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Lecture #26

Stressin Soill Masses

1. The general stress equations

2. Mohr’s graphical solutions
3. Boussinesq' s mathematical solutions
4. Newmark’s influence chart solutions

LuisA. Prieto-Portar 2009



| ntroduction.

Therearetwo basic types of forcesthat operate in and on structures:

1. Bodyforces (“inner” forces, such as self weight, nuclear, etc.), and

2. Surfaceforces (traction) (“outer” forces, such asnormal and shear forces, etc.).

These outer forces Sareresolved into the two components, the normal stress n that is
perpendicular to the surface and the shear stress n that isalong the surface.




Thenormal stress iscalled aprincipal stressif it acts upon a principal plane. A principal planeis
any surface that does not havea shear , and only hasa normal stress. Consider a small cube of soil
oriented in space such that it only has principal stresseson all of the faces. Thelargest principal

stressis 4, theintermediateis , and thesmallest is 5. In an isostatic condition (which means, equal
loads) all three have the same magnitude.

For example, in ahydrostaticcase, ;= ,= ;.

A principal stress condition (left) versus a general stress condition (right).



It isimportant to be ableto find the relation between the planesthat have principal stresses and

the stresses corresponding to any other plane. In order to find the transfor mation between these
two, consider a cube with unit dimensions on all three axes:

F=s,0(1) and F,=5,(1)(1ltang)
FF, =Fcosg+F,sing=s,cosqg+s,tangsing
F. F. =s,sng- s, tangcosqg

where isaways measured with respect to the
maximum principal stress plane of 1.

Area of g-plane =

cosqg
But s = it
Area of g - plane
S :slcosq+53tanqsinq
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F, = s,sing - (s, tan g)(cos g)
Fo _5,9ng- s,tangcosqg
Area of theg- plane 1/ cosqg
: : sing
t,=5,9Ngcosq- S,SiNGCOSq———C0Sq CoSq
Cosq

t,=5,8iNgcosq- s,singcosq = (s, - S;)singcosq

(5. 53)

But tq:

[, =

sin2qg

Similarly, it is equally easy to find the converse operation of finding the principal stresses

and ;from the general normal stress  and the general shear stress .

Remarks:

1) The maximum shear stress ., occursat = 45 °with respect to the principal plane;

2) The maximum normal stress ;= . isa =0°

3) The minimum normal stress , = iIsat =90°¢ and

min

4) Shear stresses are equal in magnitude on any two planes perpendicular to each other .



In general,

s,*ts, S§,-5, _
S, = + cos2q +1t,, sin2q
2 2
and
S,- S, .
. = > sin 2q - t,, 6 COS2q

Similarly,the major principal stressis,

2
S + S S - S
S,=5; = d X+\/ Y . +f2

2 2 Y

and the minor principal stressis,

2
S, 6 TS S, - S
S, =53 ~= : X'\/ ! : +t7




Example. Thetemporary excavation shown below isbraced with a steel tube strut. Every
morning a misguided foreman tightens the screw mechanism on the strut “just to be safe”. The
stresson a soil particle at a point A just behind the wall has been measured with a pressure sensor
installed by the engineer. It now measures 40 kKN/m2. I f the potential failure planesin the soil
behind the wall sustain 60° angles with respect to the vertical wall, estimate the normal and shear
stresses at a point A along a potential failure plane.

&0 n= LLS m
: ez ] H@g 4

v =16 kn/m~3

P

51 X 81 = 40 kn/m~2

53
At point A, the horizontal stress comes from thestrut ; =40 kN/m2. Thevertical stressis,

S, = 0h = (16 kN/m®)(1.25 m) = 20 kN/m?. Notice that this stressis now the minor principal stress at
point A. Since a= = 60°with respect tothemajor principal stressS, plane,then S, = S..

+ - + -
- S, 253 LS 253 C0S24 = 40220 N 40- 20

and ¢ = 51_—253’sin 2q = 40_—2205in 2(60°) =8.7 kKN / m’

S cos2(60°)= 25 kN /m?



