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Vibrations propagating through soils and rocks can come from many sources, such as,
- ear thquakes,
- explosions,
- large falling weights, unbalanced machinery, impact loads,
- heavy traffic, etc.

The study of dynamic loads show patterns that can be used to simplify their  study. 
This lecture is a review of vibratory motion, and how they can be expressed in a 
simple mathematical form.

Vibratory motion can be periodic or transient. Per iodic motion repeats itself at regular 
time intervals, called its period T, such as this simple sinusoidal wave,time intervals, called its period T, such as this simple sinusoidal wave,



Per iodic motion can be (a) simple harmonic motion, or (b) general periodic motion.  
Although the latter can be very complex,  the use of Four ier ser ies will permit us to 
express their motion as the sum of many tr ivial equations of simple harmonic motions.



A rotating machine that has an unbalanced mass will generate these centr ifugal forces 
upon the foundation.



Dynamic loads vary in their  magnitude, direction or position with time. I t is possible for 
more than one type of var iation to coexist. Ear thquake loads, for example, vary both in 
magnitude and direction. Thus, they have three or thogonal directions and their 
cor responding rotation components: a total of six component forces and moments which 
each vary in magnitude with time. The figure below could be a wheel load rolling over a 
br idge deck, and is the instance of a force that var ies in position with time. This is a 
per iodic load, descr ibed as a cycle of motion. The time taken for each cycle is the per iod. 
The inverse of the per iod is the number of cycles per second = the frequency of the load.



This is the time plot of the intensity of an unbalanced low-speed machine load upon 
its foundation. I t is another example of a simple harmonic motion, albeit a bit more 
complex to descr ibe mathematically.



The actual plot should include both the static and dynamic loads,



Similar oscillatory motions occur upon a building’s frame when loaded by steady 
wind loads and the super-imposed gusts.



Transient motion plots are shown below. Case (c) is the plot of an explosion or an 
impact load. Case (d) is a typical transient packet from an ear thquake.

However,  even these transient motions can be expressed simply as harmonic motions.



This plot is the Nor th-South accelerogram of the El Centro, California ear thquake 
that took place on 18 May, 1940. I t has been used as a model input for ear thquake 
analysis of the foundations for new buildings dur ing the past six decades.



Another transient motion is single impact of a steel hammer upon a steel plate,



Contrast the transient of the simple hammer upon a steel plate plot on the previous 
slide to this plot that shows the ver tical acceleration of soil par ticles close to a pile 
dr iving hammer when it hits the pile head-cushion inter face.



Another example is a blast wave or shock wave caused by the detonation of a explosive 
such as TNT or ANFO (ammonium nitrate/fuel oil). The explosion results in the rapid 
release of a large amount of energy. This is shown by the peak overpressure (pressure 
above atmospher ic pressure) whose front consists of highly compressed air. The rapid 
decrease occurs as the shock wave propagates outward from the center of the explosion. 
Clear ly, the effect of the shock is not only a function of the amount of energy from the 
explosion, but also the distance. The overpressure rapidly decreases behind the wave 
front, and thus the pressure can become negative, although the plot does not show that.

Time



Transient motions can be represented as simple harmonic motions by repeating their 
patterns in time, although the second, third, etc occurrences do not really exist. This is 
done by fabr icating an ar tificial “ quiet”  per iod dur ing which motion does not occur.



Simple Harmonic Motion (SHM).

The simplest formulation of motion is via sinusoidal motion. This model is defined by 
three quantities: amplitude,  frequency and phase.

(a) The Trigonometric Notation for SHM.

The simplest formulation for displacement is,    u(t) = A sin(� t + � )
Single amplitude.
Double amplitude



Notice the effect of the phase angle � upon the previous slide’s harmonic displacement.  
The displacement is zero when the sine = 0, or in other words, 

A positive � means that the motion leads the sine function, whereas it will lag when � is 
negative.
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Another way to represent the displacement is 
via the rotating vector.

Notice that the amplitude A of the 
displacement u(t) is clear ly A sin(� t).

The displacement is zero at � t = 0 and � ,
and maximum at � t = � /2 and 3� /2.

The time required for the rotating vector to 
make a full revolution is one cycle. The period 
of vibration T is thus,of vibration T is thus,

angular distance for one revolution 2
angular speed
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(b) An Alternative Trigonometric Notation.

An alternative notation is, u(t) = a cos(� t) + b sin(� t)



The rotating vector representation is, 



(c) Complex Notation.

