29. Laplace Transforms

29.1. Definition of the Laplace Transform function of ¢ in the half-plane %s>>s,.

One-dimensional Laplace Transform Two-dimensional La;f)lace Transform

2011 f(s)=ZL{F(t)} = fo " e dt 29.1.2 |

L u,v)=L{F(x, =fwfm —u=W R (x, y)dad
v+ F(t)is a function of the real variable ¢ and sis a I ) itz v)) o Jo © (=, y)dwdy
" complex variable. F(t) is called the original func-

tion and f(s) is called the image function. If the 'Deﬁmtlon of the Unit Step Function

integral in 29.1.1 converges for a real s=s, i.e., { 0 (t<0) , ‘ HW‘.Q‘JL .
o T | 2908 u(t)=14 &  (t=0) ‘ o
lim | e-stF(t)dt 1 (£>0) Skef -
e ‘ |

: : “In the following tables the factor w(t) is to be
exists, then it converges for all s with #s>s,, and | understood as multiplying the original function
the image function is a single valued analytic | -F(z). S

29.2. Operations for the Laplace Transform'

Original Function F (1) Image Function f(s)

29.2.1, R {7 emerya
L Inversion Formula S
29.2.2 g | epo)ds 7
Linearity Property
2923 AF®)+BG() Af () +Bg(s)
, Differentiation )
29.2.4 F'(t) 8f (8)—F(+0) |
29.2.5 ~ Feq $(6) =" F(+0)— "1/ (+0) . . . — F#=1(40)
Integration | E
29.2.6 fo‘ Fiyds | % P
29.21 j; ' fo " FVdMdr | L
_ ' Convolution (Faltung) Theorem
29.2.8 ‘ |
b Re—R@d=Fer, F1) \
. 20.2.9 —tF(1) f"'(s) VDiﬂ‘e.rentiation,
20.2,10 (—1)"eF (1) | 1) |

tAda
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Origtnal Function F () 1 mage Function f(s)

1 Integration

29.2.11 340 f f(x)dx
Linear Transformation
29.2.12 e* F\t) fls—a)
. .
29.2.13 lr (%) (€>0) £es)
29.2,14 L ewonp (%)  (e>0) f(es—b)
Translation ‘

29.2.15 F@—bu(t—b)  (5>>0) e~"f(s)

Periodic Functions

fo * e F()dt

29.2,16 F(t+a)=F(t) y
1-—g~9
29.2.17 F(t+-a)y=—F(t) _ ﬁ e " F(t)dt
: 14-¢—%
Half-Wave Rectification of F() in 29.2.17 | . '
29.2.18 F(t) 35 (—1)"u(t—no) li(j)_—
n= —
Full-Wave Rectiﬁcgtion of F(t) in 29.2.17
29.2.19 [F(t)| ' () coth &
Heaviside Expansion Theorem
- ' an ?ig)_ ={({e— — —
29,2.20 Z_‘, q (a,, ¢ @)’ g&)=(—a) (s—ay) ... (s—an)
p(s) a polynomial of degree<m
at p(r-n) ((L) g1 _.2.@._
29,2.21 e g__}l (rmn)! "D G—a)

p(s) a polynomial of degree<r

29.3. Table of Laplace Transforms??

For a comprehensive table of Laplace and other integral transforms see [29.9]. For a table of two-
dimensional Laplace transforms see [29.11).

1(s) | )
29.3.1 1 1
8
29.3.2 gla t

2 The numbers in bold type in the f(s) and F(£) columns indicate the (,hlpt(‘rs in which the properties of the respeetive
higher mathematical functions are given.

3 Adapted by permission from R. V. Churehill, Operational mathematies, 2d. ed., MeGraw-1ill Book Co., 'lnc., New
York, N. Y., 1958,



- 29.3.3

29.3.4

29.3.5

29.3.6
29.3.7
29.3.8
29.3.9
29.3.10
29.3.11
29.3.12
29.3.13

29.3.14

29.3.15
29.3.16
29.3.17
29.3.18
29.3.19
29.3.20

29.3.21

f(s)
S—ln - (n==1,2,3,..)
1
7
8—3/2
s (n=1,2,3,..)
R 6
1
P
1
(s+a)?
_(S——:T(,)—’i (77’:1:2’3;"')
gﬁ’%k (>0) 6
1
GFoery @0
S
FaoGTy @b

1
(s-+a)(s+8) (s+o)

(@, b, ¢ distinct constants) -

1
PERp
N
s +a?

1
§?—q?

s
s*—q?

