FLORIDA INTERNATIONAL UNIVERSITY -
Mechanical and Materials: Engineering Department
Fall2018 = - Intennediate Analysis of Mechanical Systems - - EGM 5315
COURSE CONTENT
“1. Review of Ordinary Differential Equations (ODE)
0 Review of First Order ODE (constant and non constant coeff)
o Review' of Second Order ODE (const‘ant and non constant coeff)
2. Partial leferentlal Equatlons Generated by FllHd/T hermal and Solid Mechanlcs Problems
* 0 Recognition of elliptic; parabolic and hyperbohc PDE's :
" .. o Solution methodology used .
0 Method of Characteristics
o .Canonical Forms

0. Reduced canonical forms

0 Derlvatlon of the govermng equatlon of motlon for a contmuous system
o complete descrlptlon--boundary conditions”

o Solution Methodology conttnued--Separatlon of Varlables
o The Elgenvalue Problem :
- o FourierSeries revisited -
- o Sturm-Liouville problem and non-homogeneous boundary conditions -
0~ Method of Characteristics Revisited
- 0 Transform methods-Laplace and Fourjer Transforms -

o Self-Similar problems

“Reference Texts for PDE portion ~These can be bought from the department ata total cost of $45
Applled Partial leferentlal Equations by Donald Trim, PWS-Kent

Certain sections of Solution of Partial leferentlal Equations by WC Reynolds notes from Stanford
~ University will be prov1ded as well.

Reference Texts for the ODE portion:
o Advanced Calculus for Applications by Hildebrand Prentice-Hall Publishers
o Elementary Differential Equations by Boyce and DePrima John Wiley Publishers

Grade will be determined on the basis of 2 Exams 30 % each
HW/Project 10% -
- Final Exam 30 %




Tentative Grading Scheme: -~ - 95andaboveA 80—8499 B 67-7299 C
90-9499 A- 77-7999 B- 60-6699 D
.85-89.99 B+ 73-7699 C+ Below60 F

Florida International University is a community of faculty, staff and students dedicated to
generating and imparting knowledge through 1) excellent teaching and research, 2) the rigorous
and respectful exchange of ideas, and 3) community service. All students should respect the right
of others to have an equitable opportunity to learn and honestly demonstrate the quality of their
learning. Therefore, all students are expected to adhere to a standard of academic conduct,
which demonstrates respect for themselves, their fellow students, and the educational mission of
the University. All students are deemed by the University to understand that if they are found
responsible for academic misconduct, they will be subject to the Academzc Misconduct
procedures and sanctions, as outlined in the Student Handbook. :

Please be on time to class and keep up with the work. There is a lot of work to cover and it will be
difficult for you if you do not do the homework assignments. My office hours will be announced at
the end of the first week. Please come to see me if you are having problems or have suggestlons on
how to improve this rather compact course.

At present we will meet in EC3327 on W 10-1150am and also F 11-1150am. However, that is
subject to change. The website on which materials related to this class will be
http://web.eng.fiu.edu/levy. Videotapes related to this class will be avallable so that the class can
be handled as a distance learning class.. . :

This is a preliminary syllabus subject to change. All changes will be announced on the class website.
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det(Q,6)=0 ‘ (13)
Equations (10) and (13) are two nonlinear complex equations for unknowns Q and k. A

modified Muller’s method was developed to find k and (, thus yielding the resonance

frequéncy and loss factor.

3 Numerical Results
The input parameters, unless stated otherwise, were:

hy/L.=0.02, hy/h;=h,/h,=1.0, hy/h,=0.1, E,/E,=1.0, E,/E,=0.368, E,,/E,=0.117,

- M;=5.0 °C, M,;=23.0 °C, A,=29.0 °C, A;=510 °C, T,=25.0 °C, G/E,=0.05, p,=p,=7800

Kg/m3, p,=3140 Kg/m?, E,=E;=20.6 N/m? &,=100 J/(hr.m%.°C), ale'=aT3=0.'O42 niz/hr,
ar,=0.35 my/hr, L=0.5 m.

: Figure 3 sho§vs the effects of SMA layer temperéture to system freqliency factor“ for
both the first and second modes. If the temperature of the SMA layer is less than the
martensite start temperature, the increase of the temperature will decrease the system
frequency factor. Beginning at th'e‘ austenite start temperature, the temperatﬁre increaée of
SMA Iéye‘r will increase the frequency factor. For the temperature above the austenite finish
temperamre, the increase of SMA temperature will decrease the frequency factor. This is
because temperature increase wi)l generally decrease the frequency fagtof. .But beginning
at the éustenite start temperature, the phase transformation due to temperature increase

will incfease the Young’s modulus of SMA material, thus causing the increase of the

9
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Florida International University

MEMORANDUM

TO: Tenure and Promotion Committee Members
(Ebadian, Leonard, Levy, Schoephoerster, Wu, Yih)

FROM: Ibrahim Tansel, Chairperson ,,NfT

DATE: 3 October 1996

RE: Tenure and Promotion Folders

All candidates have handed in their folders for tenure and promotion; please
contact me when you are ready to inspect them.

Department of Mechanical Engineering * College of Engineering and Design
University Park, Miami, Florida 33199 « (305) 348-2569 * FAX (305) 348-1932

) Equal Opportunity/Equal Access Employer and Institution
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Table 3.5.1 gives the first few values of these frequencies in dimensionless
form. ‘The solution for the membrane displacement u in the vibration

eigenmode n,m is then

unm(r,e,t) = AnmJn(knmr) cos(nb - ) cos(@nmt-¢)

(3.5.14)

The phase angles ¢ and ¢, and the amplitude A remain undetermined.
The lowest frequency occurs for the 0,1 mode. Note that for n = 0
the motion is axisymmetric, and has no nodes. The next higher frequency

occurs for the 1,1 mode. This mode has one diametral node.along which the

TABLE 3.5.1 i
_ DIMENSTONLESS MEMBRANE FREQUENCIES
=0

n  m i = w_ r [fas
S Jn,m : nm o/ sC

. 2.40483
3.83171
5.13562
5.52008
6.38016
7.01559
7.58834

R I SR e

membrane does not move. (The phase angle of this mode cannot be determined
without initial conditions). The third mode is the 2,1 mode, which has
two diametral nodes, and the fourth is the 0,2 mode, with one circular

node at the point where JO(AOZr) =0, i.e. at A r = 2.40483.

02t = Jdo,1

Figure 3.5.3 shows the nodal lines for the first several modes.
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Exercises.

3.1.

W
N

I

Find the eigenmodes and frequencies for an annular membrance with
inner radius r, and outer radius ry (u=0 at r, and ro).
For the speclal case rO/ri = 2.5, give the lowest four values of

wro/a. (HINT: HMF Table 9.7)

Consider the pie-shaped membrane shown in the sketch.

Calculate the eigenmodes and eigen-
/4

frequencies, in non-dimensional form.

L
(o]

Problems 3.3a - 3.3d all deal with acoustic waves in a cylindrical

enclosure. In each case the governing PDE for the pressure is

2
c Vzp = Pep T 0
where, in polar-cylindrical coordinates
2 1 1 |
Ve Prr TPy + r2 Pog t Py

The boundary condition at the solid walls (at z =0, at z =1,
and at r = ro) is that the derivative of the pressure field normal

(perpendicular) to the wall must vanish, 1i.e.

p, = 0 at z = 0,L

P. = 0 at T = 1,

a. Find the eigenmodes and frequencies for axial modes where
p = p(z,t).
b. TFind the eigenmodes and frequencies for radial modes where

p = p(r,t)
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c. Show that there are no modes where
p = p(6,t).

d. Find the eigenmodes and frequencies for the general case where
p = p(r,0,z,t)

In the analysis of seismic loading on nuclear reactors, oil storage

tanks and other large fluid containers, one needs to know the natural

frequencies of sloshing motions. This problem will acquaint you with

%Z

the typical analysis.

Consider a circular geometry, with vertical 1 0
walls at r = r,, and the bottom at 2z = -h. ;ﬁ ’:
0 ;ﬁ ;;
The equations governiﬁg the sloshing are ;? ;;
24 - 1 1 - : -h
1 e = ®rr+r®r+r2®69+®zz =0 /////////’
| < T
a9 . , 0
(2 7w +ten = 0 on z =20 (4) 29 _ 0 at =1
or 0
an 3¢ N
(3)' "5z = O on z =0 (5) %% -0 at z = -n

®(r,0,z,t) is the velocity potential; thg.fluid velocity is the gradient
of ®; n(r,8,t) is the surface displacement. g is the acceleration
of gravity, g = 9.8m/sec2. Equation (1) is the continuity equation
for irrotatiomal flow, (2) is the Bernouli equation applied on the
free surface, (3) is a kinematic condition relating surface motion to
velocity, and (4) and (5) are boundary conditions.that the flow cannot
penetrate the wall. Students with expertise in fluid mechanics should
derive (1) - (5). ‘ l

(a) Using the method of separation of variables, derive an expression

for the natural frequencies. Express them non~-dimensionally as
© @ = u'ry/g = £/ry

Express the solution for the surface deflection n(r,8,t) in the

non-dimensional form

n L - F(fa) G(u__t) H(nd)
a

where né is the maximum defleption at r = r, (the sloshing

amplitude)
3.24
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(a)

(b)

(b) For the special case h/r0 = ®  calculate the values of Qz for
the modes having the five lowest natural frequencies, and sketch
the node-lines in the surface displacement n(r,e,t). for each
of these modes. Check-point; the fundamental has Qz = 1.841.
HINT: See HMF 9.1.1,,9.1.11, Table 9.5.

