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Case (1). Afree-vibration system without dampening,.

The soil subgrade reaction qisthe foundation load W over an area A. In the lumped
parameter system, the displacement z of the soil is proportional to theload W, or

expressed as an equality by using the spring

constant Kk,
k:W .Ib
Z, inch
The coefficient of sub-gradereaction ksis,
=9 - W Ib
>z Az in’

When the foundation isdisturbed from its
static equilibrium, the foundation-soil system
will vibrate. When damping is not present
c=0, and the equation of motion issimply

mu+ku=0 or u-+ 5 u=0
m



The solution to this first-order differential equation is of the form,

u= Can\/7t+C cos\/7

The parameter \/7 IS the undamped natural circular frequency of
m

the system, w, = \/E and thus the natural period and frequency are,
m

TO:Z_’O:ZIO\/E and fO:M/O: l\/?
w, K 20 2p\m

The solution in terms of the circular frequency s,
u=C,sinw, t+C,cosw, t




The boundary conditions reveals the value of the constants. At initial

conditions, thetimet = 0 with initial displacement u, and velocity u,,

u, =C,sin(0)+C,cos(0)=C, \ C,=u,

u, = w,C, cos(0)- w,C,sin(0)=w,C, \ C,=—=
s,

Therefore, the equaton of motion becomes,

u, .
u=—=sinw,t +u, cosm,t
W,

o

The displacement of an undamped free vibrating system is,



The maximum displacement Z iscalled the single amplitude. The peak-to-peak amplitude
IS2Z and isalsoreferred to asthe double amplitude. Thetimerequired for the sinusoidal
displacement to repeat itself iscalled the period T, which isgiven by,

T=2 and the frequency of osdllation f is f_1 L

W
1 Wg
The undamped natural frequency f, = =
2.0 2.0 \/ZSW 2.0

Theplotsfor the velocity and the acceler ation of the foundation can be found from the
first and second derivatives of the displacement z,

u=Acos(wt-a)
u=-(Aw, )sn(wt-a)=Aw cos(wt-a+p/2) and
u=-Awcos(wt-a)=Aw cos(wt-a+p)



Thedisplacement u of thefoundation, |u= Acos(wt- a)

At different timantervals,

t=0 u=Acos(-a)=Acosa
=4 u=Acos(0)=A
W,
:p/2+a u=Acos(p/2)=0
W,
t:p+a u=Acos(p)=-A
W,
t:3’0/2+a u=Acos(3p/2)=0
W,
_p+a u=Acos(2p0)=A etc...
w

These results are shown on the next dlide...



use the analogy of a pendulum.



An dternative form of this solution is,
u=Asin(wt+f) where,

the amplitudeis A= \/uf + o
W

o

and the phase angleis; =tan’t ——°



Example 1.

Find the natural frequency of vibration of a foundation with a mass m supported by a
soil that has experienced a static deflection of 0.5 inches under that mass.

o1 [g_ 1 \/(32.2ftlsecz)(12inches/feet)

5 U, - 20 (0.51nches)

= 4.4 cycles per second

n



Example 2.

Find the period of oscillation and the natural frequency of vibration of a foundation
with aweight of 60 kN and a soil (spring) constant of 10° kN/m.

3
LS 1 \/ 10°kN /m = 2.04 cycles persecond

f = — -
20 \m 2p \60kN /9.81m/ s’

T = 1 = 1 = 0.5 seconds
04




Example 3.

A small water tower can be smplified as a point weight of 10 kips supported on a
dender steel column (thefigureidealized below). Assumethat it isan un-damped
system and that a horizontal wind load of 5 kips applied horizontally to the tower
produces a lateral displacement of 0.04 inches. What isthe natural circular frequency
and period of the system, and plot itstime history when the wind stops.