When the dynamic motion is more complicated, the tr igonometr ic notation becomes 
very cumbersome to use.  A simpler notation is the complex notation based on Euler ’s 
Law, ( ) ( )cos sin
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The pair of rotating vectors in an Argand diagram has real and imaginary vectors. 



Displacement, Velocity and Acceleration in SHM.

So far, the expressions of SHM motion have been done entirely in terms of 
displacement. However, most ear thquake design is based on acceleration, typically 
as a decimal of gravity. 

Using the tr igonometr ic notation of displacement, the velocity and acceleration are,
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Notice the different amplitudes of A, � A, and –� 2u respectively. Therefore, the 
knowledge of frequency and one of the amplitudes permits us to find the 
displacement, velocity and acceleration. This inter relationship of functions in SHM
permits the use of the tr ipar tite plot to find all values from a single point.



The displacement, velocity and acceleration plots from El Centro, CA ear thquake, 
along the N-S axis.



Notice that the dot single point 
shown shows that,

A frequency f = 1.538 her tz, is 
equivalent to a per iod 
T = 0.65 seconds.

These cor responds to the 
following amplitudes,

Displacement = 0.8 inches,
Velocity = 8.0 inches/second,Velocity = 8.0 inches/second,
Acceleration = 0.20g.

This tripartite plot is only 
applicable to harmonic motion. 
Other motions require 
differentiation and integration.



Using the equations of displacement, velocity and acceleration are plotted below, 
and are shown to be out of phase with each other. Notice that the velocity leads the 
displacement by � /2 radians. The acceleration also leads the velocity by � /2 radians. 



The relationships are now expressed in both tr igonometr ic and complex notations, 
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These relationships are easily expressed through the rotating vector, 



The Fourier Series Representation of Motion.

The French mathematician Jean-Baptiste-Joseph Four ier (1768-1830) showed in 
1822 that any per iodic function can be expressed as the sum of a series of sinusoids of 
different amplitude, frequency and phase.

Complicated loads or displacements can be broken down into simple harmonic 
functions and added directly using the pr inciple of superposition. This is possible, of 
course, if the system is always elastic.

(1) The time history of loading, is (2) broken down into a sum of harmonic loads, 
which are then (3) calculated for each harmonic function, which (4) yields harmonics, 
and finally (5) added up to a single solution that approximates the real problem. 



The Trigonometric Form of the Fourier Series.

The Four ier ser ies’ tr igonometr ic form for a function with a per iod Tf is,
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The term � n = 2� n / Tf . The term ao is the average value of x(t) between the interval 
from t = 0 to Tf and is typically zero in geotechnical ear thquake engineer ing.



Example.
Find the Four ier coefficients for the square-wave function shown below. 

The square-wave has the following displacement over the per iod T , The square-wave has the following displacement over the per iod Tf, 

The average value of x(t) is obviously zero over the per iod, and hence ao = 0.
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Therefore the Four ier ser ies is, 

The sine terms are all zeros. The square-wave, like the cosine function is an even The sine terms are all zeros. The square-wave, like the cosine function is an even 
function. Even-functions are when f(t) = - f(t).

In odd-functions, all the cosine terms are zero. Odd-functions are when f(t) = -f(-t).

Most functions have both sine and cosine terms.



There is another formulation of the Four ier ser ies. From the basic formula for the 
displacement u(t) and the tr igonometr ic form for the Four ier ser ies,
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another formulation of the Four ier ser ies would be, 
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Here cn and � n are the amplitude and phase of the nth harmonic. The plot of cn

versus � n is known as the Four ier phase spectrum. This formulation is used in 
ear thquake engineer ing to descr ibe the frequency content of the ear thquake motion.



Some publications in geotechnical ear thquake engineer ing also use the exponential 
form of the Fourier series,
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In many ear thquake publications, the data is provided with a small (or finite) 
number of data points. In such cases, instead of integration, a summation process 
is used in what is called the discreet Fourier transform (DFT), where tk = k� t,
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Desktop computers have permitted the use of algor ithm, first for the case when N is 
a power of 2, and then 2j  where there are j -stages. This is called the fast Fourier 
transform (FFT). For example, with N = 2,048, the process is 180 times faster than 
the DFT.



The Power Spectrum.

The Four ier amplitude spectrum shows how the strength of an ear thquake motion 
signal var ies with the frequency.

This spectrum is expressed in terms of power. Whereas work is defined as force 
times displacement, power is expressed as force times velocity, or P(� n),
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