CHap. 24]

REGULAR: SINGULAR' POINTS AND THE METHOD OF.FROBENIUS

24.7. Find a recurrence formula and the indicial equatlon for an mﬁmte series SOIllthIl around x =0
for the differential equatlon )

2%y" + Tx(x + 1)y’ =3y =0

It follows from Problem 24.2 that x =0 is a regular singular point of the differential equation, so
Theorem 24.1 holds. Substituting Eqs. (24.2) through (24.4) into the left side of the given dlfferentlal
equation and comblmng coefficients of like powers of x, we obtain

X*2A(A — Day + TAa, — 3a] +%"""[2(A + 1)Aa, + 7/\a0 + 700 ¥ l)a, - 3a1] + -

+xM2(A + n)(A + n~=Da, +7\ +n - 1)an 1+ 7\ + n)a, —
D1v1dmg by x* and s1mpl1fymg, we have

3a,) + -
(2A* + 51 — 3)ay + x[(Z)tZ + 9 + d)a, + 7/\a0] + -

+x[2Q0 + n)® + 50 + n) = 3la, + T\ +'n - .1)a,,’_;} +
Factoring the coefficient of 4, and equating each coefficient fo zero, we find

R (2)&2 +50 = 3)a, =0
and, forn=1, . :

S22+ m) = 1[(x + n) +3Ja, + T(A + n — l)a
SR L =TA +n 1)
or, o a, =

2 +n) = 1][(x + ) + 3]
Equatlon (2) is a recurrence formula for this differential equation, -
From (1), either a5 = 0 or

2%+ 50-3=0 : .
It is convenient to keep a, arbitrary; therefore, Wérequ‘ire» Ato satlsfy the indicial equation (3)

Fmd the general solution near x = 0 of 2x%y" + 7x(x +1)y' - 3y 0.
» A

1

5 and A, = —3. Since ’
(2) of Problem 24.7

The’ roots of the indicial equatlon given by (3) of Problem 24.7. are )h
— X, =1, the solution is given by Eqs. (24.5) and (24 6). Substltutmg A=} into
and smphfymg, we obtain

—7(2n — 1)
2n(2n + 7) n=1)
R 7 R
Thus,. ' ’ q1=—1—8ao, az=4"4_42101=7'__9—2'.'
: ' 7 147
= g 2(1 _ =0 .
_and: . yl(x) aoX (1 18 —x +792x )
Substltutmg A= —3 into (2)) of Problem 247 and 51mphfy1ng, we obtam
. s -—7(n — 4y N
_ : — g . (n=
N A e =D
21T 7 a9 L
a, = _F“Oa L 4=

——a, =—

Thus,

. SRR R
and, since a, =0, a, =0 for n =4, Thus,

e
yox) = aox'?<1 -=

The general solution is * -

Y =caylx) + cy(x)

7 147, Ly 49,43 N
k 1/2( + 2+ o 1 4 = 2 _ 3)
LR TR FrEr st

where k= cl a, and k, = c,a,.
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Review of 4.0352‘9.:.20::»_ Equations - CHAP.1 .

leaves the dimension of En left-hand member ::n:m:m& We will meet a form
of this equation later in our study of Gocnamawém_cm Uno_u_mim having circular
symmetry. We assume throughout this section that x # 0. For the most part

we assume that x > 0, m:rocwr we also deal with the case x < 0 _N:Q. We

begin S_E an example 8 ___:m:,mﬁ the method of moE:oz

EXAMPLE 1.3-1 E:m,.:.n 8822.:38& solution E, the equation -
A xy" + 2xy’ — 2y = x* exp (- ), x>0

Solution This is a Cauchy-Euler’ oncm:oz and we Em_a :.m mozos_zm.

mavm::_:osm in the reduced equation .
y0) = y=mx™",  yl'= mim - Dx"72,
SO Ea roBommsnocm mn:m:cs cnnoEom .
[mm — 1) + 2m = 2™ = 0.
wonmcmo of the restriction x # 0, we Scmﬁ have
, m+m-2= 0,
which has roots m, - ~2and i~ = ._....ﬂEm

) = ax? + caX. .

We remark :z: the mzwm:E:o: yAx) =

the common factor x.
it should be pointed out also that if we were interested in- obtaining the

general solution of the equation in Example 1.3-1, we could use the com- -

plementary solution above and the method of variation of uu_.m:.ﬁa..m. (See
Exercise 13 in Section 1.2.) -

EXAMPLE 1.3-2 . Obtain the complementary solution of
X2y + 3y +y=2x, x>0
Solution _This time the substitution y, = x™ leads to

m?2 4+ Ni +1 =0,

which has a double root m = —1. Hence we have one solution of the .

homogeneous equation, namely,

38

One might “guess” that a second linearly Emmunnaaa solution 8:5 be ob-

tained by :E:E_S:w ni(x) by x. This Eoomﬁ::m however, is limited to the
case of eauations with constant coefficients and is thus not applicable here. It is

x™, did not no..:m?o_: thin
air. It was dictated by the form of the left-hand member of the differential -
equation, which in turn ensured that each 8:: of the mp:m:oz sd:E 8:85.

SEC.1.3 . : Cauchy-Euler mncmzm:m

-easy to check that y = lisnofa solution. In ::m case we can use the me
reduction of order to find a second moE:o:.
‘We set yi(x) = u(x)/x ‘and compute two derivatives. Thus
. u'x —u
kN

Ya(x)

. N ” — ! \
Y0 = X3 (xu Wm ) +. 2ux ,

and substitution into the homogeneous equation results in
. xu” +u’ =0,

. which ..omi ..cm. solved* by setting u’ = v and separating the variables. ’

L di e
T dx T x
andt
, u=c log x..
‘Hence o

: C.
yix) = —log x;

and the no_:u_n._:o.:mnw solution is
&%\c x L _om X.

We shall see _m:wn :_m: the ?:n:o: ~om k occurs in nrn case o». I
roots. |

. meS—.rn L 3- u m.:a the ooBU_oEmEmQ solution of
x»2+§ +y= oo?«. x > 0.
Solution In this example we :.m<.m. after substituting y.(x) = x™,
. mr il = c
so that the solutions are x' ‘and x~. Hence the complementary solutic
| Y = Cx' + Cox. _

" A more useful form can be o.gmw:n,m however, by replacing C; an
{c ¢ - ic;)/2 and (¢, + icy)/2, Rmumn:é_z. w:a noting that

i

x' = exp c log x) = cos com X) + isin com x).

*An alternative method is to note that xu” + u’ = d(w’) = 0, leading to xu’
tWe will consistently use log x for the narural 3%3:\:: of x.
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Review o..oa__._ui c_=o3-..=n_ Equations CHAP. 1

We also have

- L(dy _ &
x2 \du? du/’ )
This method rwm the ma<m=~.mmo that Eq. (1.3-4) is transformed into
oy ) o - ) . . ,
T + (a vCNm + by = f(exp 5.

Thus the differential equation has constant coefficients, and the-methods of
Section 1.1 are available for finding the complementary - solution -of
the Cauchy-Euler equation. In fact, if flexp #) has the proper form, then the

method of undetermined coefficients may. lead to the general solution of the *

nonhomogeneous equation quite easily. , ,
We have considered exclusively the case where x .> 0. If solutions are

nmmwnn for values of x satisfying x < 0, then x may be replaced by .—x in the.

differential equation and in the solution. .

_wa.< Words and Phrases

Cauchy-Euler equation.
variation of parameters:
reduction of order

separating the variables .
auxiliary equation .

1.3 mx.o_,o_mow

_=Eamo__oi.:uw.nxa—..nwmnm.ummcan:_m:ro msaonosan::mzmc_nmm vouzzn ::K&o?ﬁ-
wise stated. : : v . .

1. Use the substitution # = log x to solve each of the following equations.
a8 x»"+2y —2y=0 (Compare Example 1.3-1)
() x¥»" + 3xp’ +y =0 (Compare Example 1.3-2) -
€ x»"+xy' +y=0 (Compare Example 1.3-3)

2. Obtain the general solution of the equation

X"+ 3y +y = X,

(Hint: Use the substitution of Exercise 1 m,:a the result of m«wSo_o 1.3-2))

4.

10.

11.

12.

-13.

14.

15.

‘Cauchy-Euler Equations

Use Euler’s formula
. " exp OS = cos 0 + isind
to fill in the details in Case 1il. .

Solve the initial-value n:.uc_oi

sy -2 =0, =6y =3

" Find the general solution of

Xy +vuk.<.. - 5y = 0.
Find the general solution of . . .
- fy" + Sty + 5y = 0.
Find the general solution of -
o ru” + 3ru’ +.=u.o.
O.cpmms.gn..mn:n_d_ solution for .
, , k@a,._.k.{lw&.ukulww.
Find the general solution o». .
. X"+ xy’ + 4y = log x.
Solve the initial-value problem |
Xy - xy 4y =5 -4 D=0, y@m=0

Solve each of the _.o=oi.m=m., initial-value .vmov_o:_m.
@ xy”+x' =0, yh=1 yBH=2
() xy"-2y=0, =0 y=1

Use-the method of reduction of order to find a second solution for e
following differential equations, ‘given one solution as shown.

@ xy"-—xy +y=0 »mx)=x

) T+ =0, r»nx=2"

) Xy xy - 4y= o, yilxy = x* .
@ Xy -xy +y=0 »nx=xlgx R

Show that the products xy’ and x?y” remain unchanged if x is repla
where ¢ is a nonzero ¢onstant. : : :

Show that the substitution x = exp u transforms the equation
xy” + axy’ ..TS = 0,
where a and b are constants, into

QQ. &
DL +by=0.
du? t ) du i

Solve each of the following .EEw_émEn problems.
@) dxyp” — 4oy’ + 3y =0, =0, Y=l
(b) xy" + 5xy’ + 4y = 0, =1 ya=3
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Review of Ordinary Differential Equations CHAP. 1

Solution It will be convenient to write the series using summation notation,

M Al—yﬂ#-ﬁ\.ﬂ - —v:
=1 n .. ..

According to the ratio test, a series converges whenever

where u, represents the nth 8:: of the mo:mm In :ﬁ Eomai case,

tim | %= | = tim AIC_:NQ = n
n—o U, n—® n + 1 . Alvuva.v_Ak - u.v:
SRR SRR

Hence |_ <x-1< _ or 0 <x< N mros:_m that :6 radius - of con-
vergence is 1. In many problems it is necessary to examine the endpoints of the
inferval of convergence as well, and this must be done separately. It can be
shown (Exercise 3) that the interval of convergence here is 0 < x<2. ®

OE&E:« a power series representation of a function is-an important’
mathematical technique that has many mcu__nm:onm. Recall :z: the Maclaurin*

series for a function \mkv is given _uw

\C& = flo) + f° onk + \AQ X+ \:AS Sy

*After Colin Maclaurin (1698-1746), a Scottish mathematician.

o 3 C.a-mv
Following are some familiar Zmo_mE:: series expansions:
x X X" . .
mxcku_+k+ﬂ+m,l+...+ll+.... (1.4-9)
. ku -Ku Al _v~.o-\4-.l_
sinx = x — = + = —~ T SN A\ S W
_. TR T @n - |
(1.4-10)
_ |k|~ \A.n _ ) A.l—v::.»\uznw
nowkl.-u N_+A_ + + Gn ~ 21 F ooy
S (1.4-11)
2 3 ) |o ntt n ]
_om:+<.ou\«lk|+M.,.+...+|||A D X
2 3 n : : .
(1.4-12)

mmo..d.a. Infinite Series

The Zmn_wcza series for exp X, sin x, u:a cos x converge for a
values of x, while the series (1.4-12) has an’ interval of convergence gi
—1 < x =< 1. All four of the series are vw:_oc_wn cases of Eq. (1.4-8).
m::::m:o: notation, we can i:”n*

n

..GGR = M.M._l

n=0
All HV!Q- 2n-1
sin x = M.JA an = C_

lHV’?u NHCN

(=D"x™
cos x = MU @n = NV_

—Om A~ + \«v — M A'uv“:k.:

" where we :mﬁ.c%u the convention 0! = 1. Ocmﬂéo that 1 is a dumm,
.w:a may be :wﬁ_mong g moSm::sm else if this is desirable. For example,
_ingnbym — lin mn (1.4-12) vnomconm

_omc+\6 MUAIC... ..._.

