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Vibrations propagating through soils and rocks can come from many sour ces, such as,
- earthquakes,
- explosions,
- lar ge falling weights, unbalanced machinery, impact loads,
- heavy traffic, etc.

The study of dynamic loads show patternsthat can be used to smplify their study.
Thislectureisareview of vibratory motion, and how they can be expressed in a
simple mathematical form.

Vibratory motion can be periodic or transient. Periodic motion repeatsitself at regular
timeintervals, called itsperiod T, such asthis smple sinusoidal wave,




Periodic motion can be (a) simple harmonic motion, or (b) general periodic motion.
Although the latter can be very complex, the use of Fourier serieswill permit usto
expresstheir motion asthe sum of many trivial equations of smple harmonic motions.




A rotating machine that has an unbalanced mass will gener ate these centrifugal forces
upon the foundation.



Dynamic loads vary in their magnitude, direction or position with time. It ispossible for
mor e than one type of variation to coexist. Earthquake loads, for example, vary both in
magnitude and direction. Thus, they have three orthogonal directionsand their
corresponding rotation components. a total of six component forces and moments which
each vary in magnitude with time. The figure below could be a wheel load rolling over a
bridge deck, and istheinstance of aforcethat variesin position with time. Thisisa
periodic load, described as a cycle of motion. Thetimetaken for each cycleisthe period.
Theinverse of the period isthe number of cyclesper second = the frequency of the load.



Thisisthetime plot of the intensity of an unbalanced low-speed machine load upon
itsfoundation. It isanother example of a ssmple harmonic motion, albeit a bit more
complex to describe mathematically.



The actual plot should include both the static and dynamic loads,



Similar oscillatory motions occur upon a building’'s frame when loaded by steady
wind loads and the super-imposed gusts.



Transient motion plots are shown below. Case (c) isthe plot of an explosion or an
impact load. Case (d) isatypical transient packet from an earthquake.

However, even thesetransient motions can be expressed ssmply as har monic motions.



Thisplot isthe North-South accelerogram of the El Centro, California earthquake
that took placeon 18 May, 1940. It has been used asa model input for earthquake
analysis of the foundations for new buildings during the past six decades.



Another transient motion issingle impact of a steel hammer upon a steel plate,



Contrast the transient of the smple hammer upon a steel plate plot on the previous
dideto thisplot that showsthe vertical acceleration of soil particlescloseto a pile
driving hammer when it hitsthe pile head-cushion interface.



Another exampleisa blast wave or shock wave caused by the detonation of a explosive
such asTNT or ANFO (ammonium nitrate/fuel oil). The explosion resultsin the rapid
release of alarge amount of energy. Thisisshown by the peak overpressure (pressure
above atmospheric pressure) whose front consists of highly compressed air. The rapid
decrease occurs asthe shock wave propagates outward from the center of the explosion.
Clearly, the effect of the shock isnot only a function of the amount of energy from the
explosion, but also the distance. The over pressure rapidly decreases behind the wave
front, and thus the pressure can become negative, although the plot does not show that.

Time



Transient motions can berepresented as ssmple harmonic motions by repeating their
patternsin time, although the second, third, etc occurrences do not really exist. Thisis
done by fabricating an artificial “quiet” period during which motion does not occur.



Simple Harmonic Motion (SHM).

The simplest for mulation of motion isvia sinusoidal motion. Thismodel isdefined by
three quantities. amplitude, frequency and phase.

(a) The Trigonometric Notation for SHM.

The simplest formulation for displacement is, u(t) =Asin( t+ )
Single amplitude.

Double amplitude



Notice the effect of the phase angle upon the previous dide' s harmonic displacement.
The displacement iszero when thesine= 0, or in other words,

If u(t)=0=sin(mt+7) meansthat (wt+/7)=0
T

714

A positive meansthat the motion leads the sine function, whereasit will lagwhen is
negative.,

or t



Another way to represent the displacement is
viatherotating vector.

Notice that the amplitude A of the
displacement u(t) isclearly Asin( t).

Thedisplacementiszeroat t=0and |,
and maximumat t= /2and3 /2.

Thetimerequired for the rotating vector to
make a full revolution isone cycle. The period
of vibration T isthus,

angular distance for one revolution _ 2p

T =

angular speed w
The frequency of oscillation f is,
f = l_w In cycles per second (hertz)



(b) An Alternative Trigonometric Notation.

An alternative notation is, u(t) =acos( t)+bsn( t)



Therotating vector representation is,



(c) Complex Notation.

When the dynamic motion is more complicated, the trigonometric notation becomes
very cumbersometo use. A simpler notation isthe complex notation based on Euler’s

LaW. da = cosa +isina =(real ) +(imaginary)

- €
2

Therefore, the harmonic motion in complex notation is,

eia+e-ia _ _ ia
but cosa = > and sha=-i

gt 4 o int b gt _ it _a- ibeiwt +a+ibe-iwt

2 2 2 2

ut)=a

Thepair of rotating vectorsin an Argand diagram hasreal and imaginary vectors.



Displacement, VVelocity and Acceleration in SHM.

So far, the expressions of SHM motion have been done entirely in terms of
displacement. However, most earthquake design is based on acceleration, typically

asadecimal of gravity.

Using the trigonometric notation of displacement, the velocity and acceleration are,

u(t)=Asn(m+7) displacement
u(t):%:WAcos(wa) velocity
d“u

u(t)= =-w’Asin(mt +7)=- w’u acceleration

dt?

Noticethe different amplitudesof A, A, and — 2u respectively. Therefore, the
knowledge of frequency and one of the amplitudes permitsusto find the
displacement, velocity and acceleration. Thisinterrelationship of functionsin SHM
per mitsthe use of the tripartite plot to find all values from a single point.



