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Some simple initial definitions:

- A free vibration is any system that vibrates under the action of forces that are part of, 

or are inherent to the system itself.

- A forced vibration is any system that vibrates under the action of an external force to 

the system itself.

- The degree of freedom: The figure at left below can be described by a single 

coordinate z so it is a single degree of freedom system; the figure in the middle needs z1

and z2 to describe the motion of the system, so it is a two-degrees of freedom system; 

the figure at right is also a two-degree of freedom system, requiring z and θ to describe 

the motion.



The basic design criterion for foundations subjected to vibrations (whether seismic, 

machinery or impact loadings) is to control their displacements.

These displacements are of two kinds,

1) temporary cyclic elastic displacements (that is, they return to their original 

position after the loading stops, and

2) permanent plastic displacements (the foundation remains displaced 

from its original position after the loading ceases).

Foundations can vibrate in all six possible modes, as shown below.

These six modes of 

vibration may contribute 

to unbalanced forces in a 

simple foundation. These 

unbalanced forces in turn 

generate the vibrations.



Each mode is analyzed separately. The most common simplification is to represent the 

foundation-soil system subjected to a dynamic loading Q with a spring and a dashpot 

analog model system (also known as a lumped parameter vibration system). 

For example, a foundation subjected to a vertical axis dynamic loading, show below at 

left is represented by the figure on the right:

this is equivalent to

a lumped parameter vibration system

Q



In this lecture, we will consider the following four cases, in progressively increasing 

complexity:

1) A free vibration system without damping;

2) A steady-state forced vibration system without damping;

3) A free vibration system with viscous damping; and

4) A steady-state forced vibration system with viscous damping.



(1) A free-vibration system (with only a spring-mass).

The soil subgrade reaction q is the foundation load W over an area A. In the lumped 

parameter system, the displacement zs of the soil is proportional to the load W, or 

s

W lb
k

z inch
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3s

s s

q W lb
k

z Az in
= =

expressed as an equality by using the spring 

constant k,

The coefficient of sub-grade reaction ks is,

When the foundation is disturbed from its 

static equilibrium, the foundation-soil system 

will vibrate. The resulting equation of motion 

can be written from Newton’s second law of 

motion,
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where is the undamped natural circular frequency.
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The displacement z of the foundation, z Z cos( t )

at different time int ervals ,
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e results are shown on the next slide...



use the analogy of a pendulum.



The maximum displacement Z is called the single amplitude. The peak-to-peak amplitude

is 2Z and is also referred to as the double amplitude. The time required for the 

sinusoidal displacement to repeat itself is called the period T, which is given by,
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The plots for the velocity and the acceleration of the foundation can be found from the 

first and second derivatives of the displacement z,
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Example 1.

Find the natural frequency of vibration of a foundation with a mass m supported by a 

soil that has experienced a static deflection of 0.5 inches under that mass.
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Example 2.

Find the period of oscillation and the natural frequency of vibration of a foundation 

with a weight of 60 kN and a soil (spring) constant of 103 kN/m.
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(2) A steady-state forced-vibration system without damping.

The previously studied free vibration foundation-soil system has now an additional 

external alternating force Qo sin(ωt + β). This is shown below, where the spring 

constant is still k. This type of problem is typical of footings supporting internal 

combustion engines that have reciprocating pistons. The equation of motion is now,

0
mz kz Q sin( t )ω βω βω βω β+ = +ɺɺ

A particular solution for that equation of 

motion could be of the form,
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The ratio Q / k was seen before as the static deflection z , and the rest is

known as the magnification factor M ,
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The magnification factor M varies with the ratio of ω/ωn . Notice that when that ratio 

approaches unity, the magnification increases without bound. This is called a resonant 

condition, and is of great interest to all structural engineers.
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The plot of z versus time t for the resonant condition shows its unending increase. 



The largest and smallest forces from the foundation upon the soil sub-grade will occur 

when the amplitude is the greatest, in other words, when the velocity is zero.
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Example 3.

Determine the maximum and minimum forces placed by a vibrating machine’s 

foundation upon its soil sub-grade, if: (1) the machine and its foundation weigh 40 kips, 

(2) the soil’s equivalent spring constant is 400 kip/in, and (3) the machine operates at 

800 rpm. Assume that the force Qo (kips) upon the foundation is 8 sinωt.
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(3) A free-vibration system with viscous damping.

We saw before that a free vibration imposed upon an undamped foundation-soil 

system will continue to vibrate without end. In reality, all vibrations will gradually 

decrease in amplitude with time due to damping. The figure below shows the modeling 

of the damping through the use of a dashpot and a coefficient c.



The differential equation of motion is now,
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Example 4. Determine (1) whether a foundation-soil system is over-damped, 

critically damped or under-damped, (2) the logarithmic decrement δ, and (3) the ratio 

of two successive amplitudes, if the weight of the foundation is 60 kN, the soil spring 

constant is 11 MN per meter and the damping coefficient is 200 kN-s/m.
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(4) A steady-state forced vibration system with viscous damping.

The differential equation of motion with a sinusoidal varying force Q = Q0 sinωt, is
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The maximum dynamic force that is transmitted to the soil sub-grade can be found 

through the spring force and the damping force caused by the relative motion between 

the foundation mass and the dashpot,
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Example 5.

Determine (1) the undamped natural frequency fn of the foundation, (2) the amplitude 

of the motion, and (3) the maximum dynamic force transmitted to the sub-grade, for 

an electrical generator driven by a diesel engine placed on a isolated footing that 

weighs 140 kN. The spring constant and the damping ratio of the soil is 12x104 kN/m 

and 0.2 respectively. The vibrating force Qo is 46 kN at ω = 157 rad/s.
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