The stiffness of the column is,
k=tung = SKPS  _jo00in/inch
D 0.04inches

The natural circular frequency is,

_\/?_ kg _ |(125kip/in)(12in/ ft)(32.2 ft/s’)
T m T VIw

10 kips

w, = 70radians/sec

The natural period T, is,

T = 20 _ 2p radians
W 70 kips

o

= (0.1seconds



The conditions of the problem give theinitia displacement and
velocity, therefore

u, =0.04inches and u, =0

Therefore, the equation of motion is,

u(t) = % sinwt +u, cosm;t =(0.04in)cos(70t)

0]



Case (2). Afree-vibration system with viscous damping,.

We saw before that a free vibration imposed upon an un-damped foundation-soil
system will continueto vibrate without end. In reality, all vibrationswill gradually
decrease in amplitude with time due to damping. The figure below shows the modeling
of the damping through the use of a dashpot with a coefficient c.



In reality, all systems have some damping, which resultsfrom friction, heat, air
resistance, etc. The equation of motion istherefore,

mu+cu+ku=0
Dividing by m and setting k/ m= 1/ yields,

C K C
u+—u+—u=0 or u+—w u+uw u=0
m m K

Thisis commonly written as,

2J_

The denominator of the velocity constant is known as the critical damping
coefficient c_; the damping ration x is defined as,

y=C_ € _ ¢ _cow
c. 2vkm 2mw, 2K

Thus, the equation of motion with damping is,
u+2xuw, u+uw, u=0




The solution to the damped freevibration differential equation depends on the value
of the damping ratio .

1) When < 100% the system isunder-damped. In earthquake engineering, all cases
of seismic events are under-damped.

2) When =100% the system iscritically damped.

3) When > 100% the system is over-damped.




The solution to the differential equation for the under-damped condition is of the
following form,

u=e ™! Clsin(W0 1- x° t)+C2 cos(W0 1- x° t)

Notice that the bracket portion is multiplied by an exponential that gradually gets
smaller with time and eventually becomes zero.

Thedamped natural circular frequency ¢ permitsa different mode of solution,
u=e"*[C, sinmt+C, cosmt|
where the coefficients C, and C, can befound frominitid conditions.
Theinitia displacement u, is,
u,=e ™ C €n(0)+C, cos(0) =C,
Theinitid velocity u is,
u, =€ G, cosw (0)- w;C, sinw (0) - xye ™ G sinw (0)+C; cosw (0)

u, =G, - G,



Therefore,

u, +xw,u
C1:(° . and C,=u,
Wy

The solution for a damped free vibration system is,

(U, +xmu, )

xwj, t

u=e sinw,t +u, coswyt

&




Example 4.

A small billboard tower has mass of 1,000 kg, a stiffness of 20,000 N/m and hasa
natural damping of 1,000 N-m/sec.

An earthquake displaces the billboard’s foundation laterally 10 mm with an initial
velocity of 50 mm/sec.

(a) Find the system’s damped natural frequency, and
(b) Plot thetime history of response of the billboard’s mass.



The undamped natural frequency f, is,

(= 1 \/?: 1 |20,000N/m _ o\
20 20\m 2p 1,000 kg

The damping ratio x Is,
__Cc _ 1,000 N - m/sec
2/km  2,/(20,000N / m) (1, 000kg)

The damped natural frequency f, is,

X =0.12

f, = f,\1- x* =(0.71hz)J1- (0.12)° =0.70 hertz
The undamped natural circular frequency w; is,

w, =2p f, =2p(0.71hz) = 4.5 radians/sec

The damped natural circular frequency w; Is,

w, =2pf, =2p(0.70 hz) = 4.4 radians/sec



Thus, the displacement response is,

u=e ! (U, +4,) sinw,t+u_cosw,t
- d 0 d
W
u=e (0.12)(4.4)t  ~ 0.05+ (012)(45)(001) Sln(44t) + (1) COS(4.4t)

4.4
u=e°""" cos(4.4t)- 0.01sin(4.4t)
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