1
8(s*+a?)

1
82(s?-a?)

1
e

"1.3:5...

F()

tk—l

e —at

te~e

tn—le-—at
(n—1)!

tk—le—at

e at__e—-bl
b—a

ae—pheg—dt ' |
ae " —be™ v
a—b

_(b—c)e~*+(c—a) e+ ((zj— b)e~
(a—b)(b—c)(c—a)

L sin at
a

cos at

1 sinh at
a

cosh at
L (1—cos at)
a? €

1 ' .
e (at—sin at)

1 .
5 (sin at—at cos at)




29.3.22
. 29.3.28
29.3.24
29.3.25
29.3.26
29.3.27
29.3.28
29.3.29

29.3.30

29.3.31

29.3.32
29.3.33
29.3.34
29.3.35
29.3.36
29.3.37
20.3.38
29.3.39

29.3.«)

s .
(*+a7) (5%
o
(s—’—a)”—{- b2

.s+a,
(s+a)*+b?

3a?

&8 +a3

5
(s+a)t

vsta—+ysFb
L
Ve+a
V&

8—a?

VE
8+4-a?

1
v8(s—a?)
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(@*5<b?)

'.
TSNS (abY)

1023
F@)

t .

3 sin af

1 |
5 (8in at+-at cos at)

t cos at

€08 at—cos bt

=
%— e~ % gin bt
e~ cos bt
¢~ — glat (cos at2\/§ —v3 sin @2‘/*3>

8in at cosh at—cos af sinh qf
1 . .
552 Sin at sinh at
1 . .
3 (sinh at—sin a)
1 .
552 (cosh at—cos ut)
(14-a’? sin at—at cos at
L, () 22
‘—/—1_—2 e‘""(l—2at) :
m
2‘\/1? e—-bt__e-al)
m
%—aeazt erfc a+/t 7
it

ﬁ-{-aea”‘ erf a+/f 7
g8

;ll- e erf a+/t 7



Jak

3341

).3.42

2.3.43
3.3.44
9.3.45
'9.3.46
9.3.47

29.3.48

29.3.49
29.3.50
29.3.51
29.3.52

29.3.53

29.3.54

29.3.55

29.3.56

29.3.57

1(8)

1
V&(s-+a?)

bP—q?
(s—a®) (b++s)

1
Vs(¥s+a)

1
R CRRORE:
b2___a2

Vs(s—a?) (ys+b)

(1—9)"
gt

(1—s)"
gnti

Js+F2a
Vs
L
s+ays+b

T'(k)
Groreror 20

—1

1
(s-+a)t(s+b)?

VeF2a— s
Vs+2a+ s

(a—b)*

Wetarotn® &0

(VsFa++s) "
_\/‘; st (V>'_1)

L
Vota

Weta— r—-;ti;f)— >—1)

1
(GRS

ALBL RALANSAY A AVARAY AIA N Avarenn

6

. F(t)

aVi g
e eMd\

a\/— 0

et[b—a erf a4/t]—bet* erfe bﬁ

2
e erfe ayt

\/b_ ¢~ erf (vb—a w’ )

o [3 erf (aﬁ)——l]—{-e"z‘ erfc b/t

St HuD)

(2 +1)‘ HZn—H(\[.)

ae” {1 (at)+Io(at)]

P ;<a+b>z[ ( >
f( e e l) A ( )
ey [ 1, (452 )41, (%‘-’3 )]

'1{ e“”I;(at)

& vy, (5581)

% e=19T, (3 at)

Jo(at)

a*J (at)

P(k) 2(1;) Jk %(at)

22

22

6,10




29.3.58
29.3.5§
29.3._60
29.3.61
29.8.62
29.3.63
29.3.64
© 20.3.65
29.3.66
29.3.67
© 29.3.68
29.3.69
29.3.70

29.3.711

(s—y=a?)’

|

e

(Vo F @i

i
!
i

Vo—ai

(k>0)

