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Greek Symbols used in Vibrational Analysis:

(alpha) = Attenuation constant; coefficient of thermal expansion;

(beta) = Percentage of critical damping (¢/ 2 km); thetuning ratio;
(gamma) = Shear strain;

(delta) = Relativedisplacement = u — X;

(epsilon) = Strain or changein length per unit length;
(zeta)

(eta)

(theta) =Phaseangle; sope angle;
(iota)

(kappa)

(lambda) = Wavelength;

(mu)

(nu) = Poisson ratio;

(xi) = Dampingratio=c/c.=c/2 km

(omicron)

(pi)

(rho) = Mass density (m/V);

(sigma) = Stress; standard deviation;

(tau) = Shear stress; time variable of integration;
(upsilon)

(phi) = Blast hole diameter; angle of dliding resistance;
(chi)

(psi) = Angle of phase difference;

(omega) = Dominant ground motion circular frequency (=2 f).



Case (3). A steady-state forced-vibration system without damping.

The previoudly studied free vibration foundation-soil system has now an additional
external alternating force Qo sin( t+ ). Thisisshown below, wherethe spring
constant isstill k. Thistype of problem istypical of footings supporting internal
combustion enginesthat have reciprocating pistons.



The general equation of motion for aforced and un-damped system is,
mu +ku =Q, sin mt

The genera solution will consist of the sum of the complementary solution

and the particular solution.

The complementary (homogeneous) eguation of motion will be,
mu+ku=0

which will have the known solution,

u.=C,snw,t+C,coswt

Basically, thisis asimple harmonic oscillation with the un-damped natural
frequency w, of the system.



A particular solution handles the response to the external loading. In generdl,
this equation of motion could be of the harmonic loading form,
u,(t)=U, sinm
where U, isthe amplitude of the harmonic response.
Substituting both u, and u,; into the general equation of motion yields,
-mi#U, sint +kU_ sin it = Q, sin it
and setting k / m = w/ yield the value of the amplitude U
LU= Qlk _Qk
° 1-wiw 1- b?

where b” is caled the tuning ratio.

The general solution is thus,

u(t)=u,(t)+u (t)=C,sin WO'[+C2COSWO'[+QO gz( sin int




The genera solution must satisfy the initial conditions for displacement u and
velocity u. The velocity is,

u(t) :% =w,C,cosw,t- w.C,sinwt + WQ_O g: cos imt

Given an initial displacement u, and velocity u,,

u, :Clsinm(0)+Czcosm4)(O)+WQ_° g: sinw(0) =C,

u, = w,C, cosw, (0)- w,C, sinw, (0) + W(lg_o g: cosiw(0) = w,C, + W(lg_o g:

Therefore C, Is,
u,- w (Q/K)/(1-6%) 4 Qb

0

W, W, k(1- b?)

C, =



The solution of the general eguation of motion for aforced and
un-damped system is thus,

u b .
u= —- < Snw,t+u_ cosw,t +

w, k(1- b?) 1- b

Q, /K

2

sin mt




The specia case when the system isinitialy at rest is of interest,
because it represents most seismic events, that is, u, =u, =0

Q,
k 1- b?

u= (sinmt - bsinwt)

The response has two components:

a) Thefirst responds to the applied loading and its frequency;

b) The second component is the free vibration at the natural frequency.
The frontal factor is aso made up of two parts:

a) The Q, / k factor isthe displacement of the massif the load Q, were
applied statically;

b) Theterm M =1/ (1— bz) is a magnification factor that depends on the

tuning ratio b. Notice that the response can go to infinity at resonance.



The magnification factor M varieswith theratioof / . Noticethat when that ratio
approaches unity, the magnification increases without bound. Thisiscalled a resonant
condition, and is of great interest to all structural engineers.



Thevariation of the magnification factor M ver susthe tuning factor for an un-damped
forced SDOF system.



Theplot of U versustimet for the resonant condition showsits unending increase.



Example 6.

Deter mine the maximum and minimum for ces placed by a vibrating machine’s
foundation upon its soil sub-grade, if: (1) the machine and its foundation weigh 40 Kips,
(2) the soil’s equivalent spring constant is 400 kip/in, and (3) the machine oper ates at
800 rpm. Assume that the force Qo (kips) upon the foundation is8 sin t.

w,= | = | _40Kp/In __ =62.2radiang/s
m 40kip/ (322 ft/s7)(12 ft/in)

w=2pf =2p(800 cycledminute)(1minute/ 60 sec) = 83.8 radians/s
= 90 __ ssnmt _ 23 kips

1- wlw, 1-383.8/62.2
The maximumforce on thesubgrade=W +F, _ . =40+23=63kips

The minimum forceon thesubgrade=W - F, .. =40- 23=17Kkips

F

dynamic



Example?7.