(c) Consider a large oil tank 30m in diameter, filled to a depth of

10m. Calculate the lowest natural frequency of vibration (hz).

(d) TFind a coffee cup, jar, or other circular container. Fill with
water to a selected depth, and manually excite the first mode
by moving the container sideways. Compare the "measured"
frequency (hz) with the value predicted by the analysis.
Visualize the radial node-lines of parf (d) in your cup by

banging it (gently!) on the table.

Consider the sloshing of a fluid in a rectangular

z
tank. The motion is described by the equations
of Problem 3.4, except that
2. 0 M-
Vi = ¢t ¢yy +¢, . . y
and (4) is replaced by A ' L///jr
6 = 0 at x = 0,a ' b
x . ) 4
—>
¢y = 0 at y = 0,b 0 a X

Calculate the natural frequencies of fluid sloshing in the tank. Show

that they are given by

2 | 2 2 m2 n2
W = gk tanh(kh) KW o= T = + 5

Give the expression for nnm(x,y,t) , apart from an undetermined phase

and amplitude.

3.25



(c) Find a bathtub, wash-basin, or kitchen sink, £ill with water to a
reasonable depth. Manually excite the fundamental sloshing frequency
and compare the theoretical value with an "eyeball” experimental

measurement (hz).
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Table 3.5.1 gives the first few values of these frequencies in dimensionless
form. The solution for the membrane displacement Un in the vibration

eigenmode n,m is then

unm(r,e,t) = AnmJn(lnmr) cos(nb - ) cos(mnmt-¢)

(3.5.14)

The phase angles ¢ and Y, and the amplitude A remain undetermined.
The lowest frequency occurs for the 0,1 mode. Note that for n = 0
the motion is axisymmetric, and has no nodes. The next higher frequency

occurs for the 1,1 mode. This mode has one diametral node.along which the

TABLE 3.5.1
" DIMENSIONLESS MEMBRANE FREQUENCIES

" n jn,m = wnmro/a
0 1 2.40483
1 1 3.83171
2 1 5.13562
0o 2 5.52008
31 6.38016
1 2 7.01559
4 1 7.58834

membrane does not move. (The phase angle of this node cannot be determined
without initial conditions). The third mode is the 2,1 mode, which has
two diametral nodes, and the fourth is the 0,2 mode, with one circular
node at the point where JO(onr) =0, i.e. at onr = 9,1 = 2.40483T

Figure 3.5.3 shows the nodal lines for the first several modes.
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Exercises.

[SL]

1.

1

w
N

I

3.3.

Find the eigenmodes and frequencies for an annular membrance with
inner radius r, andvouter radius o (u=0 at r, and ro).
For the special case ro/ri = 2.5, give the lowest four values of

er/a. (HINT: HMF Table 9.7)

Consider the pie~shaped membrane shown in the sketch.

Calculate the eigenmodes and eigen-—
m/4

frequencies, in non-dimensional form.

1
L r
O

Problems 3.3a - 3.3d all deal with acoustic waves in a cylindrical

enclosure. In each case the governing PDE for the pressure is
2
‘c Vzp = Pup T 0

where, in polar-cylindrical coordinates

1
Py + r2 Pgg + Prz

[\&]
H [

The boundary condition at the solid walls (at z=0, at z =1,
and at r = ro) is that the derivative of the pressure field normal

(perpendicular) to the wall must vanish, i;e.

P, = 0 at z = 0,L

P. = 0 at r = Ty

a. Find the eigenmodes and frequencies for axial modes where
p = p(z,t).
b. Find the eigenmodes and frequencies for radial modes where

p = p(r,t)
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c. Show that there are no modes where
P = p(0,t).

d. Find the eigenmodes and frequencies for the general case where
p = p(r,0,z,t)

In the analysis of seismic loading on nuclear reactors, oil storage

tanks and other large fluid containers, one needs to know the natural

frequencies of sloshing motions. This problem will acquaint you with

QZ

the typical analysis.

Consider a circular geometry, with vertical 1 0
walls at r = s and the bottom at =z = -h,. Y, c’
. 7
The equations governing the sloshing are ;? :;
26 = 1 L - : ~h
DT = 0t 2, = 0 7 7¢77 77
€D
9% "o
(2) 7 T en = 0 on z=20 (4) 29 _ 0 at r =t
§ or 0
. on 9% ~
(3)‘ 5 "3z = O on z =0 (5 %% - 0 at .z = -h

®(r,0,z,t) is the velocity potential; thg fluid velocity is the gradient
of ®; n(r,0,t) is the surface displacement. g 1is the acceleration
of gravity, g = 9.8m/sec2. Equation (1) is the continuity equation
for irrotational flow, (2) is the Bernouli equation applied on the

free surface, (3) is a kinematic condition relating surface motion to
velocity, and (4) and (5) are boundary conditions that the flow camnot

penetrate the wall. Students with expertise in fluid mechanics should
derive (1) - (5).

(a) Using the method of separation of variables, derive an expression

for the natural frequencies. Express them non-dimensionally as

2

© 9 = o’r /g = £@/r

[H

0
Express the solution for the surface deflection n(r,8,t) in the

non-dimensional form

y oo xr
3 F (r ) G(u_t) H(md)
a 0
where n, is the maximum deflegtion at r = r (the sloshing

amplitude)
3.24






(b) TFor the special case h/rO = o , calculate the values of :Qz for

the modes having the five lowest natural frequencies, and sketch

the node~lines in the surface displacement n(r,6,t) for each
of these modes. Check-point; the fundamental has 92 = 1.841.
HINT: See HMF 9.1.1,.9.1.11, Table 9.5.

(c) Consider a large oil tank 30m in diameter, filled to a depth of
10m. Calculate the lowest natural frequency of vibration (hz).

(d) Find a coffee cup, jar, or other circular container. TFill with
water to a selected depth, and manually excite the first mode
by moving the container sideways. Compare the "measured"
frequency (hz) with the value predicted by the analysis;
Visualize the radial node-lines of part (d) in your cup by

banging it (gently!) on the table.

w
.
;]

_ Consider the sloshing of a fluid in a rectangular

|

tank. The motion is described by the equations

of Problem 3.4, except that

2, 0 M.
Vi = o t ¢yy +9,., y
and (4) is replaced by L//),'
6 =0 at x = 0,a b
X . " 4
>
¢y = 0 at y = 0,b 0 a X

. (a) Calculate the natural frequencies of fluid sloshing in the tank. Show

that they are given by

2 ' 2 2 m2 n2
wo = gk tanh(kh) kKW = TS5+

(b) Give the expression for nnm(x,y,t) , apart from an undetermined phase

and amplitude.
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(c) Find a bathtub, wash-basin, or kitchen sink, fill with water to a
reasonable depth. Manually excite the fundamental sloshing frequency
and compare the theoretical value with an "eyeball" experimental

measurement (hz).
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414 BESSEL FUNCTIONS OF INTEGER ORDER

Table 9.7 BESSEL FUNCTIONS—MISCELLANEOUS ZEROS
sth Zero of xJ1 @) — Ao (%)
MNs 1 2 3 4 5
0. 00 0. 0000 3.8317 7. 0156 10,1735 13,3237
0. 02 0.1995 3.8369 7.0184 10.1754 13,3252
0. 04 0.2814 3, 8421 7.0213 10,1774 13,3267
0. 06 0.3438 3,8473 7. 0241 10.1794 13,3282
0. 08 0. 3960 3,8525 7.0270 10,1813 13,3297
0.10 0, 4417 3,8577 7.0298 10,1833 13, 3312
0,20 0. 6170 3,8835 7. 0440 10,1931 13,3387
0. 40 0.8516 3.9344 7.0723 10,2127 13,3537
0. 60 1,0184 3,9841 7.1004 10,2322 13,3686
0.80 1.1490 4,0325 7.1282 10, 2516 13,3835
1. 00 1.2558 4, 0795 7.1558 10, 2710 13,3984
A—1\s 1 2 3 4 5 N>
1.00 1.2558 4,0795 7.1558 10,2710 13.3984 1
0. 80 1.3659 4,1361 7.1898 10, 2950 13,4169 1
0. 60 1.5095 4, 2249 7. 2453 10. 3346 13, 4476 2
0. 40 1.7060 4,3818 7.3508 10. 4118 13,5079 3
t - 0,20 1,9898 4, 7131 1. 6177 10,6223 13,6786 5
i 0.10 2.1795 5. 0332 7.9569 10,9363 13,9580 10
i’; - 0.08 2.2218 5.1172 8. 0624 11,0477 14, 0666 13
H|F 0. 06 2.2656 5, 2085 8.1852 11.1864 14,2100 17
‘ ; 0,04 2,3108 -~ 5.3068 8. 3262 11,3575 14, 3996 25
! 0,02 2. 3572 5.4112 8.4840 11. 5621 14,6433 50
0.00 2,4048 5.5201 8. 6537 11.7915 14,9309 ®

4 i : ' sth Zero of J1 (@) —AzJo (@)

