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The propagation of stressin an elastic medium.

When stressis applied to a body, that stresswill propagate away from the point of
application via stress waves. Different materialswill propagate the stress at different
Speeds.

For example, in sandsthe stresswill propagate at about 1,000 feet/sec. On the other
hand, in sandstones, the stress will propagate at 14,000 feet/sec.

Thislecture discusses the propagation of stresswavesin elastic media in the form of
rods, barsor beams.

An example of thistype of stressisthat induced by a diesel piledriving hammer
striking the head of a pre-cast concrete pile.

The propagation of stressis central to the under standing of how dynamic loads
propagatein soils, whether the loads come from gravity, wind, explosions, machines
or from earthquakes.



A typical example of stresswavesin abar isthe stress propagation along a concrete
pile dueto the impact of the diesel hammer shown below. The hammer isshown in
itsfive stages of operation: (1) tripping, (2) fuel injection, (3) compression and
impact, (4) “explosion” or rather, combustion, and (5) rebound .






The diesel hammer strikesthe pile with very high stresses, tolerated by steel but not
concrete. Therefore, areduction of the stressesis effected through the “bonnet” or pile
head cusnhion.



Stress and strain in €lastic media.

Thenotation for the normal and shear stressesin an idealized very small element of a
much larger elastic body is shown below.
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Constitutive Relations (Hooke's law).

In elastic and isotropic media, the stresses and the strains are related to each other
through relationships called constitutive relationships. These are:
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where E is Y oung's eastic modulus and 77 is Poisson's ratio.
Shear stresses and shear strains are related via the shear modulus G,
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Normal stresses can also be expressed in terms of strains,
s, =/e+2Ge,
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Longitudinal Elastic Stress\Wavesin a Bar or Column.

Therod shown below is experiencing the propagation of a stress wave from left to
right. Thisrod could be a concrete, steel or even atimber pile. Using Newton’s second
law of motion (F = ma) we can propose a differential equation of motion.
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where v, isthelongitudinal stress wave velocity.




A solution to find the displacement due to the stress wave could be,

u=F (vt +x)+G(v.t- x)

Thefunction F (v,t + x)is the propagation going along - x (Block #1) at timet,
U, = F (Vet +x)

At timet + Dt the function is represented by Block #2 shown below, moving
towards the | eft.



Therefore, at timet + Dt
U, =F Vg (t+Dt)+(x- Dx)
If the block movesleft without changing its shape from position #1to position #2,

ut = ut+Dt

or
F(vet+x)=F v, (t+Dt)+(x- Dx)
or

v. Dt =Dx

Therefore, thelongitudinal stress wave velocity v, = %

Similarly, the function G (v t - x) represents a wave traveling to the right.



The velocity of the particlesin the stressed zone.

Thereisadifference between the longitudinal stresswave propagation v; and the
velocity of the particles .in the stressed zone.

Consider a compression stress pulse of intensity sx and duration t' applied to therod.




The compressive stress pulse could be theresult of the strike of the diesel hammer
upon a pre-cast concrete pile. When this stress pulseisinitially applied, that zone of
the pilewill be under compression. This compression wave will soon moveto an
adjacent zone, such that, during thetimeinterval tthestresswill havetraveled a
distance x,

Dx =v Dt

At any time later on, that is, when t > t@ segment of the pile of length x will
constitute the compressed zone. Hence,

X = V.t©

The elastic shortening u of therod in the wave packet x is thus,

u= 2% x= S—EX (v.t©@ whereuisthedisplacement of theend of therod.
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Therefore, the particle velocity  isafunction of the intensity of stress sy , whereasthe

longitudinal stress wave propagates at a velocity isa function of the material properties
only, that is,

The particle and the stresswave velocitiesare in the same direction when a
compression stressis applied to the end of the pile (or rod).

However, when atensile stressisapplied at the end of therod, the particleand the
stress wave velocitiesare in opposite directions.



Thereflection of elastic stress waves at the end of a pile, column or bar.

