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Chapter 2

SELF-SIMILAR SOLUTIONS

2.1 Characteristic'Scales; Scale-Similar Problems

¥

3

It is often convenient to present the solution to a PDE problem in non-
dimensional form.f This makes the results;indépendent of the size of the system 5
for which the solution was obtained as well as independent of any choice of

dimensional system. Non~-dimensionalization is usually accomplished by choosing f

. some length and time scales characterizing the problem, and then defining non-

dimensional independent variables based on these scales.. For example, the
solution for fluid flow in a rotating sphere might be expressed non-dimensionally

in terms of the dimensionless radius, R = r/ro, where 'ro is the radius of

the sphere. Here r, is the characteristic length scale of the problem. If
the fluid is initially at rest, and at time zero it is put into rotation at
angular velocity w , then the period of rotation is T = 27/w, and T would

be the characteristic time scale. Then a suitable dimensionless timeMWOuld be

T = t/T. Note that one of the characteristic scales for the independent vari-
ables (ro) came from the geometry of the system, and the other (T) from the

boundary conditions.

The dependent variables also can be represented non-dimensionally. For
example, in the rotating sphere problem the equatorial velocity is u = wr
and may be used as a characteristic velocity in the dimensionless velocity
U = u/ug,.

The problem may also contain some parameters, such as the kinematic vis-
cosity V. The parameters also can be reduced to non-dimensional form; and in
the case of viscosity it is customary to use a reciprocal dimensionless viscos-
ity called the Reynolds number, Re = uoro/v.

The solution for the velocity within the rotating sphere could then be ex-

pressed non-dimensionally as

U = U(R,T;Re)

2.1







This says that the dimensionless velocity (a vector) U will be a function of
the dimensionless radial coordinate R, the dimensionless time coordinate T,
and the parameter Re. It might also happen that the flow depends upon the
polar angular coordinates ¢ and 0, which are additional non-dimensional
independent variables.

Problems Which have natural characterlstic scales for the independent ?

f'variables (here »r and T) - are called scale—51milar. Scale-similar solu-

tions for systems of different size will have the same non-dimensional solutioni
provided that the two problems also have the same values of the dimensionless

parameters and dimensionless boundary and initial conditions,

2.2 Self-Similarity

There are a few very interesting and 1mportant PDE problems for which no ]

E natural characteristic scales for the independent varlables exist in the prob—z

fplem‘formulatiqng For example, consider the case of heat conduction in a semi-

infinite slab initially at uniform temperature, subjected to a step increase in

the surface temperature at time zero (Fig. 2.2.1). The appropriate PDE is

e 52

—— =

X%

(2.2.1)

Qs
2l

where o 1s a constant parameter called the thermal diffusivity of the medium.

The initial condition is

T(x,0) = T x>0 (2.2.2)

i
The boundary condition at the surface is
T(0,t) = TS (2.2.3)

The temperaturg field must fall off to the initial temperature Ti as x + ©

gilving a second boundary condition

T(x,t) - T, as x > ® (2.2.4)

2.2
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; ) There areggg‘characteristic scales for either length or time in this problem.

This fact is the clue that a self-similar solution must existj Since thegsolu%
" tion to all physical problems must be expréssibleAin dimensionless forﬁ (géfufé
is unaware of the length of a meter), there must be some way to non- » o
dimensionalize the solution to this problem. : The dnly poséibleiﬁay is forAthef
1variab1es‘§o appear together in a non-dimensional grouﬁérrLédking at the de-
nominators in (2.2.1), it is readily apparent that x2 and ot have the same

dimensions, and therefore the quantity xz/(at) is dimensionless. Somehowffh%
“solutibh must be ekpreésible in'terms éf thié;gua#ti;&; invofdervfbrhavé‘&imeﬁ;j
} sionless form. Solut&ons made non;diﬁéﬁsidnal by cbmbinéfioné of the indeﬁquZX
&dent variables,_rathér than by characterigtic scalesvimposedvby the geomqtryz

iboundary, or initial conditions, ére called self-similar solutions.

iThere is a charactéristic temperature for this prgbleml namely the step

increase in temperaturém Té'-'Ti. }Therefore, one might guess that the non-

i
dimensional form of the solution is
o T -1, 2 -
. s i

As we shall see, this guess is correct. In a moment we shall develop a Sys~
tematic way of discovering the forms of self-gimilar solutions,

If (2.2.5) is indeed correct, then another fully equivélent form would be

T - T,

_— = g(x/vart) (2.2.6)
T - T,
s i
and another would be
T = % h(x/VaD) (2.2.7)
s i Yot

All of these solutions would really be the same, but the functiong f, g, and
h  would be different.
In terms of thé'similarity variable;h'n = x/V&E,}?the family of tempera{j

‘ture profiles existing at different times will collapse to a single curve (#ig.
' 2{2:ib). This is the essence of self-similarity; the solution does not scale

/‘/) on the size of the System, instead it scales on itself.
AN
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At first glance, it may appear disadvantageous to seek a solution in terms
of the non—linear comblnation of variables n = x/Vot However note that a f
31ngle function g(n) would be involved, ‘and therefore one would only have to '}

