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Effective Stress and Porewater Pressure
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- The “ critical” gradient
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Archimedes’ Principle.

The impor tant concept of buoyancy was developed by Archimedes (287-212 BC) and published 
in his book “ Floating Bodies” , which is probably the first known text on hydrostatics. The 
roman histor ian Vitruvius brought to us the now famous story of how he discovery the 
pr inciple of buoyant weights. Syracuse’s King Hiero had commissioned some jewelers to 
fashion a new crown from a large amount of gold he provided to them. The crown, in the shape 
of a gar land of laurels,  was finished in time, but K ing Hieron suspected that some of the gold 
had been replaced with much cheaper  silver . Hieron requested Archimedes to find a way to 
prove or  disprove his suspicions. Incidentally, this request was possibly the first recorded 
contract in history for  consulting engineer ing.

Archimedes pondered on this problem for  weeks. Unable to sleep, one night he visited the 
public baths well past midnight, and he stepped into the quiet and still waters of the soaking 
pool. As he stepped in, he observed that the waters were spilling out of the pool in the same rate 
as his body submerged into the pool. He then had a flash of insight! Purpor tedly he leaped from 
the bath and ran home naked (having forgotten his toga by the pool) shouting “ eureka” (I  have 
found it)!  That same day he borrowed from the king, the famous crown, a piece of gold and a 
piece of silver . He then weighed each (W), and then measured thevolume (V) of water  displaced 
by each of the three. In essence, Archimedes had come up with the concept of specific gravity of 
solids (Gs=W/V). Having determined the specific gravity of the gold and the silver  separately, 
he was able to calculate the propor tional amounts of gold and silver  in the crown. He found the 
crown to have 25% of its gold volume replaced with silver . Unfor tunately Vitruvius did not 
repor t on the indubitably cruel fate of the jewelers.

Archimedes’ impor tant pr inciple has come to us thusly:

“ The loss of weight of a body submerged in water is equal to the weight of 
water displaced, and that a floating body displaces its own weight of water.”



The Principle of Effective Stress

In order  to know the state of stress at any point inside a body of soil, it is essential to 
predict the soil behavior  under loads.  Consider  these two simple general cases:

(A)  The state of stress under  static hydraulic forces, and 
(B)  The state of stress of the soil when subjected to seepage (dynamic) forces.

(A) Stresses in Soils under Static Hydraulic Forces.
The stress � at any point A is,

� =  hw � w + (hA - hw) � sat

where  � is the total stress. 

This total stress � can be visualized to consist of TWO components : (1)  the pressure 
upon the soil skeletal component, called the effective stress � ©and, (2)  the pressure 
from the water  component in the voids continuum, called the pore water pressure u, 
also known as the neutral stress.

� =  � ©  +  u
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or     � ©  =  � - u  =  [hw � w + ( hA - hw ) � sat ] - hA � w

� ©  =  (hA - hw )( � sat - � w )   =   hsoil � ©

where  � ©= � b =  � sat - � w is the buoyant or  submerged unit weight of soil. 
Therefore, the � © at A is independent of the depth of the water  above that point.

hs � ©       +   (hw +  hs ) � w =     hs � ©+ (hw +  hs) � w

� ’ +         u =                 �
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For example, a soil sample was obtained from point A  that is 15 m below the top of the 
submerged clay layer  shown below; the clay had a w = 54 %  and a Gs = 2.78.  What is the 
effective ver tical stress � ’ at A?
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( B )  Stresses with (dynamic) Seepage Forces.

Depending on the direction of the seepage flow, the effective stress may increase or  decrease in size.

