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The propagation of stress in an elastic medium.

When stress is applied to a body, that stress will propagate away from the point of 
application via stress waves. Different mater ials will propagate the stress at different 
speeds.

For example, in sands the stress will propagate at about 1,000 feet/sec. On the other 
hand, in sandstones, the stress will propagate at 14,000 feet/sec.

This lecture discusses the propagation of stress waves in elastic media in the form of 
rods, bars or beams. 

An example of this type of stress is that induced by a diesel pile dr iving hammer 
str iking the head of a pre-cast concrete pile.

The propagation of stress is central to the understanding of how dynamic loads 
propagate in soils, whether the loads come from gravity, wind, explosions, machines 
or from ear thquakes.



A typical example of  stress waves in a bar is the stress propagation along a concrete 
pile due to the impact of the diesel hammer shown below. The hammer is shown in 
its five stages of operation: (1) tr ipping, (2) fuel injection, (3) compression and 
impact, (4) “ explosion”  or rather, combustion, and (5) rebound .





The  diesel hammer str ikes the pile with very high stresses, tolerated by steel but not 
concrete. Therefore, a reduction of the stresses is effected through the “ bonnet”  or pile 
head cushion.



Stress and strain in elastic media.

The notation for the normal and shear stresses in an idealized very small element of a 
much larger elastic body is shown below.
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where � is the components 
of rotation about the x, y 
and the z axes.



Constitutive Relations (Hooke’s law).

In elastic and isotropic media, the stresses and the strains are related to each other 
through relationships called constitutive relationships. These are:
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where isYoung'selastic modulusand isPoisson's ratio.

Shear stressesand shear strainsarerelated via theshear modulus
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Normal stressescan also beexpressed in termsof strains,

2

2

2

where,

and called thevolumetric strain
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Longitudinal Elastic Stress Waves in a Bar or Column.

The rod shown below is exper iencing the propagation of a stress wave from left to 
r ight. This rod could be a concrete, steel or even a timber pile. Using Newton’s second 
law of motion (F = ma) we can propose a differential equation of motion.
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A solution to find thedisplacement due to thestresswavecould be,

Thefunction is thepropagation going along (Block #1) at time

At time thefunction is represented by Block #2shown below, mov
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The velocity of the particles in the stressed zone.

There is a difference between the longitudinal stress wave propagation vc and the 
velocity of the par ticles � c in the stressed zone.

Consider a compression stress pulse of intensity ssss x and duration t’ applied to the rod.



The compressive stress pulse could be the result of the str ike of the diesel hammer 
upon a pre-cast concrete pile. When this stress pulse is initially applied, that zone of 
the pile will be under compression. This compression wave will soon move to an 
adjacent zone, such that, dur ing the time interval � t the stress will have traveled a 
distance � x, 

At any timelater on, that is, when asegment of thepileof length will
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Therefore, the particle velocity � is a function of the intensity of stress ssss x , whereas the
longitudinal stress wave propagates at a velocity is a function of the mater ial proper ties 
only, that is,

The par ticle and the stress wave velocities are in the same direction when a 
compression stress is applied to the end of the pile (or rod).

However, when a tensile stress is applied at the end of the rod, the par ticle and the 
stress wave velocities are in opposite directions.
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The reflection of elastic stress waves at the end of a pile, column or bar.

What happens when the stress wave reaches the opposite end of the pile?

Notice the compression wave moving towards the r ight along the bar (or pile) in the 
figure (a) below, and the tensile wave moving left.



Notice that when the two stress waves meet at section a-a they cancel each other ’s 
stress, but the par ticle velocity doubles!stress, but the par ticle velocity doubles!

After the waves pass each other the stress and velocity go back to zero.



Notice that the section a-a is essentially like a free end. Therefore, in figure (d) below 
notice that a compression wave is reflected back as a tension wave. Both have the 
same magnitude and shape. Obviously, a tension wave approaching the pile (or rod) 
end will be reflected back as a compression wave.



In contrast to the compression versus tension example seen before, the figure below 
shows the effect of two identical compression waves traveling in opposite directions.

When they cross each other (shown below) at section a-a, the stress is doubled but the When they cross each other (shown below) at section a-a, the stress is doubled but the 
par ticle velocity � becomes zero.



After the two compression waves pass each other, the stress and par ticle velocity �
return to zero at section a-a.

Notice again, that section a-a remains stationary and hence behaves as the fixed end Notice again, that section a-a remains stationary and hence behaves as the fixed end 
of the rod or pile. Notice (below) that at the end, the compression wave is reflected 
back also as a compression wave. At the end the stress is doubled.



Torsional waves in a rod (bar or pile).

In the figure below, the rod is exper iencing a torsional force or torque T; the bar will 
be rotated an angle � at a distance x.

T
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where is thepolar moment of inertia of thebar cross-section.
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The differential equation for the torsional stress wave in a bar is found again, 
star ting with Newton’s second law (F = ma),
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Former Secretary of State Henry A. K issinger listens to a lecture on stress waves.



Longitudinal vibration of short bars.

The solution to the differential equation for the longitudinal stress waves of shor t bars 
vibrating in their  natural mode is given by,
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1) End conditions: free and free.

At the ends, the stress (and strain) at the ends are zero. In other words, at x = 0  
dU(x)/dx = 0 and at x = L   dU(x)/dx = 0. Differentiating our proposed solution U(x) 
(previous slide),
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The free-free end condition for the vibration of a longitudinal wave in a shor t bar. 



2) End conditions: fixed and fixed.

At x = 0    U(x) = 0 (that is, no displacement) and also at x = L   U(x) = 0. 
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The fixed-fixed end condition for the vibration of a longitudinal shor t bar.



3) End conditions: fixed and free.

The boundary conditions for this case are,
at x = 0 (fixed end)  U(x) = 0
at x = L (free end)   dU(x)/dx = 0
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The fixed-free end condition for the vibration of a longitudinal shor t bar.



The torsional vibration of short bars.

Torsional vibration is similar to longitudinal vibrations. The equation for the natural 
modes of vibration is given as,
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