{
‘ deal with an ordinary differential equation (ODE) This is the practical .

advantage of a self-similar problem in two independent variablesf The existence /|

f of self-similarity w1ll always reduce the number of independent variables by one }

S To summarize, self—similar solutions exist when a problem is. not scale—

B

£

similar, i.e. when characteristic scales for the independent variables do not

;exist in the problem:formulation. In:problems with two independent variables, r
self-similar solutions represent a collapse of the family of solutions as func~ f
tions of the two variables to a single function of the similarity variable. The
governing PDE is thereby reduced to an ODE, which may be solved by some appro-

priate analytical or numerical method. The proper form of the transformation/
depends upon the equation, the initial conditions, and the. boundary .conditions, ;

The transformation can_be discovered systematically, as we shall how: 1llustrate?

by some examples,

2.3 Example with Constant Boundary Conditions

Consider the transient heat transfer problem discussed in section 2.2
The differential equation, boundary conditions, and initial conditions are
(2.2.1)~-(2.2.4). The solution must be expressible in terms of some similarity
variable, which must be non-dimensional. Let's assume that the similarity

variable is of the form

n o= Ax/t" (2.3.1) "

where A and n are constants to be chosen in a manner that reduces the PDE

i
i

problem to an ODE problem. Now, suppose we assume that the dimensionless solu-

tion has the form

= f(m) . (2.3.2)
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This 1s suggested by the observation that the significant aspect is the

difference between the temperature at any point T(x,y) and the initial
*

g

tion for t=0 and x=« must give the same value of T , and hence must cor—

temperature T The form of n is suggested by the fact that the solu-
respond to the same value of f , and hence to the same value of n . Now, we
could have taken n = Axm/tn but this is no more general thdn the (2.3.1),
since this n 1is just a power of the other n . Also, we could have taken

n o= At/x" » which also is no more general. However, we will have to differ-
entiate twice with respect to x , and only once with respect to t , and we
will find our work easier if we keep the x-dependence of n as simple as
possible. For this reason, we make 1 linear in x , and then divide by ¢t
to a power (to be chosen later).

The next step is to transform the PDE. Using the chain rule,

EI. = .d_f_a_r.l = — 1 o _é_.
il (TS Ti) an o - (TS Ti) f 0 {2.3.3a)
piy (r -,y A dEL AN gy A e A (2.3.3b)
2 s 1/ ndn 9x s 1’ n n *r
9x t t t
3—'1: = - Qif.?_'l = - (I Anx )
T e T (Tg-Ty) £ < tn+l> (2.3.3c)
Then, substituting in (2.2.1), we obtain
A2 1 Anx
- oA 1t = - o - 1
(Ts Ti) 2n £ o (Ts Ti) n+l £
t t
%
We could instead take
I = gt T /T | (2.3.2x)
TS--Ti > "g' i

The student should work through the problem with this starting assumption to
verify that the same solution is obtained.
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which simplifies to

£ +-—23-Anx tn—l
OA

f' = 0 (2.3.4)

Now, this is supposed to be an ODE for £(n) . Therefore, it can only contain
£, f , f'', and n ; somehow we must make x and ¢t disappear. To do this,

we first replace x using (2.3.1), x = t'n/A , and find

g1 +._E§ t2n—1
A

nf =0 (2.3.5)

Next, we can select the proper value of n as that which drops out t , namely
n =1/2 ., With this choice, (2.3.5) reduces to

1
20A

£+

5 N f' =0 (2.3.6)

This is an ODE, as desired. We still are free to choose A any way we like. To

make (2.3.6) as simple as possible, let's pick

A = 1/V2o (2.3.7)
which reduces our ODE to
£F'""4+nf' = 0 (2.3.8)

Note that n 1is a dimensionless variable. Now we have

n = x/V2at . (2.3.9)

We must also be able to express the boundary and initial conditions in terms

of £(m) din order to complete the self-similar transformation. Eqs. (2.2.2) and

(2.2.4) both require
"

f(n) - 0 as n-*>ow (2.3.10)

And, (2.2.3) requires

£(0) = 1 ' (2.3.11)

2.6
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Eqs. (2.3.8), (2.3.10), and (2.3.11) define the ODE problem that we must solve.

Eqn. (2.3.8) can be written as

df'

i - ndn (2.3.12)
Integrating,
'
fn £' = - gﬁ + Cy
or,
£ = ¢ e"”z/2 (2.3.13)
Integrating again,
£ = clj/'ne"’z/2 do + ¢, ” (2.3.14)
0

The lower limit is arbitrary, and « 1is a good choice. Wé must be careful not
to confuse the limit of integration (n) with the ?ariablé of integrdtion, and
therefore have introduced ¢ as the "dummy variable" of i@tegration.