MNs 1 2 3 4 5
i 0.5 0. 0000 5.1356 8,4172 11,6198 14, 7960
| 0.6 1.1231 5,2008 8.4569 11. 6486 14,8185
0.7 1. 4417 5,2476 8, 4853 11, 6691 14, 8346
il 0.8 1, 6275 5.2826 8.5066 11, 6845 14, 8467
i 0.9 1.7517 5.3098 8.5231 11, 6964 14, 8561
;'= 1.0 1.8412 5.3314 8.5363 11. 7060 14,8636
§ .
! A 1\s 1 2 3 4 5 <>
§ 1,00 1.8412 5. 3314 8. 5363 11.7060 14,8636 1
0. 80 1.9844 5, 3702 8. 5600 11,7232 14,8771 1
i 0. 60 2.1092 5. 4085 8.5836 11, 7404 14, 8906 2
0. 40 2.2192 5. 4463 8. 6072 11,7575 14, 9041 3
0.20 2,3171 5.4835 8. 6305 11.7745 14,9175 5
0.10 2.3621 5.5019 8, 6421 11,7830 14,9242 10
] 0.08 2.3709 5. 5055 8. 6445 11, 7847 14, 9256 13
Ik 0,06 2.3795 5. 5092 8. 6468 11,7864 14,9269 17
1 0.04 2.3880 5.5128 8, 6491 11,7881 14,9282 25
¢ 0. 02 2.3965 5.5165 8. 6514 11,7898 14. 9296 50
0. 00 2. 4048 5. 5201 8. 6537 11,7915 14, 9309 )

<2\> =nearest integer to .

Compiled from H. S. Carslaw and J. C. Jaeger, Conduction of heat in solids (Oxford
Univ. Press, London, England, 1947) and British Association for the Advancement
of Science, Bessel functions, Part I. Functions of orders zero and unity, Math-
: ematical Tables, vol. VI (Cambridge Univ. Press, Cambridge, England, 1950)(with
; ; _ permission).







BESSEL FUNCTIONS OF INTEGER QRDER

BESSEL FUNCTTONS—WHSCELLANEOUS ZEROS

sth Zero of Jo (z) Yo(Mz) - Yo () Jo (rx)

A1\ 1 2 3 4

0.80 12, 55847 031 25,12877 37. 69646 50, 26349 62
0. 60 4.69706 410
0, 40 2,07322 886
0,20 0.76319 127

0.10 0.33139 387
0.08 0.25732 649
0. 06 0.18699 458
0. 04 0.12038 637
0,02 0, 05768 450
0.00 0. 00000 000

. 55710 2,34641 3.13403 3

. 68576 1,03774 1. 38864 1
.53485 0, 81055 1, 08536 1

. 25340 0. 38570 0.51759 0
.12272 0. 18751 0.25214 0
. 00000 0. 00000 0. 00000 0

OOOOOO f—'-b\o

sth Zero of J, @) Y1 (1)~ Y, @) J1 ()

A \s 1 2 3 4
0. 80 12.59004 151 25,14465 37.70706 50. 27145 62,
0. 60 4,75805 426 9.44837 14,15300 18, 86146 23,
0. 40 2,15647 249 4,22309 6. 30658 8.39528 10,
0.20 0.84714 961 1.61108 2,38532 3.16421 3,
0.10 0.39409 416 0.73306 1,07483 1. 41886 1.
0. 08 0.31223 57¢ 0.57816 0. 84552 1. 11441 L
0. 06 0.23235 254 0.42843 0. 62483 0. 82207 1.
0. 04 0,15400 729 0.28296 0.41157 0.54044 0.
0.02 0,07672 788 0.14062 0. 20409 0.26752 0.
0. 00 0. 00000 000 0. 00000 0. 00000 0. 00000 0.

sth Zero of Jy (z) Yo(\z)-Y, @) Jo (M)

A—1\g 1 2 3 4
0. 80 6,56973 310 18. 94971 31.47626 44, 02544 56,
0. 60 2, 60328 138 7,16213 11, 83783 16, 53413 21,
0. 40 1, 24266 626 3. 22655 5.28885 7.36856 9.
0.20 0.51472 663 1, 24657 2, 00959 2.78326 3.
0.10 0.24481 004 0.57258 0.90956 1,25099 1.
0.08 0.19461 772 0. 45251 0.71635 0.98327 1
0. 06 0.14523 798 0.33597 0. 53005 0.72594 0,
0. 04 0. 09647 602 0.2222¢6 0.34957 0.47768 0.
0. 02 0.04813 209 0.11059 0.17353 0. 23666 0.

0. 00 0. 00000 000 0. 00000 0.00000 0. 00000 0.

<> =nearest integer to ).

. 41690 14,13189 18, 84558 23,
.17730 6.27537 8. 37167 10,

415

Table 9.7

5 <A>
. 83026 1
55876 2
46723 3
. 92084 5
. 73896 10

. 35969 13 *
. 39079 0,59334 0, 79522 0.

99673 17

. 64923 25
. 31666 50
. 00000 00

5 <>
83662 1
57148 2
48619 3
94541 5
76433 10
38440 13 *
02001 17
66961 25
33097 50
00000 0

5 <>
58224 1
23751 2
45462 3
56157 5
59489 10
25203 13 *
92301 17
60634 25
29991 50
00000 o0

Compiled from British Association for the Advancement of Sciente, Bessel func-
~ tions, Part . Functions of orders zero and unity, Mathematical Tables, vol. VI
(Cambridge Uniy. Press, Cambridge, England, 1950) (with permission).

*See page 11,







414 BESSEL FUNCTIONS OF INTEGER ORDER

Table 9.7 BESSEL FUNCTIONS—~MISCELLANEOUS ZEROS
st Zero of zJ1 (z) — Mo (z)
Mg 1 2 3 4 5

0. 00 0.0000 3,8317 7.0156 10,1735 13,3237
0.02 . 0.1995 3. 8369 7.0184 10,1754 13,3252
0. 04 0.2814 3,8421 7.0213 10,1774 13,3267
0. 06 0.3438 3.8473 7.0241 10.1794 13,3282
0. 08 0. 3960 3.8525 7.0270 10,1813 13,3297
0.10 0. 4417 3.8577 7,0298 10,1833 13,3312
0. 20 0. 6170 3.8835 7. 0440 10,1931 13,3387
0. 40 0. 8516 3.9344 7.0723 10,2127 13,3537
0. 60 1,0184 3,9841 7.1004 10,2322 13,3686
0. 80 1.1490 4,0325 7.1282 10, 2516 13,3835
1.00 1. 2558 4, 0795 7.1558 10, 2710 13,3984

A—1\s 1 2 3 4 5 <>
1,00 1.2558 4, 0795 7.1558 10, 2710 13,3984 1
0. 80 1.3659 4,1361 7.1898 10. 2950 13,4169 1
0.60 1. 5095 4,2249 7.2453 10. 3346 13,4476 2
0. 40 1.7060 4, 3818 7. 3508 10,4118 13,5079 3
0.20 1.9898 4, 7131 7.6177 10,6223 13,6786 5

j 0.10 2,1795 5.0332 7. 9569 10.9363 13.9580 10
0.08 2,2218 5,1172 8, 0624 11,0477 14, 0666 13
0., 06 2,2656 5,2085 8.1852 11,1864 14,2100 17
0. 04 2,3108 © 5.3068 8, 3262 11, 3575 14,3994 25
0. 02 2,3572 5.4112 8, 4840 11,5621 14,6433 50
0. 00 2,4048 5.5201 8, 6537 11,7915 14,9309 ©
sth Zero of J, () —raJo(z)

MNs 1 2 3 4 5
0.5 0. 0000 5.1356 8.4172 11,6198 14,7960
0.6 1.1231 5,2008 8.4569 11, 6486 14,8185
0.7 1.4417 5.2476 8. 4853 11, 6691 14,8346
0.8 1.6275 5.2826 8, 5066 11, 6845 14,8467
0.9 1,7517 © 5,3098 8.5231 11, 6964 14, 8561
1.0 1.8412 5.3314 8.5363 11,7060 14,8636
A I\s 1 2 3 . 4 5 <>

.1, 00 1.8412 - 53314 8.5363 11.7060 14,8636 1
0. 80 1,9844. 5.3702 8.5600 11,7232 14,8771 1
0. 60 2,1092 5, 4085 8,5836 11,7404 14, 8906 2
0. 40 2,2192 5.4463 8,6072 11,7575 14,9041 3
0.20 2,3171 5, 4835 8.6305 11,7745 14,9175 5
0.10 2.3621 5.5019 8, 6421 11,7830 14,9242 . 10
0,08 2.3709 5. 5055 8. 6445 11,7847 14,9256 13
0.06 2.3795 5.5092 8, 6468 11,7864 14,9269 17
0. 04 2. 3880 5.5128 8, 6491 11,7881 14,9282 25
0.02 2. 3965 5,5165 8, 6514 11,7898 14,9296 50
0. 00 2.4048 - 5,5201 8. 6537 11,7915 14,9309 ®

i . <X> =nearest integer to .

Compiled from H. 8. Carslaw and J. C. J aeger, Conduction of heat in solids (Oxford
Univ. Press, London, England, 1947) and British Association for the Advancement
of Science, Bessel functions, Part I. Functions of orders zero and unity, Math-
ematical Tables, vol. VI (Cambridge Univ. Press, Cambridge, England, 1950)(with
permission).




