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The equation of motion of a stresswave in an e astic medium.

Consider an element of an elastic medium, as shown below, with all the possible
stresses on each of its six faces.



The equation of motion can be found through a summation of the forcesalong all
three axes, and using Newton’s second law (F = ma),

Consider the displacement uin the x-direction,

sxﬂxdx sdydz+z‘+ﬂ dz - ¢, dxdy+z‘+ dy-z‘ dxdz
Ix 1z
T°u
= r(ax)(ay)(dz)

1t
Smplifying, and expanding to dl three axes,
s, +TIZLyX +ﬂ X =,_ﬂ_l2J
x Ty 1z it
ity Ts, T, _ T
*x fy Mz %
2
1Tl‘xz _I_ﬂ[yz _I_ﬂsz :,_ﬂ—W

™ v 1z qit?




Compression stress waves (P-waves, or Primary waves or Dilatational waves).

The stress wave of motion in the x-direction was developed on the previous dide,
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Simplifying,
Tu _, Ye G Tu . T°v . T°w +‘|12u +ﬂ2u +‘|12u
T X % Xy ™z %Wy 97
but
ffu, v, TPw _Te
™ Iy X7z 9x
therefore,ssmplifying and extending to all three axes,

2 2 2 2
rﬂ—g:(/ +G)E+GN2U where N? = ﬂ2 + 1T2 + ﬂ2
Mt i ™ Ty" 9z
2 -
rﬂ—\zlz(/ +G)E+GN2V gradient squared or" del
Mt Ty
2 _
r W - (7 +6) 18 4 oRew

qt* Iz

" squared



Differentiating these three differential equations w/rt X, y and z and adding,
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Noticethat vy isthe primary wave velocity (also known as the compression wave, or
the dilatational wave, or the P-wave).

Compare vp with v (the longitudinal compression wave along arod) equal to,
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Distortional waves (S-waves, or Shear waves).

If we differentiate with respect toy and z (instead of x, as before) we obtain,
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Therefore,
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Thisis the eguation that represents the equation for the
distorsional waves and their velocity for propagation isv, which
Is known as the shear wave or S-wave.

Similarly,




Thusfar, we have derived the equations of motion for primary (or P-waves) and shear
(or S waves). We have also found that they travel at different velocities.
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Combining both v, and v,
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The next slide shows the result of plotting thisratio.

Note that for all valuesof n7, theratiov, / n, isawaysgreater than unity.









Biot (1956) studied the effects of wave propagation through saturated soils (that is,
through the skeleton of solidswith the poresfilled with water).

This study showed that there were two compressive waves and one shear wave
through the saturated media. The two compressive waves wer e construed to befluid
waves (that is, transmitted through the fluid) and a frame wave (transmitted through
the skeleton of solid particles). Obvioudly, the shear wave can not flow through the
water which has zero shear capacity. Therefore, the shear waveis solely dependent on
the properties of the soil skeleton.

The next dide shows Biot’stheory prediction of the compressive frame wave velocities
in dry and satur ated sands, performed by Hardin and Richart in 1963 with quartz
sands. I n addition, asa comparison, are the plotsfor the experimental longitudinal
wave velocitiesfor dry and saturated Ottawa sands. At equal confining pressures, the
difference of the wave velocities between dry and saturated samplesisnegligible. This
small difference may dueto the unit weight of the soil.

Thevelocity of the compression waves vy, through water is vV = BW
and isabout 4,800 ft/s, and where By isthe bulk modulus of w r

water and  isthedensity of water. w









Example #1.

Calculate the propagation velocitiesfor the P, Sand R wavesin the figure shown below.

Thelettersmark thetimeof arrival. What arethe maximum strainsif the maximum =
0.5in/sfor the R wave at 1,000 feet and the particle velocitiesare 0.17, 0.25 and 0.50 in/s

respectively?

AtR=1000ft Parrivesat 0.13 sec
Sarrivesat 0.29 sec
Rarrivesat 0.71 sec

R = 1,000 ft



(a) The propagation velocity istheratio of the distance from the blast (1,000 feet)
divided by thetime of arrival of thefirst part of each particular wave, 0.13, 0.29 and
0.71 seconds for the compressive (P-wave), the shear (S-wave) and the Rayleigh (R-
wave) respectively.

Therefore, the propagation velocitiesare 7,692 ft/s, 3,448 ft/s and 1,408 ft/s respectively.

(b) Since longitudinal strainsaretheratio of the particle and propagation velocities for
the compressive and Rayleigh waves, and the ratio of the particleto twicethe
propagation velocity for the shear wave, the strains can be found by dividing the
appropriate particle velocities by the appropriate propagation velocities.

Theparticlevelocities are0.17in/s, 0.25in/sand 0.5in/sfor the P, Sand R-waves,
respectively.

Theresulting strainsare 1.8, 3.0 and 30 (in/in x 10°°) respectively.




Example #2.

Calculatethetransient compressive stress for the wave shown in the figure below, if the
elastic modulus of the soil is8 ksl when itsdensity is = 1.76 g/cm3; assume = 0.20.

Strain inin/in versustimein sec. Acceleration inin/s2 versustime.

Particlevelocity inin/sversustime. Displacement u in inchesversustime.



Convert r from metric to English units,
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The maximum particle velocity u =0.3in/ s, therefore the stress is,
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