The boundary condition (2.3.10) requires C2 =0 . Tﬁe boundary condition
(2.3.11) requires S

0 2
1 = lee—c 12 4o (2.3.15)

Hence, we can write the solution as

op—02/2 “_02/2 |
f = e do e do (2.3.16)
n

0
We can express the solution in terms of known special functions by letting

z = 6//2 . Then, do = V2 dz , and
_ © 2 2
£ = e 2 dz e % dz (2.3.17)
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The denominator has the value V/i/2 . The numerator is v7/2 erfc (n/v2) ,
%
where erfc 1is the complementary error function. Hence, the solution is

T - Ti

erfc

~ - (2.3.18)
Ts Ti 2Vt

2.4 Example with Variable Boundary Conditions

The motion of a viscous fluid, initially at rest, over an infinite plate

that is set into motion at time zero is described by (Fig. 2.4.1)
Ry

52

vy &8 o= 2t (2.4.1)
2

oy

where u 1is the velocity tangential to the plate, and VvV is the (constant)
kinematic viscosity. Suppose the boundary condition at the plate y=0 , is

u(0,t) = atb (2.4.2)

where a and b are fixed parameters. The other boundary condition ‘is
u(y,t) =+ 0 ag y > (2.4.3)

The initial condition is

u(y,0) = 0 (2.4.4)

There are no characteristic length or time scales in either the domain or

boundary conditions of this problem, hence, we expect a self-similar solution.
Suppose we assume

, . u = AfMm , n = By/t" (2.4.5)

where A, B, and n are parameters that we will try to select to produce an

ODE problem. The form of n 1s suggested by (2.4.3) and (2.4.4), which require

% - ‘
See HMF, Section 7.1.

2.8




)



)

that the solution have the same behavior for large y as for small ¢t .
However, when we try to fit the boundary condition (2.4.2) with this form, we
get

A £(0) = at (2.4.06)

@ :
Since A and f£(0) will be constants, (2.4.6) can't be true except for the
special case b=0 (which reduces this example to the previous one). Hence,
(2.4.5) will not work.

We need to allow additional freedom. If we expect the curves of

Fig. (2.3.1a) to collapse on a single non-dimensional curve, the value of the
fluid velocity must somehow scale on the instantaneous wall velocity. This

suggests that we try
u = At"E(M)  n = By/t" (2.4.7)

Where now A, m, B, and n may be chosen to glve us the desired self-similar
% _ .
solution.

We can immediately determine m using (2.4.2),

u(0,t) = A t" £(0) = at? (2.4.8)
Hence, we must choose m=b . We may choose A any way we like. If we choose
A=a , then we must impose the boundary condition
£(0) = 1 (2.4.9)
Now, we have
u = at? £(n) n = By/t" . (2.4.10)

which will fit the boundary conditions.

*We could have used u = A yk ™ gn) , or u=aA ym h(n) . These forms
are equivalent to (2.4.7), with different functions f » &8 ,and h .
Eq. (2.4.7) is the simplest, since we must take two y derivatives and only one
t derivative.

2.9
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Next, we substitute (2.4.10) in the differential equation (2.4.1), and
find (f' = df/dn , £f'' = dzf/dnz)

- - ben—
Vathb 2nf" = abtb lf - at ©° lnByf' (2.4.11)

As an ODE in £(n) , this may contain only f and its derivatives, n , and

constants; y and t may not appear. So, we will replace y by
n
y = tn/B (2.4.12)

Then, (2.4.11) reduces to

vaBZtP 2 Rerr o apePle L gDl e (2.4.13)

In order that ¢t drop out, we must choose n such that
b-2n = b-1 or n = 1/2

With this choiée, our ODE becomes

vBZ £'' = bf --% n £ (2.4.14)

1//53 . Then we have

Let's choose B such that VB2 = %-, or B

£'' 4+ nf' - 2bf = O (2.4.15)
and our similarity variable n is
n o= y//2vt (2.4.16)
&
The boundary conditions on (2.4.15) are, from (2.4.9),
£(0) = 1 (2.4.17a)

2.10
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and, from (2.4.3),

fM) ~» 0 as N + o (2.4.17b)
To complete the problem, we must solve (2.4.15) subject to (2.4.17). This
will provide a good review of some ODE sélution methods andqﬁill introduce us
to some special functions.

In order to solve (2.4.15), one must be specific about the value of b .
Let's first take b = 1/2 , for which (2.4.15) becomes

£'"" +nf' - f = 0 (2.4.18)
The general solution will be of the form

£ = lel + sz2 (2.4.19)
where fl and f2 are two linearly-independent solutions. For this .case,

fl = n 1is one obvious solution; when the first solution to a second-order

linear ODE is known, the second can always be constructed by setting

E,(n) = £,() ¢+ g(n) (2.4.20)
So, we assume
£,(n) = n g
Diffefentiating, and substituting in (2.4.18), we find
ng'' + 2g' + n(ng'+g) - ng = 0 _ (2.4.21)
The zero-derivative terms cancel, which is why this methods works. So, we have
ng'' + (24n7)g' = 0 (2.4.22)

which is really a first-order ODE for g 3 separating the variables,

2.11
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]
Q.ga'_ - -<%+n> dn (2.4.23)

%
Integrating, and taking the exponential,

2 2
g' = exp <—2 Lo n—%-) = %e“” /2 - (2.4.24)
n
Integrating again,
n 2
g = /%e"’ /2 4o (2.4.25)

The lower limit choice is arbitrary, except that zero will cause problems;
infinity is an "artistic" choice. So, we now have the general solution to
(2.4.18) as

" 272
f = cn+cenf 972 45 (2.4.26)
1 2 2

00 -

Note that again we were careful not to confuse the limit of integration (n)
with the variable of integration (o)
We now apply the boundary condition (2.4.17b), which will require C, =0

1
if we can show that the second solution f2 is bounded as n - © , We have
n 2 n 2 n_2
£,(n) =n[%e0/2do<n[%e-o/2d0= fe"c/zdo
(%] c e o]
(for n > 1) (2.4.27)

So, clearly fz(n) +0 as n > » | " Therefore, Cl is indeed =zero.