Consider again the example of the elevated water tower, smplified as a point weight of
10 kips supported on a slender steel column. Assumethat it isan un-damped system
and that now the tower is subjected to a harmonic base acceleration of 0.20g from an
earthquake at a frequency of 2 hertz. Compute the response of the water tower system

to the earthquake.

Austin water tower stores 2-million gallons of rainwater and
reclaimed water for parks, golf coursesand r-o-w green areas.



w _2pf _20(2)_ 4p _

Thetuning ratio b is b= = =0.181
w, W, 69.5 695
The acceleration of the tower's base (its foundation) isu,,
u, (t) =(0.20) g =(0.20)(32.2ft / s*)sinv t = 6.44sin4pt
The equivalent external forceis,
Q(t) = WEUb (t)=- 312(?’2?:?(3'22 (6.44ft/ $*)sin4pt =- (2,000b) sin4pt
The equation of the motion of the base is thus,
u=2 1 ~(sinimt - bsinwt)
kK 1- b
_ - 2kips 1

= ~ sin4pt - 0.181sin(69.5t)
1500k / ft 1- (0.181)

u=0.00138sin4pt - 0.00025siN69.5t



Theinput of valuesfor timet =0, 0.25, 0.50, 0.75, 1.0, etc secondsyieldsthe plot,

Homework #4A:

Perform your own calculationsfor the displacement u during four cycles, and plot.
Show all your calculationsand plot.



Case (4): A steady-state forced vibrational system with viscous dampina.

Thedifferential equation of motion with a sinusoidal varyingforceQ=Qpsin t,is

mu +cu +ku =Q, sin mt

Divideby m and set x=c/ 2mw, and w/ =k / m,

u+2XWOu+W§u:%sinWt
m

The complementary solution describes the damped free vibrational
response of the damped condition, where w; Isthe damped natural

frequency,
u.(t)=e""(C, sinw,t +C, cosm,t)



The response of the damped SDOF system will usually be out of phase with the
earthquake loading, and so, the harmonic particular solution will be,

u (t)=C,sinimt+C,cosimt whichyields,

u (t)=wC,cosimmt - wC,sinim

u,(t)=-w’C,sint - w’C,cosim

Placing these values into the general equation of motion yields,

(CuZ - C,#7 - 2w,C,w)sinimt +(C, w7 - C,it# + 2xw,C, W) cosint :%sinm

When mt =0+ np for n positive integers, ssnit =0 and cosimt =1
C.w - C,w +2xw,C,w=0

andat mt =p/ 2+np means sinimt =1 and cosimt =0

C.w - C.w - 2xw,C,w

These are two equations with two unknowns C, and C,,



The solution of the two equations yields,
-— 2 -—
_Q 1- b and C. = Q, 2Xb

C3 k 2\2 2 4 k 2\2 2
(1- b7)" +(2xb) (1- b7)" +(2xb)

and therefore, the genera solution of the equation of motion for a damped

forced vibrational system is,

u(t)=e"*"(C,sinn,t+C,cosmt)

< 21 . (1- bz)sinWt- 2xb cos imt

k (1- bz) +(2xb)

+

Noticethat C, and C, are given by initial conditions, and that thisfirst part
decays with time, a transient response. After the transient dies out, only the
steady-state response remains, at the frequency of the applied harmonic,

but out of phase with the loading.




The amplitude can be plotted normalized as Z /(Q, / k),

Z 1

(Qo/k)_\/l— (Wzlwﬁ) 2+4X2(W2/

W

n

)

Note that the maximum values do
not occur at = npasoccursin
the case of aforced vibration of the
foundation-soil system.

The maximum values occur at fm,
called the maximum amplitude.



The maximum dynamic forcethat istransmitted to the soil sub-grade can be found
through the spring force and the damping for ce caused by therelative motion between
the foundation mass and the dashpot,

F

Using the expression for the displacement u,
u=Zcosmt and thereforethevelocity uis,
u=-wZzZsnwt andreplacinguand u intothedifferential equation,

=cu+Kku

dynamic

Fanamic = - CWZ Sinut +kZ cosmt
Let kZ =Acosf and cwZ =Asnf
\' Fynamc = AcCoS(mt + 1)

whereA:\/(Acosf)2 +(Asinf)2 = Z\/k2 +(CW)2

Notice that A isthe magnitudeof the maximum dynamic force.