BESSEL FUNCTIONS OF INTEGER ORDER

BESSEL FUNCTIONS-—-MISCELLANEOUS ZEROS Table 9.7
sth Zero of Jo(@)Yo(xz) — Yole) Jo (M)
a8 1 2 3 4 5 D>
0. 80 12,55847 031 25.12877 37, 69646 50, 26349 - 62,83026 1
0. 60 4.69706 410 9.41690 14,13189 18, 84558 23.55876 2

0. 40 2.07322 886 4,17730 6.27537 . 37167 10, 46723 3

W o

02 0.04813 209 0.11059 0.17353 0. 23666 0.29991 50
.00 0. 00000 000 0.00000 0.00000 0.00000 0. 00000 o
<> =nearest integer to N

Compiled from British Association for the Advancement of Sciente, Bessel func-
" tions, Part L Functions of orders zero and unity, Mathematical Tables, vol. VI
(Cambridge Univ. Press, Cambridge, England, 1950) (with permission).

0.20 0.76319 127 1,55710 2.34641 .13403 3,92084 5
0.10 0. 33139 387 0. 68576 1, 03774 1.38864 1.73896 10
0.08 0.25732 649 0.53485 0. 81055 1, 08536 1, 35969 13
0. 06 0.18699 458 0. 39079 0.59334 0, 79522 0.99673 17
0.04 0.12038 637 0.25340 0, 38570 0.51759 0. 64923 25
0.02 0. 05768 450 0.12272 0.18751 0.25214 0. 31666 50
0.00 000000 000 0. 00000 0. 00000 0, 00000 0.00000 P
sth Zero of J; (z) Y1 () — Y1 (x)J1 (a)
AI\s 1 2 3 4 5 <>
0. 80 12.59004 151 25,14465 37,70706 50, 27145 62, 83662 1
0. 60 4,75805 426 9. 44837 14,15300 18, 86146 23,57148 2
0. 40 2.15647 249 4,22309 6. 30658 8.39528 10, 48619 3
0.20 0, 84714 961 1.61108 2,38532 3.16421 3,94541 5
0.10 0. 39409 416 0.73306 1,07483 1, 41886 1.76433 10
0.08 0, 31223 576 0,57816 0. 84552 1. 11441 1. 38440 13
0, 06 0.23235 256 0.42843 0. 62483 0. 82207 1.02001 17
0.04 0.15400 729 0.28296 0.41157 0.54044 0, 66961 25
0,02 0.07672 788 0.14062 0.20409 0.26752 0.33097 50
0. 00 0. 00000 000 0. 00000 0. 00000 0.00000 0.00000 ©
sth Zero of J1(2) Yo(rr) - Y1) Jo(\z)

A1\ 1 2 3 4 5 >
0.80 6. 56973 310 18, 94971 31,47626 44,.02544 56, 58224 1
0. 60 2. 60328 138 7.16213 11,83783 16, 53413 21,23751 2
0. 40 1.24266 626 3, 22655 5.28885 7.36856 9. 45462 3
0.20 0, 51472 663 1. 24657 2,00959 2,78326 3,56157 5
0.10 0. 24481 004 0.57258 0.90956 1,25099 1,59489 10
0.08 0.19461 772 0, 45251 0.71635 0.98327 1. 25203 13
0.06 0.14523 798 0. 33597 0. 53005 0.72594 0.92301 17
8.04 0.09647 602 0,22226 0..34957 0.47768 0. 60634 25
o

*See page II.
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Welliae Rcynvu; - Solné q PDEs mokes

b
./ Pdnl* = 0 n# M for shoen.biuville (4:2:14)

a

Eqn. (4.2.14) is the orthogonality property of the eigenfunctions. The eigen-

functions are said to be orthogonal with respect to the weight function P(x) .

Now, suppose that, in the course of trying to construct the solution to
a PDE as a linear combination of eigensolutions of the linear, homogeneous
partial problem, we are led to the point where we wish to determine the

coefficients in an eigenfunction expansion,
JEREIN WA - (4.2.15)

where the y, are eigensolutions of a Sturm-Liouville problem. Multiplying

(4.2.15) by Pym , and integrating over the problem domain,

fny dx = z A /Pyydx (4.2.16)

a

But, because of the orthogonality property (4.2.14), all of the integrals on

the right will drop out, except the one where n = m . Hence, we can immedi-

b : o
[ nymdx‘

a

A= ——/—5———— (4.2.17)

ately solve for Am ,

Pyidx

a

The infinite series (4.2.15) will be useless if it fails to converge to
f(x) . In specific problems where one calculafes the An it is easy to
perform the standard tests for series convergence. It is somewhat more
difficult to prove convergence in general., However, if f 1is square-

initegrable, i.e., if

4.7
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b o L
Pf dx is finite R !

a i

then the series converges in the sensé€ that

b

1lim .}r
N> a

This means that, if £ is continuous Over the interval a < X < b, the

2 .
dx +~ 0

N
B - D AR
n=1

series comverges uniformly (at all x). However, if £ is discontinuous at
some point, then the series will give a value at that point that is the
average of the values of £ at points infinitesimally above and below the
point of discontinuity. ’ {
There are many problems of interest involving higher order system of
1inear homogeneous equations. 1n these cases, there are no theorems OY 3
general proofs of convergence of the elgenfunction expansions. One has to

proceed by examining each case separately. However, problems arising from

Y

well-thought through phy51ca1 formulations rarely, if ever, give rise to non- £

%
.

R
R

convergent expansions, SO the analyst is usually safe in going ahead,
assuming convergence, and then verifying it after the fact by ratio tests,

numerical calculations, OT other appropriate means.

1mJ

4.3 Example -~ vyibrating String &a"""r"“‘

For the vibrating string problem discussed in §4.1, the solution 18 given
by (4.1.6). The coefficients An' must be chosen such that (4.1.9) is

satisfied. The eigenfunctions. Xn are eigensolutions of
Tt 2
' +A°x = 0 (4.3.1)
n n ' n :

and hence, from Sturm—Liouville theory, have the orthogonality property

e

%
See, for example, Ince, Ordinary Differential Equations, Dover,
New York, 1956.
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Rtywus' roles

R(r,h) = S2OE) (4.4.26)

cos(lnro) , (4.4.27)

S
~—
0

=]

thing that cos(ano) = (-l)n-, (4.2.23) gives

n+1l
So, our final solution is, from (A.A.lZL
© _ sin(nTr/r ) 2.2 2
T(r,t) = 2T, z -np™+t o mTot/r (4.4.29)
= nnr/r
n=1 o

Note that the series converges for all t . The .series for 9T/dr , developed
from (4.4.29) by differentiation, will converge for all t > 0 because of the
exponential, but does not converge at t =0 . But this is not a serious
limitation. As t 1increases the series converges more rapidly, and at large

t the solution is given (approximately) by just the first term,

sin(ﬂr/ro) —ﬂzat/rz
e 0

ﬂr/ro ﬁ Aon't I\dj
"')"' vead

T = 2T
o

(4.4.30)

4.5 Sturm-Liouville Denominator Integral 4or qennal S-L 2qn

In analyses,leading to the Sturm—Liouvillé problems, the orthogonality
property will produce (4.2.17). The denominator integral may Bé expressed in
terms of quantities evaluated at the boundary using a generalization of the
trick employed in the previous example. Let y(x,\) be a solution to (4.2.1)
not necessarily satisfying the boundary conditions (4.2.2). Then, y(x,kn)

gau i 4 [Sd s [@eXrly= 16

2 u 0(74/3),’=o @ X256 4 X=b - '
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will be an eigensolution satisfying thehboundary conditions. We differentiate

(4.2.1) with respect to A\ , obtaining

2—332—3’—+ +>\2P]-al+2>\l? = 0 4.5
5% \° DxoX Q T y = (4.5.1)

Next, we multiply (4.5.1) by ¥, and integrate over the problem range,

b 5 .
I A P [E: ]
f Ya ) ox (S 8x3k>+ Q+ MP| Ayt 2)Py | dx = O (4.5.2)

a

The first integral is integrated twice by parts, and (4.5.2) becomes

b b
S_e_%y_. _...8_1 's
Y ° Bx3A 3% ’n
a a
b b ..
3y 'y [ 2 » i}
+/ N (Syn) + 1Q + A"P Yo dx + 2\ _Pyyndx 0 (4.5.3)
a a

Now, if we set A= )\n , the first integral drops out (because the integrand

contains the Yn equation), and hence

b b b
o Aeng, lash ferm g 453 2 1 | By 3%y
becrmes Pypdx = —2—)\—; Ta® ) iy 9x3A (4:3:4
a a a 1x=2A

- 5

Thus, the denominator in An can be evaluated without recourse to integration.

4.6 Removal of Inhomogeneities in the PDE and BCs

In the previous problem, the PDE and BCs were homogeneous, and there-

fore eigensolutions of this homogeneous problem could be found. By taking a

4.17
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Exercises

4.1 The temperature field in a slab, initially at uniform temperature, sub-

jected to a sudden increase in the temperature of one face, is described by

2
3°T 19T
) P T T(x,0) = T,
0%
T(O,t) = TO T(L,t) = Tl

Develop the solution to this problem, giving expressions for any integrals

involved in the solution. Does your (series) solution converge?