Case 1.  Upward Seepage � ©       +      u           =        �

at point A, � = � ' + u    or hw � w = � ' +  hw � w \ � ' = 0 (obviously, since there is no soil down to this level)

at point B, � = � ' + u or hw � w + hs � sat =  � ' + (hw + hs + � h) � w

\ � ' = � - u =  hs (� sat - � w) – � h � w =   hs � ' - � h � w



at point C (that is, at any depth z ),
� h z                         � h

� '  =  � - u  = (hw � w +  z � sat) - (hw + z + —— ) � =  z � '  - —— z � w

hs hs

where  � h/hs is the hydraulic gradient  i created by the flow. At the point where  � cr'  =  0  the 
soil skeleton is incapable of carrying any load (the stability of the soil is zero), in other words, the 
hydraulic gradient is critical, and creates a condition referred to as boiling or a quick condition, 
although the correct term is liquefaction. At that point � = u and � ' = 0. From the equation 
above,

Since  � cr'  =  0       \ � cr’ =  z � '  - icr z  � w =  0

� '
therefore,  icr =  —— (typically varies between 0.9 to 1.1)

� w

In a sand, the quick condition will be described as quicksand.  Note that this is a condition and not 
a soil type. The soil may be stable in normal circumstances, and then a flood may 
generate large vertical flows in a limited region. That soil turns quick, and its condition 
has changed until its cause is eliminated.



The term boiling comes from the rapid r ise of pressure in the pore water  as the upward seepage forces 
increase. The bubbles of water  burst as they ar r ive at the soil surface, and produce an effect similar  to a 
boiling pot of water , although the soil phenomenon has nothing to do with temperature. The correct name is 
liquefaction.



Liquefaction.

The flow of water  through a soil produce a seepage force on the soil grains. In the apparatus 
shown in the figure below, consider  three states : (1) a low head seepage, wherein the weight 
of the soil is much greater  than the upward seepage force.

(2) As the upward seepage force is increased by an increasing head, the force gradually overcomes 
the weight of the soil skeleton. At the point where both forces are equal the soil is said to have 
attained liquefaction.



(3) When the upward seepage force continues to increase, the soil is said to be in a quick condition. 
The word comes from the Old English “cwic” which meant living or alive. It was used to describe the 
apparent “boiling” of the surface of the sand, where it “seemed to be alive” whence “quicksand” .

Also  evident  from  the  figure in the previous slide is the height h at which “boiling” will commence.

The total stress at A,      s = gsat L  +  gw hw

The hydraulic seepage  force  Sf =  i *   gw *  L  (1)  for a unity cross-section

and the weight of the solids is W  =  L *  (g - gw )  (1) for a unity cross-section.

Therefore, liquefaction will occur when Sf =  W,  and the critical gradient  icr is,

icr =

and also icr =

In summary any  icr that approaches 1.0 will r isk the loss of the structure. As a factor  of safety,
common hydraulic gradients around structures should be less than 0.30 to 0.35.
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Consider the condition shown at right,
where a sheet-piling cofferdam is being

dewatered.

Look closely at the soil volume

between point A and the bottom

of the excavated cofferdam.

In that region, � ’ = 0

u = ( DDDDh + zw + zs ) ggggw and  ssss = zw ggggw + zsggggsat

\ Dh ggggw + zw ggggw + zs ggggw = zw ggggw + zsggggsat

\ Dh ggggw = zs(ggggsat - ggggw) = zs g¢

but icr =   DDDDh = g¢g¢g¢g¢ =   gggg- ggggw

zs ggggw ggggw



Note that zs = D (the depth of embedment of the sheet-piling).

For example, a sand with g= 125 pcf, Gs = 2.65 and e ranging from 1.0 for loose to 0.25 for dense,

icr =  DDDDh =    Gs - 1  ~   1

D             1 + e

therefore, look for liquefaction when Dh  » D.    

Karl Terzaghi performed some tests on models of excavations, and predicted that liquefaction will occur 
within a distance of D/2 from the inside face of the sheet-piling.

FS   =  W¢¢¢¢ =   D(D/2) ( ggggsat - ggggw) =   g¢g¢g¢g¢

U           1/2 D2 iavg ggggw iavg ggggw
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