Mohr’s Graphical Solutions



Mohr’s Circle.

Mohr proposed a graphical procedure for solving these equations for shear and normal stresses on any
plane. The equations are known as the Mohr Transformation Equations,

+5, S, -

S+ 253 cos2g and

. S
S (x-coordinate) s =—%

t (y-coordinate) ¢, :51_—2539 n2g
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Example. Provethat =45°+ /2for apurely granular soil. A test with this soil showsthat ;| =
11.5ksf and 5=3.2ksf at failure. Find theangle (theangleof internal friction) for this sand.

For apurely granular soil the cohesion ¢ = 0.

By inspectionin  OAB, the sum of the
anglesis 180 gives,

B
(180°-2)+90°+ =180°
\' 2 =90°+
\ =45°+ /2

Inthe OAB, theradius=12( ,- »)

Vosin =[(V2) (- JITIV)( 1+ )
= (11.55- 3.2) / (1155 + 3.2)

\ = 34.5°



Example. A sample of clean sand wasretrieved 7 m below the surface, under a vertical load of 150
kN/m?, a horizontal load of 250 kN/m? and a shear stress of 86.6 kN/m2. If the angle between the

vertical stressand the principal stressis 60°, what isthe angle of internal friction ?

The transformation equation from principal stressesto agenera state of stressis,

2
s/ _Sy*Sy, | Sy-Su *,,._150+250 | 150- 250
S 2 2 2 2

\ 5, =300kN/m* and s, =100 kN /v
From the previous problem,

g =45 - gor 120° =90° - g therefore; =30°

S,-S; 300-100
. . — 2 - 2 — 866 ————
Alternatively, sinf S +5,  300+100 0.5
2 2

therefore, f =30°

S, =100

+86.6

S, =300




Example. A soil particleisfound to be subjected to a maximum stress of 14.6 KN/m?, and a
minimum stress of - 4.18 kKN/m?. Findthe andthe ontheplaneof = 50° with respectto
the major principal stresses, and |,

The calculated solution is,

s = 14.6+ (- 4.18) N 14.6- (- 4.18) c0s100° = 3.6 kN /117

” 2
r, =128 (2 415) Sn00° = 9.2 kN /¥ t
a (3.6,9.2)
, 2146-(-418) _ o 0y

max

s.=4.18




Example. Given thestressesat apoint inasoil of x=50kPa, y=150kPaand x =50
kPa, deter minethe principal stresses and show them on a properly oriented element.



Example. Calculatethevertical stresss,, the horizontal stress S, and the shear £, at
point A if x =0.75B and y = 0.50B using M ohr’s diagram.



Boussinesg’'s Mathematical Solutions



Stresses inside a soill mass due to a surface point load P.

Boussinesq published in 1883 a mathematical solution to the problem of finding the stress at any
point in a homogeneous, elastic and isotropic medium dueto a vertical point load P applied upon
the surface of an semi-infinitely lar ge space, as shown below.

DJXZE 3XZZ_(1_ 2/7) Xz_yz +yZZ

20 L Lr*(L+2) L*r?
_P 3z V-xX Xz
P 1 (1 2m AL+g) Cr
D _3¥zZ_3¥F 7 _P 3 1 _P
210 L 2IO(r.Z_'_ZZ)z 22 210 r 2 2 Zz
- +1
Y4

wherethe value of |1 can befound in the table on the next dide.

In 1938, Westergaard proposed another solution to this problem, when the soil is composed of
several strata (layers) with one of them serving asathin rigid reinforcement.



Thevalues of 11 for various combinations of r and z (depth) are asfollows,






Vertical stressin a soil mass dueto a infiniteline load.

q/unit length
For an infiniteline with aload of g per unit length,

thevertical stressincreaseis, )//
- 2q23 ' -' e X
O, = S T
or writtenina normalized format, Afi
Dp, . 2 S
@/'2) p (xiz?+1° '

Use super position for 2 or more
lineslinked together.