We shall- make use of this flexibility of vS.m 9.5::% index in the next s
A Maclaurin series representation of a-function can be thought ¢
.mvunox::w:o: of the function in the neighborhood of x = 0 as shown

1.4-1. If a series expansion about some no:: 052 than x = 0 is re
:5: we nm: use a Taylort series
A9 = f@) + f @ - @) + ! 9D -
(

. .v.+ .\. A_hv Akul Qvu + .w... .
Note that Zmo_m::: s series is a mnmo_m_ case Om .Hwﬁo_‘ s series, the cas:
a = 0.

It would mvnom_, from Eqs. (1 A:mv w:m C An_uv that any functi
has an infinite number of-derivatives that mﬁo defined at x = g can b
~sented by a Taylor series in the neighborhood of x = a. This is not «

*We shall omit the upper values of n on summations henceforth if they are n = «

tAfter Brook ._.mv,_oq (1685-1731), a British Em:._namsem: who n_mnoﬁ:a it
Historically, Taylor's series predated Maclaurin’s mm:nm:
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11.

Review .on Ordinary Differential .mn:»:o:m "CHAP. 1

Find the radius of n0=<2mn=on of nmn: of the following power mn:nm.

B Vs
(a) (x :+ 3 5 PR
x? k_. - x® . )
A—-v 1+ Mm. + ﬂ +. m + ...
© _+.Ak+wv+c.ﬂ+uv~+ca+uvu+...

2 )
Ax . e Al

@ x+ 3t et (Hing Use the limit definition of e)
- x + 2) T R
© 3 2% T3
x — C~ A\« — :. x — 1)
® 2t al e

12.

13.

Find the interval of no=<o~mn=na of nwo: of the following power series. If En ::2-,.
val is finite, 5<om=mw8 the 832@0:8 of . s.n series at the nnaco_sa of the -

interval.

(a) MUMIH

n=0

& e

. A.K - —va
© Nl_x b2

\4!
§~

n=]
n=1

Verify that each of the »,o:oi:m. series is no.=<2mu=~...

n
® 2 "+ 1y

@

n=1t
(b a4
-
© 3 (s
n=}
@ vn +3
(n - 1)?

SEC.1.5 " Serles Solutions

: Verify that each of the following series is divergent.
o . 1
@ _Mﬁﬂl_oﬁ.
. N:
® X
n — ~
(© M (n - "
o n
@ MU T

n=1
15. - Deétermine the values of p'for which the following series converges ani
pIFT
n® ~om n
n=2

where p-is a positive integer.

oee _..a.y Use the- _Enm_.m_ test to determine for what values of p (p is a 3& m
series
1
‘nP
n= i
converges.
17. Consider the series -
I_- PR IR E
1.3 2.4 3.5 N

(a) Write S,, the sum of the first # terms in closed form. (Hini: Decc
ath term of the series into partial fractions.)
(b) OEmE the sum of the. series. :

18. Generalize Exercise 17 for

n=1

where p is a positive integer.

1.5 SERIES SOLUTIONS .

Before we give an mxmaw_m 3 :os a noion series solution of a linear
tial equation can be obtained, we need theiresults of two theorems. ’

ccmmnmitnad rdihiacit smennfe in Arder tn nracarva tha santinuity
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Review of Ordinary Differential Equations I CHAP.1

While many series can be written in closed form, for example,

%n_+a+mn.+w|”+.ﬁ» | :.m.,c
mmmknk.lww+.mmlwlm+l,.... | (1.5-2)
cosx = 1 I.W_Nt+ W_w.l M[” + e S (1.5-3)

_omc+kvnklkw~+\mlw..'+l..... .. A._.mré..

this is not always possible. If a function can be represented in an open interval
containing x, by a convergent series of the form X,., a.(x — xo)", then the
function is said to be analytic at x = x,. The functions in Egs. (1.5-1) through'

(1.5-4) are all analytic at x = 0. If a function is analytic at every point where it

is defined, it is called an analytic function. All polynomials are m:m_ﬁ_o m:a s0
are rational functions except where their denominators vanish.

Zoi let us look at another example of a series solution of a Emm:w::u_ .

equation.

EXAMPLE 1.5-2 Solve the equation
. x~ 1y —xy' +y= 0.
Solution As before, assume’ . ,

Ly = M n..k:.. y' = M.:ﬁi«_.:-... oy = MU n(n — :n:k:-w.

0 ’ 1 . 2.
and substitute into the given differential equation. Then
M nn = Da,x"" - MU iz.l. Da,x"?* — MU na,x" +.M.n;k: 0.

2 2
Replacenbyn + 1in Qn first sum and aon_mnn nbyn + 2in :—n second m:E
so that we have

MU (n + Dna,., x"'—
1

Y @+ D+ Dag x
o

l M :m..k=+ M nax,.nc
_ c.. .
or

Y Wnn + Da,,, — (0 + Dn + Day,; — nan + afx” — 2a; + a, = 0.

SEC.1.5 ' Serles Solutions

:Equating ;.5 .oomm,u.nmmzmm of various powers H.OM x to zero gives us the

a, is arbitrary,

a, is arbitrary, . . \

Q.u." IW;QS

C o+ Da, + (- ma, :
W= TG D+ o TE b
a, = 2, _ 4 _ o

T 2373 T 32

go= -G _ & & _ & & 4
T34 T 2 12.7 12 24 — 41

etc. Hence .
&.um.k+mc_+|+%+.m.+... ’

_and it can be shown (Exercise 2) that x Ea e are two mnmm:.v. in

solutions of the given equation. Here the solution can be written
3:: in contrast to the solution of Example 1.5-1 Amxo:uma 3.

C:?:::NSE. the series method of solving ordinary differen

" tions is not as simple as :5 last two oxmBEnm seem to indicate. Co

equation - o
2xty” + Sxy’ +Q = 0.

We leave it as an exercise (Exercise 4) to show that the series method 1

.0 -will produce only the trivial solution y:= 0. Yet the given equi

Cauchy-Euler equation, and both x-¥2 and 1/x are solutions (Exerci:
answer to the apparent mystery lies in the fact that the individual solu
Cauchy-Euler mncm:on are not linearly Emmvmzana 'on any interve
cludes the origin. Recall E& in Section 1.3 we mo?& Cauchy-Euler (
assuming that x > 0 orx < 0. .

Consider the most general second- oaﬁ. _Eomn. homogeneous
Qm,mng:m_ mncm:oz

Y POy m.e% =

Those values of x, call them x,, at which @wQS,WA\«V m:m Q(x) are an

called ordinary points of Eq. (1.5-5). If either P(xo) or Q(xo) is not

then x, is a singular point of Eq. (1.5-5). If, however, X, is a singula
Eq. (1.5-5) but both (x — xo)P(x) and (x i— x)*Q(x) are analytic a
then x, is a regular singular point of Eq. : m..& >= other m_nmz_m:
called irregular singular points.
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xosoi of Ordinary U.:.oqo::m_ ma:m:o:m

CHAP. 1
EXAMPLE 1.5-§ Obtain a mo_=:o= of the a_ma:w::m_ ancm:o:
S dy  ldy o\ _ o
dx? +k&k . _.IW«Mklo.: :Ic.,_ww....._ C.mumv,

This equation is known as Bessel’s ._5.2.2.:»_ 3:»:0: It was originally ocnm_sma
by Friedrich Wilhelm Bessel (1784-1846); a German mathematician, in the course
of his studies of planetary motion. Since then, this equation has- appeared in
problems of heat conduction, m_nn:oammsncn theory, and acoustics that are ex- -
pressed in Q\S&:n& coordinates.

Solution Since the oo&mn_mim are not constant, we seek a series mo_::os
Multiplying Eq. (1. m -6) by x’, we obtain
xy” 4 VQ. + X —nY)y = " (1.5-7)

We note that x = Qis a Rmc_m: m_smz_mm co:: :m:nn we use :_m method Om
Frobenius. >mm==_m :BH . . o .
M e \K-::.n

Hu =
m=0

y = ns?: + ckst-_

y = MU aulm + 1(m + r — 1xm+r=2
m=Q . . ’

m:m substitute into ma (1.5-7). Then. .
MU Am(m + r)(m + r — Dx™" 4+ M n.s.cn + x™r
m=0

m=0 ]
+ M X"t — n? M Apx™" =0,

m=0 -

If we replace mby m ~ 2 in the third series, Ea last B:m:o: can co 5:8: as

,MF:.AS +nm+r—-1 +.n....¢= +1)+a,., ~ nPa,)xmtr

m=2

+ aor(r — Dx" + aorx” — nlaox” + n_lw + Dxmt

+ a(r + _.Vk«.: ~-'n m.kl. = 0.
Simplifying, we get

) lan((m + r)* = n?) + Al X+ e =

m=2 tart+2r+1 - :ﬁ:. = 0.
The coefficient of x" must be zero; hence if we assume g, # 0, then we -
oEmS r = +n. We choose the positive sign,- since n was defined as a non-

SEC.1.5 : Series Solutions’

we may choose a, = 0. ,:5: the nmocnﬂon formula is obtained b
oOaBo_ni of \«5: equal to zero. .EEm

- m-—2
a, = —— -, m=2,3,....
" m(m + 2n) : !