®

%
We choose the constant of integration to be 0. Any g(n) will
do since we can use any second solution.

2.12
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The behavior of f2 at n =0 can be clarified through use of one of
. *
the most powerful tools of analysis-integration by parts.‘ With it, f

2 can
be rewritten as
2 n 2

ol 1 =o%/2 | (_l)(_)-o/z.

f2 n[ G e f SN0/ e do
w 2
2 n 2

- /Z—n_[e'“ 12 4 (2.4.28)

co

Now it is clear that fz(O) = -1 . Since (2.4.17a) requires that f(0) =1 ,

C2 = -1 ., Therefore, the final solution is

2 n o2 .
£(n) = e N /2, n/ 012 4o (2.4.29)

[e¢}

Using the charge of variables, z = g/V2 s this can be written as

, )
fm) = e N /2_ n/lzT_- erfe(n//2) (2.4.30)

(for b =1/2)

Next, let's consider the case b = n/2 , where n is an integer.
Eqn. (2.4.15) is then

£'' +nf' = nf = 0 (2.4.31)

If we let z = n/v2 , then (2.4.31) becomes

2

9228 oo = 0 (2.4.32)
dz dz

*
Recall that fudv = uv —fvdu 3 this is called integration by parts;

become adept at doing it, because it is tremendously useful and important.
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The two linearly independent solutions of this equation are repeated integrals
of the error function,*

f = c ierfe(z) + C i erfe(-z) (2.4.33)

1 2

where the function inerfc(x) jg**

g

I

o n 2 ,
inerfc(x) - Z -LEH%1~ et dt (2.4.34) ,
Hence, our solution is

£

L

¢

£ = ¢ i"erfe(n/v2) + C,yierfe(-n/v2) (2.4.35)

The boundary condition f(®) = 0 requires C2 = 0 , since inerfc(dw) is a L
constant. The boundary condition £(0) = 1 fixes Cl ag¥¥* E?
c, = —3—-—1—— = 2t I‘(%i-l) (2.4.36) E

i erfec(0) IR

where I'(x) 4is the Gamma function,

I'(x) = ftx_l et ae (2.4.37)
0

Hence, the solution is

£m) = 2 r(52‘+1) i"erfe(n/vV2) (2.4.38)

(for b =n/2)

* . q'.:'
HMF Sect‘hion 7.2.2. %

*%
The student should verify (2.4.33) by substitution in (2.4.32). .
Integration by parts will be required. g

Ko g
See HMF Section 7.2.7.
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2.8 Summary’

We have seen that self-similar solutions arise when there are no natural
characteristic scales for the independent variables in the problem formulation.
The self-similar transformation will always reduce the number of independent
variables by one, so that in a problem with two independent variables the PDE
will become an ODE. The steps used to systematically develop the self-similar
solution are as follows: _

(1) Assumeha general form for the transformation, guided by the initial
and béundary conditions. Use a form in which the variable that
appears in the most complex way in the equations appears as simply
as possible in the transformation.

(2) Express the boundary and initial conditions in terms of the simi-

larity transformation, and verify that they can be satisfied by the

assumed transformation. If they can not, add additional degrees
of freedom,

(3) Remove one (or more) of the independent variables using the
similarity variable, Then, determine the parameters of the trans-
formation necessary to reduce the PDE order by one.

(4) Express the boundary and initial conditions for the reduced problem,
‘and solve by appropriate methods.

In all of the examples worked here, the similarity variable involved forms

like y/vx . The square~root behavior occurs frequently, but not exclusively,

Some of the problems at the end of this chapter will require other powers in

the similarity variable.

For Further Reading on Similarity Solutions

Kline, S. J., Similitude and Approximation Theory, McGraw-Hill Book Co.,
New York, 1965. i

Hansen, A. G., Similarity Analysis of Boundary Value Problems in

Engineering, Prentice-Hall, Inc., Englewood Cliffs, N.J., 1964,

Sedov, L. I., Similarity and Dimensional Methods in Mechanics, Academic
Press, New York, 1959,
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~A\> Exercises:

IS

2.1 The temperature field T(x,t) 1in a semi-infinite slab with a constant
heat flux is described by

2 5

o°7T _ 9T -
06———2' = 3 H T(x,0) 'Ii
X !
!
3T
T(x,t) =~ Ti as x > 3 =~k o= = g at x =0

9x ?
Solve for the temperature field for x>0, t>0.

