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Complex vibrations can usually be smplified from infinite points and infinite degrees
of freedom into a finite group of discreet elements, such as point masses, massless
springs and viscoelastic dash pots.

Obvioudly, this approach yields very approximate solutions for deep soil deposits
subjected to complex seismic loads.

A better solution isforthcoming from numerical methods, such asthefinite element
method. Thislecture, however, isareview of the classical closed-form mathematical
method. Thismethod formsthe basisfor most structural and geotechnical analysisand
design of foundations and structures.

Vibrating systems can be either rigid or compliant. In rigid systems, all pointswithin
the body remain fixed with respect to each other. This system is easy to describe.
However, all real world systemsinvolve compliant behavior, wherethe body is
distorted by the seismic input. Thisis especially true of soilsand rocks, and the
foundations placed within them.

Thenumber of independent variablesrequired to describe the position of all the
masses of a system is called the dynamic degree of freedom of the system.




- Afreevibration isany system that vibrates under the action of forcesthat are part of,
or areinherent to the system itself.

- Aforced vibration isany system that vibrates under the action of an external forceto
the system itself.

- The degree of freedom: Thefigure at left below can be described by a single coordinate
zs0 it isa single degree of freedom SDOF (or 1-DOF) system; thefigurein the middle
needs z: and z to describe the motion of the system, so it isa two-degrees of freedom (2-
DOF) system; thefigure at right is also a two-degree of freedom (2-DOF) system,
requiringzand todescribethe motion.




At left, a 3-DOF system (with horizontal trandation), and at right, an obvioudly
infinite DOF system.



Thebasic design criterion for foundations subjected to vibrations (whether seismic,
machinery or impact loadings) isto control their displacements.

These displacements are of two kinds,

1) temporary cyclic elastic displacements (that is, they return to their original
position after theloading stops, and

2) per manent plastic displacements (the foundation remains displaced
from itsoriginal position after the loading ceases).

Foundations can vibratein all six possible modes, as shown below.

These six modes of
vibration may contribute
to unbalanced forcesin a
simple foundation. These
unbalanced forcesin turn
generatethe vibrations.



Each mode is analyzed separately. The most common simplification isto represent the
foundation-soil system subjected to a dynamic loading Q with a spring and a dashpot
analog model system (also known as a lumped parameter vibration system).

For example, a foundation subjected to a vertical axis dynamic loading, show below at
left isrepresented by the figure on theright:

Q

thisis equivalent to

a lumped parameter vibration system



The Basic Equations of Motion for a SDOF System.

Consider the smple SDOF system shown below, subjected to an external load Q(t),
and opposed by threeforces, (1) the body’sinertial forcef;, (2) the viscous damping
forcefp, and (3) the elastic spring forcefs.



The equation of motion isexpressed asthe dynamic equilibrium of these four forces,
f()+ o (1) + 15 (£) =Q(1)
Newton's second law states that the inertial force acting on a mass
IS equal to itsrate of change of momentum (acceleration),

2
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The behavior of the viscous dashpot is a function of the velocity,

du (t)
fo(t)=c
Finally, the force of the spring is proportional to its displacement,

o (1) =ku (1)

Therefore, the equation of motion for a SDOF system,
mu(t)+cu(t)+ku(t)=Q(t)

=mu(t)

=cu(t)




Notice that this second-order differential equation islinear, because all the terms have
constant coefficients, as shown below. Because it islinear, the principle of super-
position can be used. If the dataisnot linear, then a numerical method must be used.

Thefigureat left istheinertial force versusthe acceleration, with a constant mass m;
the center figureisthe damping force versusthe velocity, with a constant damping c;
thefigureat right isthe spring force ver sus the displacement, with a constant spring k.



In thislecture, wewill consider the following four cases, in progressively increasing
complexity:

1) Afreevibration system without damping;
2) A free vibration system with viscous damping;
3) A steady-state forced vibration system without damping;

4) A steady-state forced vibration system with viscous damping.
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