What happens when the stress wave reaches the opposite end of the pile?

Notice the compression wave moving towardstheright along the bar (or pile) in the
figure (a) below, and the tensile wave moving left.



Notice that when the two stress waves meet at section a-a they cancel each other’s
stress, but the particle velocity doubles!

After the waves pass each other the stress and velocity go back to zero.



Noticethat the section a-aisessentially likea freeend. Therefore, in figure (d) below
notice that a compression wave isreflected back as atension wave. Both havethe
same magnitude and shape. Obviousdly, a tension wave approaching the pile (or rod)
end will bereflected back asa compression wave.



In contrast to the compression ver sustension example seen before, the figure below
shows the effect of two identical compression wavestraveling in opposite directions.

When they cross each other (shown below) at section a-a, the stressis doubled but the
particlevelocity becomes zero.



After the two compression waves pass each other, the stress and particle velocity
return to zero at section a-a.

Notice again, that section a-a remains stationary and hence behaves asthe fixed end
of therod or pile. Notice (below) that at the end, the compression waveisreflected
back also as a compression wave. At the end the stressis doubled.



Torsional wavesin a rod (bar or pile).

In thefigure below, therod isexperiencing atorsional force or torque T; the bar will
berotated an angle at adistance x.



Thedifferential equation for the torsional stresswavein a bar isfound again,
starting with Newton’s second law (F = ma),
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where J isthe polar moment of inertia of the bar cross-section.

ThetorqueT itsdf isgiven by,
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where v isthe velocity of torsional waves.




Former Secretary of State Henry A. Kissinger listensto a lecture on stresswaves.



Lonaitudinal vibration of short bars.

The solution to the differential equation for the longitudinal stresswaves of short bars
vibrating in their natural modeisgiven by,

u(x,t)=U(x)(A sinw,t+ A, cosw,t)
where, U ( X ) is the amplitude of the displacement along the length of therod,
A, and A, are constants and w, isthe natural circular frequency of vibration.
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1) End conditions: free and free.

At the ends, the stress (and strain) at theends are zero. In other words, at x =0
dU(x)/dx=0and at x =L dU(x)/dx = 0. Differentiating our proposed solution U(x)
(previousdide),

dU(x) B, X By o WX
dx Y Y V, V,
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Using thefirst boundary condition yields,

0= B, therefore B, =0
VC
Using the second boundary condition yields,
0=-( B,W, )sin "X andsince B, isnot zero,
VC VC
WL np or |(w, =PV | therefore v, = WL
V, L np
Thus, the equation for the amplitudeU ( x ) Is,

U(x)=B,cos KLX wheren =1,2,3...



Thefree-free end condition for the vibration of alongitudinal wavein a short bar.



2) End conditions: fixed and fixed.

Atx=0 U(x) =0 ((thatis, nodisplacement) and alsoat x=L U(x) =0.

Thefirst boundary condition yields,
0=B,
and the second boundary condition,

0=B,sn oL andsince B, 0 vyields WOL:np
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Thus, the equation for the displacement amplitudeU ( x ) s,

U(x)=B,sin %LX wheren =1,2,3...



Thefixed-fixed end condition for the vibration of a longitudinal short bar.



3) End conditions: fixed and free.

Theboundary conditionsfor thiscase are,
at x =0 (fixed end) U(x) =0
at x=L (freeend) dU(x)/dx=0

Thefirst boundary condition yields,
U(x)=0=B,
and the second boundary condition,
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Thus, the equation for the displacement amplitudeU ( x ) is,
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Thefixed-free end condition for the vibration of alongitudinal short bar.



Thetorsional vibration of short bars.

Torsional vibration issimilar to longitudinal vibrations. The equation for the natural
modes of vibration isgiven as,

g(x,t)=Q(x)[A sinut + A, coswt]
where Q isthe amplitude of the angular distorsion.

Thesolution of thedifferential equation,
Tg_ .Tq
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