2.2 The temperature field in the thermal boundary layer that grows within a {
hydrodynamic boundary layer at a step in wall temperature is described by

. g~
2y
oy

T _
Byax 3 T(O,y) = T y >0

=3

|

o,

[s0]

o

e

i(x,y) +» T as y-*e® 5 T(x,0) -

I
H
-

Solve for the temperature field for x>0,y>0.

2.3 A device for measuring the velocity gradient in flows is shown in the | g
figure. It consists of a heated plate at the wall, over which a thermal

boundary layer grows. As long as the thermal boundary layer is confined

to the region where the flow velocity u is linear (u = By) , the

problenm is deécribed by : g
2
37T T
=7 = Bys- 5 T(O,y) = T y>0
oy
' aT :
T(x,y) > T, as y+eo -ké—y-=qat y=0 %
& N

Derive an expression relating the local wall temperature, Tw(x) s to the

flow parameters and x . Evaluate any constants in this expression.
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Fig. 2.2.1 Temperature Field in a Semi~-Infinite Slab .-

(a)

(a)

a(y,t)

Velocity Field

Self-Similar

Velocity Profile

2.28

u(0,t)

0 x/ Yot
(b)

0 t

>

(b) Plate Velocity

Fig. 2.4.1 Velocity Field
in Viscous Flow over A Moving
Plate







c(x,t)

(a) The System

(b) Concentration Profiles
Fig. 2.5.1.

A

c /40t

? WYARE
y

4,’
x/ Vot

(c) Self-Similar Profile

Fig. 2.7.1. Geometry for Analysis of
Heating of a Corner
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q One-dimensional Laplace Transform

29. Laplace

~4.1, Definition of the Laplace Transform

WL fe) =L} = ﬂ " Rt

F(t) is a function of the real variable t and s is a
ymplex variable.  F(¢) is called the original func-
on and f(s) is called the image function. If the
:tegral in 29.1.1 converges for a real s=s, l.e.,

B
]imf e=2tI(t)dt
A0 J A

Bow

<ists, then it converges for all s with Zs>>s,, and

ae image function is o single valued analytic

Transforms

function of s in the half-plane %s>s,.
Two-dimensional Laplace Transform

29.1.2
S =2 (F@ )= [ [ e, yday
0 (]

Definition of the Unit Step Function

0 (1<0)
29.1.3 ut)=< ¢+ (t=0)
1 (>0

In the following tables the factor wu(f) is to be

understood as multiplying the original function
().

29.2. Operations for the Laplace Transform'

Original Function I (1)
221 F(t)

Inversion Formula

I'mage Function f(s)

f“ e~ P ()t
0

22 o [ eoseras O
Linqurity Property
y23 AF()+BG(@) Af($)+Bg(s)
Differentiation
9.2.4 ’ F(t) sf (s) — FF(+0)
9.2.5 Fm(t) §"f(5)—s" " F(+0)— 8" 2F(+0)— . . . — F®=(40)
Integration
.26 | Fear Ly
0 ‘
227 f ' f " )M L ts)
oJo 8
Convolution (Faltung) Theorem
2.8 L C (b= 1) Fy(rydr= Fyn By 1) fal®)
Differentiation
%29 —tF() 7(s)
3.2.10 (=) F(2) f®(s)

! Adapted by permission from R, V. Churchill, Operational mathematics, 2d ed., McGraw-Hill Book Co., Inc., New

‘ork, N.Y., 1958.
1020
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LAPLACE TRANSFORMS 1021

Original Function F(f) Image Function f(s)
Integration
29.2.11 340 f f()de
3
) Linear Transformation
29.2.12 e FXt) fls—a)
29.2.13 1P (é) (>0) f(es)
29.2.14 % OO (é) (€>0) fles—b)
Translation '
29.2.15 F(it—bu(t—b)  (6>0) e~"f(s)
Periodic Functions
~38¢
29.2.16 Flt+a)=F(t) ﬁ F(t)t
1—e™®
. -uF
29.2.17 Flt+a)=—F(t) - J:, (B)dt
1+4e @
Half-Wave Rectification of F(1) in 29.2.17 |
29.2.18 F(O) 3 (—1)u(t—na) i i
Full-Wave Rectification of F(t) in 29.2.17 -
29.2.19 [F(t)] .  f(s) coth ‘-‘;
Heaviside Expansion Theorem .
p(a.) p(s) i N e .
29.2.20 Z_]l . (a,.) (s )’ q(8)=(s—ay)(s—ay) . .. (s—ay)
p(s) a polynomial of degree<<m
p(r n) ((l) tn—l P(S.)
al RN 0 e A
29.2.21 = Pt G G—a)

p(s) & polynomial of degree<r

29.3. Table of Laplace Transforms??

For a comprehensive table of Laplace and other integral transforms see [29.9]. For a table ol two-
dimensional Laplace transforms see [29.11].

f® ' FQ
29.3.1 1 1
N
29.3.2 -15 ) t
-8

2 The numbers in bold type in the f(s) and F(¢) columns indicate the chapters in which the properties of the respeetive
higher mathematical functions are given.