Vertical stressin a soil mass dueto a strip load on a finite width and infinite length.

Thevertical stressin the soil at any point can be found by extending the equation found
in the previous section on line loads,
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Thisplot showsthe vertical pressureisobars
under aflexibleinfinitely long but finitely
wideloaded strip (such asaroadway) with a
load of g per unit area.

Theplot only showstheright half of the
isobars, because the left sideis symmetrical.
Also notice that the footing isonly B/2,
becauseit isonly half of thefigure.

All dimensions, plane and vertical, are
normalized to B.



Theincresein the vertical stressin a soll mass dueto a rectangularly loaded area.

Theincreasein thevertical stressat point A isdueto the contribution of each dq of area (dx dy),
added up over thelength L and the width B.

Therefore, dg=qdx dy andtheincreasein vertical stressis,

_ 3gdxdyZ’
dp_ 2 2 215/2
20(X° +y* +27) o




Theincrease of the vertical stress p;at point A dueto theload dg can be determined by using the
equation above. However, we need to replace the load P with dg=qdx dy and r2with x2 + y2,

Thus, theincrease of stress p at A dueto the entire loaded area can now be determined by
Integration.

Theincreasein thevertical stress at any point A below the corner of the areais,

B L

3q dx dy Z°
roxeo 20(X°+Y°+Z°)

5/2 _qIS

Dp= dp=

where,
1 2m/mE+n2+1 ,m2+n?+2 L2mnmE +n? +1

|3: 2 2 2.2 2 2 +tan ( 2 2 2.~2 )]
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Since Boussinesg's solution for this problem isonly provided below a corner of the
rectangular area, a solution must be found for the stress anywhere below the loaded ar ea.
Thetechniqgue commonly used isto produce a “virtual” cut of the rectangleinto four
pieces. The point of interest isthe inter section of the cuts. The stressis now found using
Boussinesq for each of the four new pieces, and adding the contribution of each using the
Principle of Superposition. The stressincrease,

p,=0a[ Is(areal) +I(area?2) + 1(area 3) + I ;(area4)] wherel;istheinfluence of each area.




Table with the variation of b withm and n for a rectangular loaded area.