The first few cOmBQmEm can be 85@5& from this formula. 71

follows:
N _ N.. . — IIE ’
m=2  a= 2(n + 1)
= 4: - T : - ’
m=4:- a, = NAx ¥2) N..‘.NA: + I)(n + 2)
= 6: - —aq L : o
.m =-6: 6= 223(n + 3) - 283Yn + D) + 2
In mmsn..,m._ we have
. .A.l:.:ho

s _ =1,2,.
B = Ty :.3 FDE+ DA my M
m:a a mo_ccoz to mn : u 3 can _ua written as

..I ‘ A.Invi NE«! :
.Y:Ak.v I- .Qc Mo NN.::NMAR + HVAB + Nv ... AB + sav

. N.:ﬁ.._howm S_QM N.W.:.:v_ A v

m=0

The Bessel ?:25: of :.m first _Ea of order n is defined b
the value 1/2"1!. We have

..;_ .T:s. mvs:__f _.,uo_N
.\zﬂkv.lmyj N .- .: .-.n -..-M
..Slo . .
a solution.of Bessel’s a_aﬂo::m_ an:m:on im will consider this fi
m:wm:wn aﬁm: _= Chapter 7. :
. HVDZSWFM 1.5- a OGSE a solution of 50 equation
. (I - xH)y” — 2xy' + :Q + )y =

where 7 is a constant. This equation is _Soi: as ann.:_.dm d
_equation.*. :

*After >ﬁ_:n= Marie rmmm_aa cdua:muv. a mann: snz_nam:n_mn who is kn

[ 76 SR UUURPIE S SV DRI O T .
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Review of OE.:»Q.U_:QS....:»_ Equations

I

'If we also i impose the condition :.m: .S.Cv
OGSE

Py(x) 1,

PAx) = 5 B ~ 1), (1.5-12)

P.x) w (35x* uo\«~ + 3, e

I

,:.mmn polynomials are called Em Hanm-:_no polynomials o.. even ._nnan

Ifn=1,3,5,...and g, is chosen- to be Nﬂo. then the solutions,

using Eq. (1.5-11), become

.V-ARV : Q.k.v

yix) = Q_AR - Wkuv.
ys(x) = n_Ak - %k + mkv _ etc.
: 5
If we again impose the 8:&:0: that ?AC 1, then we can evaluate the g, to
obtain . o
Px) = x, . Px) = 2% - 30,
: . : -(1.5-13)
Pyx) = wauku_! 70 + 15x), . ...

These polynomials are called the Legendre polynomials of odd degree. ®

The Hano.:__.a _B_E.e::s_m will be of use in m@ocoz 7.3, since they arise -

in vo::nmnwém_:n vnoEmBm axnaommoa in whxm:n& coordinates.

xo< Words and Phrases

recursion formula -

closed form

analytic

analytic function

ordinary point

singular point .

regular and irregular singular point
method of Frobenius

indicial equation
Bessel’s differential equation
- Bessel function of the first kind-
~ of order n,
Legendre’s differential equation
" Legendre polynomials of even degree
"Legendre polynomials of odd-degree:

CHAP.1.

I, then we can evaluate the g, to-

SEC.1.5

. Show :z: wmmca_zm ‘a solution o., the 3:: .v.

mo:om mo_::o:.m :
1.5 Exercises .

(a) Show that one solution of the a__m,n_.onca nncm:on y —-xy=0
1.5- ~ can be written as

e = M 147 G =)

(3n)!

(b) : Write the second solution in a &3:2. form.

(¢} Find the radius of convergence of the series in part (a).
(d) Observe that x,

‘ = 0 is an ordinary point and hence that both s
analytic. R :
Verify that y,(x) = x and y;(x) = e are linearly independent solu
differential equation (x —1)y” — xy’ + w 0.

.Auv Show that the moE:o: obtained in mxmBEa ~ 5-2is ngEﬁ:oE

Y = n_k + e,

.(b) For what values of x is-the above solution valid?

.N.Je a.x" for the equ:

anv. + u\.Q. +y =0

leads to the trivial solution y = 0.
. Verify that x-1/2 and 1/x are ::nmzw independent solutions of the

mxonnan A on every. ::Qéw_ not no:E:::m :.n origin.

Classify the .ﬁ:m:.mn no::m o». each of En following differential equa
{a) xy”" + xp’ + -y =0 =0,L12...

(b) xq.. —xy +y=0

Q) x4+ (dx— Ny +2y=20

d) X - DY+ x'x—- 1Dy +y= c
Use power series to solve each of the mo__oiim nn:uconm.
@ y +y=0
) y'-y=0
(© y-y=x
{Note that the noin_, series Bna..om am :on _E:SQ to \Siomm:mo&

@ y -xy=0. . foa

_(If possible, write the solution in QOmon_ form.)
& d+xp" +2p! ~2y=0
Solve each of the »,o__os_zm &mﬂn::m_ on:m:osm by the method of I
(@) v +y +xy=0
b) dxy”" + 2y +y =0

e X"+ iy -2y =0

Solve the equation
Xy + 2yl =

by two methods. (Hint: x is an Enomaamm factor.)
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for numerical
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(2:315)

: the ordinary
:ments. Thus,

()

BESSLL'S LOUATION AND RLLATED FUNCTIONS

1 . 2n

X
=L

n=0Q <~
This series is recognized as I,(x). Thus

Jo(ix) = I,(x) (2:3-16)

2.4 THE GENERAL BESSEL EQUATION

In the previous sections you have been introduced to the family
of Bessel equations (ordinary and modified) and the correspond-
ing family of functions. As engineers it would be convenient to
have at our disposal a fast method of obtaining solutions to the
various forms of Bessel’s equation. This section presents a
“cookbook™ method of obtaining solutions,
The general Bessel equation is given in Refs. [4, 9]as
X2 4 [(I — 24)x — 2Bx?]u’ | |
+ [C2D?x3C 4 B2x2 — B() — 2A)x + A* — C*n?Ju =0
(2:4-1)

This has the solution

=X C I (Dx) + G Y,(Dx¢)] (2:4:2)

thnhﬁyo‘u'mecf” an cquation you think might be a Bessel
equation, first attempt to put it into the form shown in Eq.
(2:4-1). The next step is to solve for A and B by comparing the
coefficient of ' in your equation to Eq. (2:4'1). Then solve for
C, D, and n by comparing the coefficients of u in each equation
and using the previously found values of 4 and B. If you cannot
find 4, B, C, D, and n, you have either made a mistake or else
your equation is not a Bessel cquation. :

Whenever D is found to be an imaginary number, Jyand Y,
should be replaced by I, and K, with the same argument except
for omitting the i = ./—1. This follows from the relationship
between the ordinary Bessel functions of complex argument and
the modified Bessel functions developed in Sec. 2-3-3,

As an example of how to make use of the gencral Bessel
equation, consider the circular-fin problem discussed in Sec.
2:0. The differential cquation (2:0-2) was found to be

1
W+ —u — My =0 (2:4:3)
p

The boundary conditions are that u(a) = 1 and u'(ly = 0.
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ANALYTICAL METHODS IN CONDUCTION HEAT TRANSFER

The first step is to put Eq. (2+43) into the standard form
comparable to Eq. (2:4:1). Thus multiplying through by r* gives

2+ o — MArtu =0 (2:4-4)
By comparison of Eq. (2:4:4) with Eq. (2:4°1),
1 — 24 =1 or A=0
2B =0 or B =0
2C = 2 or C =1
2 iM
C2D? = —M?>  or D—_—'—C—ziM
C*n* =0 or n=20

Therefore the solution to Eq. (2:4-4) is given by Eq. (2:4:2) as
u(r) = CJoliMr) + C, Y, (iMr) (2:4°5)

Since J, and Y, have an imaginary argument i, they can be
related to I, and K,. From Appendix B we find that Jolix) =
I,(x) and Yy(ix) = ily(x) — (2/m)K ,(x). Thus Eq. (24:5) can be
rewritten as

u(r) = C,Io(Mr) + CZ[iIO(Mr) - —i—KO(Mr):|

= (C, + iCy)I,(Mr) + <——3{~CZ> K (M)

or
u(r) = Cylo(Mr) + CoKo(Mr) (2:4-6)

The engineer usually skips over the intermediate steps shown
above for going between Egs. (2:4'5) and (2:4-6). They are shown
here to be sure you understand what is behind this change of

functions.
The constants C, and C, arc evaluated by making the solution

satisfy the boundary conditions. First, since u(a) = 1,
I = C310(MC1) + C4K0(Ma) (247)

Next, we must cvaluate the derivative of u to use in the second
boundary condition. Differentiating Eq. (2:4-6),
du

d d
dr C; dr Iy(Mr) + C, dr o(Mr)

b6

dly(h

3 A(M

Now, from Apy
d

1’ X} = — \
()(\) dx [0(

and

, d
KO(X) = K K,

Thus

dl,(Mr)
d(Myr) = L/(M

and

dK (M)

d(M;T = -k

The expression f:

e
dr - 3 I(Mr)ﬁ'

Since the secon
yields

0= Cy,MI(M) -

or
0= CyI,(M) — «

Equations (24:7) -
for Cyand C,. Th
as

I(Ma)Cy + Ko/
I (M)Cy — Kl

and then solving | -
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chind this change of

y making the solution
su(a) =1,

(2:4°7)

- to use in the second

,4.6 ,
)

BESSEL'S EQUATION AND RELATED FUNCTIONS

L dIy(Mr) d(Mr)+ dK (Mr) d(Mr)
T dMr) dr YAy dr

Now, from Appendix B,

d
Iy(x) = ——Ip(x) = I,(x)
dx
and
, d
Ky(x) = —— Ko(x) = — K (x)
dx
Thus
dl,(Mr)
= [, (Mr
aony M)
and
1K (M
o1 _ K, (M)
d(Mr)
The expression for the derivative then becomes
du
i C,[,(MnM — C,K,(MnM
dr

Since the second boundary condition is u'(1) = 0, the above
yiclds

0=C,MI(M) = C,MK,(M)
or

0= C,I,(M) — C,K,(M) (2:4-8)

Equations (2:4'7) and (24-8) must now be solved simultaneously
for C, and C,. This is most casily done by rewriting the equations
as

I[,(Ma)Cy + Ky(Ma)C, = 1
[,(M)Cy — K\(M)C, =0

and then solving by determinants to get

|1 Ko(Ma)
C3:= 0 “‘Kl(M) —‘Kl(M) .

Io(Ma)  K,(Ma) l: “TIo(Ma)K, (M) — I,(M)K(Ma)
L(M)  —K,(M)
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EXAMPLE

ANALYTICAL METHODS IN CONDUCTION HEAT TRANSFER

llo(Ma) ll

c - L(M) 0 B —1,(M) B

4 Iy(Ma)  Ky(Ma) ‘* —Io(Ma)K, (M) — I,(M)Ky(Ma)
(M) —K(M)

The negative signs can all be canceled in the above and C; and
C, substituted into Eq. (2:4-6) to yield

K (M)I(Mr) + I,(M)Ky(Mr)
IL(Ma)K (M) + 1,(M)Ko(Ma)

This completes the solution of Eq. (2:4-3) using the gencral
Bessel equation procedure. From here on, this will be the way
to solve Bessel equations. As engineers we need not be concerned
with series solutions each time we encounter a Bessel equation.
The notion of a series solution should be valuable, however, in

that

u(r) = (2:49)

1. It should have helped your understanding of Bessel functions,
and

2. You may sometime need this method to solve non-Bessel
equations.

To complete this section, it might be well to give a numerical
example to be sure that the Bessel function tables are being
correctly used and that the translation from normalized tem-
perature back to temperature in degrees Fahrenheit is understood.

For the circular-fin problem discussed in Sec. 2°0 and solved
above, determine the tip temperature if M = 2.0, a = r;/r, = 0.8,
t; = 300°F, and t, = 100°F.

