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Thefigureat right showsa simple
non-damped mass and spring system
with two-degrees of freedom.

Thissimple system can be excited
into vibration in two different ways:

(1) Asinusoidal forceisapplied to
the mass my, thereby resulting
in aforced vibration of the
system, or

(1) Thesystem isset to vibrate by
applying an impact force on the
mass m.




Calculation of the system’s natural freguency.
Consider the free-body diagram on the previous dide. The differential equations of

motion are,
mz +kz +k,(z-2)=0 and
m,Z, +k2(22'21):O

Let z =Asnwt and z =Bsnwt
Backsubstituting these solutionsinto the basic differential equations,
A(k, +k,- mu/)- k,B=0 and
- Ak, +(k, - mu; )B =0
Since A and B are not zero, the non-trivia solution is,
(k1+k2 ) mle )(kz' szf): k22

A klml + k2m2 + k2m1 M/Z + k1k2 — O

\ - o
m1m2 m1m2




The equation for the natural frequency of the system w, can be simplified

k k
- and Wai, = —=
m, +m, m,

bysetting A="2 and w, :\/
m, !

which yields,
Wl - (L+h)(WE, + e nZ +(1+h)(nZ, )(nZ, )=0




Case 1: The Amplitude of vibration for a force on
the mass m;.

Consider the case when a vibration isinduced on the
system through aforce Qosin t acting upon the mass
ms. The differential equations of motion are now,

mz +Kz +ky(z-2)=Qsnmt and
m222+k2(22' 21)=O

Let z=Asnmt and z =A snm

Substituting backinto the differential equation,
Al(' mlW2 +k1+k2)' Azkz :Qo
Az(kz' m2W2)' A1k2 =0



From these two equations,we obtain the two coefficients A, and A,,
Qo(W; B Wz) QO(VV; )
2 d o 2
mp(w) T T mp(w)
where D(WZ)ZW4- (1+/7)(W2 +|/|/;2)|/1/2+(1+/7)(l/l/§l (W)

ol;

A1:

Noticethat A =Owhenw, =w

I,

The main systemisformed by m, and k,, whereas the auxiliary systemis

formed by m, and k. The vibration of the main system can be reduced
or even eliminated by the auxiliary systemif its natural frequency w;, = w.

Theauxiliary system is therefore a vibration absorber.




Case 2: An impact force upon the mass my. This case can be modeled by assuming
that the vibration isinduced via an initial velocity vp to the mass my. Hence,

z =C snw,t+C,snwu, t
z,=D,sinn,t+D,sinn,t

Attimet=0 z=z=0 and z=0 and z, =V,
Substituting,

) snut  sinugt

_(we,- ) (v, -
Z = v, and
W, (W - ;) W, W,
7 = 1 ( o|2'M622)SinWolt_( olz_Mé)SinM/ozt v,
(Wozl' ”/022) Wo, W,
Therefore, the amplitudes Z, and Z,, of the massesm, and m,, are,
()] | ()

(w2 - )w,

I

S P




Example 1.
Calculatethe natural frequenciesof thesystem o1 and o2 shown below, if W1 =251b
and W, =51b, and the spring constants are k; = 100 |b/in and k2 = 50 Ib/in.




The equation for the natural frequenciesis,

Wi - (L+R) (W2, + W2, Y2 +(1+h) (W2 )(WE, ) =0

m2:W2: o

where, /1 = =0.20 and
m W, 25
Wai, = “ \/ 100)(322)(12) =36radians/ s
Lo m +m, (25+5)
w, = ke :\/(50)(32'2) 12) =62radians/ s
©om, (5)

\ w/f- (1+0.2) (36) +(62)" uZ+(1+0.2)(36)*(62)*=0

6,140+ ,/(6,140)" - 4(5,900,000
W/ - 6,402 +5,900,000=0 \ up = £J(6.140) - 4( )

O, 2
or w, =35rad/sandw, =/0rad/s




Example 2.
Calculate the amplitudes of vibration Z; and Z; for the two masses of Example 1, if a
vibratory forceQ=10sn t (Ib) isapplied tothe mass m; with afrequency =78 rad/s.

Thisiscase#1, where a vibration isinduced on m,. We seek the valuesof A and A,,
D(W?) =w' - (1+h) (WG, +uj, )W +(L+ )W, (WG, )

=(78)*- (1+0.20) (36)" +(62)" (78)° +(1+0.20)(36)"(62)" = 6,000,000
From these two equations, we obtain the coefficients A, and A,,

_ Qg - w') _(10) (62)°- (78)

=- 0.06 inches
mlD(Wz) 25 (6X106)
32.2(12)
= Qu((15,) = (10)(62)° =0.10inches
mlD(WZ) 25 (6X106)

32.2(12)



Free vibrational systems with coupled trandation and rotation.

The 2-D of freedom system shown below will experience both translation and rotation.
Thetwo differential equations of motion of the massm are,




mz+k(z- L,g)+k,(z+1,9)=0

mrég- 1k (z-1.g)+1,k,(z+1,g)=0
where

g istheangleof rotation of the massm,
dt?
r istheradiusof gyration of the body about the center of gravity,

mr?* =J isthe mass moment of inertia about the center of gravity.
Let,

k,+k, =k, and 12k +I2k, =k,
Therefore,

mz+k,z+(1,k, - 1.k, )g=0
mr’g+k,g+(1,k,- 1k )z=0



Noticethat if 1.k, =1,k, then the mz equation isindependent of q.

Similarly,the mr °g equation isindependent of z.

Therefore, the two motions, trandation and rotation exist independent
of each other,

mz+k,z=0

mreg+k,g=0

The natural circular frequency w, of translationis,

w,=,—

oz

and the natural circular frequency of rotation w,, Is,
K

w = g
oq er



However, if 1.k, 1 |k, the equations are coupled; set

&:El and e Mo g Keop
m m m

S0, the coupled differential equations are,
z+E,z+E,g=0
g+ = g+ =2 220
r r
Let thesolutionsbe, z=Zcosw,t and g=Qcoswt
from whence the general equations of motion are,
z=Z,cosw,t+Z,cosw,,t and qg=Q,cosw,t+Q,cosw,t

where the amplitude ratios are,

Z, E _-(E3/I‘2-Wz)
i_'El-zwgl_ E, /12 *
2z E, _-(Ejir*-wZ)

Q, E-w E,/r?



Homework Problem #5A.

Determinethe natural frequencies o1and o of
the two-degrees-of-freedom system shown below
asfunctions of ki, ko, k3, ms and my.

Answer:
k1+k2+k2+k3
1 ml m2
Wo W, = —F= 2
V2o gk, Ktk L, K

m, m, mm,

0.5

0.5



Homework Problem #5B.

Giventhat Qo=100Nand =31
rad/sec, what should bethevalue of k»
so that the auxiliary system actslikea
vibration absor ber for the main system?

Answer:

ko = 57.7 N/mm
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