4.2  The temperature field in a slab, initially at uniform temperature, subjec-

ted to a step input in heat flux at one surface, is described by

2
3°T _ 1 9T _
2 " w0 =T
X “
= ﬂ - 1
T(0,t) = To k P = q
x=L

Solve this problem, giving expressions for any integrals involved in the

solution. Does your (series) solution converge?

4.3 The azimuthal velocity field in a cylinder of radius a filled with fluid

initially at rest, subject to a sudden rotafion of the cylinder is de-

.oseribed by . ey S e

u(a,t) = u

Solve this problem, giving expressions for any integrals involved in the

solution. Hint: The steady-state solution is solid body rotation.

4.4 The motion of the fluid in an annular cylinder, set into motion by the sud-
den rotation of the outer surface, is described by the PDE and initial comn-

dition of exercise 4.3, and the boundary conditions

u(ri,t) = 0 u(ro,t) = ug

4.35 ’






4.

4.

4

5

6

.7

RN
where T, and r, are the inner and outer radii. respectively. Solve ?
this problem. Express any integrals involved in terms of functions
evaluated at r, and T _.

i )
The concentration of a contaminant in a hollow sphere, initially "clean',
subjected to a step jump in the concentration at the inner radius Tos
is described by
2 (g2 2 _ i3 0y = 0
or ot o ot errEl T
c(ri,t) = ¢ c(ro,t) = 0
Solve this problem, developing expressions for any integrals involved in
terms of functions evaluated at Ty and r,- This problem has applica-
tion in the geological diffusion of nuclear wastes.
The transient temperature of a circular fin is described by
5 /. AT\_gq2 _r 2T £
k3% (r ar) Br(T-T) = 4 3¢t .7
oT _ =
5 " 0 at T =T T(ri,t) = 0
T(r,0) = T

o

' Solve this problem, developing expressions for any integrals in terms of

functions evaluated at T, and T _.

The steady poténtial field in a circular object, with potential specified

around the perimeter (r = a), is described by

2
9/ 99y, 1239 _
ar (r Br) + 3 362 = 0
$(a,8) = £(8)

‘Develop the solution to this problem, expressing the result in terms of

appropriate integrals.
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F'' = a (4.7.27a)

2
veo_ ZEE) = :
r! ( ) e a_  (4.7.27b)
2
G'' - (323) G = b (4.7.27¢)
n a n n

Particular solutions to these three ODEs can be obtained by standard methods
(e.g., the method of separation of variables).

In this problem, the corners would be singular points. The series solu-
tions would conﬁerge everywhere, except at the corners, where the solutions

¢(1) - ¢(4)

would all be zero because of the method of solution.

4.8 Some Generalizations

While some problems fall into the Sturm-Liouville form, others do not.
However, the same general ideas can be used with the help of a new concept,
adjoint operations.

Suppose that the SOV process in a linear, homogeneous PDE problem produces

the ODE
Lu = Mu+ ANu = 0 (4.8.1)

where L , M, and N are linear operators. Suppose that the linear,

homogeneous boundary conditions are a set of equations of the form

{Biu = 0}\ at x=aorb (4.8.2)

where the Bi are also linear operators. The eigenvalues A are those values
for which non~trivial solutions to (4.8.1l), and (4.8.2) exist. The adjoint

operators L* , M* , N* |, and B: are defined by the requirement that

b . b

vaudx = /uL*vdx (4.8.3)

a a
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and hence 13 can also be evaluated in terms of boundary quantities., Thus,
the An can be found without recourse to any numerical integration! This

is often the case; the key is always integration by parts. /

4.7 splitting

We have seen that problems with linear PDEs and BCs can be solved by
‘constructing linear combinations of the eigensolutions for appropriate homo-
geneous partial problems. We also saw that in transient problems the
inhomogeneities can be "removed" by "splitting" the solution into steady-state
and transient parts. The concept of problem splitting can also be used to
"remove inhomogeneities" in other problems.

To illustrate the idea, consider the problem shown in Fig. 4.7.1. The
PDE is the inhomogeneous Laplace equation,

V2¢ = ¢ _+9¢ = h(x,y) .v (4.7.1)
o vy . :
The domain is the rectangle shown, and the boundary conditions specify ¢
‘around the boundary, in terms of the functions shown. Note that all of these
boundary conditions are ighombgeneous. .

To use the methods developed in this chapter, we can "split" the problem
into the five problems shown in Fig. 4.7.1. Problem (p) w1ll take care of the
inhomogeneity in the PDE. The solution ¢(p) is ;_X_particular solution of
\ the PDE, without regard for boundary condltlons it will yield the values of
EM¢(p) on the Boundarles denoted by the functions g, - g,,We shall discuss
means for finding the particular solution shortly. The four problems
¢(l) - ¢(4) involve homogeneous PDEs and nearly completely homogeneous bound-
ary conditions. Therefore, for each the eigensolutions of the homogéneous
partial problem can be found, and then a linear combination of these eigen—
functions taken to construct a solution satisfying the remaining inhomogeneous

boundary condition. Note that the sum
4

o = ¢ 4 z () 4.7.2)
=1
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}

satisfies the inhomogeneous PDE and inhomogeneous boundary conditions. This

type of splitting can, of course, only be done in linear problems.
Let's presume that we have the particular solution ¢(p) , and are ready

¢(l) - ¢(4) We will do the ¢(l) problem; the other

to solve problems
three are done in the same way.

The ¢(l) PDE is, dropping the superscript (1),

P ¥ d>yy = 0 (4.7.3)
and the boundary conditions are
¢ = 0 on y=20 (4.7.4)
$ = 0 on x=0 (4.7.5)
¢ = 0 on x = a (4.7.6)
b= £(® ~-g&® = ax o y=b S (4.7.7)

We look for eigehsolutions to the homogeneous partial problem (4.7.3) - (4.7.6)

in the form

¢ = X(x) Y(¥) (4-7-8)
and, from (4.7.3), find
Lol Ly | | (4.7.9)
Hence,
VXi{W+ XZX = 0 (4.7.10)
=A%y = 0 4 (4.7.11)

" The decision to name the separation constant —Azy was dictated by the recogni-

;tibﬁ that the X-solutions must oscillate in X in order to match the boundary

i

conditions. |The X solution is

4.25






sin(\x) + ci cos (Ax) (4.7.12)

X = C1
The BC (4.7.55 gives C2 =0 . Then, the BC (4.7.6) requires sin(Aa) = 0 .
Hence,
Aa = 1l (4.7.13)
The Y equation golution is
(4.7.14)

Y = 03 sinh(A\y) + C4 cosh(Av)

0 . Hence, the eigensolutions are (apart from a

The BC (4.7.4) requires C4 =
scaling constant)

¢n(i,y) = sin(nmx/a) sinh(nmy/a) (4.7.15)

we seek the golution satisfying the inhomogeneous condition

Finally,
e eigenfunctions,

(4.7.7) as an expansion in th

o = An ¢n (4.7.16)
n=
Thus, at ¥ 7 b,
o)
d(b,x) = q(x) = :E: An sin(nmx/a) sinh(nmb/a) (4.7.17)
n=1
The orthogonality property for the Xn eigenfunctions is
(4.7.18)

a
Jr xxdx = 0 n#m
n o m
0 :
S

*
Developed in the usual way.
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So, multiplying (4.7.17) by sin(mmx/a) , and integrating

a

f q(x) sin(mmx/a)
Ay T 0 . (4.7.19)
Sinh(mﬂb/a)/ sinz(mﬂx/a)dx

0

Given q(x) , we could compute the An . Hence, the ¢(l) solution is com~
pletely known.
me oD, ¢

way. In the ¢(3) probiem, the Y equations would again be (4;7.11), and

(4)

, and ¢ problems could be handled in much the same

Y(b) = 0 . Hence, rather than (4.7.14), a "pore artistic" form of the Y

golution is

Y = Cg sinh[A(3-b)1 + C¢ cosh[A(y-b)] (4.7.20)

because C

6 .
a Let's now discuss the particular solution. I1f h depends upon only ome

will have to be zero for Y(b) =0.

'}bf the independent variables, say x , the particular solution may be developedAf

iéby asépmihé }

¢‘(’p) - F(x) (4.7.21)
The inhomogeneous PDE is then

F'' = h(x) (4.7.22)
which has the solution (by doublé integration)

X g

F o= f / n(o) do dE (4.7.23)

0 0
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particular solution can be obtained by expanding

If h = h(x,y) , the
1f we choose to do it in x5

h in a Fourier series in either x or ¥ -

we would write

h(x,y) = z an(y) cos(2nmx/a) + z bn(y) sin(2nmx/a)
n=o n=1
(4.7.24)

determined using the orthogonality property

The coefficients a, and bn are

of the sine and cosine functions;

a .
1 .
a = -a-f h dx ' (4.7.25a)
0 o
. ‘
a = Zzl_fh cos (2mmx/a)dx - (4.7.25b)
0 .
a
bIn = %/h sin(2mmx/a)dx (4.7.25c)
0
Next, one would look for a particular solution in the form
[o0] o0}
¢(P) = Z F () cos(2nmx/a) + z G, (¥) sin(2nmx/a)
n=o n=1
(4.7.26)

gubstituting into the PDE, and equating coefficients Qf.th'e sines and cosines,

one finds
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29. Laplace

29.1. Definition of the Laplace Transform

One-dimensional Laplace Transform
211 S@=LFO)=[ e Fis

F(t) is a function of the real variabletand sisa
complex variable. F(t)is called the original func-
tion and f(s) is called the image function. If the
integral in 29.1.1 converges for a real s=g, i.e.,

hm [ e~eotF(2)dt

A0 J 4
By x

exists, then it converges for all ¢ with #s>s,, and
the image function is a single valued analytic

Transforms

function of s.in the half-plane %s>s,.

