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Case (1).  A free-vibration system without dampening.

The soil subgrade reaction q is the foundation load W over an area A. In the lumped 
parameter system, the displacement zs of the soil is propor tional to the load W, or 
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expressed as an equality by using the spr ing 
constant k,

The coefficient of sub-grade reaction ks is,
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When the foundation is disturbed from its 
static equilibr ium, the foundation-soil system 
will vibrate. When damping is not present 
c=0, and the equation of motion is simply
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The solution to this first-order differential equation is of the form,

The parameter  is the undamped natural circular frequency of

the system,  and thus the natural period ando
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The solution in terms of the circular frequency is,
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The boundary conditions reveals the value of the constants. At initial

conditions, the time 0 with initial displacement and velocity 

0 0

0 0

o o

o o

o
o o o o

t u u ,

u C sin C cos C C u

u
u C cos C sin C Cw w ww w ww w ww w w

wwww

=

= + = \ =

= - = \ =

�

�
�

Therefore, the equaton of motion becomes,
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The displacement of an undamped free vibrating system is,

owwww



The maximum displacement Z is called the single amplitude. The peak-to-peak amplitude
is 2Z and is also refer red to as the double amplitude. The time required for the sinusoidal 
displacement to repeat itself is called the period T, which is given by,
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T and the frequencyof oscillation f is, f
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The plots for the velocity and the acceleration of the foundation can be found from the The plots for the velocity and the acceleration of the foundation can be found from the 
first and second der ivatives of the displacement z,
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Thedisplacement u of thefoundation,

At different timeintervals,
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use the analogy of a pendulum.
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An alternative form of this solution is,

sin where,

the amplitude is 

and the phase angle is tan-
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Example 1.

Find the natural frequency of vibration of a foundation with a mass m suppor ted by a 
soil that has exper ienced a static deflection of 0.5 inches under that mass.
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Example 2.

Find the per iod of oscillation and the natural frequency of vibration of a foundation 
with a weight of 60 kN and a soil (spr ing) constant of 103 kN/m.
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Example 3.

A small water tower can be simplified as a point weight of 10 kips suppor ted on a 
slender steel column (the figure idealized below). Assume that it is an un-damped 
system and that a hor izontal wind load of 5 kips applied hor izontally to the tower 
produces a lateral displacement of 0.04 inches. What is the natural circular frequency 
and per iod of the system, and plot its time history when the wind stops.

The stiffness of the column is,
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The natural circular frequency is,
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The conditions of the problem give the initial displacement and

velocity, therefore
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Therefore, the equation of motion is,
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Case (2).  A free-vibration system with viscous damping.

We saw before that a free vibration imposed upon an un-damped foundation-soil 
system will continue to vibrate without end. In reality, all vibrations will gradually 
decrease in amplitude with time due to damping. The figure below shows the modeling 
of the damping through the use of a dashpot with a coefficient c.



In reality, all systems have some damping, which results from fr iction, heat, air  
resistance, etc. The equation of motion is therefore,
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The solution to the damped free vibration differential equation depends on the value 
of the damping ratio � .

1) When � < 100% the system is under-damped. In ear thquake engineer ing, all cases 
of seismic events are under-damped.

2) When � = 100% the system is critically damped.

3) When � > 100% the system is over-damped.



The solution to the differential equation for the under-damped condition is of the 
following form,
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Notice that the bracket por tion is multiplied by an exponential that gradually gets 
smaller with time and eventually becomes zero.

The damped natural circular frequency � d permits a different mode of solution,
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where the coefficients  and  can be found from initial conditions.

The initial displacement is,

sin 0 cos 0

The initial velocity is,
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Therefore,
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The solution for a damped free vibration system is,
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Example 4.

A small billboard tower has mass of 1,000 kg, a stiffness of 20,000 N/m and has a 
natural damping of 1,000 N-m/sec.

An ear thquake displaces the billboard’s foundation laterally 10 mm with an initial 
velocity of 50 mm/sec.

(a) Find the system’s damped natural frequency, and
(b) Plot the time history of response of the billboard’s mass. 



( )( )

The undamped natural frequency  is,
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The damping ratio  is,
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The damped natural frequency  is,
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The undamped natural circular frequency  is,

2 2 0.71 4.5 radians/sec

The damped natural circular frequency  is,

2 2 0.70 4.4 radians/sec
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Thus, the displacement response is,
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