of the pairs ‘of complex roots, we can avoid' complex arithmetic because such
quadratic factors have real coefficients. We first develop the algorithm for synthetic
division by a trial quadratic, x> — rx — s, which, hopefully, is near to the desired
factor of the polynomial: : ' :

o P"(x)-': aoxn + alx"‘l d e 4 ay,

= (x2 — rx — §)Qn_o(x) + remainder g
= (x* — rx — s)(box" 2+ byx" P+ <+ + buax + byoo)
+b,,_1x—r)+b,,. ‘

(The remainder is the linear term b,_,(x — r) + b,, written in this form to provide
later simplicity. If %2 — rx — sis an exact divisor of P,(x), then b, and b, will both
be zero.) The negative signs in the factor are also for later simplification.

On multiplying out and equating coefficients of like powers of x, we get

a, = by by = ay

a, = by — rbg : by =a; + rby

a, = b, — rby — sby b, = a, + rb, + sby

a, = by — rb, — sby or b; = ay + rb, + sb 1.1
Gn-y = buoy — Tbpy — 5bs-s byy = @yy + rbyy + sbas

a, = b, — tby-y ~ sby2 b, = a, + rb,oy + sb,2

We would like both b,_; and b, to be zero, for that would show x> — rx — sto be
a quadratic factor of the polynomial (because the remainder is zero). This will
normally not be so; if we properly change the values of r and s, we can make the

. remainder zero, or at least make its coefficients smaller. Obviously b, and b, are

both functions of the two parameters r and s. Expanding these as a Taylor series for
a function of two variables* in terms of (r* — r) and (s* — s), where (r* — r) and

* Appendix A reviews this.
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(s* — ) are presumed small so that terms of higher order than the first are negligi-
ble, we obtain

ab,- -
srfgg:ogiflya broa(r*,5*) = by, ) + 22 =y + Pt (r gy
owever, in ' . oy b, . ab, ., L
plex num- bu(r ,s‘) bu(r,s) + o (r*-nrn+ s (s* —s)+ ..
arithmetic Let us take (r*,s*) as the point at which the remainder is zero, and
icients are r* —r=Ar, s* — 5 = As.
2 products . - .oyt
ause such (Ar and As are increments to add to the original  and s to get the new values r* and
. * for which the remainder is zero.) Then
¢ synthetic . § .
1e desired
ab,—, 8b,_;
¥ o*) = () = n n
b,a(r ,s.) 0=b,+ > -Ar + a5 As,
ab ab
*5*)=0=b, + —=Ar + —= As.
b,(r*,s*) =0 =b, or Ar s As

All the terms on the right are to be evaluated at (r,s). We wish to solve these two

‘0 provide _
, will both equations simultaneously for the unknown Ar and As, so we need to evaluate the
n partial derivatives.
get Bairstow showed that the required partial derivatives can be obtained from the
b’s by a second synthetic division by the factor x> — rs — s in just the same way that
the b’s are obtained from the a’s. Define a set of ¢’s by the following relations shown
at the left, and compare these to the partial derivatives in the right columns:
_ abo _ aao . 3bo _ aaO — |
¢ = bo ar_ar_o as  as =0
(1.1) b+ 9by _ 860 oy 8by _ day | by _
' a=bitra or or Th=bh=0 s as T Tas O
: ab ab ab ab ab
= b, + rey + s¢ —Er—z-=rar1+b1=c1 as2=ras1+sas°+b0
= b(] = Cy
db; ab, aby 0b; ab, ab
=by+ re, + 2 =pr—2 4 b, +s—- —L =2 45—+
€3 = bs + 1o, + s, ar | or by +s or as | as | as by
— stobe
This will = b2 +rey + 85¢g =0y = b1 +rcg = ¢
make the : :
and b, are ' ’ ' )
‘series for Com1 = byoy + FCug + 5Cy3 Obuoy _ r Obn-2 + b,y +s 0bus  Obuor _ r Obu-2 +5 Obi3 + b,_3
- 7) and ar ar ar as s as
= bn-—2 + ¥Cy—3 + $Cp-4 = b,,_g + FCpag + SCp—s

Cp-3

Ch
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60 CHAPTER 1 SOLVING NONLINEAR EQUATIONS

Hence the partial derivatives that we need are equal to the properly corresponding
¢’s. Our simultaneous equations become, where Ar and As are unknowns to be

- solved for,

~bn-1 = Caa Ar + C,34s,
—b,, = €Cy-1 Ar + C,,_zAS.

We express the solution as ratios of determinants:

]i“
E“i | —bn—l Cn-3
L -b Cy-2
L Ar = n n ,
‘I Cp-2 ©Cn-3
Cp-1 Cp-2
Cp—2 —bn-—l
) As = Cn-1 _bn
Cp2 Cp-3
Cn-1 Ca-2

As an exercise, the student should write the algorithm for this method.

EXAMPLE 1.3  Find the quadratic factors of
xt = 1.1x°* + 2.3x2 + 0.5x + 3.3 = 0.

Use x* + x + 1as starting factor (r = —1,s = —1). (Frequently r = 5 = 0 are used
as starting values if no information as to an approximate factor is known.) Equations
(1.1) lead to a double synthetic-division scheme as follows:

] i Qy ay a as as

1 -1.1 2.3 0.5 3.3
-1.0 2.1 —-3.4 0.8
— -1.0 2.1 -3.4

- | 1 21 3.4

; -1.0 3.1 -55 \
L — -1.0 3.1\ \
e 1 G G Q@ S,

i
lf Cn-3 Ch-2 Cn-1
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responding Note that the equations for b, and c, have no term involving s. The dashes in the
wns to be : preceding tableau represent these missing factors. Then
0.8 -3.1
_1=07 551 223 . _
Ar = 55 31~ 2033 =011, r*=-1+0.11=-0.89,
-32 55
55 0.8
_1-32 =071 -129 o 1 o
As = 5033 =033 = 0.06, s*=-1-0.06 = 1.06.

The second trial yields

1 -1.1 2.3 0.5 3.3
-0.89 1.77 —2.68 0.06
— —-1.06 2.11 -3.17

1 -1.99 3.01 -0.07 0.17 <«b's
—0.89 2.56 —4.01

— -1.06 3.05
—2.88 4.51 —1.03 «c’s
0.07 -—2.88
_1-017 451  -0.175 . _ _ o
Ar = 451 288 - 17374 - 0.010, r* = —0.89 — 0.010 = —0.900,
-1.03 4.51 !
451 0.07 ‘
_1-1.03 -0.171 _ -0.694 . _ _
As = 17374 =732 - 0.040, s* = -1.06 — 0.040 = —1.100.
d
g;;ztlil(s)is The exact factors are (x2 + 0.9x + 1.1)(x2 — 2x + 3).
Observe that the other factor has its coefficients in the row of b’s.
A
1.9 Other Methods for Polynomials*
Of the many other methods for finding the roots of polynomials, we discuss four in
this section. Three methods—the QD algorithm, Graeffe’s root-squaring method,
and Lehmer’s method—do not require that we start with a value near to a root. The
bn fourth, Laguerre’s method, does need a starting value, but it is remarkably efficient.

*The methods of this section are not widely used. You may therefore want to skip this section.
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1.8

Bairstow’s Method for Quadratic Factors

The methods considered so far are difficult to use to find a complex root of a polynomial.
It is true that Newton’s and Muller’s methods work satisfactorily, provided that we begin
with initial estimates that are complex-valuéd; however, in a hand computation, perform-
ing the multiplications and divisions of complex numbers is awkward. There is no prob-
lem in a computer program if complex arithmetic capabilities exist, but the execution is
slower.

For polynomials, the complex roots occur in conjugate pairs if the coefficients are all
real-valued. For this case, if we extract the quadratic factors that are the products of the
pairs of complex roots, we can avoid complex arithmetic because such quadratic factors
have real coefficients. We first develop the algorithm for synthetic division by a trial qua-.
dratic, x> — rx — s, which, hopefully, is near to the desired factor of the polynomial:

‘P(x) =aux"+ a, (x"71 + .-+ ay
= (x2 — mx — §)Q,_,(x) + remainder
= &2 - — b, x"%+ b,_x* 3+ .- + byx + b,) + remainder,
remainder = b;(x — r) + b,.
If x2 — rx — s is an exact factor of P,(x), then b, and b, will both be zero. The negative

signs in the factor are conventional in developing the algorithm.
On multiplying out and equating coefficients of like powers of x, we get

\ (
an = bn bll = a'l

Ap—1 = bn—l - rbn bn—l = a4, + rbn

Qu.p =b, o, —1b, | — sb, b, ,=a,,+rb,_, + sb,

Qn 5 =0b, 3 —rb,_,—sb,_;} or b, _s=a, 5+ rb,_,+ sb,_; (L1
a, = b; — rb, — sb, b, = a; + rb, + sb,
a, = by — rb, — sb, ) \ by = ay + rby + sb,

We would like both b, and b, to be zero, for that would show x2 — rx — s to be a
quadratic factor of the polynomial (because the remainder is zero). This will normally not
be so; if we properly change the values of r and s, we can make the remainder zero, or at
least make its coefficients smaller. Obviously b, and b, are both functions of the two pa-
rameters r and s. Expanding these as a Taylor series for a function of two variables* in
terms of (r* — r) and (s* — ), where (r* — r) and (s* — s) are presumed small so that

* Appendix A reviews this.
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terms of higher order than the first are negligible, we obtain

’

ob ab
_ by(r%, s%) = by(r 8) + L (rF =)+ (st =) 4
\ polynomial. or _ ds

hat we begin

ob ob
ion, perform- bo(r*, s*¥) = by(r, 5) + a—r‘) (r¥—r) + FS‘—’ (% —8) + -,
¢ is no prob- . . L
, execution is Let us take (#*, s*) as the point at which the remainder is zero, and
r¥ —r = Ar, s* — 5 = As.

jcients are all
roducts of the
adratic factors

(Arand As are increments to add to the original r and s to get the new values r* and s* for
which the remainder is zero.) Then

by a trial qua- Q
rmomial: by(r*, s*) = 0 = b, + b, Ar + 3, As,
ar os
b b
* o) = () = + =9 Ay + 20 Al
bo(r*, s*) = 0 = b, o AT T o As
remainder,