Two-dimensional Laplace Transform

29.1.2
Ju =2 (@)= [ eFi, pauiy

Definition of the Unit Step Function

0 (¢<0) : 5,‘,& .
29.1.3 w(t)= { 3. (t=0) Heaw
1 (>0 Slef

" In the following tables the factor w(f) is to be

understood as multiplying the original function
F(t).

29.2. Operations for the Lai)lace Transform!

Original Function F(t)

Image Function f(s)

29.2.1 F(t) f " - F()dt
0

Inversion Fomgla '
29.2.2 1 etie .

el B et f(s)ds (s

Linearity Property
29.2.3 AF(t)+BG(t) Af(s)+Bg(s)

Differentiation
29.2.4 F'(t) sf (3)— F(+0)
29.2.5 F™(t) §*f(8)— 8" 1F(+0)—s" "’ (+0)— . . . —F"=9(4-0)
Integration : v
H
29.2.6 f F(r)dr ) lf(s)
0 - 8

29,2.7 ‘(i ' 1

ﬁ L F(dMdr Li®

Convolution (Faltung) Theorem
20.2.8 ¢ :
[ Re—nE@dr=For, SOF5)

29.2.9 _ tF(t) p (s) Differentiation
29.2.10 (=D)mnF(t)y F(s)

'Ad

York, N%‘{)fefg?é'permi“io“ from R. V. Churchill, Operational mathematics, 2d ed., McGraw-Hill Book Co., Inc., New
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Original Funciion F(t) Image Function f(s)

. Ingegration
20.2.11 340 | f Ha)dz
Linear Transformation
29.2.12 ' e F{t) fls—a)
1 t ‘
29.2.13 iF (E) (€>0) Fes)
29.2.14 % (OIN R (ﬁ) (©>0) | f(cs—b)
Translation
29.2.13 Ft—bu(t—b)  (5>0) e™"f(s)
Periodic Functions
29.2.16 Flt+a)=F() f e itar
1 —e ~as
29.2.17 F(t+-a)y=—F(t) .Leme“

: 1-+4pmas
Half-Wave Rectification of F(t) in 29.2.17 l )

29.2.18 - F(@) Zm) (=D ™u(t—na) . Tﬂ%;
n=0 -
Full-Wave Rectification of F(t) in 29.2.17
29.2.19 [F(t)] - f(s) coth 2
Heaviside Expansion Theorem
: m oplan) . PS) ) = (s ) (5 — -
29.2.20 R HZ_:{ @ G’ s)=(s—a)) (s—as) . . . (s—at)
_ P(s) & polynomial of degree<<m
r (r—mn) n-1
a5~ PV (a) ¢t p(s)
29.2.21 & =) D! (s—a)’

2(8) n polynomial of degree<r

29.3. Table of Laplace Transforms??

For a comprehensive table of Laplace and other integral transforms see {29.9].  For a table of two-
dimensional Laplace transforms see [29.11].

1(s) . P
29.3.1 1 1
8
1
29.3.2 3 :

? The numbers in bold type in the f(s) and F(&) eolumns indicate the chapters in which the properties of the respeetive
higher mathematical functions are given, :

3 Adapted by permission from R. V. Churchill, Operational mathematies, 2d. od., McGraw-Hill Book Co., Ine., New
York, N. Y., 1958. ’



29.3.3

29.3.4

29.3.5

29.3.6
29.3.7
29.3.8
29.3.9
29.3.10
29.3.11
29.3.12
29.3.}3

29.3.14

29.3.15

29.3.16

29.3.17

29.3.18

29.3.19

29.3.20

L 1,23,

1
=
v‘\’
8—3/2
s—(n-H) (.n=1’2’ 3, .. )
IO
1
s-+a
1
(s+a)?
m n=1,2,3,...)
1 .
Groety @0

s .
(s+a)(s+b) (@b

1
(s+a)(s+b) (s +c)

{a, b, ¢ distinct constants)

1
SZ +[l-2

82_|_a2

1
§—qa?

s(s¥a?)

1
8*(s?4-a?)

1

F@

te—al

tn-—le-—at
(n—1)!

tk—le—al
e—ul__e—bl
b—a

ae-at___be—bt
a—b

_(b—c)e ¥+ (c—a)e~ "+ (a—b)e
(a—b)(b—e)(c—a)

1 sin at

a

cos at

1 sinh at

a

cosh at

1

i (1—cos at)

1 .
= (at—sin at)

1., ’
5o (sin at—at cos at)




29.3.22
, 29.3.23
29.3.24
29.3.25
29.3.26
29.3.27
29.3.28
29.3.29
29.3.30
29.3.31_
29.3.32
29.3.33

29.3.34
29.3.35
29.3.36
29.3.37
29.3.38
29.3.39

29.3.40

LAPLACE TRANSFORMS

f(e)
8

82

82_'02
(83+a?)2

d . 2
CFa @)

1 - f
(s4a)* 42 ~ 514-2454(424:2)
ls+a
(s+a)3+ 5t
3a?
8$-a?

4q°
gt+4-dat

-5
34441

V&(s—a?)

F(t)
~2t—a sin af

2% (8in gt +-at cos at)

t cos at

€08 at—cos bt
s

% e~ gin bt

™% cos bt

e~ —glat (cos atz‘/g—-\/:? sin CLf)

sin at cosh gt —cos gt sinh at
1 . .
547 Sin at sinh at
1 . .
3 (sinh at—sin at)
1
553 (cosh at—cos at)
(1+4a%?) sin at—at cog at
L, (1)

1 ’
— e""(1~2at) .
vVt

1 -t ~at
= (@ —€
24/xt? ( )

1
F=—ae orfc g/t
Yt

‘—/-1_7+aea" erf a+/f
L

1 24 i
=—— e‘a"f eNd\
vt fr 0

é e erf a4/t

1023
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v.3.41
’03.42

3.3.43
2.3.44
9.3.45
9.3.46
19.3.47

29.3.48

29.3.49

29.3.50

29.3.51

29.3.52

29.3.53

29.3.54

29.3.55

29.3.56

29.3.57

f(a)

1
Vs(s+a®)

bZ__az

(s—a®) (b++s)

1
Vs(Vs+a)

1
- (s+a)s+b

b*—a?

Ys(s—a?) (Ys-+b)

(1—s)"
gnti

(1—s8)"
snti

Ys+2a
75

1
VeFavs+b

I'(k)
crorerr &0

—1

1

Vst2a—+s -
Vo+2a++s

(a—d)*

(VsFa++s+0)* (k>®

(VsFa++s)™
\/:S_‘ sta (V>"'1)

1

(Ys¥Fa*—s)"
e oY

a0

6

ext[b—a erf ay/t] —bed* erfe b+t

et erfe ayt

;/_b_i__; e exf (Yb—av?)

e [g erf (aﬁ)—-l]—}-e”z‘ erfc bﬁ.

(2n+1)‘ Hzn-H(\/—)

ae~ (I (at) +Io(at)]

(53
At ()
e [ (53 (5520

% e=otT,(at)

]:e HatdeT, ( >

(—11—, ¢=1T, (3 at)

Jo(at)

a’J,(at)

N0 2) a-i(02)

22

22

10

6,10




29.3.58

29.3.59

29.3.60

29.3.61

29.3.62

29.3.63

29'3'64

29.3.65

29.3.66

29.3.67

29.3.68

29.3.69

29.3.70

29.3.71

W
(V&+a* =  (k>0)

=D sy

Vo—a

l c"u

8

o
L-n (u>0)
8*

1—e ks

8

1 1+coth ks
s(l—e ™) 28

1
s(eM—a)

% tanh ks

—1
8(1+4e*)

~1; tanh ks
8

1
s sinh ks

1
& cosh ks

LAPLACE TRANSFORMS

F@)
t@ Ji(at)

a’l,(at)

u(t—k) o

(t—E)ult—Fk)

— k)1
o e

() —u(t—k)

g u(t—nk) ‘__F_J‘

i :
) X

é a*'u(t—nk) ——J——JOT

fim] 1

6,10

u(t).+2 ?:"{ (—=1)"u(t—2nk)

”z:i (—D*u(t—nk)

o [} 2 3

113

1025

tu(t)+2 i}l (— )" (t—2nk)u(t —2nk) M

2 z”% ult— (2n-+1)k]

4k

6k

L1}

2 % (—1)*uft— 2n+1)k]



29.3.72
29.3.73
29.3.74

29.3.75
29.3.76
29.3.77
29.3.78

29.3.79

29.3.80 -

29.3.81

29.3.82

29.3.83

29.3.84

29.3.85

29.3.86

29.3.87

29.3.88

()

1 coth ks
8

k s
8_2:*_‘7;2 coth §7€-

1
(*+1)(1—e™™)

o

o [
(Y

oJw

.IH‘

l"‘ ﬁllv-ﬂ Py l"‘

<«
[
~
»
[\Y
-

=

¥

%

e (>0

-

% e (#>0)
eV (k>0)
Log=vi (>0

e (k>0)