The displacement, velocity and acceleration plots from El Centro, CA earthquake,
along the N-S axis.



Notice that the dot single point
shown shows that,

A frequency f = 1.538 hertz, is
equivalent to aperiod
T = 0.65 seconds.

These correspondsto the
following amplitudes,

Displacement = 0.8 inches,
Velocity = 8.0 inches/second,
Acceleration = 0.20g.

Thistripartite plot isonly
applicable to har monic motion.
Other motionsrequire
differentiation and integration.




Using the equations of displacement, velocity and acceleration are plotted below,
and are shown to be out of phase with each other. Notice that the velocity leadsthe
displacement by /2radians. The acceleration also leadsthe velocity by /2 radians.



Therelationships are now expressed in both trigonometric and complex notations,
u(t)= Asin(ut +£) u(t) = Ae'™
u(t)=wAcosmt =wAsn(mt+p/2) u(t)=iwAe"
u(t)=- wAsnmt =w’Asin(mt+p) u(t)=i’w"Ae"™

Theserelationsnips are easlly expressed through the rotating vector,



The Fourier Series Representation of Motion.

The French mathematician Jean-Baptiste-Joseph Fourier (1768-1830) showed in
1822 that any periodic function can be expressed as the sum of a series of sinusoids of
different amplitude, frequency and phase.

Complicated loads or displacements can be broken down into ssimple harmonic
functions and added directly using the principle of superposition. Thisis possible, of
coursg, if the system is always elastic.

(1) Thetime history of loading, is (2) broken down into a sum of harmonic loads,
which are then (3) calculated for each har monic function, which (4) yields har monics,
and finally (5) added up to a single solution that approximatesthereal problem.



The Trigonometric Form of the Fourier Series.

The Fourier series trigonometric form for a function with a period Ts is,
¥
x(t)=a,+ (a,coswt+b, sinwt)

n=1

where

1 T q
ao—_l_—O X(t)dt

f

-2 X(t)cosw.t dt
=T, n

b == " x(t)snwtdt
T, o

Theterm =2 n/T;.Theterm a, isthe average value of x(t) between the interval
fromt=0to T and istypically zero in geotechnical earthquake engineering.



Example.
Find the Fourier coefficientsfor the square-wave function shown below.

The squar e-wave has the following displacement over the period Ty,

Tf
+A from O<t£—
4
X(t)= -A from —<tf£—

+A  from —L<t£T,
4

The average value of x(t) isobvioudy zero over the period, and hence a, = 0.



-2 T X(t)cosw t dt
e T, o n
2 T, /4 3T, /4 T
=— A cosw tdt- A cosw tdt+A coswt dt
f 0 T, /4 3T /4
w,T 3w T w,T 3w T
=28 gnlit . gn ~ L. sn— + snwT, - sin——
wT, 4 4
Replace everywhere wT, =2p
alzé(1+2+1):ﬁ
P P
Similarly for a, and for b, ,
hialal for n=15,9,..
np
a = “4A for n=3,7,11,...
np
0 for n=evenintegers

and b, =0 for all n.




Thereforethe Fourier seriesis,
¥

x(t)=a,+ (a,coswt+h, sinwt)

n=1

:O+ﬁ cosmt - }COS3W1'[ +}COS5W1'[ - 1cos?wlt + ...
Jo, 3 5 7

Thesinetermsareall zeros. The square-wave, like the cosine function isan even
function. Even-functions are when f(t) = - f(t).

In odd-functions, all the cosine terms are zero. Odd-functions are when f(t) = -f(-t).

M ost functions have both sihe and cosine ter ms.,



Thereisanother formulation of the Fourier series. From the basic formula for the
displacement u(t) and the trigonometric form for the Fourier series,

u(t)=Asin(m +7 ) and
¥
x(t)=a,+ (a,coswt+b, sinwt)

n=1

another for mulation of the Fourier serieswould be,
4

x(t)=c,+ c,sin(mt+f,)

n=1
where
C, =a,C, =y/a, +b;
Jj . =tan™ o

n

Herec,and , aretheamplitude and phase of the nth harmonic. The plot of ¢y
versus nisknown asthe Fourier phase spectrum. Thisformulation isused in
earthquake engineering to describe the frequency content of the earthquake maotion.



Some publicationsin geotechnical earthquake engineering also use the exponential
form of the Fourier series,

¥ a‘n_ Ibn eI|/1/|nt_|_a‘r|-|-|bn e-iWnt
n=1 2
I|n many earthquake publications, the data is provided with a small (or finite)

number of data points. In such cases, instead of integration, a summation process
isused in what iscalled the discreet Fourier transform (DFT), wherety=k t,

X(t)=a,+

x(w, ) =Dt N x(t,)e "% =Dt N X (t, )cosmt, - ix(t,)sinwt,
k=1 k=1

Desktop computers have permitted the use of algorithm, first for the casewhen N is

a power of 2, and then 2] wheretherearej-stages. Thisiscalled thefast Fourier
transform (FFET). For example, with N = 2,048, the processis 180 times faster than

the DFT.




The Power Spectrum.

The Fourier amplitude spectrum shows how the strength of an earthquake motion
signal varieswith the frequency.

Thisspectrum isexpressed in terms of power. Whereas work is defined asforce
times displacement, power is expressed asforce timesvelocity, or P( 1),

P(M)%(aﬁmﬁ)%cﬁ

and

¥ Ty 2 1 w, -
Total power = P(Wn):O [x(1)] dt:E c2 dw

0 n
n=1



