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Greek Symbols used in Vibrational Analysis:

� (alpha) = Attenuation constant; coefficient of thermal expansion;
� (beta) = Percentage of cr itical damping (c/ 2 � km); the tuning ratio;
� (gamma)   = Shear strain;
�  (delta) = Relative displacement = u – x;
� (epsilon) = Strain or change in length per unit length;
� (zeta)
� (eta)
� (theta) = Phase angle; slope angle;
	 (iota)

 (kappa)
� (lambda)   = Wavelength;
� (mu)� (mu)

 (nu) = Poisson ratio;
� (xi) = Damping ratio = c / cc = c/2� km
� (omicron)
�  (pi)
� (rho) = Mass density (m/V);
� (sigma) = Stress; standard deviation;
�  (tau) = Shear stress; time var iable of integration;
� (upsilon)
� (phi) = Blast hole diameter ; angle of sliding resistance;
� (chi)
� (psi) = Angle of phase difference;
� (omega) = Dominant ground motion circular frequency (= 2�  f). 



Case (3).  A steady-state forced-vibration system without damping.

The previously studied free vibration foundation-soil system has now an additional 
external alternating force Qo sin(� t + � ). This is shown below, where the spr ing 
constant is still k. This type of problem is typical of footings suppor ting internal 
combustion engines that have reciprocating pistons. 
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The general equation of motion for a forced and un-damped system is,

The general solution will consist of the sum of the  solution
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which will have the known solution,
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A particular solution handles the response to the external loading. In general,

this equation of motion could be of the harmonic loading form,

where  is the amplitude of the harmonic resp
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Substituting both  and  into the general equation of motion yields,

and setting  yield the value of the amplitude 
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The general solution must satisfy the initial conditions for displacement  and

velocity  The velocity is,
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Given an initial displacement  and velocity
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The solution of the general equation of motion for a forced and 

un-damped system is thus,
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The special case when the system is initially at rest is of interest,

because it represents most seismic events, that is, 0 
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The response has two components:

a) The first re
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b) The second component is the free vibration at the natural frequency.

The frontal factor is also made up of two parts:

a) The  factor is the displacoQ / k
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ement of the mass if the load were

applied statically;

b) The term 1 1  is a magnification factor that depends on the

tuning ratio . Notice that the response can go to infinity at resonance.
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The magnification factor M var ies with the ratio of � /� n . Notice that when that ratio 
approaches unity, the magnification increases without bound. This is called a resonant 

condition, and is of great interest to all structural engineers.



The var iation of the magnification factor M versus the tuning factor for an un-damped 
forced SDOF system.



The plot of u versus time t for the resonant condition shows its unending increase. 



Example 6.

Determine the maximum and minimum forces placed by a vibrating machine’s 
foundation upon its soil sub-grade, if: (1) the machine and its foundation weigh 40 kips, 
(2) the soil’s equivalent spr ing constant is 400 kip/in, and (3) the machine operates at 
800 rpm. Assume that the force Qo (kips) upon the foundation is 8 sin� t.
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Example 7.

Consider again the example of the elevated water tower, simplified as a point weight of 
10 kips suppor ted on a slender steel column. Assume that it is an un-damped system 
and that now the tower is subjected to a harmonic base acceleration of 0.20g from an 
ear thquake at a frequency of 2 her tz. Compute the response of the water tower system 
to the ear thquake.

ü

Austin water tower stores 2-million gallons of rainwater and
reclaimed water for parks, golf courses and r-o-w green areas.
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The acceleration of the tower's base (its foundation) is ,
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The equivalent external force is,
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The equation of the motion of the base is thus,
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The input of values for time t = 0, 0.25, 0.50, 0.75, 1.0, etc seconds yields the plot,  

Homework #4A:

Per form your own calculations for the displacement u dur ing four cycles, and plot. 
Show all your calculations and plot.
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Case (4): A steady-state forced vibrational system with viscous damping.

The differential equation of motion with a sinusoidal varying force Q = Q0 sin� t, is

The complementary solution describes the damped free vibrational 

response of the damped condition, where  is the dd
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The response of the damped  system will usually be out of phase with the

earthquake loading, and so, the harmonic particular solution will be,
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Placing these values into the general equation of motion yields,
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The solution of the two equations yields,
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and therefore, the general solution of the equation of motion for a damped

forced vibrational system is,
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Notice that  and  are given by initial conditions, and that this first part

decays with time, a  . After th
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e transient dies out, only the

steady-state response remains, at the frequency of the applied harmonic,

but out of phase with the loading.
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Note that the maximum values do 
not occur at � = � n as occurs in 
the case of a forced vibration of the 
foundation-soil system.foundation-soil system.

The maximum values occur at fm,  
called the maximum amplitude.



The maximum dynamic force that is transmitted to the soil sub-grade can be found 
through the spr ing force and the damping force caused by the relative motion between 
the foundation mass and the dashpot,

Using theexpression for thedisplacement

and therefore thevelocity is,

and replacing and into thedifferential equation,
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Alternative Formulation:

Another way to express the steady-state response is with phase angle � . 
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When the loading is harmonic, the phase angle var ies with both the damping ratio �
and the tuning ratio � , as shown in the figure (a) below.

The influence of the tuning ratio � and the damping ratio � is clear ly descr ibed in (b) via 
the Magnification Factor M, as the ratio of the amplitude A to the static displacement.
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The damping ratio � influences the peak magnification factor. The magnification 
is unbounded,  that is it enters resonance, when � = 0 and � = 1. With damping, the 
maximum magnification Mmax, 

max 2
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21 2b x= -

The shape of the magnification curve is controlled by the damping ratio � , and 
although a system with low damping may produce large magnifications at a tuning 
ratio near 1, it will have large magnifications over a smaller range of frequencies than 
a system with higher damping.



Example 8.

Determine (1) the un-damped natural frequency fo of the foundation, (2) the amplitude 
of the motion Z, and (3) the maximum dynamic force transmitted to the sub-grade, for 
an electr ical generator dr iven by a diesel engine placed on a isolated footing that 
weighs 140 kN. The spr ing constant of the soil is k = 12x104 kN/m and the damping 
ratio � = 0.2 respectively. The vibrating force Qo is 46 kN at � = 157 radians/sec.
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Example 9.

The SDOF system below represents a shallow footing bear ing upon a uniform clean 
sand stratum (SP) that is at rest when the ear thquake load is applied. 

Find the transient, steady state and the total motion of the foundation if the 
equivalent ear thquake static force is 100 lb with a frequency � = � .  
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The general solution of the equation of motion for a damped forced

vibrational system is,
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The transient (decaying) motion is,
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The plot of the two responses and their sum is,

Homework #4B:

Per form your own calculations for the displacement u dur ing four cycles, and 
plot. Show all your calculations and plot.
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