ée-* * (k>0)

*8ee page 11

(n=0,1,2, .. .;

F(@t)
U(t)+2 z“-_‘, u(t—2'nlc) 2 i
n=i !
S AVAY,
O

%(—1)”u(t—nr) sin ¢ %

) v 2 3w

Jo(2vkt) 9
1
——t cos 24kt
n
—1_—_ cosh 2kt
1,
———_TC sin 2\/%?
w
1/—1——/;' sinh 2+kt
™
t—_l_ .
(5)7 JeslaviD) 9
-1
(5) Tos(2viD) 9
k
2yap 7 <"‘

erfe ——k; 7

24/t

__l_ex(;’c_’
 Jmt P\

oy (=)t nte ko &
2\/;exp( i kerfc2\/f-_21/t1erfc5—\—/—z 7

4 i k : .
44" i* erfe ~—=
(4t) 'x ecmW 7
kz
P <—‘R>H (_k_> 22
2n/mtmt! " 24/t

—/—7_;-_ exp (-——)—ae‘"‘e“z‘ erfc (a\/_+2\/_) | 7

5 RSy



29.3.89
29.3.90
29.3.91
29.3.92
29.3.93
29.3.94
29.3.95

29.3.96

29.3.97

29.3.98
29.3.99
29.3.100
29,3.101
29.3.102
29.3.103

29.3.104

29.3.105

29.3.106

LAPLACE TRANSFORMS

(8
ae"“/;
A k>0
8(a++s) (k20
(adl (k>0
Varvm  *20
e-—k +(s+a) k'>0
Vet - 20
g~
_\/;T—‘F;; (]cZO)
—k+/ei—q1
: = *20
ot (FT=i)
W (k=0)
e-—ka e—k 434-a3 (k>0)
eTEVPP B (>>0)
are FVita
—— —1,k20
Fraerarsy 7 )
1 Ins
P
1
8—" ln 8 (’C>0)
Ins
—a (a>0)
Ins
+
glns
841

%ln (A4+ks)  (k>0)

In 8+a
PEN
Lk @0

Yneray @0

F@t)

—ee® erfc (ay J‘—_) fo %
ee erc(av-{-z‘/t +arfe

kg™ grfc (af +—-)
e~ ¥ (Gav—u(t—k)
JolaVE—EDu(t—k)
Io(avt =) u(t—Fk)

Jo(avt’+2kt)

W;——%? I (V=B u(t—k)

Il(aw, ti— k’)u(t—k)

\/2

<H-/C J(at? =P kz)u(t—k)

—7—In t(y=.57721 56649 . .

it
T W) —ln ]

¢“[In a+E;(at)]
cos t Si (¢)—sin ¢t Ci (1)

—sin ¢t Si (t)—cos ¢ Ci (¢)

E(f)

% (e~¥—g—a)

()

2 In a—2 Ci (at)

1027
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f® : . F@®

29.3.107 %Eln (s*+-a?) {a>0) % [a¢ In a-+sin at—at Ci (at)] 5
2 2 2
29.3.108 Ind -;a 3 (1—cos at)
b Sy | 2
29.3.109 g 8,“ . § (t—cosh at)
29.3.110 ’ arctan ’5 % sin kt
wee 1 k ,
29.3.111 3 arctan s Si (kt) 5
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8 2k i
29.3.114 eterfc ks (k>0) | 7 Yk ' | i
- w1t +F) o
t c
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29.3.117 ort w_/:‘ 7 ;lt- sin 2kt
1 2 k 1 Vi
29.3.118 —eterfc = 7 L i
.9 1/";6 erfe \/3 o e
, .
_ . | |
29.3.120 Kok L i
s 0( '\[5) (k>0) 9 E-t-exp _..Z_t.
29.3. .
931 laggs (>0 9 IVEETZH
29.3.122 1 :
KD (k>0 9 ‘exp( k ,
29.3.128 1 . (k 2 - {
= K (5) k>0 9 mKo(ZJZkt) 9
; 1
29.3.124 re Ty (ks >0 9
olks)  (£>0) T = [y (t) —u(t— 2k)]
29.3.125 e ML) (k>0) 9 E=t ) —u(—20)]




sinh (ks+a)

29.4.11 Z‘))a,.e""-' O<ko<lbi<..)
place-Stielt;jes.
In practice, Laplace-Stieltjes
written as ordinary Laplace
g Dirac’s delta function s(2).
may formally be considered as

For the definition of the La
transform see [29.7].
transforms are often
transforms involvin
This ‘“function”

! Adapted by permission from P. M. Morse and II. Fes
Hill Book Co., Inc., New York, N.Y., 1953,

n=0
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1) Fo
29.3.126 a ‘ _1
A e*E, (as) (a>0) 5 e
' 1 . 1
2 sthe T — a8 .
9.3.127 a 8e” El(as) _ (a>0) 5 m
29.3.128 "a“"e‘"E,,(as) (a>0.;n=b,_1,2,'. .} 5 (t—:a')" -
" -29.3.129 E?%Si (s)] cos $-+Ci(s) sin ¢ 5 tTJer
. _ 29.4. Table of Laélége-S_tiéltjésr Tran‘s‘fiorms 4
() #(t)
20,41 | f " ey 2(¢)
: 0
29.4.2 eH  (B>0) u(t—k)
29.4.3 1?1{—? k>0 2':) u(t—nk)
1 o
29.4.4 m_—k; (k>0) nz-—'(") (—.1)"’11,(4‘,'—71]{)
291.4.‘5 ) m (]t>0) 2 'g) u[t— (27&+1)/C]
N . 1 =
29.4.6 i (>0 233 (= D)ult— @ 1)k
29.4.7 tanh ks  (k>0) w(t)+2 33 (= 1) u(t—2nk)
) . - Nw] .
1 = - ‘n a /
- 29.4.8 m B (/C>O) 2% g~ @t 1.t[t—(2n+.l)k]
. e™ ’ -' 3 Z(2n a, ‘
2949 ok BT k>0, 1>0) 233 e iint u[t—h—(2n-+1)lc]
29,430 Db (he+b) (O<h<h) S emmee oy b (24 1)

: —e‘”u[t—h—(Zn—}_l)k]}
‘ Z())'a,.u.(t-—k,,) ‘

the derivative of the unit step function, du(t)=4(t)

. ’ _(F =40 @0
dt, so that f_m du(t)—f_m 6(t)dt-—{1 (&>0).
The correspondence 29.4.2, for inst

ance, then’
assumes the form e‘*'=f e 8(t—k)dt.
. . Jo -

{lbach, Methods of theoretical physies, vols. 1, 2, McGraw-



29, Laplace Transforms

9.1. Definition of the Lapléce Transform function of s.in the half-j)lane R8> 8

al Laplace Transform Laplace Transform

Two-dimensional

One-dimension
L1 j(s)=y{F<t)}=L (- Pt 29.1.2 .
' : fu,0)=% F(z, =——j‘ f e v F(z, dad
F(t)is s function of the real variable and sis @ f ) { A( ) 0 Jo (2, ydacy
nplex variable. F@)is called the original func- Definition of the Unit Step Funétion
o and f(s) 18 called the image function. 1f the ’
tegral In 29.1.1 converges for o Teal =3, -8 0o (<O H W‘;,'oh' '
' | 2913 wty=4 % =0 W
(t>0) sl

B
im e"o‘F(t)dt
A0 J A
In the following tables the factor w(t) is to be

Boy®
understood a8 multiplying the _orig'mal function

ges for all s with Zs>S0 and
gle valued analytic F(@).

xists, then 1t conver
function is o sin

he image
29.2. Operations for the Laiﬂace Transform'
Original Function F ) Image Function /(&) '
29.2.1 F(t) ' r e~ F(1)d -
Inversion Formula -
29.2.2 L7 erpads (O
Linearity Property
29.2.3 AF() +BA®) Af(8)+Bg(®
Differentiation
29.2.4 F' (1) sf () —F(+0) |
29.2.5 F @) s"f(s)—s"‘fF(+0)—s”“’F’(+0)——_. = Fe(+0)
Integration : '
29.2.6 J"o' Fryds % I
2921 [ rovmar L@
Convolution (Faltung) Theorem

29.2.8 ! ' :

- L Fi(t—7) Fy(r)dr=F*Fs f\l(s)f OR

2‘9'2.9 _IF(@®) o ©) Differentiation

29,2.10 (— 1.) snF () fim (s)
jon from R. V. Churchill, Operational mat.hem.a‘tics, 2d ed., McGraw-Hill Book Co., Incy New

1 Adapted by permiss
York, N.Y., 1958. )
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Origingl Function F()

29.2.11 tl F(2)
29.2.12 e BYy)
| Loy |
29.2.13 2 FG) (e>0)
29.2.14 cleWc"F(cf) (>0
. Trans_lation .
29.2.15 Flt—byu(s—p) (6>0)
Periodic Fuuctions
-29.2.16 F(t+-a) =F(1)
29.2.17 Flt+a)=—
Half.