All the terms on the right are to be evaluated at (#, s). We wish to solve these two equations
simultaneously for the unknown Ar and As, so we need to evaluate the partial derivatives.
. The negative Bairstow showed that the required partial derivatives can be obtained from the b’s by a

’ second synthetic division by the factor x2 — rx — s in just the same way that the b’s are
obtained from the a’s. (Observe that this is analogous to getting the derivative of a poly-
nomial by dividing the reduced polynomial by (x — X))

Define a set of ¢’s by the following relations shown at the left, and compare these to the
y g p
partial derivatives in the right-hand columns:
b ob,, da, 0 ab,, da, 0
c = — = — == — = -— p—t
b " " ar ar as s
n
b,.; (LD ob,_, b ob,_, _da,., . 0b
" €y = b,y + rc, E)nr = r—a7" +b,=b, =c, ——a’s = *a"s + r;s—" =0
b, _, ab,_, db,,_, ob,_, ob
Chn = bn—Z + rC,—q + SC, anr r E)nr + bn—l = Cpe anS = r_(-;s_ + S—af = bO
- =b, =c,
rx — stobea b,  ob,_, ab,_, b, s b,  db,_,
vill normally not S Gy = b+ ore,_, +osc,_ E;lr = r——a”r + b, ,t+s a”r a"S =y G"S + s an + b,
inder zero, or at _ _ _ _
}llSHOf the two pa- - bn—-Z + re,—1 + €y T Chp - bn—l + 6, = ¢4y
wo variables* in : : :
that b b ob ob ob ob
ned small so ¢, = bl + re, + 5C4 1 F—2 4 b2 + g—2 1 - r—2 4 s— + b3
ar or or as as as
= b, + re; + sc, = by + rc, + scs

= ¢, = G
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Hence the partial derivatives that we need are equal to the properly corresponding c’s. Our
simultaneous equations become, where Ar and As are unknowns to be solved for,

—b, = Ar + c;As,
—by = ¢, Ar + c,As.

We express the solution as ratios of determinants, using Cramer’s rule:

=b, ¢
—=by ¢
Ar = ,
€y C3
¢ &
cy —bl\
¢, —hy
As =
€ G
¢ €

As an exercise, the student should write the algorithm for this method.

EXAMPLE 1.3 Findthe quadratic factors of
x4 — 1.1x3 + 2.3x%2 + 05x + 33 = 0.

Use x2 + x + 1 as starting factor (r = —1,s = —1). (Frequently r = s = 0 are used as
starting values if no information as to an approximate factor is known.) Equations (1.1)

lead to a double synthetic-division scheme as follows:

[ az ay aq a9

1 -1.1 2.3 0.5 3.3
p=—1 -10 21 -34 08
s=—1 — —-1.0 2.1 —34

1 -21 34

-1.0 31 55
— 10 3.1

T GhGHED bk

C3 C2 G
Note that the equations for b, and ¢, have no term involving s. The dashes in the preceding
tableau represent these missing factors. Then
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iding ¢’s. Our 0.8 —3.;
: —-0.7 5.
1 for, 2.23
Ar = = = (0.11, r* = =1 + 0.11 = —0.89,
55 -3.1| 2033
—-3.2 5.5
5.5 0.8
-32 =07
-1.29
As = = = —0.06, * = —1—-0.06 = —1.06.
s 20.33 20.33 s
The second trial yields
1 -1.1 2.3 0.5 3.3
-0.89 -0.89 1.77 —2.68 0.06
—1.06 — —1.06 211 —3.17
1 —1.99 3.01 -0.07 0.17 b
-0.89 2.56 —4.01
— —1.06 3.05
—2.88 451 -1.03 “—c’s
0.07 -2.88
-0.17 4,51
: -0.1 v
Ar = = 75 = —0.010, r* = —0.89 — 0.010 = —0.900,
451 -288| 17374
_— -1.03 4,51
4,51 0.07
= () are used as As = = = —0.040, s* = —1.06 — 0.040 = —1.100.
Equations (1.1) . 17.374 17.374 ‘
The exact factors are (x2 + 0.9x + L.1)(x2 — 2x + 3).
Observe that the other factor has its coefficients in the row of b’s. A
If we use MATLAB to divide a polynomial by a quadratic, as we do in Bairstow’s
method, we do not get the same remainder that Bairstow gives:
) 3 N=1[1-1.12.3 .53.3]; D= [11 17;
[a, r]l = deconv (N, D)
\b ' . results in
: .-
1.0000 -2.1000 3.4000
s in the preceding r o=
0 0O 0 -.8000 -0.1000
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INTER PoLA TioN
JAGRANGE POLYNOMIALS
’)

Bx) = % Y Lo (x)
e (X-Xi)
ZK(X) ) iE- _g(;z-x&)
ROY = Yob) + 609 4&) é""‘ff,'; /,w&%g
oK) = Yo L6 440 +1,Q(x) 10 22X

(X))

PA) = GnXelacs X 4=+ e

Wawsa)xsadxe-) ) )xsa)






Crade PIX) : (o), (%))4)) -- - (*n4n)

?Qq ZqL (X -c) Q,+ 4, (x-€) +dy (x- c)+
ﬂ.(x—C)

Newton frvm. ”
T,,cx) 1 A, (1K) # A () (x-X) +--+AnT] ()

f[x°)xn; ,YJ "{Zmb(wfdfﬁhm
(f[xuxa, i) - Dot i ] (i)

A, = D] = f06)
A e ffon](fxd - B) /G- 6“*0 f‘*"))/m

Ay = ‘H"- X ,X;] —G [x »,xz] ’1( [xo,x.D/ (%z-%o) |

Efficint Algeithm T elealde P09
Given e Ais, '4"”‘—"“4“‘*%)(
Sb& Lyg = An |

..(:,,., L = n»\ n-,.. .,0 do
bi = A+ (x) b

'Fn ) bo






DIVIDED DIFFERENCE TABLE

o -4
T £ X.'J
X, )=Y ,‘F[X.j*;} (o M1 X2 '_\

Xa.- - F04)=Y2 Fx %)X
X3 f0%s)=Ys f——w-[):;’ S \

S ) \ f["“%"n‘-b"a
xn ;FOQ”) =‘dv, 'F [xﬁ")

Rn)
A&dwﬂun 'lv Wﬁ' DOT
Givon XoX, Xz, .- -, % ¢ ‘R""),{OQ, 'f(?‘n)
fr kz),....,n do
fov = o,...,n-k do:
‘F ["n ] ‘f [Xm, ,X..m.] H:x. ,o ,x,*,‘_,]

Xirk =%

(o4, _b"a

" W, )

'F (x) = Z 'F[xu o] —r(x—xJ)

L=0 J=i4

2) = AL %) GexYxx)x%) o+ B PRIENED
+ £hto,xq) (¢-x) + §0x0) 2 Hlopr) 1 1 (xe%)

B = J[ k561 (k) (%) o) + Dk i) ("'Xz> (x-%)
+ sl +500) 2> 3 Ak, ,,,]nx-xJ)






INTERPOLATION  YSING |INCREASING
No. OF INTERPOLATION PoINTS

GIVEN x")xu~-~)x'\ "f(&))Gb"))"')'yo‘n) a‘“-d
AP X fobich T vtk o fud p(2)
defu {051 240, S om0 - PoR)= 1)
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LS MR
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Engn v wm-pwumaf ah Yo ndo co N weresss.
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WE aRE INTERESTED N £lxi%is,..,%n]
STORE db""f(ﬁo) dl"FO")) dl"‘f(&) dn"f(xn)

| -fn kzl,..,n do:
LL_ﬁfj:o)...,ﬂ-k do:
di = (din =)/ (Xive i)

dt; mﬂm@ -FD‘;,X.'.M’...)("] -Ol L4 . )V)

2z
LET U= -F[x, )x,/ cns }XHJ éwu
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U= ?n(%)
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BASED 0N UPPER DIAG
Po) = 2 £l ,x]TF(x-xJ) Z Brog, 4] 0

|1=0

Panib) = 3 £, ,x]T(x—x_,) thx.,x., FUNR
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120
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2.4.4 Refinements and Limitations of Polynomial Interpolation
One might hope that if a function f(x) is continuous and *‘‘well behaved’’ on a
given finite interval [a, b], then as the number of interpolation points x, increases
and becomes dense on that interval, the associated polynomial sequence {p,__. ,(x)} ]
converges to f(x) at each point x in [a, b]. In Example 2.5, with the x,’s evenly In Fig
spaced on [—1, 1] and f(x) not only continuous but differentiable, we see an [- 1,,1]
approximation actually get worse. for x;’s 1

EXAMPLE 2.5

Let f(x) = 1/(1 + 25x?), where x € [—1, 1]. This function is called the Runge
function. Figure 2.6 shows this function and its interpolation polynomials of de-
grees 10 and 20. It is known (Isaacson and Keller, 1966, pp. 275-278) that the
sequence {p,_,(x)} of these interpolation polynomials with equally spaced inter-
polation points does not converge to f(x) at any x in the intervals [— 1, —0.727]
or [0.727, 1]. Note that the Runge function is fairly well represented by inter-
polation polynomials over the central 72.7% of the interval, but the approximation
is very bad near the extremes.

.
3B
a A

The power of mathematical reasoning is most astonishing in cases in which it
directs us to unintuitive conclusions. It would seem *‘reasonable’’ that equally
spaced interpolation points x; (i.e., x; .., — x, the same for all k) ought to be best
in the sense that they provide the most representative f(x,) samples. Thus it might : FIGUR]
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be expected that these ought to be the most logical points for constructing an
interpolation polynomial. This line of reasoning is incorrect.

Let us recall from Section 2.4.3 that the truncation error for approximating an
n-times differentiable function by an interpolation polynomial DPn—1(x) with inter-
polation points x,, . . ., x, is

QW x) '

n!

f&) = p, i) = (2.16)

In (2.16), { is some number in the interval containing all interpolation points as
well as x, and

W) = (x = x)(x = X))+ * - (x = x,).