3 Adapted by permission from R. V. Churchill, Operational mathematies, 2d. ed., McGraw-Hill Book Co., Lnc., New
York, N. Y., 1958,







3.5

13,6
239

2.3.8

2.3.10
3.3.11
3.3.12
2.3.13

T304

3.3.15
2.3.16
9.3.17
9.3.18
9.3.19
9.3.20

3.3.21

)

/()
.9}7’ m=1,2,3,...)
1
Vs
S—3/2
s~ (n=1,2,3,...)

l_gl) (k>0)
U
s+a
L
(s+a)?
1 )
(8:{_;’/‘)“; (Il ], .)4, ;,
r
S T
Graern @D
By
Groern 7P

1

(s+a)(s+46) (s+c).

(@, b, ¢ distinet constants)

1
st +a?
8
s*a?

1
s?—a?

S
si—q?

1
s(stta?)
b
s (s*4-a?)

1
Ca

LAPLACE TRANSFORMS

PQ)
tn-—l
(n—1)!
1

Jrt
2

2ntn—§
1-3-5... (2n—1)+/r

6 [/Ic—l

e-at

te—at
Lad

t"“‘ﬂ”a'

(n—1)!

6 tk—-le—-at
¢ —e
b—a

ae~M—he

a—b

_(b=c)e~*+(c—a) e~ d-(g—b)e
(a—b)(b—c)(c—a)

1 sin at
a
cos al
1 sinh at
a
cosh at
1 v
p (1—cos at)
L (at—sin at)
wl -

Q——flg (sin at—at cos at)







29.3.22

29.3.23

29.3.24

29.3.25

29.3.26

29.3.27

29.3.28 -

29.3.29

29.3.30

29.3.31

29,3.32

29.3.33

29.3.34

29.3.35

29.3.36

29.3.37

29.3.38

29.3.39

29.3.40

T )

S

s
(s*+a?)?

82

82__a2
(s%+a?)*

d (@25 b?)

1

s+a
(s4a)?+-b*

3a?
83 __I__ (1/3

4
st4-4at

-5
st4-4a’

_s
(s+a)?
ST

1
Vs+a

LAPLACE TRANSFORMS :

1023

F(t)
i ' s b oreibt
%sm at v Alibza (5”_-55”)’14.132:’3; Sinin et
Eosanbt L
Zb

1.
% (sin at+at cos at)

t cos at

cos at—cos bt

e~ sin bt

O =

e™* cos bt
- tx[g . at-\/3
at jat a
e -—.e (cos -5 —+/3 sin 5 )

sin at cosh at—cos at sinh af

525 sin at sinh at .

5 (sinh at—sin at)

5—};’5 (cosh at—cos at)

(1+4a®t?) sin at—at cos af

L,(t)
|
;/ﬁ e~ %(1—2at)
1
Qw/;t“s (e—l)t__e—-at)
‘/—1—_—-—-ae02‘ erfc a4/t
il
%—Z+aeazl erf a4/t
™

1 2 e”“”faw M\
0

Vit

é eo orf a4/t

22
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N
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29.3.42

29.3.43

29.3.44

29.3.45

29.3.46

29.3.47

29.3.48

29.3.49

29.3.50

29.3.51

29.3.52

29.3.53

29.3.54

29.3.55

29.3.56

29.3.57

(sFat Vs+b)*

LAPLACE TRANSFORMS

J(s)
o
V§(s+a®)

h?—a?
(S—‘-(I, )(l)~|—\/9

f(/\{(l)

1

a—l—a)\/a—i—b

b:—a?

Vs(s—a?) (Vs+0)

(1—=9)"
Sn+§

k)
(TF’;)E(_W (k>0) 6

1
(s+a)(s+b)}

«/s+2a s
Vs 20+ s

(a—b)" (>0)

(s Fat v8)™"
Vsys+a

1
N

(r>-1)

(Vst+a?— _9):

\/8—2-*‘—0/2 (V>_1)

1
e *20

I
avi
~—2: e'“"f : MdN 7
GJW 0
et[b—a erf ay/t]—bev erfe b/t 7
et erfe av/t 7
ﬁ%?ﬂwMWEﬁﬁ) 7
et [2 erf (aﬁ)—1]+e°2‘ erfc b4/t 7
II 2 22
73 )
—————H,, ¢ : 22
(2n+1>!vf7; 2 +1(’J )
ae~[I,(at)+1o(at)] 9

—g(a+o)zl (

) 9
) 0

\/—( g ~jatoy i(

—b —b
e
1 -l
‘i‘@ Il(at) 9
ko yarn <a—-b >
’t“e ja+ ‘Ik 2 t 9
L -7, (3 at) 9
@ e
Jo((lt) 9.
arJ,(at) _ 9

AR ' 10
v \ga) Tt | 6,
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29.3.58

29.3.59

29.3.60

29.3.61

29.3.62

29.3.63

29.3.64

29.3.65

29.3.66

29.3.67

29.3.68

29.3.69

29.3.70

29.3.71

S8
(vVs*+a*—e)*  (k>0)

(s—+s*=a?)’ v>—1)

\/82-—(12

1

=)t (k>0)
1
s
|
¢

l —ks

pri (u>0)
1—e™®

1 I-+coth ks
s(l—e=%) 28

1
s(e*—a)

1 tanh ks
s

__1
s(1+e~*k)

—15 tanh ks
s

1
s sinh ks

1
s cosh ks

LAPLACE TRANSFORMS

re

13
¥ Juta)

@'l (at)
f\% (52 k—ilk—a(at)
u(t—k)

(t—k)u(t—k)

e

(t—lk)-!