LAPLACE THANSFORMS

Wave Rectification of F(t)in 29.2.17 /

Heavigide Expansjon Theorem

29.2.13 Ft) 3o (— )"t ~na)
n=(
Full-Wave Rectiﬁcation of F(t) in 29.2,17
29.2.19 [F(t)f
' 29.2.20 @) ..
& 9’(a,) ¢
29.2,21 e 22N gre

For a ¢om Prehensiy

: e table of Laplgce
dimensiong} Laplace tra

J(s)
29.3.1 1
‘ )
29.3,2 L@
—_—

? The umbers in bojq type in the f(s) and
higher mathematjeq) functions are given,

3 Adapted by permissio
f’8.

and other integra] gy
nsforms gee [29.11]. :

F columng indieate the ¢

nfrom R, v, Churchill, Operational mathemati

%: q(s)=<4s¥a;)<s~az) .

Image Function J(s)

Integration
JS(@)dz
L4

Linear Transformation
S(s—a)

Sles)

Sles—1)

e~"f(s)

fae‘”F(t)dz
0

1“6-&3

f "By,
0
I4-g~as

J(s)
l—g~us

J(s) coth %‘5

- (s—a,,)

2(s) a polynomiy] of do.gree<m

2(s)
(s—a)"

2(s) a poly

ansforms sep [29.9].

nomial of ( cgree<r

A A!

For 4 table of two-
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k>0)

. k>0)

F(t)

Jo(2Vkt)

1
T_—t cos 2@

T

_}:—t cosh 2«/7(:_13
vyl

:/—1—_7; sin 24kt

™
jl;k sinh 2k
ks

(5) T2

()“”- T, (2+ED)

————.::e p("‘

erfc ——;f—
241

L ewp (Jﬁ
L Tt il

t ;_Ef>__ Kooyt k.
zﬁexp( il k erfc i 24/t i erfc o

13

(4t)*"1 erfc —= Jt

exp (—-

20 7rt"+1

L oxp (
7 P\

G

(-H" w(t—nr) sin ¢ \ :

] k4

L —ae“eﬂ”‘ erfc (aﬁ+-21“ﬁ)

22




— -4.._‘~d.."'“-—4.Mm b, i

LAPLACE -

. 78
29.3.89 .
ae
S (k>0)
#(a+ys)
29.3.90 i
N oy~ T
Velafyy ¢
29.3.9] WS "
TS 0
Yé(s+a) - (k20)
29.3.92 Ry
= (>0
Ve (k20
29.3.03 -~
1/s’~a2
29.3.94 oMy
Y >0
Ve k20
29.3.95 oM _ ki (>0
29.3.9¢ eTEVISG_ _yy (£>0)
o kYT
29.3.97 ___ a% Rl —1,k>0
w/sz+a2(x/82+a’+S)' CRLED
29.3.98 Sllns
29.3.99 ;71113 (k>0)
: Ing
| In g
29.3.101 =
sl
29.3.102 e
29.3.103 Sim U+ks) (kg
8-t
29.3.104 In 14
29.3.105 Slln (1+k2) (k350)
29.3.106 1 #+a)  (@>q)

TRAN SFORMS

P()

—ettestt g ?Jf__) fo £
e erc(ay—f-zw +erfe

2Vt

"ot (o k)
e%e ecay-}-zﬁ

e‘“’]o(iavmu(t—lc)
Jo eV =Ty ey
Lo@aVP=Pyyy_y
Jo(am)

w/% J, (av"t’——lcz)u(t~k)
\_/t?\il?l’[l (aytz—/c’)u(h—/c)

— i
(:T’k‘ TP g 4y

10

—y—In ty=.57721 56649 , Euler’s constant)

tk—l

T Wk ~In ¢)

¢“[ln g g, (ad)]

CO8 ¢ Si (¢)—gin ¢ Ci ()

—sin ¢ §j (8)—cos ¢ ¢ (t)
()

;1- (6% —¢~ar)

~20j (/%)

2Ing—2 Ci (at)



4! 293107
293108
293,109
293,110
2931113
293112
293.113
29.3.114

- 29.3.115

29.3.116

29.3.117

29.3.118
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29.4.11

For. the definition of the Laplace-Stxelt)es.
transform see {29.7]. In practice, Laplace-Stieltjes
transforms are often written as ordinary Laplace
transforms mvolvmg Dirac's delta function &(z).
Thls “functlon” may - formally be considered as

. 1029
- f(8) ' F()
29.3.126 e“Ey(as)  (a>0) s L
. _ t+a
R S o 1
29.3.127 2 8e” E] (Ch?) ) (ﬂ:>0) ‘ 5 W
l -'x'—p; as | ‘ _ 9 o 1 |
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‘ +29.3.129 [—--—-Sl (s)] cos s+Ci(s) sin s 5 'tzj—l |
' A 29.4, Table of Laplace-StleltJes Transforms
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" 29.4.1 "
| 294. . J; e~ "dd(2) ®(8)
29.4.2 e~™ . (k>0 _u(t—'k)
29.4.3 () > u(t—nk)
1 o
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N ) " ‘ ) 1 ) : - .
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29.4.7 tanh ks (E>0) w(t)+2 3 (—1) u(t—2nk)
oo L . el .
R 1 _ ® - - -
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' o ' ' v —e it —h— (‘7n+l)k]}
E aue—ku' (O<k0<kl<' . ) ‘ . ga”u(t—-k")

the derivative of the unit step function, du(t) = 8(t)

dt, so thatf‘ (lu(t)—-f ‘5(“)‘{‘—{(1) Ezég)

The correspondence 29.4.2, for instance,
assumes the form e"'—f -"s(t k)dt

then

¢+ Adapted by permission from P. M. Morse and I1. chhbach Methods of theoreticnl physicé, vols. 1, 2, McGraw-

Hill. Book Co., Inc., New York, N.Y., 1053,
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passive and combined vibration control, the combined application of passive damping treatment
and active control (SMA actuator) will reduce the vibration time greatly, especially in the case

of small damping and slender beam.

4. Conclusions

This part of the paper investigated the vibration control of a simply supported flexible
beam with a constrained viscoelastic layer and shape memory layer when the temperature effects
of SMA layer on the system were included. The effects of damping material loss factor as well
as the slenderness of the beam on the control results were discussed. The fbllowing conclusions
may bé obtained: 1) increase of the damping layer material loss factor will reduce the vibration
time and also improve the control results in the case of the combined passiVe and active vibration
_ contfol; 2) more time will be spent to control a slender beam than to control a thickér beam or
: 'a short beam; and, 3) combined application of passive control (constrained viscoelastic damping

"

treatment) and active vibration control (SMA actuator) will greatly reduce the vibration time.
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[PUT FIGS. 1-4 HERE]

1) Passive Vibration Control

Figures 1 and 2 show the results of transverse responsé amplitude versus nondimensional
time with 7=0.1, hy,/L.=0.003 and n=1.0, h,/L.=0.003, respecti-vely. Figures 3 and 4 are the
results for n=0.1, hy/L.=0.005 and n=1.0, h,/L=0.005, respectively. All these results are for
the passive vibration control caée‘s (coﬁstrained damping treatment only). From the figures we
note that a decrease in the ratio hy/L will increase the response time. This is becaﬁse reducing
the ratio means that we have a more slender beam, thus increasing the vibration time. If we -
increase the value> of the dampiné layer loss‘factor, then the vibration time of the beam will
decrease. Higher loss factor means high damping ability of the material. More vibration energy
will be ébsorbed, thus reducing the Vibf;ltion time.

[PUT FIGS. 5-8 HERE]

2) Combined Active and Passive Vibratién Control

| Active vibration control results ére shown in Figures 5-8. Figurés 5 and 6 show the
resu}ts of transverse response amplitude versus nondimensional time with =0.1, hy/L.=0.003
and 7=1.0, hy/L.=0.003, respectively. Figures 7 and 8 are the re‘sults for n=0.1, h3/L=0.005
and n=1.0, h3/L=0.005, respectively. The same results as passive vibration control cases will
be observe;d: a) increase of damping layér loss factor will reduce the vibration responsé time,
which means that increasing damping may improve active vibration control results; and, b)

decrease of the ratio’h,/L will increase the response time. Also, if we compare the results for
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Exercises:

2.1 The temperature field T(x,t) 1in a semi-infinite slab with a constant
heat flux is described by

O°"T _ 3T . B
o ;—2- = 3¢ ; T(x,0) = T
X
T(x,t) -+ T, as x + : -k T q at x =0
3 i > 8X

Solve for the temperature field for x>20,t>0

2.2 The temperature field in the thermal'boundary layer that grows within a

hydrodynamic boundary layer at a step in wall temperature is described by

2

3°T 3T . B '

o —'—2' = By b—}; ’ T(O,Y) = Too y >0
oy

TG,y) > T, as y>® 5  1(x,0) = L

Solve for the temperature field for x>0,y >0,

2.3 A device for measuring the velocity gradient in flows is shown in the
figure, It‘consists of a heated plate at the wall, over which a thermal
boundary layér grows. As long as the'thermal boundary layer is confined
to the region where the flow velocity u is linear (u = By) , the
problem is described by

2
O°T _ oT . _ ‘
o 2 = B}’ —é—; ’ T(O,Y) = Too y-> 0
oy ~
oT
T(x,y) = T, as y»r = 5 k%= = q at y=0

oy

Derive an expression relating the locél wall temperature, Tw(x) s to the

flow parameters and x . Evaluate any constants in this expression.
Hint: T .
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