The term f*({) above is beyond our control. However, the term w,(x) offers
possibilities if we are free to choose the interpolation points. A sensible ambition
might then be to choose these points so that the maximum of Iw,(x)] is as small
as possible over the interval [a, b] of interpolation, It turns out (Szidarovszky and

Yakowitz, 1978, Sec. 2.2) that this ambition is realized by choosing the so-called
Chebyshev points as the interpolation points. For the interval {a, b], the Chebyshev
points are defined to be

X '=a+b+a~bcos 2k—-l'n' k=1,...,n. (217
k 2n

In Figure 2.7 we have located the Chebyshev points for n = 10 on the interval
[—1, 1]. Figure 2.8 compares w,q(x) when x;’s are evenly spaced against wio(x)
for x;’s the Chebyshev points.

wp(x)

Chebyshev

Uniformly spaced

FIGURE 2.8 Comparison of w, (x) Functions
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TABLE 2.9 Interpolation of Runge Function , . TABL
Using Chebyshev Points
C PROGRAM RUNGE x
C
C IR R R R R R R R R R R R R R R S R R RS 22222222 T] -4
C COMPUTES 30TH DEGREE INTERPOLATION POLYNOMIAL USING .3
C CQHEBYSHEV POINTS FOR THE RUNGE FUNCTION .5
C CALLS: LAGR -1
C OUTPUT: T=THE VALUE OF THE INDEPENDENT VARIABLE 0.0
C TRUE=THE FUNCTIONAL VALUE AT THE POINT T AS 0.1
o) DETERMINED BY THE STATEMENT FUNCTION FF 0.2
C P=THE VALUE OF THE INTERPOLATION POLYNCMIAL AT T 0'3
C E=-THE ERROR OF THE APPROXIMATION AT T 0.4
C EEXRERKEEERE LR R B KRR KRR R R KRR R KRR KRR RN R R K KRR R KRR R KRR A KRR KR KR KRR Rk 0'5
C " .
DIMENSION X(40),F(40) 0.7
C
C *** RUNGE FUNCTION STATEMENT X 8:3
C : . ;
FF(X)=1.0/(1.0+(5.0*X)**2) ’ 1.0
C
C **% (OMPUTE VALUES AT CHEBYSHEV POINTS *x1 —
¢ .
N=31
PI=4.0*ATAN(1.0)
DO 10 I=1,N &
xgl;-oo?(gzi()m-n*m/(z.o*N)) v - Haw
" F(1)=FF(X(I
10 CONTINUE . . Chebys
c de Boo
C **s SUBROUTINE LAGR WILL COMPUTE VALUE OF THE *
C *** INTERPOLATION POLYNQGMIAL AT T AND E GIVES THE ERROR *** 1. T
c ‘ .
DO 30 I=1,20 0
T=-1.0+1%0.1
CALL LAGR(N,X,F,T,P)
TRUE=FF(T) 4
E=TRUE-P 2. N
WRITE(10,2)T,TRUE,P,E -8 fi
2  FORMAT(2X,F3.1,2X,E14.7,2X,E14.7,2X,E14.7)
30 CONTINUE : - 3.E
STOP Ie
END
' Point
— EXAMPLE 2.6 nomial
) . . : that the
By means of the simple calling program in Table 2.9 we have constructed the an accu:
31-point Chebyshev-interpolation polynomial for the Runge function (described on the |
in Example 2.5). In the output listing (Table 2.10), the interpolation error is invariab
tabulated at 20 evenly spaced values. We see that the Runge function is apparently
under control. :
: *
TABLE 2.10 Output of Runge Function it 245 TheN
Interpolation From de
Runge having ¢
x Function Approximation Error . polated,
tations s
-.9 0.4705882E-01 0.4692032E-01  0.1385026E-03 of the in
-.8 0.5882353E-01 0.5837149E-01  0.4520416E-03 .
-.7 0.7547170E-01  0.7447892E-01  0.9927750E-03 to incluc
-6 0.9999998E-01  0.1011296E+00 -0.1129620E-02 about ha
-.5 0.1379310E+00  0.1372023E+00  0.7287264E-03

subject t
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TABLE 2.10 (Continued)

Runge

X Function Approximation Error

-.4 0.2000000E+00 0.2003204E+00 -0.3204048E-03
-.3 0.3076923E+00 0.3076517E+00 0.4056096E-04
-.2 0.5000001E+00 0.4999129E+00 0.8720160E-04
-.1 0.8000001E+00 0.8000615E+00 -0.6145239E-04
0.0 0.1000000E+01 0.1000000E+01_ -0.1192093E-06
0.1 0.8000000E+00 0.8000612E+00 -0.6127357E-04
0.2 0.4999999E+00 0.4999129E+00 0.8702278E-04
0.3 0.3076922E+00 0.3076518E+Q0 0.4041195E-04
0.4 0.2000000E+00 0.2003204E+00 -0.3203750E-03
0.5 0.1379310E+00 0.1372023E+00 0.7287711E-03
0.6 0.9999998E-01 0.1011297E+00 -0,1129672E-02
0.7 0.7547168E-01 0.7447891E-01 0.99277S50E-03
0.8 0.5882351E-01 0.5837147E-01 0.4520416E-03
0.9 0.4705882E-01 0.4692034E-01 0.1384839E-03
1.0 0.3846154E-01  0.3764865E-01 0.8128881E-03

*2.4.5

Have we mastered the approximation problem through interpolation using
Chebyshev points? In some cases ‘‘yes’’ and in other cases ‘‘no.”’ From
de Boor (1978), for example, the following facts are known:

1. If (as in the case of the Runge function) f(x) has a continuous derivative
on [a, b], then using Chebyshev ppints, for each x in [a, b],

Pna() = f(x), asn— =,

2. No matter how interpolation points are chosen, there is some continuous
function f(x) for which {p,_,(x)} fails to converge, regardless of x.

3. Even when f(x) has a continuous derivative, adequate approximation may
require an impossibly large ».

Point 3 is illustrated by our printout in Table 2.10, where a 30th-degree poly-
nomial is scarcely accurate to three significant decimals. In this regard we note
that the degree must be over | million for \/H to be interpolated on [— 1, 1] to
an accuracy of 10~3 (de Boor, 1978). Interpolation polynomials of degree 30 are
on the borderline of the impractical, and degrees gréater than 100 lead almost
invariably to grievous roundoff effects.

The Newton Representation

From developments in Section 2.4.2, we know that all interpolation polynomials
having degree not exceeding n — 1, n being the number of points to be inter-
polated, are identical to the Lagrange representation (2.11). But other represen-
tations sometimes serve useful purposes. For example, the Newton representation
of the interpolating polynomial has the feature that it is easier to update—that is,
to include an additional point (x,., ;, f.+1)- Also, if coded wisely, it requires only
about half as many arithmetic operations per call as the Lagrange form and is less
subject to deterioration due to roundoff effects.
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Then (2.34) implies that automate
. to the fo

b b b i 3 .
[roras=[ woras+ [ voras | vora, sion poi

‘ also tenc

which completes the proof. ' spread tl
are used

proximat

Experimentally, we have concluded that the spline approach does not fully For *“
resolve some approximation issues. To be a candidate for a computer library : When th
function, for example, we would anticipate that an algorithm ought to provide an proximat
answer with an accuracy of at least 7 to 10 significant decimals after very few centered
arithmetic computations. Sometimes interpolation polynomials fill this need very tendency
nicely. We found that by using Chebyshev points, we could interpolate sin (x) on approach
[0, 1] to about 27 significant decimals with a 21st-order interpolation polynomial. solutions
The natural spline, using the same 21 data points, gave only about three places 1 derivativ
of accuracy, and even when we raised the number of data points n to 90, the within th
interpolations were accurate to only about five significant places. _ and mos:
Our conclusion is that spline approximation is perfectly adequate if relative _ : technical
error on the order of 1% is acceptable. On the other hand, if library-function tinuous 1i
accuracy is required, alternative methods or piecewise polynomials more sophis- b erty that
ticated than cubic splines will be needed, unless the intervals are small. . The te
There are undeniably some loose ends to our attempted mastery of the function proximat
approximation problem. For example, it is known that there is no polynomial of as deman
degree less than 1 million, interpolating or otherwise, which approximates V/[x| puter-mas
to four significant places at all points on the interval [— 1, 1]. In fact, experiments . graphics -
have convinced the authors that interpolation of this function on [0, 1] by either We are
splines or polynomials cannot feasibly be done accurately. Fortunately, we will libraries ¢
see that by methods in Chapter 5 direct computation of \/H can be done quickly, can be rel
accurately, and simply. One realm in which piecewise polynomials and splines ‘ of functic
appear to reign supreme is in approximation of ‘‘natural’’ and ‘‘nonmathematical’’ , advanced
shapes. ' prototypic
TABLE 2

2.6 : and Met.

SUPPLEMENTARY NOTES AND DISCUSSIONS

We have considered three basic techniques—Taylor’s polynomials, interpolation

polynomials, and splines—for approximating functions and ‘‘smooth’’ data. The , Derivative
background developments for Taylor’s and interpolation polynomials will serve : Large der:
us well in describing numerical methods for other problem areas. Of these three User can «
procedures, Taylor’s polynomials have been the least widely used in actual nu- smooth

merical computation (but most widely used in mathematical analysis of numerical .

algorithms). Our first thought was that the lack of enthusiasm stemmed from the ;

requirement of higher derivatives in (2.6). Higher derivatives of functions other ?j;it?:::
than polynomials are typically at least. a nuisance to obtain, and frequently a rich Large erre
source of error because of calculus mistakes. N —

Using numerical differentiation ideas such as those offered in Chapter 3, one Spn;fési_mli"i
can in many cases obtain adequate approximations to Taylor’s polynomials. More- points, [i.e.

over, algebraic computer languages (e.g., MACSYMA and MU-MATH), which (x;, f;) such
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automate differentiation, are becoming available. Another drawback then comes
to the fore. In contrast to interpolation polynomials, Taylor’s polynomial approx-
imation tends to be much more accurate than needed in the vicinity of the expan-
sion point x4, and defective for large values of [x — x,|. Interpolation error, while
also tending to be larger near the endpoints of the interpolation interval, does
spread the error out more evenly (particularly if Chebyshev interpolation points
are used). In Example 2.4 (see Figure 2.5), this more even distribution of ap-
proximation error is clearly in evidence.