At the tip, the normalized variable r is unity. Thus Eq. (2:49)

gives

_ KiM)Lh(M) + L(M)Ko(M)
Iy(Ma)K (M) + I,(M)Ky(Ma)

K (20)1p(2.0) + I, ( 0)K,(2.0)

I (1.6)K,(2.0) + 1,(2.0)K,(1.6)

Using a table of Bessel functions (Ref. [8], for example),

~0.1399(2.280) + 1.591(0.1139)
~ 1.750(0.1399) + 1.591(0.1880)

u(l)

NS A

= 0.9196

u

6%

Since we

ttip - [o(\
ti - toc

or

ttip = too

= 100
and finall

tlip = 28?‘;

2.5 THO!

Another s
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oscillating
discussed
should ref
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modified B

I(x /1) =

Ko(xy/i) =

Here, ber,
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representat
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parts. For :
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n=0

Replacing x

Io(xy/i) =
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This series ¢;
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yample),

BESSEL'S EQUATION AND RELATED FUNCTIONS

Since we had defined u = (t — t,)/(¢t; — t,), we have

t. — L
e * 09196
t. —t

i oa

or
tip = L. + 0.9196(t; — t..)
= 100°F + 0.9196(300°F — 100°F)
and finally,
= 2839°F

up

2.5 THOMSON FUNCTIONS

Another set of functions, closcly related to the Bessel functions,
are the Thomson functions. These often appear in the analysis of
oscillating heat-transfer systems. They are defined and briefly
discussed in this section. For more detailed comments you
should refer to any of several books discussing these functions
[1,2,3]

These functions are best defined by their relation to the
modified Bessel functions as follows:

Io(x\/) = ber x + ibeix (2:51)

Ko(xy/i)= ker x + ikeix (2:52)

Here, ber, bel, ker, and kei are called Thomson functions. They
are real functions that have been tabulated [8]. Their series
representations can be found by substituting x\/zT into the series
for I, or K, and separating the result into real and imaginary
parts. For cxample, consider the series for Iy(x):

¥ _\,Zn
Iy(x) = =
0(\) "go 2211(” ‘)..
Replacing x by \\ﬂ gives

gl/‘)Zn
n(” |)

I \__n i
- rx;z'() 2_:2—'( )

This series can be rewritten as two scries, the first containing the

IO(-\‘\/}) = Z

n=20 2
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'PDEé OF MATH. PHysIcS b7 TYCHoNOY o SYMARSIS)

CLASSIFICATION OF PARTIAL DIFFERENTIAL EQUATIONS
OF THE SECOND ORDER

Many problems of mathematical physics lead to partial differential equa-
tions. Differential equations of the second order occur most frequently; in this
chapter we shall consider their classification.

1-1. DIFFERENTIAL EQUATIONS OF THE SECOND ORDER WITH
TWO INDEPENDENT VARIABLES

A relation between an unknown function #(x, ¥) and its partial derivatives'
up to and including the second order derivatives is designated as a partial
differential equation of the second order in the two independent variables x
and y: ':

O, 3, Uy Uy Uy s Uex, Ueyy Uyy) = 0 .

The equation has an analogous form for more than two independent variables.
A partial differential equation of the second order is called linear with
respect to the highest derivative, if it has the form

Auitber + 20008y + Qosttyy + F(x, 3,0, e, uy) =0, (1-1.1)

where the coefficients a;;, a,,, and a.; are functions of x and y.
If the coefficients are not only functions of x and y, but also F' is a function

“of x, ¥, #, #., and wu,, then it is called a quasilinear differential equation.

The equation is called linear if it is linear in the higher derivatives
Usx, Uey, Uyy, also in the function u(x,y), and in the first derivatives u., #,:

Auilhex + 20150y + oty + Ditt + bty +cu + =0, (1-1.2)

where a;, @i, @, b1, b2, ¢, and f are functions which depend only on x and
y. If the coefficients are independent of x and y, then Eq. (1-1.2) is a linear
differential equation with constant coefficients. Equation (1-1.2) is called
homogeneous if f(x, y) =0.

With the aid of a unique inverse transformation

! For the derivatives we use the symbols

ou 3"u 3 a*u
a_x'y uy=5;: uxx-_—'a?'; Ury = axdy ' Uyy = PR

Ux =
% ay
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E=ga(x,y), 77=‘/)(xry)
we obtain, under certain assumptions on ¢ and ¢,

which is equivalent to the original equation. There now arises the question
of how the variables & and y are to be selected so that the transformed dif-
ferential equation assumes as simple a form as possible. This question will

be answered now for a linear equation of the form (1-1.1) with two independent
variables x and y,

If we transform the derivatives to the new variables, we obtain
U =l + Uy,
Uy = wfy + uyy, ]
Une = Ugels + gl + thyy? + Ul ex + Unss
Uey = Ugtlely + uen(§0y + 6,02) + thowyay, + Utlry + Un2ay
Uy = Uit + 2008,y + U + sy + sy, .

a new differential equation

(1-1.3)

If these expressions are inserted into (1-1.1) an equation results of the form

Gttt + 281ty + Gogttry + F =0 , (1-1.4)
where :

@y = a, & + 2a.08.6, + 42252
512 = all$x77x + 012(5::77;' + ﬂxéy) + a22§y77_y
@2 = @ + 2au0., + awy’

and F is independent of th

e partial derivatives of the second order of wu(¢, )
with respect to ¢ and 7.

If the initial equation is linear, that is,

F(x» Yo u,u,, uy) = blux + bzl-ly + cu +f(.‘6, y) s
then F has the form

= %
F, n,u, 0, un) = Bous + Baten + yu + 88, 9) ;

that is, the transformed differential equation is |

We now want to choose the tra
vanishes. To thig end, we examine
order of the form

ikewise linear.?
nsformation such that the coefficient a,,
a partial differential equation of the first

auZs + 20102.2, + a2’ =0 (1-1.5)

Let z = p(x, ) be an arbitrary particular solution of this equation.

§ = ¢(x,), then the coefficient @, is obviously equal to zero. In this manner

the above-mentioned problem of the selection of the new independent variables
¢ and 7 is linked with the solution of Eq. (1-1.5). '

First we shall prove the following lemmas.
Lemma I If z=9(x,y) is a particular solution of the equation

If we set

2 If the transformation of the variables is linear, then ¥ = F, since the second «deri-

vatives of & and 7 vanish in formula (1-1.3), and in the expression for F none of the
transformations of the second derivatives appears in the preceding sums.
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1-1, DIFFERENTIAL EQUATIONS WITH TWO INDEPENDENT VARIABLES ' 3
auzi + 20122, + anz; =0,

" then ¢(x,y) = C~is a general integral of the ordinary differential equation
audyt — 2a1dxdy + axndé® =0 . (1-1.6)

Lemma 2. Conversely, if ¢(x,y) = C is a general integral of ‘the ordinary
differential equation ' :

a11dy2 o Zﬂlzdxdy + azzdx2 =0 y (1'1.6)

then z = ¢(x, ¥) satisfies Eq. (1-1.5).
Proof of the first lemma. Since the function z = ¢(x,y) satisfies Eq. (1-1.5),
the equation

3 .
au<io"x) - 2“12(—‘&> + =0 (1-1.7)
Py Py . .

is valid for all x, y of the region in which z = ¢(x, ) is defined and ¢,(x,y) # 0.
The relation ¢(x,y) = C is a general integral of Eq. (1-1.6) if the function y
- defined implicitly by ¢(x, y) = C satisfies Eq. (1-1.6). If, namely, y = f(x, C)
is this function, then it satisfies '

12. _ @x(x, y) : -
dx [%(x, y)]y=f(x.a> _ . (1-1.8)

and hence

)= o]
DN _ 200+t = | an( —2) — 220 —2) + =0,
au( dx 12 dx + as Qg o, a2 o, (223 P

so that y = f(x, C) satisfies Eq. (1-1.6). The expression in the brackets vanishes,
not only for y = f(x, C), but for all values of %, y.

Proof of the second lemma. Let ¢(x,y) = C be a general integral of Eq. (1-1.6).
We can show that for each point (x,y)

an@: + 2a,:0.0, + Gy =0 (1-1.7)

is valid. Let (xo,¥.) be any given point. If it can be shown that Eq. (1-1.7)
is satisfied at this point, it follows that Eq. (1-1.7) is valid at all points, since
(%o, ¥o) is arbitrarily chosen. The function ¢(x, y) then represents a solution

‘ of Eq. (1-1.7). We now construct through (%, y,) an integral curve of Eq.

(1-1.6) in which we set ¢(xo, ¥0).= Co and consider the curve y=jf(x, Cy).
Obviously, ¥ = f{x,, Co). For all points of this curve the following equation
is valid,

() e o= [ (=) - 2= 2) + o]
—— ) — 20—+ ap=|aul - ) —2a{ -] + a =0.
(lxx( dx L 22 11 o, 12 o, 22 e 2, 0

If we set x = x, in this equation, we obtain
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aix#’i(xo 2 Yo) + 28100:(¥0 , Yo)0(%a, ¥o) + azmi(xo y Vo) =0,

which was to be proved.’

Equation (1-1.6) is called the characteristic equation of the differential Eq.
(1-1.1); its integrals are called characteristics.

If we set & =go(x,y), where ¢(x,y) = const. is a general integral of Eq.
(1-1.6), then we find that the coefficient of ug vanishes. Likewise the coefficient
of um equals zero if ¢(x, ¥) = const. is an additional general integral of (1-1.6)
independent of ¢(x, y) [see footnote 5] and if we set y = ¢(x, y).

Equation (1-1.6) yields two equations

dy _ap+ -l/a%z — Q11
dx ay

1-1.9

P2
dy _ Gy — .'/dlz — QG
dx Qyy !

The sign of the expression under the root determines the type of the  dif-
ferential equation

(1-1.10)

Aulley + 2Q1082y + Aogttyy + F =0 . 1-1.1)
At the point M we shall say that it is*

of the hyperbolic type if at this point a% — @y az > 0,
of the elliptic type, if at this point a% — @y @z <0,
of the parabolic type, if at this point e}, —a;,a:. = 0.

We can easily show the validity of the expression

2 U 2
Q13 — Q11 Gzp = (@13 — Ay Aso) & Ny — fyvx)z B

from which the invariance of the type of equation follows under a trans-
formation of the variables. At different points of the region of definition,
the equation can be of changing type.

For the following considerations we take as basic a region G, at each
point of which Eq. (1-1.1) is of one and the same type. Through each point
of the region G two characteristics arise which are real and distinct for a
differential equation of the hyperbolic type, complex and distinct for a dif-
ferential equation of the elliptic type, and real and equal for a differential
equation of the parabolic type. We shall investigate each of these.cases
separately.

1. For an equation of the hyperbolic type ai — ayaq; > 0, the right sides
of the differential Eqs. (9) and (10) are real and distinct. The general

® This relationship between Egs. (1-1.5) and (1-1.6) is the equivalent of the well-known
relation between a linear partial differential equation of the first order and a system of
ordinary differential equations. This can be shown if the left side of Eq. (1-1.5) is
represented as the product of two linear differential expressions. :

[See V. I. Smirnov: Course in Higher Mathematics, Part II, 2d ed., Berlin, 1958, p. 62,
and V. V. Stepanov: Textbook of Differential Equations, Berlin, 1956, p, 328 (Translated
from Russian). :

* This terminology is taken from the theory of curves of the second order.
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egrals o(%,y) = C and ¢(x, y) = C of these equations determine a real set
of characteristics. We shall set
' E=0xy) 1=9¢)) ' (1-1.11)

and reduce Eq. (1-1.4) after division'by the coefficient of #¢, to the form

F

2@,z

Uen = D&, u, ue,4n) . With @ =— i #0.

This is the so-called canonical form for an equation of the hyperbolic type.’