m

0.1

0.2

0.3

04

05

0.6

0.7

08

09

1.0

12

14

16

18

2.0

25

3.0

4.0

5.0

6.0

0.1

0.0047

0.0092

0.0132

0.0168

0.0198

0.0222

0.0242

0.0258

0.0270

0.0279

0.0293

0.0301

0.0306

0.0309

0.0311

0.0314

0.0315

0.0316

0.0316

0.0316

0.2

0.0092

0.0179

0.0259

0.0387

0.0387

0.0435

0.0474

0.0504

0.0528

0.0547

0.0573

0.0589

0.0599

0.0606

0.0610

0.0616

0.0618

0.0619

0.0620

0.0620

0.3

0.0132

0.0259

0.0374

0.0474

0.0559

0.0629

0.0686

0.0731

0.0766

0.0794

0.0832

0.0856

0.0871

0.0880

0.8870

0.0895

0.0898

0.0901

0.0901

0.0902

04

0.0168

0.0328

0.0474

0.0602

0.0711

0.0801

0.0873

0.0931

0.0977

0.1013

0.1063

0.1094

0.1140

0.1126

0.1134

0.1145

0.1150

0.1153

0.1154

0.1154

05

0.0198

0.0387

0.0559

0.0711

0.0840

0.0947

0.1034

0.1104

0.1158

0.1202

0.1263

0.1300

0.1324

0.1340

0.1350

0.1363

0.1368

0.1372

0.1374

0.1374

0.6

0.0222

0.0435

0.0629

0.0801

0.0947

0.1069

0.1168

0.1247

0.1311

0.1361

0.1431

0.1475

0.1503

0.1521

0.1533

0.1548

0.1555

0.1560

0.1561

0.1562

0.7

0.0242

0.0474

0.0686

0.0873

0.1034

0.1169

0.1277

0.1365

0.1436

0.1491

0.1570

0.1620

0.1652

0.1672

0.1686

0.1704

0.1711

0.1717

0.1719

0.1719

08

0.0258

0.0504

0.0731

0.0931

0.1104

0.1247

0.1365

0.1461

0.1537

0.1598

0.1684

0.1739

0.1774

0.1797

0.1812

0.1832

0.1841

0.1847

0.1849

0.1850

09

0.0270

0.0528

0.0766

0.0977

0.1158

0.1311

0.1436

0.1537

0.1619

0.1684

0.1777

0.1836

0.1874

0.1899

0.1915

0.1938

0.1947

0.1954

0.2956

0.1957

1.0

0.0279

0.0547

0.0794

0.1013

0.1202

0.1361

0.1491

0.1598

0.1684

0.1752

0.1851

0.1914

0.1955

0.1981

0.1999

0.2024

0.2034

0.2042

0.2044

0.2045

1.2

0.0293

0.0573

0.0832

0.1063

0.1263

0.1431

0.1570

0.1684

0.1777

0.1851

0.1958

0.2028

0.2073

0.2103

0.2124

0.2151

0.2163

0.2172

0.2175

0.2176

14

0.0301

0.0589

0.0856

0.1094

0.1300

0.1475

0.1620

0.1739

0.1836

0.1914

0.2028

0.2102

0.2151

0.2184

0.2206

0.2236

0.2250

0.2260

0.2263

0.2264

1.6

0.0306

0.0599

0.0871

0.1114

0.1324

0.1503

0.1652

0.1774

0.1874

0.1955

0.2073

0.2151

0.2203

0.2237

0.2261

0.2294

0.2309

0.2320

0.2323

0.2325

18

0.0309

0.0606

0.0880

0.1126

0.1340

0.1521

0.1672

0.1797

0.1899

0.1981

0.2103

0.2183

0.2237

0.2274

0.2299

0.2333

0.2350

0.2362

0.2366

0.2367

2.0

0.0311

0.0610

0.0887

0.1134

0.1350

0.1533

0.1686

0.1812

0.1915

0.1999

0.2124

0.2206

0.2261

0.2299

0.2325

0.2361

0.2378

0.2391

0.2395

0.2397

2.5

0.0314

0.0616

0.0895

0.1145

0.1363

0.1548

0.1704

0.1832

0.1938

0.2024

0.2151

0.2236

0.2294

0.2333

0.2361

0.2401

0.2420

0.2434

0.2439

0.2441

3.0

0.0315

0.0618

0.0898

0.1150

0.1368

0.1555

01711

0.1841

0.1947

0.2034

0.2163

0.2250

0.2309

0.2350

0.2378

0.2420

0.2439

0.2455

0.2461

0.2463

4.0

0.0316

0.0619

0.0901

0.1153

0.1372

0.1560

0.1717

0.1847

0.1954

0.2042

0.2172

0.2260

0.2320

0.2362

0.2391

0.2434

0.2455

0.2472

0.2479

0.2481

5.0

0.0316

0.0620

0.0901

0.1154

0.1374

0.1561

0.1719

0.1849

0.1956

0.2044

0.2175

0.2263

0.2324

0.2366

0.2395

0.2439

0.2460

0.2479

0.2486

0.2489

6.0

0.0316

0.0620

0.0902

0.1154

0.1374

0.1562

0.1719

0.1850

0.1957

0.2045

0.2176

0.2264

0.2325

0.2367

0.2397

0.2441

0.2463

0.2482

0.2489

0.2492




Alternative Table of the value of I3 as afunction of mand n.
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Comparison of the vertical isobars for a square footing at left versus an infinite strip at right.















Example. Determinethestressincreasein a soil at a depth of 6 m, caused by a newly built spread
footing, 3m x 4 m, located on the ground surface, with a columnar axial load of N = 1800 kN.