Iy “¢h

u(t) —u(t—‘-k)
2?6 u(t—nk)
i‘_‘l, e u(t—nk)

u(t)+2 32 (—1)"u(t—2nk)

=l

6,10

io (—1)*u(t—nk)

|

o k

2

3

o 2k ak 6h -1

()42 3 (—=1)"(E—20k)u(t—20k) M/

2 S uft— (2L 1)E]

n=0

2 33 (—1)™u[t— @n-+1)k]

=l







026

43,73
13.74

L3.75
13.76
9.3.77
1.3.78
2.3.79
3.3.80

»

3.3.81

9.3.82

9.3.83

9.3.84

29.3.85

9.3.86

9387 g

9.3.88

_

/ )'See page 1.

f(s)

% coth ks

2+lc2( oth % 2/c

1
(s*+1)(1—e™ ™)

YT (1>0)

% Pl k>0)

Lo (k20
N

1w >0

Ln e Ve (n=0,1,2, ..

oMV
(k>0)

at-+s

(n=0,1,2, ..

LAPLACE TRANSFORMS

k>0)

k>0)

re

w(t)+2 > u(t—2nk)
nel

|sin kt|
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29,4.11 Zoa,.e“"n" O<ko< by . )
oy
For " the definition of the Laplace-Stieltjes
transform sce [29.7]. In practice, Laplace-Stieltjes
transforms are often written as ordinary Laplace
transforms involving Dirac’s delta function &(¢).
This “function” may formally be considered as

4 Adapted by permission from P>. M. Morse and II. Ecslxbacll, Methods of theoretical physies, vols. 1, 2, MeGraw-

Hill Book Co., Inc., New York, N.Y., 1953.
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the derivative of the unit step function, du(t)=4(t)
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Hence, the general solution of the wave equation’is
u = F(x+at) + G(x~ at) (7.6.4)

The general solution can be used to solve some problems, but it is

a cumbersome approach for others (those handled better by separation of

variables). For example, let's consider the problem where the initial

conditions are specified, for - ® < x < + ®, as
u(x,0) = p(x) X (7.6.5a)
du _ '
3t o = 0 (7.6.5b)

Applying (7.6.5b) to (7.6.4),

alF'(x) - 6'(x)] = 0 (7.6.6)
Therefq?f,
G(x) = F(x) +C; (7.6.7)
Now (7.6.5a)_re§u1res
F(x) + G(x) = p(x) (7.6.8)

Combining with (7.6;7),

— 1 1
F(x) = 0 p(x) - E-Cl (7.6.9a)
G(x) = Lp(x) +1c (7.6.9b)
2 P 2 1 o
So the solution satisfying (7.6.5) is
' 1 1
u(x,t) = 5 p(x+at) + E-p(x-—at) (7.6.10)
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At point (x,t), the quantity p(x+at) will have a value determined by

n_te

the intercept of the characteristic passing through point (x,t)
with the line t = 0 (Fig. 7.6.1); similarly, the quantity p(x-at) is
constant along the "+" characteristic passing through (x,t). There-
fore, for this problem the value of the solution at point 3 in Fig. 7.6.1
depends only upon the values of the initial data at points 1 and 2! The
solution at point 3 is merely the average of the initial values at points
1 and 2.

For example, suppose that the initial distribution is a Gaussian

pulse
) )
u(x,0) = exp(- x") (7.6.11)
Then the solution at later times will be

ux,t) = 3 expl-(x+at)’] + 1 expl-(x-at)?] (7.6.12)

The solution says that the initial pulse splits into two parts, one which
propagates to the left, the other to the right. The center of each pulse

moves out along a characteristic line, so each pulse travels at the speed a.

7.7 Imaging in Wave Equation Solutions

Suppose we are interested in the reflection of a wave from a boundary.}
Eqn. (7.5.1) and the initial conditions (7.6.5) again govern the problem,

but now we add the boundary condition

du

3% = 0 (7.7.1)

X=0

and restrict our interest to the domain 0 < x <, This problem can be

solved by the general solution. ’We set
u = PF(x+at) + G(x~at) (7.7.2)

The initial conditions (7.6.5) require

7.17
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F(x) + G(x) = p(x) x > (7.7.3a)
F'(x) - G'(x) = 0 x>0 i (7.7.3b)

So (7.6.4) again give F and G, but only for positive arguments! Note
that now the functions F and G are not defined for x < 0 by the ini-

tial conditions. Instead, we have, from (7.7.1),

F'(at) + G'(-at) = O (7.7.4)
This must hold at all times. Therefore, for negative arguments the function
G must be such that its derivative is the negative of the derivative of
the function F for the same value of positive argument; i.e.,

G'(-0) =-F'(0) whuae ozat > o (7.7.5)

This will be the case when G is the mirror image of F (Fig. 7.7.1).