-Frequently, a second canonical form is used. If we set

f=a+B np=a—§

§+7n _&€—2
2 p= 2

*where « and B are the new variables, then

o =

1
ue = % (e + us) Ung = % (e — 1) Uen = y (U — tga)

whereby Eq. (1-1.4) finally assumes the form
Uow — tps = Oy @, =49

2. For an equation of the parabolic type, al: — @uaz = 0. Consequentlir
Egs. (1-1.9) and (1-1.10) coincide, and we.obtain only a single general integral
of Eq. (1-1.6): ¢(x, y) = const. In this case, we set

¢=o¢x,y and p=1x13),

where 7(x,y) is an arbitrary function independent of ¢. By this choice of
the variables we find '

611 = all&: +' zalZExey + a22&;2a = (t/ all&x + -‘/a—;;Ey)z = 0 L

5 The introduction of the new variables ¢ and 5 through the functions ¢ and ¢ is only
possible when these functions are independent of each other. Thus it is sufficient that
the corresponding functional determinant obtained from these functions be distinct from
zero. This is the case here, since if

|¢x ¢'x
¢y ¢y
at any point M were zero, then for this point the columns of the determinant would be
_proportional to each other; hence

s s
- ’
@y ¢y
but since
©x @z + Vals — auge @x a2 — V als — auae 2
_—= and —_—= = a}s — auaz >0,
@y an ¢y a1t

this is impossible (without loss of generality we assume ay; # 0). Thus, the independence
~of functions ¢ and ¢ is demonstrated.
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since a,; = (a,,)"/*(@,5)""% from this it follows that

Zilﬁ = all ex vx + alZ(Ex 7}y + $y77x) + azz Sy vy
= ('l/auEx + v &) (v Qe+ Y any) =0,

After dividing Eq. (1-1.4) by the coefficient of #wm, the canonical form

. *F _
U = @&, 9, u, Y, ur)  with @ P dy #0

results for an equation of the parabolic type. If, in particular, #: does not
appear in this equation, then it is an ordinary differential equation with & as
a parameter,

3. For an equation of the elliptic type, a —ayay, < 0, and the right
sides of Egs. (1-1.9) and (1-1.10) are complex conjugates of each other, Thus,
if

¢x,y) =C
is a complex integral of the differential Eq. (1-1.9), then
0*(x,9) =C,

where ¢* is-a complex function conjugate to ¥, a general integral of Eq.
(1-1.10), and a complex conjugate to (1-1.9). We introduce now complex
variables by setting

§=0x,9)  p=0%y).

In this way an equation of the elliptic type, as in the case of the hyperbolic
type, is converted to another form.

In order to avoid calculations with complex variables we introduce new
real variables ¢ and 8, through

*
a.__sogso f=2_¢

such that’
§=a+i8 n=a—i8.
Thus we obtain
auE: + 20125:5 + 02255
= (tzua,z, + zalzaxay + azzai) — (allﬁf + ZalZ,Bx,By -+ a22ﬂ5)
+ 2i(ay, a B + aa. B, + a, B.) + @ayfBy) =0,
from which it follows that
ﬁ“ = 522 and (712 =0.
After dividing by the coefficient of %aw, Eq. (1-1.4) takes the form®
& Such a transformation is valid only if the coefficients of Eq. (1-1.1) are analytic
functions. Namely, if 2, — anaz < 0, then Egs. (1-1.9) and (1-1.10) are complex; con-
sequently, the function y takes on complex values, We can only speak of the solutions
of such equations when the coefficients of ai(x, y) are defined for complex values of y.

For the conversion of the differential equation of the elliptic type to canonical form we
shall limit ourselves to €quations with analytic coefficients,
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i
Ay 7y) =0

canonical form
ﬁzz ?‘: 0

articular, #¢ does not
ial equation with & as

A3p < 0, and the right
. of each other. Thus,

aneral integral of Eq.
roduce now complex

case of the hyperbolic

les we introduce new

b + @ ,Bi)
T anayf,) =0

es the form®

Eq. (1-1.1) are analytic
1.10) are complex; con-
ly speak of the solutions
or complex values of y.
3¢ to canonical form we
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Une + Ups = @(a, ﬂ, U, U uﬂ) With Q= — Ggg F 0.

Depending on the sign of the discriminant @}, — @,,az;, the following

. canonical forms of Eq. (1-1.1) result:

hyperbolic type: U —Uyy =D  OF U=
elliptic type: Uss + Uyy = O
parabolic type: _ Uy =D

1-2. DIFFERENTIAL EQUATIONS OF THE SECOND ORDER WITH
SEVERAL INDEPENDENT VARIABLES

We shall consider now the linear differential equation with real coefficients.

_i Qi Usixg + 'il biu’i + cu +f= 0 Qi = Q3¢ (1'2.1)

llM:

where @, b, ¢, and f are functions of x,,%;,+++,%,. We introduce a new
variable &, by

Er =6k, %z, 00, Xn) k=1 ...,n.

Then

&,
™M=
X

Uz; = 2 U Qik
n n n
Usin; = kgl lgl ULy, ¢ ik 01 + kzl uek(ek)x.;xj ’

where for brevity au = 86,/0x; is introduced.
If now we substitute the expressions for the partial derivatives into the

" initial equation, we obtain

> T Auttee + 2 buthe, + cu + =0
k=11=1 k=1

with

3

o
At = .2 Z Qi ik Aj1

i=1 j=1

by

il
v

bi &jk + igl jZ} ai.’i(Ek)x‘-xj .

3=

We now consider the quadratic form

au YiYi, (1-2.2)

IIM=

whose coefficients coincide with the coefficient of a;; of the initial equation
at a point My}, --+, #s). Under a linear transformation

7
= E ik ke
k=1







OF THE SECOND ORDER

transform like the
nation. As is well
he coefficient matrix
mnal matrix in which

2 e n.

to the normal form.
a rule for quadratic

zero is equal to the
ative coefficients is

e if all » coefficients
he hyperbolic (or of
sfficients of @} have
: other in the signs;
(ual and » — m have
ype if at least one

at the point M,

mmverts the quadratic
$ = Sail x;.  Then
1e of the following

m>0

type into equations
é, etc., will not be

U LINEAR EQUATIONS WITH MANY INDEPENDENT VARIABLES 9

If Eq. (1-2.1) at a given point M belongs to a definite type, it can be
ransformed to the corresponding cancnical form. :

We now investigate further whether an equation in a definite neighbor-
ood of a point M can be transformed into the corresponding canonical form,
f at all points of this neighborhood it belongs to one and the same type.
f Eq. (1-2.1) can be transformed to the simplest form in a region in which
he elements of the coefficient matrix off the principal diagonal vanish, then
he functions

ei(xnxzy"_';xﬂ) i=112y"':n

must satisfy the relation & = 0 for £+ 1. The number of these relations
s equal to n(rn — 1)/2, and hence for # > 3 it is larger than the number #»
f the functions §; to be determined. For » = 3 the nondiagonal elements of
‘the coefficient matrix () usually can be made to vanish; then, however,
the elements of the principal diagonal can be distinct from each other.
Consequently, for » =3 it is impossible in a neighborhood of the point
"M to transform the differential Eq. (1-2.1) to canonical form. For # =2,
-it can happen that the single nondiagonal coefficient of the second-order
‘matrix vanishes, and the two coefficients on the principal diagonal are equal
“to each other as outlined earlier in this section.

If the coefficients of Eq. (1-2.1) are constant, then after a transformation
of (1-2.1) to canonical form at a point M we obtain an equation which has
the same canonical form in the entire region of definition.

1-3.  THE CANONICAL FORMS OF LINEAR EQUATIONS WITH CON-
STANT COEFFICIENTS

In the case of two independent variables, a linear equation of the second
order with constant coefficients has the form

Qi1 Uee + 20128y + Aaathyy + byt + botty + et + Fx,5) =0, (1-3.1)
A characteristic equation with constant coefficients corresponds to it.
Consequently, the characteristics in this case are the straight lines

- =
G + 1/012 — 8110Q3, %+ C, y = Q2 *1/012 — Q1182
ayy ayy

y x4+ C,.

After a corresponding transformation of the variables, (1-3.1) assumes one of
the following simple forms:

elliptic type: tee + Uny + bitte + botty +ctt + =0 (1-3.2)
. . Uen — bitte + byt +cu+ f=0 or 13

hyperbOhC type: {uee — Uy + by ue + b, Uy + cu +f= 0 ( .3)

parabolic type: Wee + bitte + baueg +cuu -+ =0 (1-3.4)

For further simplification we introduce

u=e*"y,
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which yields a new function of v where 1 and p are still undetermined
constants. Then

ue = &0 + )

Uy = (v, + o)

Uee = € (vge + 220 + 2°0)

then = € (0ey + 209 + pve + Apt0)

_ Uy = €T (vgy + 2p0 + ')

If we substitute thesevexpressions for the derivatives in Eq. (1-3.2), after
division by €***” we obtain

Vee t O+ (b + 200+ (B + 28 om+ (B + 2+ 0A+byp+)v+ f1=0.
If in this equation the parameters 2 and p are so chosen that there are two

coefficients, say in which both of the first derivatives are made to vanish,
that is, A = —(b,/2) and p = —(b/2), then we obtain

veet+vmt+ro+fi=0,

where y is a constant defined by ¢, b,, and b., and f, = f-¢"****7, In the
same manner we can derive the equations corresponding to (1-3.3) and (1-3.4).
Thus, we are led to the following canonical forms for differential equations
with constant coefficients:

elliptic type: Veet+ v+ 70+ f1=0
{ Vet 70 +f1=0

Ve —Um+rv+fi=0
parabolic type: Vee + bovy +f1=0

hyperbolic type:

We have already noted (1-2) that a differential equation with constant co-
efficients in the case of several independent variables,

'2”1 ,ﬁl QijUxix; + 'sz" Uy, + cu + f__: 0,
i=1 j= =

under a suitable linear transformation of the variables, can be transformed
to a canonical form which is the same for all points in the region of defini-
tion. If now we set

”»
(IR
u=¢e~" v,

a new function of » is introduced, and if 2; is selected appropriately, the
transformed equation can be further simplified so that in the case n =2, a
corresponding canonical form obtains.
Problems
1. Determine the region in which

Uex + Yoy, = 0

is hyperbolic, elliptic, or parabolic, and transform the differential equation,
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still undetermined

in Eq. (1-3.2), after

utco+f1=0.

that there are two
ire made to vanish,

=f-e;"‘€+“"’. In the
to (1-3.3) ar;d (1-3.4).
ifferential equations

or

m with constant co-

can be transformed
‘he region of defini-

d appropriately, the
1 the case n=2, a

.

differential equation,

]N_EAR EQUATIONS WITH MANY INDEPENDENT VARIABLES 11

Transform the following difierential equations to canonical form:
Uex + XUy =0
Yhay — Xy + e + Yy, =0 .
& ther + 26Uy + Mu,, = 0.
Uz + (1 + y)zu}'y = O .
Hthex + 2V XY they + Yttyy — s =0 . )
(X —Nttex + (£ — ¥ — 2+ sy =0 '
P ther — €ty + 1, =0,
sin’ Yo, — €y, + 3u. — S5 =0,
1) %er + 200y + by, + 20, + 30, =0
. Transform the following differential equation to canonical form and sim-
plify it as much as possible:

)
il
)

)

)
),
)

)
-h)

)

Aty + 201,y + athy, + bt + cuy +u =0

4. Simplify the following equations with constant coefficients by introducing
the function » = u#e™** and by a suitable selection of the parameters 2 and
Use + Uyy + att; + Pu, +7u=0.