Alternative Formulation:

Another way to expressthe steady-state response iswith phase angle .
u=Asin(it+f)

Q L and f=tan?

where A= >
K \/(1 172)+(2)(b)2 1- b




When the loading is harmonic, the phase angle varies with both the damping ratio
and thetuning ratio , asshown in thefigure (a) below.

Theinfluence of thetuningratio and thedampingratio isclearly described in (b) via
the Magnification Factor M, astheratio of the amplitude A to the static displacement.

A 1
QK \/1 b?)+(2xb)°




Thedampingratio influencesthe peak magnification factor. The magnification
iIsunbounded, that isit entersresonance, when =0and = 1. With damping, the
maximum magnification M max,

M__ = .

2 1- xP

_ | 2
This maximum occur s when the tuning ratio b=41- 2x

The shape of the magnification curveis controlled by the damping ratio , and
although a system with low damping may produce lar ge magnifications at a tuning

ratio near 1, it will have large magnifications over a smaller range of frequenciesthan
a system with higher damping.



Example 8.

Determine (1) the un-damped natural frequency f, of the foundation, (2) the amplitude
of the motion Z, and (3) the maximum dynamic force transmitted to the sub-grade, for
an electrical generator driven by a diesel engine placed on aisolated footing that
weighs 140 kN. The spring constant of the soil isk = 12x10* kN/m and the damping
ratio = 0.2respectively. ThevibratingforceQ,is46 kN at = 157 radians/sec.

\F \/12x104 kN/m) (9.81m's’)
1) f,=— =14.6 cps( hertz)
‘\/ 140kN)

2)w, =2pf, =2p(14.6)=91.7 radiang/s

Vi
Z= (QO / k) = (46/ 12x10 ) =0.187 mm

\/1_ (1 v 2+4XZ(W°‘/|/|{:') \/1- (157° 1 91.7?) 2+4(o.2)2(1572/91.72)

3)c=2xfkm=2x <Y 2(02)\/(12x10“) 0 so3kn-gm
g 9.81

A= z\/ k2 +(cw)” =(0.000187) \/(12x104)2 +(523x157)" = 27.2kN



Example 9.

The SDOF system below represents a shallow footing bearing upon a uniform clean
sand stratum (SP) that isat rest when the earthquake load is applied.

Find the transient, steady state and the total motion of the foundation if the
equivalent earthquake static forceis 100 Ib with afrequency =



The general solution of the equation of motion for a damped forced
vibrational system is,

u(t)=e**"(C, sinm,t +C, coswt)
Q, 1

K (1- b2) +(2xb)’
Sincethe initial displacement iszero, u(t=0)=0

u(0)=e*** C, sinw, (0)+C,cosw, (0)

+

(1- bz)sin Wt - 2xb cos itk

Qo 1 2 I _ —
+ > (1_ b2)2+(2xb)2 (1- b )sm w(0) - 2xb cosiw(0)
Q, - 2xb Q, 2xb

0=C, + : _\ C,=
K (1- b°)" +(2xb)




Theinitial velocity isalso zero, u(t =0)=0
u(0)=wn,e® C, cosw, (0)- C,sinw,(0)

-xwe ) C sinw, (0)- C,cosw, (0)

Q, w 2 ) o
+= i b2)2+(2xb)2 (1- 5*)cosw(0)- 2xb sinw(0)
u(0) = WdC1' XWoC2+C|2(O (1_ Z(;-z-fzzlb)z
\ cleO W b22—1
K W (1- p2) +(2w0)°



The transient (decaying) motion is,

uc(t):QO 21 Ze"‘W"t ﬂ(b2+2)(2-1)sinwdt- 2xb cosw,t
K (1- b?)" +(2xb) W,

and the steady-state motion is,

up(t):Qo 21 (bz-l)sinm_/t- 2xb cos mt
K (1- 8°) +(2w0)°

The total motion isthe sum of the transient and steady-state solutions. Also,

(100 Ibfin) (12irvit)(32.2 ft/sec?) |
= 6.22 radians/sec
(1,0001b)

_ (31b-sedfin) (12invt) (322 ftisec’
. 2mW zvvw 2(1,0001b)(6.22 rad/sec)

=0.093

W, = w1 X° =(6.22 radisec) |/1- (0.093)" = 6.19 radl/sec
_w _ p(rad/sec)
A

= =0.505
~ (6.22rad/sec)




Theplot of the two responses and their sum is,

Homework #4B:

Perform your own calculationsfor the displacement u during four cycles, and
plot. Show all your calculations and plot.
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