For *‘smooth™ functions, interpolation polynomials are adequate for many needs.
When the curve or data set has more erratic features, piecewise polynomial ap-
proximation and splines have some appealing advantages. Whereas our discussion
centered on natural cubic splines, we notify the reader that in recent years, the
tendency has been to keep all options open and choose the piecewise polynomial
approach most suited to the application at hand. For instance, in interpolating ‘
solutions of differential equations, some investigators have found the higher-
derivative requirement of the “‘spline’” definition to be overly constricting. Even
within the domain of cubic interpolation splines, ‘‘natural’’ splines such as we
and most other numerical methods authors propose are known to have certain
technical deficiencies. Nevertheless, they do guarantee convergence to any con-
tinuous limiting function, as the number of node points x; become dense, a prop-
erty that we have noted is not shared by interpolating polynomials.

The techniques given in this chapter are adequate for obtaining computer ap-
proximations of common functions, and for transcribing ‘‘natural’’ curves, such
as demand/sales curves or transistor operating characteristic curves, into a com-
puter-manageable form. Also, they are useful for “‘rough and ready’’ computer
graphics displays. .

We are hasty to point out, however, that program functions, such as in computer
libraries or commercial packages, employ much more sophisticated principles than
can be related at the level of this textbook. The subject of computer approximation
of functions is a lively and sophisticated research area. Algorithms employing
advanced theory have greater accuracy, for a given computational effort, than the
prototypical techniques related here. On the other hand, the advanced methods

TABLE 2.16 Match of Interpolation Problem Characteristics
and Methods

Function Characteristics . Suggested Method*
Few Data Points (<20) /

Derivatives not large IS

Large derivatives S

User can choose data locations X;, function fairly ' IC

smooth
Many Data Points

Data due to “natural” (i.e., nonmathematical) origin S

Function smooth, regular . . IL

Large errors or random origins for data Go to Chapter 6

*1, interpolation polynomials; IC, interpolation polynomial using Chebyshev points; S,
splines; IL, interpolation polynomial using only a moderate number of local {neighboring)
points, [i.e., if you wish to approximate at X, construct p,_,(x) on basis of a data pairs
(x,, f;) such that the x;'s are as close to x as possible.
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_= . = way then aw is just a restate-

Next, we prove (i). If yo =1 .
ment of (2.33). Otherwise, we may assume that

VoMYJM...Mv\a E . - -

But then we may find, for all r, P < <X

and then o < Jn 0....,n. By Theorem 2.2, we can find

[a, b} so that lim, o x” = Yo i =
then £ € [x{, x¥] so that

f ﬁx D, kmwv”_ = F(ED)/n!

i) this case,

1 then, by (ii) just proved for \

” fl Vn) = lim f [ x6? XM= lim f ®(¢®)/n!
¥°v DEEE R ) n — 5 .

MOH\“.—wquu...

r—w
r->o2

- § @/ |

. Fo0),
for some £ € [lim x{’, lim X0 = [ye ¥ab by the continuity of f™(x)

ich proves (i). . ) we now use
wh mwa:%, to prove (ii) in the case Sm.ﬂwwo =N P .,.Em.xw W ?] so that
5 to conclude the existence of ¢¥ € [min; Xi's X0 S0 1
o o XM = f @) /n! for all r. But then, since \<oN 6 and n
MMMo mn.u.wmv - y,, all i, we have lim £® =y, and so, ,.39 (2.36)

inut m%.?vﬂkvw : r 7
o .o y.] = £ (g /nt=lim f (g0)/nt=lim f [ x5 - -+ 7]

f T\.o. - o = §
This proves both (1) and (ii) forn = k and for all ow_oaomm of ygr - -+ »Vn “
® ?/%o_.ooaacam this section with some interesting consequences of Theo = i

rem 2.5. It follows at once that the function h,

g.(x) = f [Xor - - s %on X]

r.ow appears in the error term for polynomial interpolation is defined for
whi

i i ici . Thus it
all x and is-a continuous function of x if f(x) 18 sufficiently smooth

follows that

i—1 . " (o
f(x) = Wo\ B xmu\moﬁw - x)+ f{x--" , Xp» L\.HMOQ x;)
. : 237) -

. Al =
see (2.16)], and also for
I x, and not only for x £ Xgs+ -+ %n [ )}, a 5
Mon a xx distinct or not, in case f(x) me.mbocmr mmn<ﬂu<om. o is G
” .M.uﬂ.um%:m,a if flx) is sufficiently often 9.29.03&%9 then g,
ferentiable. For by the definition of denvatives,

g.(x) = Lim ga[ % x + R]

i

if this limit exists. On the other hand,

ok R

+2.7 CONTINUITY OF DIVIDED DIFFERENCES AND OSCULATORY INTERPOLATIC- 67

by Theorem 2.5. .Ianoo

d
= Tn? .. Jkikg H\_”ko, e Xy, \ﬁxw (2.38)

Finally, it explains our definition of osculatory interpolation as re-
peated interpolation. For it shows that the interpolating polynomji: at
points X, ..., x, converges to the interpolating polynomial at p<iats
Yor <+ 1Yy 88 X;—>y;, all i. Thus, k-fold interpolation at a point is the
limiting case as we let k distinct interpolation points coalesce. The stu-'»nt
is familiar with this phenomenon in the case n = 1 of linear interpolation.
In this case, the straight line p,(x) = f(xy) + f[xq xJ(x — Xg) is a secant
to (the graph of) f(x) which goes over into the tangent 5,(x) = () +
(x = »)f'(y) as both x, and x, approach the peint y, and 5,(x) agrees with
f(x) in value and slope at x = y.

Example 29 With f(x) = In x, calculate f{1.5) by cubic interpolation, using f{1} = 0,
f(2) = 6.693147, f(1) = 1, f/(2) = 0.5.

In this case, the four interpolation points are yo=p, =1, y, =y, =2 We
calculate

fronl=f(o) =1 fly,rl=0693147  flyyys]=f(y2) ="5

. 0.693147 — 1
flyoruyld = T a7 < —0.306853
0.5 — 0.693147
fvypy) = =————7—= 0193147
- —0.193147 + 0.306853
Feyuyars] = S R 0.113706

The complete &iaom.&m?nouoo table is written as follows:

v\m .\.m u . : -\:_HL .\HuL .\M«Iu
1 0.0
1.0
1 0.0 —0.306853
0.693147 0.113706
2 0.693147 -0.193147
0.5
2 0.693147 .
With this

Py(x) = 0.+ (1)(x — 1) + (—0.306853)(x — 1)? + (0.113706)(x — 1)X(x — 23

is the cubic polynomial which agrees with In x in value and slope at the two points x "« 1
and x = 2, The osculatory character of the approximation of In x by py(x) is ev...:nt
from Fig. 2.7. Using Algorithm 2.1 to evaluate p;(x) at 1.5, we get

In 1.5 == p4(1.5) = 0.409074 .
With e,(x) = f(x) ~ ps(x) the error, we get from (2.37) and Theorem 2.5(i) the estir :te

le(1.5) < = max £ ONAULS — D15 — 2V = 0.015675
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*7.7
ADAPTIVE STEP-SIZE SELECTION AND ERROR CONTROL

PRERERERE KK Kk x

DIFFERENTIAL
(0.)+Y(1.)=1,

Up to this point we have not discussed how the step size h of the preceding

’{"%‘gg!s&TION methods is to be chosen. Obviously, there is a trade-off to be made: If the step
UKU size is too small, then computer time is needlessly wasted and accumulation. of

arithmetic roundoff errors can become a hazard. A large step size invites large
truncation error associated with higher-order terms neglected in the construction
of the methods. For simplicity, our developments will be concerned only with
Runge—Kutta rules.

Techniques for automatic step-size selection are based on estimating the local
error at each step and then choosing the step size to keep this estimated error
within some tolerance bound. Thus step-size selection hinges on estimation of the
local error, which at the jth step is defined to be

XK kKK KK KKk Rk %

E SECA * ok x

*kx

* Kk A
V) - AYESE

Here y;., is, of course, the computed approximation of y(x;.,), and V(5 4,) we
define to be the exact value at X; .1 of the differential equation solution that passes

A USING  **x through the point (x;, ¥;). That is, $(x) solves the initial-value problem

) BY SECA **x*

.{'I = flx, i\')~ S(\,) =¥

xa In contrast to local errors, the global error at X; ., 1s defined to be

AL TTIED B VI

where y(x) is the exact solution of the original initial-value problem (7.3). Figure
7.7 illustrates the relationships between v(v), #(x). and local and global errors.
Intuitively, the local error is the additional truncation error arising from inexact
solution at a given step. The global error gives the accumulated total error propa-
IT Is en gating from the entire sequence of steps.

x X %

RN e Y R

Exact solution y(x)

Global error = s (x, . (BRI

- —a

-
Compu(ed/
trajectory

Local error =
Yl —w.