1
uxx=-a—2-u,+au + Buts .

1
Uzx —Zau,y = au, + Buy + 1.

Ury = att: + Puty .
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b
/Pynymdx = 0 n#m (4.2.14)

a

Eqn. (4.2.14) is the orthogonality property of the eigenfunctions. The eigen-

functions are said to be orthogonal with respect to the weight function P(x) .
Now, suppose that, in the course of trying to construct the solution to

a PDE as a linear combination of eigensolutions of the linéar, homogeneous

partial problem, we are led to the point where we wish to determine the

coefficients in an eigenfunctioh expansion,
f(x) = Z Ay (%) : (4.2.15)

where the y, are eigensolutions of a Sturm-Liouville problem. Multiplying

(4.2.15) by Pym , and integrating over the problem domain,

N |
fny dx = Z A ny y_dx  (4.2.16)

a

But, because of the orthogonality property (4.2.14), all of the integrals on
the right will drop out, except the one where n = m . Hence, we can immedi-

ately solve for Am ’

Am ——_—B——‘/‘Pyzdx | (4.2.17)
m
The infinite series (4.2.15) will be useless if 1t fails to converge to
f(x) . In specific problems where one calculates the A it is easy to
perform the standard tests for series convergence. It is somewhat more
difficult to prove convergence in géneral. However, if f is équare—

inntegrable, i.e., if

4.7






b {,~—\‘“‘.~~__\"
2 , . . L
Pf"dx is finite Vo

a

*
then the series converges in the sense that

2 .
dx » 0

b N
lim / lf(x) - Ay (%)

This means that, if f is continuous over the interval a < x < b , the
series converges uniformly (at all x). However, if f is discontinuous at
some point, then the series will give a value at that point that is the
average of the values of f at points infinitesimally above and below the
point of discontinuity.

There are many problems of interest involving higher order system of
linear homogeneous equations. In these cases, there are no theorems or
general proofs of convergenée of the eigenfunction expansions. One has to

proceed by examining each case separately. However, problems arising from

well-thought through physical formulations rarely, if ever, give rise to non-
convergent expansions, so the analyst is usually safe in going ahead,
assuming cdnvergence, and then verifying it after the fact by ratio teéts,

numerical calculations, or other appropriate means.

4.3 Example - Vibrating String

For the vibrating string problem discussed in §4.l, the solution is given
by (4.1.6). The coefficients An‘ must be chosen such that (4.1.9) is
satisfied. The eigenfunctions Xn are eigensolutions of

X'+ Ai X =0 - (43.1)

and hénce, from Sturm-Liouville theory, have the orthogonality property

. .
See, for example, Ince, Ordinary Differential Equations, Dover, .
New York, 1956, : ' ]< “

%
R —
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sin(Ar) (4.4.26)

Ar

cos(lnro) (4.4.27)

1
SN—
i
=™

thing that cos(Anro) = (—l)n , (4.2.23) gives

n+1

A.n = 2(-1) o (4.4.28)

So, our final solution is, from (4.4.12%

31n(nﬂr/r ) 2 2
T(xr,6) = 2T z (™1 2R alrfacsi? (4.4.29)
nﬂr/r
Note that the series converges for all t . The series for 3T/dr , developed

from (4.4.,29) by differentiation, will converge for all t > 0 because of the
exponential, but does not converge at t = 0 . But this is not a serious
limitation. As t increases the series converges more rapidly, and at large

t the solution is given (approximately) by just the first term,

sin(mr/r ) 2 2
e o ——2 " at/r (4.4.30)

'nr/ro

4.5 Sturm-Liouville Denominator Integral

In analyses,leading to the Sturmeiouvillé problems, the orthogonality
property will produce (4.2.17). The denominator integral may Bé-expressed in
terms of quantities evaluated at the bbundary using a generalization of the
trick employed in the previous example. Let y(x,A) be a solution to-(4.2.l)
not necessarily satisfying the boundary conditions (4.2.2). Then, y(x,kn)

4.16

[
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Y
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will be an eigensolution satisfying the boundary conditions. We differentiate

(4.2.1) with respect to A , obtaining

2
3 (g 3y 2, | 3y _
N (s aXa>\>+ [Q + A P} 5 + 2APy = O (4.5.1)

Next, we multiply (4.5.1) by Ya and integrate over the problem range,

b . .
2 .
3_ gy [ 2 ] 3 . |
/ Yo | 3% (s axax>+ Q+ A°P| =+ 20Py | dx = 0 (4.5.2)

a

The first integral is integrated twice by parts, and (4.5.2) becomes

b b
3%y ¥y
Yo S 3xan | T 3% YnS
a a
) b ~ b
5
+/ % (SyI'I)' + [Q + )\ZP:]yn dx + 2}\/ APyyn.dx = 0 (4.5.3)

a ) a

Now, if we set A = An , the first integral drops out (because the integrand

contains the Y equation), and hence

b . b 2 b
2 . 1 |3y %y
/ Py, dx Y RER oS Sxan (4.5.4)
a a ' a |y oy

Thus, the denominator in A.n can be evaluated without recourse to integration.

4.6 Removal of Inhomogeneities in the PDE and BCs

In the previous problem, the PDE and BCs were homogeneous, and there-

S fore eigensolutions of this homogeneous problem could be found. By taking a

4,17
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Special Functions

Introduction

In Chapters 3-7, discussions have been confined to (initial) boundary value problems
expressed in Cartesian coordinates (with the exception of Laplace’s equation in polar
coordinates in Section 5.3). When separation of variables, finite Fourier transforms,
and Laplace transforms are applied to initial boundary value problems in polar,
cylindrical, and spherical coordinates, new functions arise, namely, Bessel functions
and Legendre functions. In Sections 8.3 and 8.5, we introduce these functions as
solutions of ordinary differential equations, as this is how they arise in the context of
PDEs. Bessel’s differential equation and Legendre’s differential equation are homo-
geneous, second-order, linear differential equations with variable coefficients. The
most general form of such an equation is ’

d d
P77 + QM) + Ry = 0. C)

A point x, is said to be an ordinary point of this differential equation when the
functions Q(x)/P(x) and R(x)/P(x) have convergent Taylor series about x,; other-

~ Wise, x, is called a singular point. When x, is an ordinary point of (1), there exist two -

287
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independent solutions y,(x) and y,(x), both with Taylor series convergent in some
interval |x — x| < 8. A general solution of the differential equation valid in this
interval is ¢, yx) + c,y,(x), where ¢, and c, are constants,

When x,_is a singular point of (1), independent solutions in the form of power

o0

series Zn _o 4,(x — x,)" about x, may not exist. In this case, it is customary to search for

solutions in the form
L) 0
(x = Xo)f Y, @ux — Xo)" = 3, aulx — X0)"*" ()
n=0 n=0

called Frobenius solutions. Solutions of this type may or may not exist, depending on
the severity of the singularity. A singular point X, is said to be regular if

X R(x
20 and (x — Xo) R(x)
P(x) P(x)
both have Taylor series expansions about x,. Otherwise, x, is said-to be an irregular
singular point. .

When x, is a regular singular point of (1), a Frobenius solution (2) always leadstoa

quadratic equation for the unknown index r. Depending on the nature of the roots of
this que iracic calied e indiciad eiadizg, heee sl Dams arise; thiey are sannnusised

in the following theorem.

(x — xo)

Let r, and r, be the indicial roots for a Frobenius solution of (1) about a regular singular point
x,. To find linearly independent solutions of (1), it is necessary to consider the cases in which the
difference r, — r, is not an integer, is zero, or is a positive integer.

Case 1: r, # r, and r, — r; # integer,
In this case, two linearly independent solutions,

109 = (x = %) 3 an(x — o' with ap = 1 (3a)
n=0 .
and P2(0) = (x — %6)? 3 bulx — xo)f" With by = 1, (3b)
n=0

always exist.

Case2: ry=r,=r.
In this case, one Frobenius solution,

7100 = (x = Xo)" Y, ay(x — Xo)" with ao =1, - (49)
n=0 .
is obtained. A second (independent) solution exists in the form

72 = pOIInGx — o) + (6 = xof 3, Ax =)y x> %o (4b)




29. Laplace

29.1. Definition of the Laplace Transform

One~dimensional Laplace Transform
2911 jO=2{FO)=[ P

F(t) is a function of the real variable ¢ and sis a
complex variable. F(¢) is called the original func-
tion and f(s) is called the image function. If the
integral in 29.1.1 converges for a real s=sg,, i.e.,

>. B

lim et F(t)dt

4-0J 4

Bow
exists, then it converges for all s with #s>>s,, and
the image function is a single valued analytic

Transforms

function of s.in the half-plane %s>s,.

Two-dimensional Laplace Transform

29,1.2
S, =2 (Fa,)= f e=w=F (z, y)dady

Definition of the Unit Step Function

0 (t<0) e -
| 20.1.3 u(t)={ o (t=0) Heaw
1 (>0) skef

" In the following tables the factor w(t) is to be

understood as multiplying the original function
F(t).

29.2. Operations for the Laplace Transform !

Original Function F(t)

TAda

Image Function f(s)

29.2.1 F(t) f " e P (1)dt
0

Inversion Formula '

29.2.2 1 et
553 ). enfEds 5®

Linearitg} Property

29.2.3 AF(t)+BG(t) Af () +Bg(s)
Differentiation
29.2.4 F'(t) _8f(8)-F(+O)
29.2.5 Fm) §"(8)— 8" L(+0)— " 1! (4-0)—~ . . . — F=1(4-0)
Integration : ‘
29.2.6 : ‘
? [ Fear 0
0 S

29.2.7 o 4 1

J;J; F)d\dr .-g-.‘;f(s)

Convolution (Faltung) Theorem
29.2.8 ¢
SR ,J; F\(E=r)Fo(r)dr=FF, . S8

29.2.9 _ tF(t) 65) Differentiation
29.2.10 (—1)"*F(t) F™(s)

York, N‘Ye‘t'eiig%‘permi‘ssion from R. V. Churehill, Operational mathematies, 2d ed., McGraw-Hill Book Co., Inc., New
1020







LAPLACE TBANSFORMS 1021

Original Function F(t) Image Function f(s)

1 Ingegration
29.2.1; 7 F(t) J: flx)dz
Linear Transformation
29.2,12 e FYt) fls—a)
29.2.13 (:} F (2) (€>0) f(cs)
29.2.14 % QIO (é) (€>0) fles—b)
Translation
29.2.15 F@—b)u(t—0b) (6>>0) e "f(s)
Periodic Functions
20.2.16 Ft+a)=F(2) ﬂ e F(t)dt
. 1—g—
29.2.17 Flt+a)y=—F(2) fo e F(t)d
’ 14e7os
Half-Wave Rectification of F(t) in 29.2.17 |
29.2.18 F(t) Zw()) (—=1)™u(t—na) Té%l_;—x
7n =
Full-Wave Rectification of F(t) in 29.2.17
29.2.19 |F(t)| f(s) coth &
Heaviside Expansion Theorem
: m o) ., p(s) — _
29.2.20 ; ae) e )’ g(8)=(s—a)(s—ay) ... (s—a,)
p(s) a polynomial of degree<m
a s P Tt _p6s)_
29.2.21 e g =)l G=1) G—a)

p(s) n polynomial of degree<r

29.3. Table of Laplace Transforms??

For a comprehensive table of Laplace and other integral transforms see [29.9]. For a table of two-
dimensional Laplace transforms see [29.11].

f(s) I
1 |
29.3.1 ! 1
S
29.3.2 | 1 ¢
‘ 8

2 The numbers in bold type in the f(s) and F(£) columns indicate the chy wpters in which the properties of the respeetive
higher mathematical functions are given.

