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Williae. Reynolds - Sotus of POEs mokes

b
/ Falg® = O nEM o shom.bowville (4-2.14)

a

Eqn. (4.2.14) is the orthogonality property of the eigenfunctions. The eigen-

functions are said to be orthogonal with respect to the weight function P(x) .

Now, suppose that, in the course of trying to construct the solution to
a PDE as a linear combination of eigensolutions of the linear, homogeneous
partial problem, we are led to the point where we wish to determine the

coefficients in an eigenfunction expansion,

£(x) = z Ay (x) - (4.2.15)

where the y, are eigensolutions of a Sturm-Liouville problem. Multiplying

(4.2.15) by Pym » and integrating over the problem domain,

b

" .
f fPy dx = z A / Py_y dx (4.2.16)
n=1 a :

a

But, because of the orthogonality property (4.2.14), all of the integrals on

the right will drop out, except the one where n =m . Hence, we can immedi~

b .
‘/‘nymdx’
a

A = — (4.2.17)
nymdx

ately solve for Am ’

a

The infinite series (4.2.15) will be useless if it fails to converge to
f(x) . 1In specific problems where one calculates the An it is easy to
perform the standard tests for series convergence. It is somewhat more
difficult to prove convergence in general. However, if f is square-

integrable, i.e., if

4.7



b
2 . ..
fPf dx is finite

a

*
then the series converges in the sense that

2 .
dx > O

b N
lim f 'f(x) - Ay (%)
Nroo o ;é; n’'n

This means that, if £ 1is continuous over the interval a < x<b, the
series converges uniformly (at all x). However, if f 1is discontinuous at
some point, then the series will give a value at that point that is the
average of the values of f at points infinitesimally above and below the
point of discontinuity.

There are many problems of interest involving higher order system of
linear homogeneous equations. In these cases, there are no theorems or
general proofs of convergence of the eigenfunction expansions. One has to
proceed by examining each case separately. However, problems arising from
well-thought through physical formulations rarely, if ever, give rise to non-
convergent expansions, so the analyst is usually safe in going ahead,
assuming convergence, and then verifying it éfter the fact by ratio teéts,

numerical calculations, or other appropriate means.
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4.3 Example - Vibrating String

’

dent need

For the vibrating string problem discussed in 84.1, the solution is given

by (4.1.6). The coefficients An' must be chosen such that (4.1.9) is

satisfied. The eigenfunctions Xn are eigensolutions of

x"+>\2x = 0 (4.3.
n - n n

and hénce, from Sturm-Liouville theory, have the orthogonality property

%
See, for example, Ince, Ordinary Differential Equations, Dover,
New York, 1956. '
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R(r,)) = SROD) (4.4.26)

cos(lnro) . (4.4.27)

%
~——
"

=™

thing that cos(l r ) -1" ,  (4.2.23) gives

n+l
An = 2( l) O (4-4.28)
So, our final solution is, from (4.4.12L
31n(nﬂr/r ) 2.2
T(z,t) = 2T z (el RS ofnfar/c] (4.4.29)
alr/x o
o ‘{
Note that the series converges for all t . The series for 0T/dr , developed

from (4.4.29) by differentiation, will converge for all t > 0 because of the
exponential, but does not converge at t = 0 . But this is not a serious
limitation. As t increases the series converges more rapidly, and at large

t the solution is given (approximately) by just the first term,

sin(mr/r ) _ 2 2
T = op ————Q 7T Ot/ry

o (4.4.30)
Trr/ro

1 don't ned
”Y vead

4.5 Sturm-Liouville Denominator Integral for qemmat S-L 2qn

In analyses,leading to the Sﬁurmeiouvillé problems, the orthogonality
property will produce (4.2.17). The denominator integral may Bé expressed in
terms of quantities evaluated at the Boundary'using a generalization of the
trick employed in the previous example. Let y(x,A) be a solution to (4.2.1) { ;
not necessarily satisfying the boundary conditions (4.2.2). Then, y(x,kn) S/

dau i[sj-,’f]*[@”z”]/“%.m
2.2 o o():,‘ﬁ),’:a @ X2q 4 X=b , ’



Diff.Eq § fue

will be an eigensolution satisfying the,boundary conditions. We differentiate

(4.2.1) with respect to A , obtaining

2
3 [g 3y 25| 3y -
e (s axa}\)+ [Q + A P] 5+ 20py = 0 (4.5.1)
Next, we multiply (4.5.1) by Yn and integrate over the problem range,
b 2 o
) Ty - 2] 3y _
Yo | 5% S Y +|Q+ A°P N + 2>\Py“ dx = 0 (4.5.2)
a

The first integral is integrated twice by parts, and (4.5.2) becomes

b b
3%y dy
Yo S 5xa% | T 3% VS

,,,,,, a a

b b N
dy ' [ | z} .
+/ 5 (Syn) + |Q + A°P Yy dx + 2A ,Pyyndx 0 (4.5.3)
a ’ a

Now, if we set A = >‘n , the first integral drops out (because the integrand

contains the Y equation), and hence

I Ya 15 & Soln #» Besiel eqn

b b
S Azng. laghbrm g 4.53 2 1 te OF A?L
oo Py dx = ﬁ; TnS A 9XdA (4.5.4)
a a & ) =2

Thus, the denominator in An can be evaluated without recourse to integration.

4.6 Removal of Inhomogeneities in the PDE and BCs

In the previous problem, the PDE and BCs were homogeneous, and there-

L %
it

fore eigensolutions of this homogeneous problem could be found. By taking a

4,17