T ST YR, S e s L e

(,\'I'. .\'/)

(.\‘/ « 1LVje )

NEry

I
|
I
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|
I
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I ]
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- FIGURE 7-7 Relationship Between y(x), $(x), Local
- and Global Errors
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The Adams (Adams-Bashforth) Methods

Table 6.1 ADAMS FORMULAS

ion formula
Coefficients of
, (6.109) Order of Coefficient Local truncation
. . formula of h b Fiy fi—s - fi-s3 fi-q fis : error E.
) to the three
1 1 1 TRY'()
1 —_ 3,,m
(6.110) ; : 3 ! BY®
. 12 23 -16 5 . 3h y;m(g)
f Appendix
of App 4 & 55 ~59 37 ~9 BiSY®
5 730 1901 -2774 2616 —1274 251 Tigs hSyYY(E)
6 o 4277 7923 9982  —7298 2877 ~475 BRIy
(6.111)
represents most of the local truncation error. From the definition of the third backward
same.

difference given in Section C.2 of Appendix C we can write

h@V) = $h(f, = 3f,_, + 3fi2 = fisa) (6.114 -

) to four terms

(6.112) Backward finite-difference expressions for derivatives are given by Equations (5.123).
From the third of Equations (5.123) we deduce that ‘

f’ mdix C 1 gy '_{_3, ,
Y = Yi = iy hs}’i—z Yi-3 . o)

fica = fi-a) or »
YT =y = 3oy + 3y, = yi_s + K[OG (6.115)

6.113) From Equation (6.115) we determine that »
r. (Fi = 3ficy +3f_, — fio3) = ByY — o). ' . (6.116)

ierive Adams
uncation-error
mates because
the truncation
hese formulas

Combining Equations (6.116) and (6.114),
h(%viif’) = —g-h4yul{l _ O(hS) = %h‘iy',,,,-(g)

where the fourth derivative of y is evaluated at some unknown x value £ in the range of x

values spanned by the one-step application of the third-order Adams formula, Thus, the
local truncation error of the third-order method is

Er=4ty"® SN AT
aé shown in Table 6.1. In similar fashion we can show that

hGEVF;) = $h%y'()
h(TzV2f;) = faky" ()

y order let us
r formula con-

for the other local truncation errors shown in Table 6.1.







1omial to ap-
+ instead of
ywn values of
y determining
ring Equation

ird integration
btained most
or x;. The x;'s
‘he u's, where

f; in Equation

(6.135)

ns of Equation
rector equation

(6.136)

The Adams-Moulton Methods

Carrying out the intégration indicated, the general formula is
Yisr =Y+ h(fipy = %Vfi+1 - fﬁvzfiﬂ - El?VafiH - %V4fi+l
—%sti-\‘-l - %Vﬁfiﬂ =)

To obtéin the third-order Adams—Moulton corrector formula from this general formula,
Equation (6.137) is truncated to three terms following y;, which yields

Vi1 = Y+ (= Fioy = 8101 — T2Vir 1)

Then substituting the backward differences as given in Section C.2 in Appendix C into
the above, we find

(6.137)

h
Yier =it 15 (=fiy + 8f; + 5fi0) (6.138)

which is identical with Equation (6.129) derived previously.
The fourth-order Adams—Moulton corrector formula is found by truncating Equation
(6.137) to four terms following y,, yielding

Yier =Y+ h(fip — %Vfi+l - Tlivzfiﬂ - %stiﬂ)-

Substituting the backward differences from Section C.2 of Appendix C into the above
gives the corrector equation

W
Yisr =yt 24 (fimz = 5fiy +19f; + 9fis D) ‘ . (6.139)

which is identical with Equation (6.134) found previously.

Using the terms in Equation (6.137), we can obtain Adams—Moulton corrector for-
mulas of orders 1 through 7, or of orders 1 through 6 plus a local truncation error expression
for each of the six. These expressions are given in Table 6.2. In the local truncation-error
expressions £ is an unknown x value in the range of x values spanned in the one-step
application of a particular Adams—Moulton formula. While explicit numerical values can-
not be found for these expressions because the derivatives in them cannot be evaluated,
they are useful for comparing the truncation errors of the various Adams—Moulton for-
mulas, and for comparing the truncation errors of these formulas with those of other

Table 6.2 ADAMS-MOULTON FORMULAS AND LOCAL TRUNCATION-ERROR EXPRESSIONS

Coefficients of

Order of Coefficient _ Local truncation
formula of i Fier ¥ fie1 fiz fi-s Ffi-a error Ex

1 1 1 ~$r%y"(®)

2 3 1 -y ()

3 % 5 8 -1 : — sah*y"'(€)

4 H 9 19 -5 1 ~ 755h3y¥ (£)

5 7h 251 646  —264 106 -19 - 1315h%yV(E)

6 =" 475 1427 ~798 482 -173 27 — 25hTyVI(E)
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Florida International University
Department of Mechanical Engineering

EGM 5346

EXAMINATION NO. 1-8 March 11, 1998

This exam is 80 minutes long. You may use your books and your notes but nothing else. Do

Print your name and sign the following statement:

I will not give nor take any unpermitted aid during this examination. I understand that violation
of this statement will lead to automatic failure of the examination.

PRINT NAME SIGN NAME

1 L_'r p®* - - - .s A

T ! ' ! } lo
Co 1o fo 9o ome

B
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-+ .
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Problem 1 [35 points]. For the following equation

fx) =x*-3x*-3 % +6

a) Determine the number of positive and negative roots as well as the complex roots;
b) Determine the region in which you would search for these roots
c) Using the Newton Raphson Method and an initial guess of x, =0, compute the next three

iterations X;, X,, Xs.

{(X)t X3‘3XL— 3x+ b 2 S“’DMW b w2 + s |
2-2 =20 V : \
2-1 =t X |
2-0 =2 V
f(-x) X -3x 4 3xt b
l*ﬂ;\ M ww - \'014' [
: i-v=0 _. }
P N C 1t-~0=21| R
bhkd 2 | o
0 | 2
Pl) = X - - 3x-b xer §0)= $-i2-beb = <16
x23 J@&) = 27-27-9-6 = -/
%2t L) = 64 -4E-~12-L -2 ]ml
xX=< [15—7:—1:—‘ = 29
Alx) - x*y3xt43x b X0 b ] o 0
Xz 7
Sx2
o <Ixl£s
USERSEUIRESS X, =%, ~ ) = 0- & -2
/ 7, -3
£1xY = 3x ~bx -3 | 'f’(*.,)
. Xz=?-~*_(’9=z- Wy
’ -3
ftx)

Xy 27~ ) Y, - (%5,-% -2+6) ¥

Fxd (% -4-3)

/10






Problem 2 [33 points]

a) For the matrix, A, shown below, use the Faddeev-Laverrier method to deterrmine the
matrix’s characteristic equation.

b) Also find the matrix’ inverse, A
c) Find fhe 1-norm, the 2-norm and the Euclidean norm of vA
| _2I ..q Y
5 (L)
"y 2 )
B=A = 1_1 4] ]>,=‘|'rB,—8 5
i~ - -1 -4 -2 -2 o .
B, = AlB.—F.E] - ,__q,. q]{:_z "'l = [o _n] peih By -z
A': LB -p T ! [’W w] |
Yz'L' P’ \ AT AR T S T \
F(r\): (-l)z()"— 8A+ll) 3
R VY e
! 8
.

nA”&, = mag A = e (.L,Z) = b






Problem 3 [32 points]

Given the following data

 x 1.000 1.100 1.300 1400 |
I 3.800 4.200 5.200 5700 |

a) Obtain the divided difference table from these data points

b) Evaluate y (x=1.15)using a third order interpolation polynomial passing through the first
3 points.

c) Is the result that you got for b) accurate? Why or why not?

{ 3.¢ \
J.1 4.2 3.233 20
. > -T.333 "
l-‘S .2 o
-4 53
(8) palx) = 3B+ 4 (x-1) + 3.333 (x-)(x-1-1) + §.333 (x-\')(x-..,)é(,,,z,)
f,(l.n’): 3.3 +4(s) + 3.333 (048 (0.05) -~ $:332 (o./g)(o.os’)(_o.ls) é
| By3¥y
®) pslx) = 87+ 5 (x-1.4) + 0 (x-1.4)(x-1.3) - 8333 (x-1-4)(x=7.3) (x~1.7)

,:,(/.zf) 2§74 5 (-a./:)b +0 ~ §333(-0.48)(-0.08)(0.75)
§$.9y0¢

FB;HY; Ab;i) t Wﬂi | e b Mo i Ht o JHe infenl. ¢
Palras) € accun






EGM 5346 MIDTERM EXAMINATION _ 5 March 1995

This is a 75 minute examination. You may use your books and your notes but
nothing else.

Please sign the following:

I certify that I will neither receive nor give unpermitted aid on this
examination. Violation of this may result in failure of the exam.

PRINT NAME SIGN NAME
Do all problems. Read each question carefully. Show all work!!!!!
t
| e HEL AL t — t
30 @0 So to 70 go o Ivo
i abet

6 Aedns HET






PROBLEM 1 [40 POINTS]

a) For the matrix shown below,

determine the matrix’s characteristic equation.

b) Also find the inverse of the matrix.

c) Find the 1l-norm and the 2-norm of the matrix.

]
-.' q

4 -1

-1 4

b .
) A=

o) Al -
1Al

‘P,‘-"’YB| =

Bo=A(8-pD) = [ )]0

’Yz 2 -'- -}-yB
PO

4+4:=§ !

=3 [ 30] =~y
6 [po-p)

(1) -8 5]

(B -p1) =

nix ab Z (4.‘}'1 = 5
iz

S me (22 () o

-_[4 -n]

-

!

3

Rk

I o

© ~)5

21
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PROBLEM 2

[40 POINTS]

Forf(x)=x3—4x2—2x+7

a)
of

b)

c)

Use Descartes’ Rule of signs and the Cauchy Theorem to find the number
positive and negative real roots as well as the complex roots;

Determine the bounds of the roots.

Use the secant method to find a root of the equation
START with initial guesses X5 =
X5 and x; ONLY.