(r>-1)

T 60

_l.e"'"
8
|
;56
1 —~ks
pri ' (u>0)
l—e™™
8

1 . 14coth ks

s(l—e=*) 28

1
‘s(e"’—a)

1 tanh ks
s _

1
8(14-¢=")

Elﬁ tanh ks

1
8 sinh ks

8 cosh ks
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F@

k
lc_;_z_ Ji(at)

a'l,(at)

i‘)(/—;c% (é% k—}Ilc-I(a't)

. u(t—k)

(t—Byult—h)

=k

w(t)—u(t—k)

,.Z:o w(t—nk)

t

2k

>§1 @~ (t—nk)

w(t) 42 fj,l (—1)"u(t—2nk)

i (—1)*u(t—nk)

tu(t)+2 2’_‘,1 (—1)"(t—2nk)u(t—2nk) '/V\/

2k

2 5:0 u[t—(2n+1)k]

6,10

[

o

2 g (—1)™uft— (2n+1)k]

2l

3

6k

ak

6k




N

v f(s
20.3.72 . Zcothks
29.3.73 ’—I—k2 coth
1
29.3.74 m
29.3.75 L
8
29.3.76 L+
s
29.3.77 R
Ve
1 _k
29-3078 83_‘/2 [ .
1 k
29.3.79 e
3
29.3.80 sl“e—'_ (u>0)
k
29.3.81 glze- (u>0)
29.3.82 eV (>0
29.3.83 ie"’“ﬁ (k> 0)
29.3.84
B )
8
29.3.85
ST (e20)
29.3.86 1 _./
STHin € Ke (n=0,1,2, .. ;
29.3.87 a1
s? e W (n=0,1,2, ...
29.3.88 i :
i >0
a++s (£20)

*See page II

F(t)

u{t)+2 :é w(t—2nk)

o

i

Ms

; (—=1)"u(t—nm) sin ¢

a
|

Jo(2VED) 9
cos 2vkt

H-

% cosh 2+/%t
mw

w/_— sin 2kt

w/- sinh 2kt

(5)7 v R
(5)7 b 9
2-‘/]:;—55.exp (~g>

erfe & 7

2+t
Lo (-

(BN o ko .k
2\[;9”‘1’( 4t) Icerfcz—\ﬁ-—zw/t1erfc§:/—z

-3

(4t in erfo & 7"

24/t

_k
p( 4t>H"<"2%> 22

2"\/1rt n+1

\/._ exp (-———)-ae""ea ! erfc (a\/_-{-z\/_ . 7
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25.3.89
29.3.90
29.3.91
29.3.92
| 29.3.93
29.3.94«
29.3.95
29.3.96

29.3.97

29.3.98
29.3.99
29.3.100
29.3.101
29.3.102
29.3.103

29.3.104

29.3.105

29.3.106
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b))
ae"“n .
- (k>0)
s(a++¥)
o (k> 0)
Va(a+ vs) =
o —kViata
e (k20
wors - 20
IR o
ora  *20
TR s
B i k20
e 2
e""——?"“/m (k>0)
P Gl A (k>0)
a’e "‘k\/J’—Hl’
—1,k>0
w/82+a"’(\/sz+a”+8) =L k20
| —=Ilns
~<Ins x>0)
e (o)
8-'_—(1'
Ine
s’—fl
slns
841
Zin (14-ks)  (E>0)
In 8+a
s+b
%m (147 (k>0)
lina)  @>0)

F()

o ik a2 { ___IC_ i
™ot erfc (aﬁ-{—z \/.t_>+erfc

e“e™ arfe (af +-~—)
e ¥l (e V=T u(t—k)
Jola V=T u(t—Fk)
Io(am)u(t——k)

Jo((l'\/ t2+2kt)

’\Fﬂc_ Iy @B ult—)

\/tz k2I1(a\/t2 E)u(t—k)

(t+k J (=T kz)u(t—k)
—~—In t('y-—-'.57721 56649 .
t""

e[In a+E,(at)]

cos ¢ Si (¢)—sin ¢ Ci (2)

—sin ¢ i (t)—cos ¢ Ci (¢)

()

%‘_ (e—bt__e-—al)

—20i (%)

2 In a—2 Ci (at)
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2t

. . Euler’s constant)



2

/

29.3.107
29.3.108
29310
29.3.110
29.3.111
29.3.112

29.3.113

29.3.114

29.3.115

29.3.116

29.3.117

.29.3.118
29.3.119

29.3.120

29.3.121
29.3.122

29.3.123

29.3.124

29.3.125

HO)
. égln (s*+a?) (a>0)

In

In

§%+4-a?