3 Adapted by permission from R. V. Churchill, Operational m: uhunqtm\ 2d. ed., McGraw-Hill Book Co., Lne., New
York, N. Y., 1958,






29.3.3

29.3.4

29.3.5

29.3.6
29.3.7
29.3.8
29.3.9
29.3.10
29.3.11
29.3.12
29.3.13

29.3.14

29.3.15
29.3.16
29.3.17
29.3.18
29.3.19
29.3.20

29.3.21

7
1 .
S—’" (n‘“ l: ““ ’31 )
1
=
8—3/2
gt n=1,2,3,...)
_Fg") >0
1
s+a
1
(8+4a)?
1 o .
—(m-)-;; (71;::1,.4,3,...)
IN(
o (ab)
Gta)s+p @

) |
GraGEn (@D

1
(s+a)(s+0) (s+c)

“(a, b, ¢ distinct constants)

_1
82+(l2

S
82+a2

1
P—at

N
82"“(12

1
s(s4-a?)
1

§2(s%+a?)

1
T

LAPLACE TRANSFORMS

6

6

1 O]

2"t"°‘§

"1.3:5... @2n—1)

tlc—l

e—nt

te~al

tn—le—at
(n—1)!

tlc~le-at

e al_e-bl
b—a

ae—a!_be—-bt
a—b

_(b—c)e=*+(c—a) e+ (a—b)ec!

(@—b)(b—c)(c—a)

lsin at

a

cos at

1.

= sinh at

a

cosh at

i (1—c t)
4 (l—cosa

1, .
p (at—sin af)

1 . .
5 (sin at—at cos at)







29.3.22
. 29.3.23
29.3.24
29.3.25
29.3.26
29.3.27
29.3.28
29920
29.3.30
29.3.31~
29.3.32
29.3.33

29.3.34
29.3.35
29.3.36
29.3.37
29.3.38
29.3.39

29.3'“
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f(®

-5
(82+aﬂ)2
82
(#Fa?)?
8’—(12
(s a?)?
ETaGEm @)
1 - 1
(s+a)*+8 ~ shast (w?)
-8+a
(s+a)?+8?
3a?
£4-a?
4a?
8*4-4q¢

5
3-4q¢

8a%s?

1 (s—l n )
8 8

_5

(8+a)t

VFa—y5 Tl

1

\(s+a
V8
s—a?

Vs

8+a?

1
v&(s—a?®)

F(t)
étfz sin af
1 .
30 (sin at+-at cos at)

t cos at

€os at—cos bt

€™% cos bt

e~ — glat (cos ﬂg—-\/ﬁ sin atﬁ)
2 2
sin at cosh at—cos at sinh gt
) .
5,2 %in at sinh at
1 . .
35 (sinh at—sin at)
1
25 (cosh at—cos ut)
(1-+a%?) sin at—at cos at
L.(t) 22
ﬁ e"’i(l—Zat) :
i

1
2/rt?

-0t ___ ,—at
(e e”%)

1
—==—qae orfc q+/t 7
vt ‘/-

—l_—z-i-aeﬂ’l orf a+/t 7
™

‘/

L2 f i 7
. |

Vat

é e erf a4/t 7
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).3.41
).3.42

3.3.43
2.3.44
9.3.45
9.3.46
19.3.47
29.3.48
2.9.3.49
29.3.50

29.3.51
29.3.52
29.3.53

29.3.54
29.3.55
29.3.56

29.3.57

LAPLACE TRANSFORMS

f(®

1
V&(s+a®)

b2—a?®

(s—a*) (b++3)

1
Vs(¥s+a)

1
- (s+a)vs+b
b2_a2

Vs(s—a?) (Ys+b)

(1—s)"
T

(1—s8)"

Vst2a
75

—1

1
Vo rayeth
k)
(s+a)¥(s+b)"

1

(T ys
Ve+2a++/s

(a—b)*

Giratvarpe 77

(sFat+s)™"
x/E s+a

1
T

(>-—1)

(V¥Fai—s)’
m—-— v>-—1

1 _
ey #0

| (%)H/‘

(k>0) 6

et[b—a erf a+/t]—bet* erfc b/t

%! erfc av/t

\/’T e~ erf (x/b—a\/_)
ot [2— erf (aﬁ)——l]—}—e”z‘ erfc b/t
——— H,,(+/1)

H2n+l(1/—)

(2n+1)‘ (2n+DWr

eI (at)+1 o(at)]

P g(a+b)xI( )
Vi (Gh) e (57)
v [ (5 (5]

4 -M.Il (a t)

I:e yatdiy, ( )

% e”¥1,(}at)

o =

Jolat)
a’J,(at)

£\
-r—(,g(ﬁ J-s(at)

22

22

10

6, 10







29.3.58

29.3.59

29.3.60

29.3.61

29.3.62

29.3.63

29.3.64

29.3.65

29.3.66

29.3.67

29.3.68

29.3.69

29.3.70

29.3.71

(s—yo7=a)"

O

(V&'+a*—g)*  (k>0)

m (”>—'1)

(>0)

1
(83_a2)l .

"1 14coth ks
s(l—e~™) 2s

1
s(e¥—a)

1 tanh ks
s

1
8(14e~™)

l, tanh ke
8

S
s sinh ks

1
8 cosh ks

LAPLACE TRANSFORMS

F@)
2
ktl Jr(at)

a'l,(at)
% (% k—alk—g (at)
u(t—k)

(t—ku(t—k)

(t—k)+!

TGy P

u(t)—u(t—k)

g u(t—nk)

i
[

il a* W (t—nk)

u(t)+2 i}l (—1)"u(t —2nk)

i (=1)*ue(t—nk)

2k

6,10

2k

3k

2%

tu(t) 42 il (— )" (t—2nk)u(t—2nk) W’\/

2 io uft—(2n+1)k]

2 % (—1)™u[t— @n+1)k]

3

&k

N

1025

ak
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29.3.72

f(8)

LAPLACE TRANSFORMS
F(t)

1 coth ks
8

w(t)+2 3 u(t—2nk) __]_’.’
Nim) |
29.3.73 ’+k’ coth == 2Ic sin kt| m

R
1 ) . .
29.3.74 m g (=1 u(t—nw) sin ¢ .I--A | /\‘ #*
1 —5 0 » 2 ir
29.3.75 S Jo(2VEkt) 9
1 & 1 !
29.3.76 = ¢ == cos 2yt
p [4 -\/ﬂ'—t- cos ‘\/—‘ !\
29.3.77 1,: 1
oo 75 e’ T—t cosh 2\/?{ f
1 -k ' 1
29.3.78 =€ * —— sin 2vkt
8 wk
29.3.79 R L sinh 2y ' !
83/2 \/;r—]:' '
29.3.80 Lot (>0 (E)"—z' (24F2) 9
stde o u ‘ k p—1 t
1 kX p=1
29.3.81 S e (u>0)‘ (%) T I, (2Vkt) 9
29.3.82 k3 ‘ _k_ <_@2_
e (k>0) PWat exp ( —7; |
29.3.83 % et (k>0) erfe —-"% 7
2t :
29.3.84 1 1 & |
we = - wmee(w)
.3.
29.3.85 El; e~HVe (k>0) \/- e‘tp( ) ~k erfc —= Wi —ZJt ierfe 2—% 7
29.3.86 1 _,..; .
preaTil W (n=0,1,2,..;k20) (4t)*" in orfe . 7 ’
24/t
29.3.87 oot - ox ( )
ST eV (am01,2,. . k>0) P\ & H, (_@_) 22
| / ey 2‘/2'
29.3.88 A ) :
YA (k>0) —/—_7r—.. exp (———) aee™t erfc (a\/_+ ) 7 ’

*8ee page II







e ot B

i
l

29.3.89
29.3.90
29.3.91
29.3.92
29.3.93
29.3.94
29.3.95
29.3.96

29.3.97

29.3.98

29.3.99

29.3.100
29.3.101
29.3.102
29.3.103
29.3.104
29.3.105

29.3.106

LAPLACE TRANSFORMS

f(8)
ae""‘ﬁ
Le k>0
v 20
e £>0
i
e-k 2 (s4-a) >
oors - *20
o ~Wiita
_‘/m (kZO)
e_h/m
7o) (k>0)

o —~H(Viitai~i)
‘W— (£=>0)
gTh g ke £>0)

eTEVI=@ =k (}50)
a’e "*Vota
———— —1, k>0
\/sz-{-a"’(«/sz—{—a’-{-s)' (V> )k__ )
1 Ins
8§
1
p Ins k>0)
e @0
ns
glng
841
gln (+ks)  (>0)
In 8+a
P
S (1K) (£0)
lin@a) @0

F(t)

—e™*e™ grfe (av?-i-z—f/.t.)-{—erfc 2—]‘#
i e (o)
e ¥ (davii— B u(t— k)
Jole vVE—I)u(t—k)
LiavVE=F)u(t—k)

Jo(a'v t2+2kt)

ak 3 _
ﬁ_ Ji @V u(t—k)

Il(ayt’ B)u(t—k)

‘/ 2 __
(t—l—k JavTE—F)u(t—k)

—vy—In t(y=.57721 56649 . .

!