Reduced parameters for shaded area: B, =1.50mand L, =2.00m
Thereforem =B/z=1.50/6.00=0.25and n=L/z=2.00/6.00=0.33
These parameters correspond to an 1; =0.034 and since each area has the same |5,

g = g,(4l3) = (1800 kN)(4)(0.034) / (3m)(4 m) 0 = 1800 N

q = 20.7 kPa




Variation of |4 (point under center of rectangle) as afunction of m; and nj.



Example. For the flexible footing shown below, determine theincreasein the vertical stress P at a
depth of z =5 feet below the point C, for the uniformly distributed surfaceload (.

To solve the problem, expand the footing to reach the point C.
The“new” footingisal3 by 5'.
The influence value | ; is found for this condition,

| |
m=B/z=5/5=1 | i "

n=L/z=13/5=2.6

1777777,
! 7/4/45?
g = 1800 lb/ft N,

e

AN

therefore |, = 0.200

DN

N NN

N

N
SN

@ O

NENSENNN

O ft

NS SSENN
AN

Now the shaded expanded area of 3'x5” is also analyzed N ) ;ﬁ

and then subtracted from the previous result.

N
N

HEL SSSSSN

(@]

m= B/Z:3/5:0.6 t_ig thﬂ
n=L/z=5/5=1

therefore [,&= 0.137

Therefore p = (5 - 1:®= (1800 Ib/ft2)(0.200 - 0.137) = 117 psf



Theincreasein the vertical stressin a soil mass dueto a linearly increasing load.

The stress under point A:

q/ unit area Iy q/ unit area
|
|
|

_q Bz
P 20 72°+ B°

|
vy

“
A

The stress under point B:

<7L4>

|
Ap * Ap
At B

¢

Z

_q Bz P a, Z q Bz
= ”_ 1(=)] -
Dp 2,0[22+82 5 " tan (B)] 2,0(22+82)




Newmark’s | nfluence Chart Solutions



Unit Length

Newmark proposed a graphical solution to
Boussinesq@ equations by transfor ming
them into a uniformly loaded flexible
circular area.

Thisinfluence chart providesthe vertical
pressures based on Boussinesq'stheory
(adapted from Newmark, 1942).

I nfluence value of each area = 0.005

Influence value = 0.005 comes from
elements
1 1

N 200



Example. A site has asurface layer of aeolic sand, 2 m thick, underlaid by a 10 m thick clay stratum. The
project involves placing awastewater treatment tank, 10 m square with a contact pressure of 400 kN/m?,
Find the stress at mid-tank, at the top and the bottom of the clay stratum using Newmark® influence chart.

10 m

(2)

For p;,AB=2m.
p; = (IV)p,M = (0.005)(400 kN/nv)(190)
p; = 380 KN/m? | |

For p,, AB=12m.
p, = (0.005)(400 kN/m?} (42)
D, = 84 KN/m? Y A B




Example. Find the stress at a point A located at a depth of 3 m below the bottom of the footing.

660 kN

1.9 m

Footing size
3 m X 3m

5
2

|
|
Y
iy
S .

e
sk

L

S

NS,
oo

S\

/]

&

o
L1555

AB

The number of e ements inside the outline of the
plan is about 48.5. Hence,

Dp = (IV)gM = 0.005 —5,603 485 = 17.78kN / m? Influence value = 0.005



Example. A circular oil storage tank is 20 m in diameter, and 15 m high. The tank sits upon a2
m thick sand deposit, that rests upon a clay stratum 16 m thick. The water table is practically at
the surface. Find the stress increase from afully loaded tank at mid-clay stratum, (a) directly

under the center of the tank, and (b) at its outer edge using the Newmark influence chart.

I = 0.001
The surface contact stressisQ, = ; (h)
Jo = (0.95)(9.81 kN/m3)(15 m) = 140 kN/m?
The stress at mid-clay depth and centerline of tank at
depth = 10 m; therefore OQ =10 m.
IV =0.001
and N = (4)(162) = 648 |
Therefore,
V& (Qo)IV(N)
= (140)(0.001)(648) = 91 kN/m?
o Q

Set 0Q 10 m