.In mathematical terms,

G(-x) = F(x) =pw x>0 (7.7.6a)
GU) = Flx) = 2 pL=x) x<o
) F-x) = 6(x)  =B) . x»o (7.7.6b)

Fi) = Glx) =2f£§

Therefore, since the c1 terms cancel, we can take

x<o,

(x+at) >0 F(x+at) = -é— p(x+ at)
(x+at) <0 F(x+at) = -% pl-(x+at)]
(7.7.7)
(x-at) >0 G(x~at) = -é— p(x - at)
(x-at) <0  G(x-at) = = pl-(x-at)]

The solution (7;7,2) therefore can be thought of as a combination of four

wave packets, as shown in Fig. 7.7.1. The first is half of the p(x)

7.18 -
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wave, which moves to the right away from the reflecting boundary. The
second is the other half of this wave, which moves to the left and passes
through the boundary to negative x. The third is the mirror image of

the p(x) wave, which starts to the left of the reflecting wall (outside
of the real problem) and travels to the right, entering the wall as its
"mate'" passes through going left. This image wave then appears in the
domain of interest as a reflected wave. The fourth wave is the other half
of the image p(x) wave, which travels to the leftland never enters the
domain of interest.

Wave-equation solutions obtained by these imaging methods must be,?

‘represented segmentally. If there are only one or two segments, this is

not too difficult and is a convenient way to get the solution. HOWever,.E
if there are many reflections, such as would be the case for the solution;
of standing acoustic waves in a duct or the 1ong—term vibration of a

finite string, the approach becomes very cumbersome and the separation of7

variables technique usually is easier to execute and present.

7.8 Characteristics for the Laplace Equation

For the Laplace equation,
u_+u = 0 (7.8.1)

the characteristic slopes are y' = * i, so the characteristics are

given by
x + 1y = const. and x - iy = const. (7.8.2)
On the surface this does not appear too useful, because the characteris-—

tics are not lines in the real x-y plane. However, we can learn some-

thing by transforming the equation to new variables E,n such that

€>= x+iy, n x-—iy

+
(=1
(=

]

i(ug-un)
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where 02 = kp/p 1is the isentropic sound speed. The independent véri-
ables are the velocity V, pressure p, and density 0.

Develop the expressions for the slopes of the characteristics, and
write pseudo-IDEs that apply on each characteristic. Oréanize an approxi-
mate numerical algorithm to solve this problem marching forward in time,
using the method of characteriséics.

7.4. Consider the wave equation U, - £ = 0, with the initial condi-~

u
. t
tions u(x,0) = 0, ut(x,O) = exp(-x") in - ® < x <+ ., Derive an

expression for the solution using the general solution of the wave equation.
|

woty = 3 [0 e e S [l () < (et )]

7.5. Consider the wave equation U T U T 0, with the initial and 1
boundary conditions '

u(x,0) = xe 0 <x <o
ut(x,O) = 0
u(0,t) = 0
Develop (segmental) expressions for the solution to this problem in

0 < x <o, and give an expression for the solution at t = 1. Interpret

in terms of right- and left-running waves, using a sketch.

7.6. Consider the wave equation U o= U = 0, with the initial and
boundary conditions ‘ ‘
u(X,O) = 0 0 ix _<_ 1 GOt et Er5a fhen .
1 0<x<1/2
ut(x,O) i
0 x > 1/2
u(O,t) = 0

S ¢ (ot

- u.'(l,tj -0

Develop this solution by the method of characteristics and by separation
of variables, and comparé. '
) 7.22
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EGM 3311 Analysis of Engineering Systems
FALL 2002
Final Exam

Name:

1. A mechanical part has an exponential time-to-failure distribution with mean time to
failure of 10,000 hours. The part has already lasted for 15,000 hours. What is the
probability that it will fail by 20,000 hours?

/[ o (\7 O i»\;d"g N vv\ﬁw’/! Fen (d Ao ( { A,






2. The outer diameters of 10 piston rings are found to be (in mm)
121.5 119.4 126.7 117.9 120.2 124.3 122.5 120.8 121.9 123.6

If the diameters follow normal distribution, find the 95% confidence interval for the outer
diameters of the entire population of piston rings.






3. A new filtering device is being tested. Before its installation, a random sample yielded
the following information about the percentage of impurity: x, = 12.5, s7 =101.17 and

n=8. After installation, a random sample yielded Z= 10.2, 52 =94.73 and ny=9.

a) Can you conclude that the two variances are equal?
b) Has the filtering device reduced the percentage of impurity significantly?






4. Find the solution of the following set of equations using the Gauss elimination method:

Sxi-x2t+2x=1;
2x1+6x3-3x3=2;
2x1+ x2+ Tx3 =32,






5. A metal rod of length 1 m is initially at 100° C. The steady-state temperatures of the
left and right ends of the rod are 150° C and 25° C, respectively. Using ’=0.2, At=0.05
min and At=0.2 m, determine the temperature distribution in the rod at t=0.1 min. The
temperature is governed by the following partial differential equation:

, 0°T T
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