T ¥®)—In ¢]

e*[ln ¢+ E\(at)]
cos t Si (¢)—sin ¢t Ci (¢)

—sin ¢t Si (¢)—cos ¢t Ci (¢)

5 ()

%_ (e—bt____e—at)

()

21na—2 Ci (at)

. Euler’s constant)






. 1u2%

29.3.107
29.3.108
29.3.109
29.3.110
29.3.111
29.3.112
29.3.113
29.3.114
29.3.115

29.3.116

29.3.117

29.3.118
29.3.119

29.3.120

29.3.121
29.3.122

29.3.123

29.3.124

29.3.125

LAPLACK YRANSFORMS

f(® F@)
Lin@4e)  @>0) % (at In a-+sin at—at Ci (at)] 5
#+a? 2
pe 3 (1—cos at)
82;‘1’ ; % (1—cosh at)
arctan k L sin ki
8 t
= arctan k Si (kt) 5
8 8
kgl 1 ) t’

[ erfc ks (k>0) ' m exp (—m) )
_1_ K33 i t i
5 ¢ erfc ks (k>0) 7 erf % 7 ;

m orfe k>0 7k

ferfcvks  (k>0) T i

u :
1 1
7 erfc ks (k>0) 7 ‘/—;_Zu(t—k) ’ “f[ T
1 cop L Tttt .
1 o C e
— e™ erfe vk k>0 7T I B L o T
Ve exte s (k20 Vr(t+k) 1“’""’.{;’ R h/(‘
k 1.
erf ‘—/—‘; 7 — sin 2k+/t
1 2 ke 1 -
= ¢® erfe = —_ 2% .
% ¢! erfe % 1 7 e
1 i
Ko_(ks) (k>0) 9 — u(t—k) !
1 k?
Ko(eys)  (k>0) 9 5o (-5
1 .
s MKiks)  (k>0) 9 VEGTH
1 1 k?
= Ki(kys)  (k>0) 9 rexp (‘E) ,
1 ik (k 2 o :
¢ Ko (8) k>0 9 Ki(2vak) 9
re®lyks)  (E>0) ¢ 9 L O —ui—
0 =0 [u(t) —u(t—2k)]
eI (ks) (>0 o —E=t o wie
: e MO~ u—2h)]
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1(s) F@y
29.3.126 e“Ey(as)  (a>0) 5 TJIFE
29.3.127 é—-se"’El(as) @>0) 5 (~t—+}T)”
29.3.128 a'"eE, (as) (a>0;n=.0,1,2, )5 g +1a),,
29.3.129 [;I—Si(s)] cos s+Ci(s) sin s R

29.4. Table of Laplace-Stieltjes Transforms *
¢(s) ¥(t)

29.4.1 J; " emran() 0
20.4.2 e (1>0) u(t—k)
29.4.3 1_1_,‘, (*>0) z::o u(t—nk) -
29.4.4 : +le_,,, *>0) % (— 1) u(t—nk)
29.4.5 | é‘irﬁ (*>0) 2 7‘2:0 ult— (2n+1)k]
29.4.6 c—os%ks #>0) 2 n}é (—1)"uft— 2n+1)A]
29.4.7 tanh ks (£>0) u(t)+2 ”2:2 (—1)"u(t—2nk)
29.4.8 S—i&(—}“_g) (k>0) 2 33 = ntheyly— (an 4 1)i
29.4.9 mli(—,;ja—) (>0, h>0) - 2 33 6=t 0oy —h— (3n-4 1)k
29.4.10 sinh (hs-+) (0<h<k) > e~ @r e febylt 4 h—(2n+1)k)

sinh (ks+-a)

29.4.11 Zl))a,.e"‘u' 0<by<<lby<<..)
P
For the definition of the Laplace-Stieltjes
transform see [29.7]. In practice, Laplace-Stieltjes
transforms are often written as ordinary Laplace
transforms involving Dirac’s delta function 5(t).
This “function’” may formally be considered as

¢ Adapted by permission from P. M. Morse and II. Fes
Hill Book Co., Inc., New York, N.Y., 1953

n=0

—e~tult—h—(2n+1)k]}
Zoanu(t—kn) '

the derivative of the unit step function, du @)=5(t)

dt, so that f: du(t)= 5“)‘1‘:{(1) g;gg

The correspondence 29.4.2, for instance, then

assumes the form e‘*’=f e~%5(t—k)dt.
0 .

pbach, Methods of theoretical physics, vols. 1, 2, McGraw-
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Florida International University
Department of Mechanical and Materlals Engineering

EGM 5315 EXAMINATION 2 Nov 19, 2020

This examination will be a take-home exam due Nov 24 at 2pm. You may use your notes and your
book only. You may not discuss the exam with any student. faculty member, visiting or adjunct
faculty or seek any outside help. You must upload your signed exam and solution to the exam on
canvas. Ensure that your document is either in pdf or word form.

Please sign the following:

I certify that I will neither receive nor give unpermittedaid on this examination. Violation of these
instructions will result in failure of the exam.

| PRINT NAME - - SIGNNAME _

Problem 1a (25 pts). S
Suppose that a rod is such that heat escapes from the lateral boundary, the surfaces perpendicular
to the x direction, according to Newton’s law of cooling, so that T(x,t) satisfies the equation

or T ,
— =t B(T -T,
> = o BT -T,)
If T(x,t=0)=cosnx/L and ‘T(x=0,t)v=T1 and T(x=L,t)=T>, find the total solution of the problem by
the SOV method. Please take B, To, T1, and T2 as constants.

Problem 2. (25 pts)
Solve the following boundary value problem by Laplace Transforms

U,=a*U,, inthe region x>0, t>0
Sit XX

With the following ICs: :
U(x,0)=0 and U (x,0)=e™ when x>0

And the following BCs:
' Ux(0,t) =U(0,t) and U(x,t)—> 0 as x —> o



Problem 3. (25 pts)
Solve the following using a Fourier transform method.

U,=U, intheregion x>0, t>0

With the following BCs: dU(0,t)/0x =q, q being a constant, when t>0 and
[U(x,t)] is bounded as long as x>0 and t>0

And the following IC:  U(x,0) =1 when 0<x<c and is =0 for x>c

Hint, to transform the IC, put the definition of the IC in your transform to determine its transform
function.

Problem 4. (25 points)
For the problem of the stresses on the half space, where 6x=8(x) and 6y,=0 on y=0,

Determine the expression for the Airy stress function

Determine the stress 6yy and oxx everywhere in the half space.

Assume the problem is plane strain, determine the strain &yy in the half space and also on the
surface, y=0.

Show your work for each step.
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Table of Fourier sine transform
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SPECIAL FOURIER TRANSFORM PAIRS

Special Fourier Trqnsforms

FHf) = ﬁ@e’“ﬁx

-0
flz) F(a)
' 1 |#<b 2 sinbbu
0 |z[>b o
1 -go—ba
o + be b
FE ~ et
FoX(a) o F{a)
anf(w) ndE
1 ‘ a=—1\
fbajets -,;F(T)
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SPECIAL FOURIER TRANSFORMS 176
v c
SPECIAL FOURIER SINE TRANSFORMS AOR J, fix) sonotx dx
He) Fyla)
c21 {1 0<e<b 1— cos bu
0 a>b @«
C-22 w1 T
2
%
c-23 - -
C-24 e—bx o
)
c25 a1 g=bz T{n) sin (n tan=1a/b)
: fd+ bay8
5'25 ge— b7 ‘ .ﬁ.4 s aamatien
<27 ;| K2
) 2a
€ - ma™1 cac (ne/2)
28 278 TT00 - 0<n<3
c-29 sln ba L (a + b)
@ 2 =
.30 gin b {m!/l?a a<h
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c-31 ki od a=b
1 /2 a>b
c-32 tan=1(z/b) %c‘bﬂ
‘w wa
C-33 ese bz -3 tanh_z—b
1 [ 1
c-34 -1 2 cath (zée -




174 SPECIAL FOURIER TRANSFORMS o
E] » [Hodeoneds
: o
SPECIAL FOURIER COSINE TRANSFORMS
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Exercises:

2.1 The temperature field T(x,t) in a semi-infinite slab with a constant
heat flux is described by

2
o XL 8T px0) = T
a 5 ‘., ”at i
T IR I .

A

'ﬂ:‘ RO 8
B BT

T(x,t) Ti ag x + ®© 5 -k e - 4 at x=0

Solve for the temperature field for x>0, t > 0.

2.2 The temperature field in the thermal bcundary layer that grows within a

hydrodynamic boundary layer at a step in wall temperature is described by

2
3T _ T -

o —5 = Byso T(O0,y) = T, vy >0
oy

T(x,y) > T_ as y~>* ; T(x,0) = T

Solve for the temperature field for x>0, y >0 .

2.3 A device-for measuring the velocity gradient in flows is shown in the
figure. It.consists of a heated plate at the wall, over which a thermal
boundary layer grows. As long as the thermal boundary layer is confined
to the region where the flow velocity u is linear (u = By) , the

problem is described by

2
9 T 3T
o— = By, 3 TOy = T, y>0
3y
" 3T
T(x,y) -~ T, as y > 3 -k 5; = q at y=20

Derive an expression relating the local wall temperature, Tw(x) , to the
flow parameters and x . Evaluate any constants in this expression.
Hint: T .
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Florida International University
Department of Mechanical Engineering

EML 5315 EXAMINATION NO. 1 5 November 2001
This examination will be a TAKE HOME examination that will be by 6pm on
November 8. You may use your notes and your book and nothing else.

Please sign the following:

I certify that I will neither receive nor give. unpermitted aid on this
examination. Violation of this may result in failure of the exam.

PRINT NAME SIGN NAME

This examination consists of several problems. Do all problems.
Read each question carefully. Show all work!!!!!

1. Classify the following partial dlfferentlal equation and find its
characteristics ? x,y) =Constant.

Wiy +3 Uiy -5U,y +9U=0
2. Solve VZW = 0 in the region shown, given the following boundary
conditions: !3
W(r, 0y =0
W(r, 391 /2). =0
2 —_ W (r=1,8)=0
(HINT: IF W(r, @) =R (xr) F (@) , SHOW THAT R ( r ) HAS SOLUTIONS OF
n -n

THE FORM r and r ).






3. Given the telegraph equation

K A

2%
where v(x,t) 1s the voltage and & = CL, P= CR + LG, ¥ - GR, determine

a) What type of equation this is ( e.g. linear, nonlinear, parabolic,
elliptic etc.)

b) What are its characteristics @(xt)= constant

c¢) The reduced canonical equation (otherwise known as the reduced basic
equation) .

d) The solution to the equation given the following boundary and initial
conditions:

1) 1if at x = 0, the telegraph line is grounded for all time so that
there is no voltage (v (0 , t) =0 ) ;

2) if at x = L, the telegraph line is "isclated" for all time so
that %x( L, £t ) = 0;

3) dinitially v (x , £t =0 ) = f ( x ) and Vyi {(x , £t =0) =0

IN SOLVING PART d, USE ONLY THE METHODS TAUGHT IN CLASS.

4., Use the Method of power series solutions to find the general
solution to the following differential equation, valid near x = 0:
x(1-x) y" -2y’ + 2 vy =0 where ( )’ means d ( )/ dx
5. If one of the homoéeneous gsolutions to the equation
(1L -x ) y"-2xvy" +2y =6 (1-x )

is y = x. Find the complete solution.

(HINT: Reduction of order)
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EGM 3311 Analysis of Engineering Systems
FALL 2002
Final Exam

Name:

1. A mechanical part has an exponential time-to-failure distribution with mean time to
failure of 10,000 hours. The part has already lasted for 15,000 hours. What is the
probability that it will fail by 20,000 hours?
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2. The outer diameters of 10 piston rings are found to be (in mm)
121.5 119.4 126.7 117.9 120.2 124.3 122.5 120.8 121.9 123.6

If the diameters follow normal distribution, find the 95% confidence interval for the outer
diameters of the entire population of piston rings.






3. A new filtering device is being tested. Before its installation, a random sample yielded
the following information about the percentage of impurity: x, = 12.5, s7 =101.17 and

n1=8. After installation, a random sample yielded Z= 10.2, 57 =94.73 and n,=9.

a) Can you conclude that the two variances are equal?
b) Has the filtering device reduced the percentage of impurity significantly?






4. Find the solution of the following set of equations using the Gauss elimination method:

Sx1-x+2=1;
2x1+6x2-3x3=2;
2x1+ x2+ Txs=32;






5. A metal rod of length 1 m is initially at 100° C. The steady-state temperatures of the
left and right ends of the rod are 150° C and 25° C, respectively. Using o?=0.2, At=0.05
min and At=0.2 m, determine the temperature distribution in the rod at t=0.1 min. The
temperature is governed by the following partial differential equation:

, 0°T T

oxt o