Pi) = X*-4x-2x -7

0 and x4 = 0.5 AND COMPUTE

&wd\ﬂ Xx:0 Plx)a:-
X2 Plx)x -3
X22 Plx): ~p¢
X23 P(r): -22
A= 4 Px) =2 <
. s pog -3 *
B(x) = x+4x* x2x-7 X0 &x): )
X1 Qr)=o £
¢.138 7
chick behoenn - §< x| ¢S
, ' ¥
3
Deocsrded g 'bduwy,, petadle rooks P(:x) 2 -xs..4xz+ 2x +7
& mnd 2+ prig © isw} ¥
2-~0=22 Mwi/‘%""‘
2-1a1x 8 $-0-4 x %
2-2=0 2-) = d pk
.
p‘ 2+ ¥ 1% v LA
0+ ?’"‘b X
Xo=0 Fxo) =7 ' s :-I'X,,F'(x,.,..);'xm[:(x,‘)
X, = .S F(x)=5.08 * F(x,,,) - F(xv)
Kp= 1866T « )z ~41bi2 - ' f,
X3=1.2638 ,  Flxy=.1753 .
ot fou traluahin ‘3 F(X) . f *
) 9_-_{"0 - ‘ngp
’—(X) = (((X'q'))("Z)X +7) Ka-¥o mo
N {a("\'xa ’(xz.{‘x:a) ({
v, 2Ny
_ fl'po
)(3-5)02— 3,‘4[ :7‘(9‘)
wxle=d A1) , - :
x‘=o—__‘3:2 \'i‘f% - y
%y ® 2"‘,'__*;:% %_ﬂ_z+é;’l—3~ N
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PROBLEM 3 [20 POINTS]

To speed up convergence, we learned about the Steffensen iterative
technique with immediate replacement. Use this method on the results of
problem 2, to determine the next two iterations.

X, -0 x, E XL =‘l-f“7 x3= I-ISBX

d = & = XX o307 . d= &%, = -.419
B¥n-y = AXo = Xy Xo = p.S ' Ax, = 13117
- 48X . - .22l
T O'SI'3L"7 =.3§§ = -A—i:'l . = I'BL“I/.'LIL‘, = =201

Yy = 18624 1307/(-0302) = 1402l Vg hass o b1/(-3.299) = L3t
Yn: va" + Axn/(r“ ‘\ .

8%, = 8X,-4x, = .5667
(8%,)* = (1-367)*=/- 8689

1o

A [.564)
)(’ = xl.. -f‘?f - % -

A [P
Y]n =Xﬂ+/ -~ 4x

xg—- QXL—ZW-? = f(*)

leh %X = )Eiﬂi:‘::)
2
%'3){7‘2)({»‘) *FVDLXCC 14<)
""’""‘ X! ‘a
s/L ol .
X W =3-2x+] X=t g’z
(3x-2)/y §O)z 22, g L
o L (e |25 | 2[y,
21 %3-2%+)
Y %l(g) = .__7_3_,_“'
.
% ':-aquz-\-Zx-? 2] AL
| 3
, Bx 2 x:i‘lx . 2x+7

[uve2e-



I 3.4

y
1.1 b.2 333
L3 5.2 0 .33

weoogy

2, 571+ 5(x-19) « § (x,;.v) (x=1-3) + 6 (x- '/.y)(,(_/.3)(x,,_/)

57 +5(...z) +§(=2)(=1) s 5.7 ~,/.+,ér/.- 4.8 Vs

38 4 4(3) + 2.33(:2)(1) + £33 (Y(1)(~1)

4'4 N D‘__‘_é,vz-f———-: 0167
g

3844 (x-1) ¢ 333 (6o )(x-11 ) 4 833 )=t (x-19 - ke 6 Js

].28

/‘2



EGM 5346 SPRING 1998 DR. C. LEVY
FINAL EXAMINATION
APRIL 22, 1998

General Instructions -- This examination is 160 minutes long. Put
away all your books and other material except for:

a) your notes and book
b) your calculator and straight edge.
Please sign the following:
I certify that I will neither receive nor give unpermitted aid

on this examination. Violation of this will result in failure of
the course and possibly other academic disciplinary actions.

Print your name Sign your name

This examination consists of five problems with several parts to
each of the problems. You are to answer all the problems!

GOOD LUCK!

Problem # Breakdown by Score
Problem

22%
20%
15%
16%

27%
TOTAL

Ul | W N |







PROBLEM 1. (22%)

a) Find the 3rd degree interpolating polynomial for the following data points

X

-2.0

-1.0

0.0

o]

f(x)

6.0

4.0

3.0

0|

b) For the data of the.table, find the Lagrange form of the 3rd degree interpolating polynomial






PROBLEM 2. (20%)
For the data given below, get the integral
1.0
-[0.1 f(x) dx

to the highest possible accuracy that you can find

" X 0.1 0.2 0.3 0.4 0.5 06 -| 07 0.8

0.9

1o |

" f(x) 0.1 0.199 | 0.296 | 0.389 | 0.479 | 0.565 | 0.642 | 0.717

0.783

841 ||







PROBLEM 3 (15%)

The following experimental results for f(x) were obtained:

| x

0.0 0.5 1.0 1.5 2.0 2.5 3.0

L

1.00 0.80 0.20 0.25 0.31 0.38 0.44

(2% each)
a)
b)
c)
d)

(3%)

(4%) 1)

Use the O(Ax?) forward difference formula and determine £(1.5)
Use the O(Ax?) central difference formula and determine £(1.5)
Use the O(Ax?) backward difference formula and determine £(1.5)
Explain the differences between the three values (a-c)
Explain how you would solve the following integral

2

I = ‘g sin x @ sin (x-2) dx
o X ®(x-2)

Explain in detail the difficulties in solving the integral and how to overcome them.
Given the following differential equation
y’+ 25y’ + 100y = 74  where y=y(t)

Explain how you would you determine the step size to use to solve this problem
numerically.






PROBLEM 4. (16%)

Solve :
y’’ =3y/x where y = y(x)

given the following initial conditions:
x, =Ly, =landy =1.

You are to use a Runge-Kutta scheme which is simple and whose error per step is O(Ax®). You
are to find the values of y and y’ at x = 0.1, and x = 0.2 using a stepsize of Ax = 0.1.






PROBLEM 5. (27%)
Given the following differential equation

y’ -3y +(25/4)y =6.25
Assuming an error of d(sz) in each derivative,

22%) a) show that the solution to the difference equation does converge to the solution of
the differential equation ‘

(5%) b) using standard methods of ODEs, find the solution to the differential equation






vuberpprlotins | |
) Fud W 37 digue , pobpunied for He M%M

|

{
) 6| ¢ 3 3 l

x’-z S

‘ 3% e uder polabed
‘@ -2 b | £ = & -2(x+2) + 0.5(x+2)(x11) + 0fxw2)
AT es PeIksglegen sfpes, G
-1 0
0 3 , 0.8 b dvdift + lo 5] = K pais
) 3 | | i atsad
- &%) + 2 (ax’-2x) -3 [xtx+2x-2]

B ) = X))y (xr)x(x-1) 3(x+2)(xe1) (e-1)
-2

) 6%(3(‘-& 3x"s 1x) 2
o Ya ~n ‘
| +* ){+Z?6§x+l) = (.nz -?/z&é)x’... xg(z-at.’i)o- x(lf-4 4.}.,.!)4-3
gie Tlex) g X)) 3= () (x-1) fos (er2Xen)(x-1)
J$@7T (-2-¢)) (-2-o0) (2-1) Q@) a-) (0N )o-)
s |

1y = x(xn](xn) . {(x)= ‘233(;_2;‘ :

ERIGOIRS M@@w

¢
i L4

Zeph el § ¥ 4 e fx) = 280k

' 3 3
Y 1 * ; {
- < . - }
0\3 } o-q ) 0I 0‘L ) 0'7 \ 002 007 I.O

T, | 29 ' : .
) | 01 | 0% -2 10-3?7 [o.m o.s‘x) o.wze 617 0783 | 0.8%

T

' w y 1

!

W W~

N\.rc

X 0. a.

’
hed  Simpion % [f‘ cuf, s by +4f s 2f s vE o+ ]+ __g_k[ﬁ 38 #3654 £, ] <2303 +. 293¢ 3 usy

Smion. 32 [§+36+ shyvafy sl o34 w2k s sk o f T usus

h=.2 S S TE avf +2f etf + 1(,,) = . 4396 )] Ss:\v-" Ih
b~ 3 l 27 Ty 67 . 5 s3p I,
R L ) / _‘/‘_u‘rlwd'

20 f K



e




1411 = 1 F’r = 1+ 3(1)=13

"

X= 1 Po=? 7"* ! Y'P |
Vi = 1+ (1413) 0052108 pos i+ (141) :.:(.;):13

%=l p= -3 Y,= ME s/zrs WS + 13(.0)e 128 Bp* 1.3+ 3(L0S ns) | = J.60%1

)’z‘ = N5+ (L3+l.£ow)ob£= 1ot p, = .3+ ("_':5 + '_"2_2"."); §(-1)=1.407

RXp=t2  pElbo?l yp= 128

Yferags + T tonp. + Yanew =liph

ClbiireRusobhon S Hat B Subuhon o e Aﬂ-ﬂ«uw«*ﬂﬁ-w
o bonn of O(n") i g'm,mxw. v mwamm.ﬁ&
d/[uwww

q.jgo - 3-Aw2x+Ba:2’<a Ae* [Asu.ZX.;Ba:Zx

'JP Pyl 2 ok UC2 Cof
Y= Ace.2x +B 2% + )
by "'?uh Yy P
‘ -un'(:-w‘ax
> 4 . -4

‘G;: ‘ Jiwr - Zji 43"." + 4y - 3%"’ =3 (4in" ':h-) m ' ‘:ln‘

3 chom ‘ 3 (7 axv ' 2.

g p e M (-3 gy, -2y, + (14 oy, |
PN X N 4(:2“:“")5 ~2tl<‘“'-g J{u-sax -u;s&‘
" Dk Yior 12 +48C) 50+ §i,y > 20X R I i

Fr Pbn M Yo Yol =A D Ar(EDAA 2200 < kA 25
, AsY,
for ofle. ['5'1'(—2+I;Ax")/8‘4ﬁ"—' =0 lﬁm (F’-T(—Z-MA,J’)/& " }]:o
= 2%Ab" % [T aae) -4
T [t I SN SV P FTY RN
2 R —
a d-20x" & 4ox T+ ax® -'-Ax"
| ‘ . s e i
utfalehmi-at) ¢ s20x ) (14 3an) w (1430x 2200i) = g THHIN - d-ud MM (' - A: anr)

’4 (psz /s-;(;-zij)
3(“1_\ ) *!(l-z}_jj)