§°

§—a
82

arctan %

—arctan -
§ ]

k32

e erfcks  (k>0)

233
ekc

Go |-

erfc ks  (K>0)

e erfc s (k>0)

o ""

1
Vs
erf

I

erfcyks  (k>0)

et erfe ks (k>0)

¥

1 ¢* erfc k

%
Ky (ks)
Ko(ky/s)
% =K, (ks)

1
7 Kuy®)

1 .,’2 k
7ok ()
me "I y(ks)

e~81,(ks)

s
(>0)

(k>0)
(k>0)
(k>0)

(k>0)

(k>0)

(k>0)

°

F@)

% [at In a+sin at—at Ci (at)] ' 5

% (1—cos at)

. % (1—cosh at)

1,
-t-smlct

Si (kt) o 5

1 12
ke OF (~2)
t
el'f '2—12 » 7
_ Ak
at(t+k) -
1

rt

: i
yiy - i-’?}

u(t——k) : el { - \
s ! 'r"‘ea{c- (o) - ¢xfe VR

L y
: B .,K,.ﬁ,..f‘..?:’fé‘t( RS

e ' J¥s

- ,
= sin 2k\/'i

| T

=
Yt

\/—t_?%—l?’ u(t—k)

REE=D
() |

2

= Ko(zw/é——kt) | | 0

1 A
JiGh—p MO —u(t—2k)]

k—t '
Tkt @k—t) [w(t) — u(t—2k)]

e ot

JE—
TR
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29.3.128 al~*e®F, (as)

0]

29.3.126 ¢“E, (as) (@>0) 5
29.3.127 é-—-se“’EI(as) @>0) 5

(a>0;n=0,1,2, .. D 5
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F(t)
1.
t¥a
1
(t+a)?
1
EFa)”

L
1

29.4. Table of Lai)lace-Stieltjes Transforms *

203129 [T_si (s>] 008 8£Ci (s) sin s 5
#(s)

29,41 j; " emuidn(t)

29.4.2 M (k>0)

29.4.3 ﬁ.-k (k>0)

2044 iTi-T (k>0)

29.-4.5 ' an—]iT - (k>0)

29.4.6 &ﬁk— k>0)

29.4.7 tanh }cs_: (£>0)

29.4.8 smT(;c_sIFdS (lc>0,)_.‘

e-ha i
29.4.9 sink (ks ¥a) | k>0, h>0)

sinh (hs+-b)

B4l0 R o

(0<h<lk)

DAL g O<bh<k<...)
7 =
For the definition of the Laplace-Stieltjes
transform see [29.7]. In practice, Laplace-Stieltjes
transforms are often written as ordinary Laplace
transforms involving Dirac’s delta function s(t).
This “function” may formally be considered as

a=0

(1)
®(t)
u(t—k)
g:o_u(t—-nk) -
é (= 1) u(t—nk)
233 ult—@n+ 1)k
2 7;:0 (—1)"ult — (2n-+1)k]
u(t)+2 g_{ (—1)™u(t—2nk)
2 ,?;; e~ WDyt (9n 4 1)]

2 f‘;é e~ CnOay[tf (9n4-1)k]

i P (2n+l)u{ebu[t+h— (2n+l)k]
—e~lt—h— (2n-+1)k]}
}:,:)anu(t"“kn)

the derivative of the unit step function, du(t) =4(t)

dt, so that f: du(t)=] s(t)dt= ?8;8;

- The correspondence 29.4.2, for instance, then

assumes the form e”"”=f e~ 5(t—k)dt,
. ]

* Adapted by permission from P, M. Morse and If. Fesbbach, Methods of theoretical physics, vols. 1, 2, McGraw-

Hill Book CQ.,,ALI}”Q.,,NGW York, N.Y., 1953.