. -l ..
A s \o'& =i 2w ! T IEA B = B 1 &






2§ -2) X Ll -
e Yo Ce e v GedTe s ke €7 . tpant  pilax

o O pn2x; 3 G K2X| A Y

) ﬂ”-«-ZIZ'-& (Ova-; 74 Ci«a.\t.gs (514-25"5 -4-10'0‘)-0
| (54'?-0)(545) =0
e—Zo't e’.st |
Ab:.;.a Ab;_SL
wse Hony
L L
w (&) S Ag‘v;x .Ad,.(x-z) dy prebl. @ xeo %2
S e / | .
3 - AOL ~. o 4_-7(
v @ x=0 _x_a_< Coux 5

@ %:2 4**1‘*2 ~ o (x-2) ~ L= (xY
-7
2

rewovedle WML] b xz0, 4

f(x) %ﬁ%gzé'/ 3(4-"‘%{—) - [.3!-.Z] =.0 ()
20x P B

‘ . h2Y 2Ly
Yo 2 N &vy. wax f(*\ = ‘3“:.“‘41“ Mo L - +4(a»)-}: . ‘:E .o .y U (a)
4716! 51)“ 5’! 8x "'47'1 dX : 24x* \
LT
-3 LT o 8 5_7_{ %.7:
Visy 4‘27‘_'5)( (K) 33" ) 4‘3\-. \, . - (‘L) - 1y %"‘2 & 2?2 (C)
‘ 7—Ax‘

(J) —p FD + ¢D ﬂkwt. W/ﬁoﬂﬂ“‘& Aunte WMMW
—> BD dotond miowrulaw%,



o o
g
L




o e fopn) e g gl
'j = F _;? -9(’()‘-}, ) Fiu = ,Fi ""é‘u-ﬁ’(z)
. = h_f(x.',j;’,r;):-hp;
ey = "'f(x.'*-’-‘,“» \(’i"'h' rP'.*(‘) = h{pi+t)
1, = L\g(x;"ai ,\P‘-) = h (3_\’?:) | ,
Lo hgligeds, Yok, pish) « b (il

X; +0% |
gin et {pdx s gis lkek) s ke
P ’?ri * J %‘de = pi+ "z"(ln""('z) l""}
Yitr = 'é‘ + [h“ﬂ + L\(Fli-!)] | R'*‘: P;-&-.Q, =l>; +* lﬂ(%)

3

x. +Ax






] ' T ‘
Iimr s Ih + Ch Im\? o Ih + (I'“E-12“\
. )b

’ v
Imp = IZk + I‘CI‘\

>

() f,..,,}; LI, -T,

. 15

Lup =1, -I, = 16 (-ysvg) - .y39
15 /;
3. y55¢

A

4 - -
I.,=T,,+ (I...,-I,\) e -_7;/, ~kL, =Ly -1

lse. prodlin on fodnls Airahetsfrm preoies fut
Groew 3'= é_;:_g ke Y=¢ x=1 ,
_g_',_s_ n A‘J=3Lx+,¢~c
" %_ =ex® g 3Cx"
3;] x21 C=a

Uoeg o rpasniibion. fr ' Rob s O(x)
Yin "ji-n = -3_'1:(; = f_‘dl.
24x Xi 18xm
i(5:+. -‘ai-')=3tji o i‘i]“_' -31‘- ’i‘df" o)
| At Yy ,,(6‘ | o
g g
p [ip‘-sr& -0 g]o

2t

p s tho, uihod vaduss | h |
C Seb :j =_§_i W @ X=1 j"" !j’:i 1 u«.‘.% a4 RK  scheme
" S wmm?.‘,,d{jaa' @ x=.l dx2.2

Ax= 0.1 8

 Ste o rifed el

whoe Jor e pev s/ff 15 O(ax
- .

Y : P = nglv‘ji * Piax 5‘\&\""‘5( * (Pi"’h‘n, A-%

P":E:-L P = b + 30 Ax P = prt (B o Vierg V35X






Florida International University
Department of Mechanical Engineering

EGM 5346 7 EXAMINATION NO. 1 February 26, 1997
This exam is a take-home exam and must be returned by 1200 hours on 28
February 1997. Do all work on engineering paper and turn in all
computer printouts. Show all work!!!!!!

Print your name and sign the following statement:

I will not give nor take any unpermitted aid during this examination.

I understand that violation of this statement will lead to automatic
failure of the examination.

PRINT NAME ' SIGN NAME
PROBLEM 1 15 PTS
PROBLEM 2 35 PTS
PROBLEM 3 25 PTS
PROBLEM 4 25 PTS







1. Find the roots of the equation
f(x) = sin x - |1ln x|

the starting point of the

Indicate the numerical method you used,
The roots

iterations, the number of iterations and the epsilon used.
must be accurate to five places after the decimal point.

Nole: start at X= 0.1

X=.57871 i vy
z.219






2. Solve the system Ax = b where

1 1/2 1/3 1/4 1.00000

1/2 1/3 1/4 1/5 0.58333
A = 1/3 1/4 1/5 1/6 b = 0.43333
1/4 1/5 1/6 1/7 0.35000

a) Use the LU decomposition and give me the entries of the matrices
I, and U, and the solution x.

b) Finally obtain the LARGEST eigenvalue of A and its corresponding
eigenvector by

1) using the Fadeev-Laverrier method (you have a
program for it) to get the characteristic polynomial
and find the roots of the polynomial;

2) then solve the equation Ax = v x by the power
method to get v and x.
Use as your first guess for x, yT = [1,1,0,1]. If you do not converge
to the first eigenvalue and eigenvector, give me a good reason why
this is happening and, if you can, prove your reason in a simple
manner.

c) Find A"1 and then determine the condition number for A using
the infinity norm-
REMEMBER cond (a) = ||a]|| ||a™]
X ['7 =2, 3, °] "
i ) o o o "~ ) XS 3 A1
.$ .oxéto "o o | .9 L
5 Lodfs oif o 6 o 1 &S !
25,075 L0083 000357 o o 0 !
% o
-t
A le =120 240 -1yo
-120 1260 <2700 1680 A
A T T
-140 1660 200 2800 324
5t
; - + .16 -
fof,/‘d ,,1, Tady Y x/0
(/73 -~} 7\"
L ) [ -I.676I‘i)(3 - (-.Zg.ng)x?— - (-00.1735—))‘ _4:0 »
>l =, '64’4
Ay 2150020138
Ny 0" . 0000967 Y
»y = - 006838 0067383
L5002 /& 4
Yower  A=15 vV = '.570 7 40l . 35y,
imﬂ - - ( ! ) r}/ﬁ/) 'W} . W 4
WAL, 2083333 JIA"|| 344-svet trd A = 283575 2

I33p.
¢20 2937¢






3. For the following data points:
(.7,-0.1) (2.3,0.2) (6.2,6.6) (0.1,0.0) (8.5,13.8) (-1.0,1.2)
Find the least squares fit in the form

f(x) =a + b x + cC x2

=.2087 -. boorx +.2547 x>






4., The US Gross National Product (GNP) for the years 1950-1980 are
given below.

YR Trillions of Dollars
1950 0.530
1955 0.656
1960 0.733
1965 0.934
1970 1.091
1975 1.230
1980 1.484

a) Determine the divided difference table

b) Using a 3rd order polynomial starting with 1950, predict the GNP
for 1965.

c) Using a fourth order polynomial starting with the year 1955,
determine the GNP for 1963






¥haw (da

Pod = ct+ ax+by”

W‘ (/.7} -0.1) (z.gl 6.2)

(6-2, (.4
(S’»s’,/g,g) (cto n2) ) (0.()0.0)

e Us 6P #e /950 - 198 '
i __MZ,; W g 0 e quren

1950 0,530 M"‘J

1iyy 0.65¢ ' B

1960 0,733 «  Detewmne 2 diveded ’{’%“QM |

1968 0.934 o Lhag 4 3L4W/,W Sthukos
10 /-07/ Wtk 196D prudick Ho GNP of 1765
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A( 1, 3)
A( 1, 4)
A( 1, 5)
A( 2, 1)
A( 2, 2)
A( 2, 3)
A( 2, 4)
A( 2, 5)
A( 3, 1)
A( 3, 2)
A( 3, 3)
A( 3, 4)
A( 3, 5)
A( 4, 1)
A( 4, 2)
A( 4, 3)
A( 4, 4)
A( 4, 5)

X(1)

.0000000E+00
.0000000E+00
.1000000E+01
.0000000E+00
.1000000E+01
.0000000E+00
.0000000E+00
.1000000E+01L
.0000000E+00
.0000000E+0O
.1000000E+01
.0000000E+00
.0000000E+00
.0000000E+00
.0000000E+00
.0000000E+00
.1000000E+01
.2000000E+01

THROUGH X (N)

.1000000E+01
.1000000E+01
.0000000E+00
.2000000E+01
4 SIMULTANEOUS EQS. ARE TO BE SOLVED

AUGMENTED MATRIX ELEMENTS ARE:

A( 1, 1)
A( 1, 2)
A( 1, 3)
A( 1, 4)
A( 1, 5)
A( 2, 1)
A( 2, 2)
Al 2, 3)
A( 2, 4)
A( 3, 1)
A( 3, 2)
A( 3, 3)
A( 3, 4)
A( 3, 5)
A( 4, 1)
A( 4, 2)
A( 4, 3)
A( 4, 4)
A( 4, 5)

X (1)

.1000000E+01
.5000000E+00
.3333333E+00
.2500000E+00
.1000000E+01
.5000000E+00
.3333333E+00
.2500000E+00
.2000000E+00
.5833333E+00
.3333333E+00
.2500000E+00

2000000E+00

.1666667E+00 7 fbxv |
.4333333E+00 - ’/////,,//"’
.2500000E+00
.2000000E+00
.1666667E+00

.1428571E+00
.3500000E+00

THROUGH X (N)

.1000008E+01
-.2000081E+01
.3000181E+01
-.1128588E-03

3 SIMULTANEOUS EQS. ARE TO BE SOLVED

AUGMENTED MATRIX ELEMENTS ARE:







EGM 5346 SPRING 1999 DR. C. LEVY
FINAL EXAMINATION

APRIL 21, 1999

General Instructions -- This examination is 120 minutes long. Put away all your books and
other material except for:

a) your notes and book
b) your calculator and straight edge.
Please sign the following:
I certify that I will neither receive nor give unpermitted aid on this examination.

Violation of this will result in failure of the course and possibly other academic disciplinary
actions.

Print your name Sign your name

This examination consists of five problems with several parts to each of the problems. You are
to answer all the problems!

GOOD LUCK!

Problem # Breakdown by Score
Problem

25%
25%
25%

25%
TOTAL

W N =







PROBLEM 1. (25%)
. 20 o 00 o]
|| f(x) 6.0 4.0 3.0 3.0 ||

a) For the data of the table, find the Lagrange form of the 3rd degree interpolating polynomial

b) Find the 3rd degree interpolating polynomial for the same data points

é+ oq (ax3+loxz'+cx4ol) = |D

flo Yo + 4, Yot 11‘12_*[3”&3

L, . {x-%4) (x-x2) (x~X3)
(xl-xd )(X‘L"Xu)<x3"xo)

1, = ‘(’("‘KQ)(XFM")(N-XB)
()(,,*X,,) (N,‘-Xv) C”s‘xz)

£, = (X-Xo)(x~xy) (x~x4)
(Xo7%1) (X27%,) (x3-%,)

{ - (%=X, Y (x5 Y (X %)
(%s Xg,) (x4 *Ma)(xz‘xﬁ)

2+4 = /¢
2

Sews 4 fo ot






PROBLEM 2. (25%)

a) For the data given below, get the integral

fys £6) dx

to the highest possible accuracy that you can find

" X 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1.0 II
" f(x) 0.1 0.199 | 0.296 | 0.389 | 0.479 | 0.565 | 0.642 | 0.717 | 0.783 | .841 "
. 6.7 2.b
ac spoon $ ke for [T 4 B fo -« /3
b) Explain how you would solve the following integral
2
[= jsinx'sin(x—Z) dx Xso X2  uw S ) @xs0 3
o X°®(x2) = 3
W sm(x~2) ni @ x=2
X-2.
Explain in detail the difficulties in solving the integral and how to overcome them.
C) Given the following differential equation
y’+ 25y’ + 100y = 74  where y=y(t)
Explain how you would you determine the step size to use to solve this problem
numerically. . 3
S +28s+ /0 = O S= _zst‘lm co25d 1€ c 4 )
2 2 -

“we Ats L -0 3
20






PROBLEM 3. (25%)

Solve
y’ =3y/x where y = y(x)

given the following initial conditions:
x, =1, y,=1landy’, = 1.

You are to use a Runge-Kutta scheme which is simple and whose error per step is O(Ax?). You
are to find the values of y and y’ at x = §.1, and x = .2 using a stepsize of Ax = 0.1.

let 3'=l> = Y=Y+ gPolx

P> 34k = piapr S0 ) ;
ko:Ach q’.: AX ( 3'5%(‘) ll '=-§‘ g
MR g s (3004 )

U|=‘Jo +%’(k‘o+kl) = 30

Yy
P = Fo + "z(‘}o"‘ﬂn) £
k., q,
b = &
k, 1.






PROBLEM 4. (25%)
Given the following differential equation
y’ -3y +(25/4) y = 6.25

and assuming an error of O(Ax?) in each derivative, show that the solution to the difference
equation does converge to the solution of the differential equation.

3
3
N -
$-3s+287 =0 I e : Sx B
7 | 329 "'(")Z S3tw . Yoo ® GO+CET"
2 2 I A
9"_*_';_':],;:1{" = 3 (4in-Yi1) P ST
ax* - ik 7
25X

/ A
YooY 4 ey e A5
24x
fn pabe Yi=C = Ca|
Yi 3, 'II/
Y=Y =90 +2%'7'| +D ¢t ‘-%5 ¥ le
SAAND

t {
20X : 3‘-={g/3 fo b 4
ef [ (i) - (o )p (v gadfzo ¢

. 1-38x*Y —y. (2 -25p0 - 1+ 38" ={, &
Yl'-/ :)’i - Ax \/l""' A'Zéltj“"‘ Lj”' ( _EZ;() ‘j'( 4 AX) *y"-, ( 20 ) ot

I

f= (2rad ) e Jo-aat ) -u(i- )1+ $ox)

(-2)

T 14 2
§~28% + LW ax ~yt 78X
i iy

o
B/ +iati 28X 4 -seox’ + 2 gt
7t
. : Ca-mpt 4 ok [ [T G5 ax | (143
"5' (1403 hZ{)AxY 4 /‘_,_l_'__x - [ 2 ( 2 )
. 2

(1+ T %\ T - R
PR [ i)

T (8ee2i)x;
e$x|= B( 2t l) t 3A‘- ,
2 1+ 281

- =
[+ 0% (3 x2i)
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EGM 5346 FINAL EXAMINATION-PART II April 21, 1999

This part of the exam is take-home and must be returned by 1400 hours on 23 April 1997 to
EAS3442. Do all work on engineering paper and turn in all computer printouts. Show all

Print your name and sign the following statement:

I will not give nor take any unpermitted aid during this examination. I understand that violation
of this statement will lead to automatic failure of the examination.

PRINT NAME SIGN NAME

PROBLEM 25 PTS







Xi

0.1

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1
1.1
1.2
1.3
1.4

0.05

0.05
0.1
0.15
0.2
0.25
0.3
0.35
0.4
0.45
0.5
0.55
0.6
0.65
0.7
0.75
0.8
0.85
0.9
0.95

1.06
1.1
1.15
1.2

yi act

1
1.00033344
1.0026738
1.00908174
1.02179837
1.04347826

yi
1
1.0005
1.00300651
1.00958205
1.0224716
1.04433436

1.07758621
1.12909296
1.20578778
1.32100396

1.5

1.07863718
1.13034086
1.20718369
1.32230948
1.50027958

1.79748352
2.35849057
3.73599004

11.71875

1.7929227
2.33016937
3.563947443
7.73389372

3/(3-A1913)

1
1.00004167
1.00033344
1.00112627

1.0026738

1.0052356
1.00908174
1.01449888
1.02179837
1.03132654
1.04347826

H18

1
1.0000625
1.0003751
1.00118877
1.00275725
1.00534021
1.00920785
1.01464703
1.02196928
1.03152115

1.0436977

1.05871454
1.07758621
1.10076595
1.12909296
1.16363636
1.20578778
1.25740032
1.32100396
1.40015168

1.5
1.62833299
1.79748352
2.02822615
2.35849057

1.05896007
1.07785909
1.10106719
1.12942282

1.1639934
1.20616709
1.25779022
1.32137943
1.40046128
1.50013831
1.62807963
1.79635811
2.02511145
2.35053026

PR Y

| = XY
0
0.01001
0.04024088
0.09173303
0.16727171
0.27265857
0.41884494
0.62605853
0.93266717
1.41628692
2.25083881
3.88963189
7.81875257
21.172116
117.2337

A1972*C19A

0
0.00250031
0.0100075
0.02255353
0.04022088
0.06316931
0.09166504
0.1261148
0.16710739
0.21546727
0.27232622
0.33922242
0.41824088
0.51221744
0.625042
0.76212035
0.931097
1.14302119
1.41429532
1.77006583
2.25041494
2.92233421
3.90455195
5.42367354
7.95598921

Xi+1
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
1.1
1.2
1.3
14
1.5
A19+0.1

0.05
0.1
0.15
0.2
0.25
0.3
0.35
0.4
0.45
0.5
0.55
0.6
0.65
0.7
0.75
0.8
0.85
0.9
0.95

1.05
1.1
1.156
1.2
1.25

Wara Kb

yi+1=y+ 3:Ax
1
1.001501
1.007030597
1.018755354
1.039198773
1.07160022
1.120521672
1.192946714
1.300450404
1.463938173
1.725363457
2.181885888
3.112044624
5.656686029
19.45726369
C19+D19*$A%1

1
1.000187516
1.000875477
1.002316451
1.004768295
1.008498675
1.013791101
1.020952768
1.030324646
1.042294517
1.057314008
1.075921189

1.09877113
1.126678066
1.160674922
1.202099415
1.252721945
1.314941282
1.392094197
1.488964567
1.612659055
1.774196338
1.991585703
2.296295131
2.748329721

. L2
y'l+1 = x,, Yie

0.01
0.04012017
0.09126996

0.166058
0.26998352
0.41339773
0.61522872
0.91079799
1.36984872
2.14311497
3.60202366
6.85530148
16.3673487
62.7162698
851.816498

E1972*F 1912

0.0025
0.01000375
0.02253941
0.04018553
0.06309746
0.09153626
0.12590212
0.16677513

0.2149677
0.27159446
0.33816866
0.41673831

0.5100834

0.6220077
0.75778103
0.92482752
1.13382812
1.40054717
1.74897844
2.21701548
2.86723782

3.8088049

5.245582
7.569307871
11.8020566






1.25 2.86567164 2.84448141 12.6423039 1.3 3.4765966 20.4265634
1.3 3.73599004 3.67120309 22.7773673 1.35 4.810071453 42.166795
1.35 5.55941626 5.29480715 51.093756 14  7.849494945 120.764559
14  11.71875 9.59126502 180.305035 145 18.60651676 727.890684







’

yi+1 = Yi+ Q&,H‘Mu)bx/z
1.0005
1.003006509
1.009582051
1.022471602
1.044334363
1.078637178
1.130340861
1.207183687
1.322309482
1.500279576
1.792922699
2.330169368
3.539474433
7.73389372
56.1864036
C19+(D19+G19)*$A%$1/2

1.0000625
1.000375102
1.001188775
1.002757251
1.005340209
1.009207849
1.014647028
1.021969276
1.031521153
1.043697697
1.068960069
1.077859087
1.101067194
1.129422822
1.163993398
1.206167095
1.2567790222
1.321379431
1.400461275
1.500138308
1.628079627
1.796358105
2.025111454

2.35053026
2.844481407






3.671203089
5.294807146
9.691265019

32.296158






