
United States Military Academy Mathematics Seminar

Professor L. Prieto-Portar  PhD, PE

MA-206: Statistics in Construction:

Compaction



The Variability of Soils for Compaction.

The complexity of the soils that support transportation pavements (highways, railroad 
embankments, airport runways, etc) require powerful tools for predicting their behavior, 
despite their variability and uncertainty.

Their variability is handled with statistics.

Their uncertainty is handled with probability.

These notes are an attempt to show how they are used in a common daily task, such as the 
compaction of roads.

Two road contractors A and B are given a ten kilometer stretch of highway to build. Their 
compaction efforts need to be evaluated. These notes represent an attempt to study their 
skills and quality control.



How can you quantify the compaction of a soil when it var ies greatly from point to 
point?

A conventional approach has been to use an “ average”  value, and assume that the soil 
has that same average homogeneity for design purposes.  This single value of the soil 
parameter then receives a factor of safety to prepare a design.

This method is called the deterministic approach, which is still very popular because of 
its simplicity, albeit unrealistic representation of nature.  I t forms the basis of analysis 
for the elastic theor ies of steel and concrete structures.

The quality assurance from a road contractor however, requires an assessment of the 
soil’s variability.  Instead of factors of safety applied to a simple deterministic model, it 
is replaced by the concept of a probability of failure.

Also, recall the distinction between the accuracy of the tested compaction versus the  
precision of the results.  Instruments may give very precise measurements, but they 
may be meaningless if they are not accurate.  For example, suppose the real (accurate) 
pore pressure at a point under a dam is u = 3.2 kN/m2. I t would be meaningless that a 
very precise instrument show u = 3.9568 kN/m2.



In general, the true value of any soil parameter can never be known, and is only 
estimated from a number of measurements, all of which have varying degrees of er rors 
such as:

1. From the soil’s intr insic var iability,
2. from sampling er rors, and 
3.       from testing er rors.

Each of these er rors possesses both bias and random errors. They are random when they 
are from unknown sources, or systematic (also called bias) when they come from the way are from unknown sources, or systematic (also called bias) when they come from the way 
or method of testing.

Testing a soil using the PROBABILITY OF FAILURE model follows these steps,

1. Assemble the data from samples,
2. Select a distribution model for the soil proper ty,
3. Per form data analysis or inference, and
4. Test the premiseswith a specific application.



In this figure, we have two statistically generated PDF, (1) the demand D curve (peaks at 1000), what is “ demanded”  
by the traffic study for the roadway, and (2) the capacity C (peaks at 1800), what strength is provided by the road 
mater ials. A deterministic view is that the Factor of Safety = 1800/1000 = 1.8. A probabilistic view is that there is a 
probability of failure, because some of the pavement may be loaded to 1500, and some of the pavement capacity has 
only 1000! The shaded area is the probability of failure that links the curves to each other.



Table 1.    Soil Compaction Data as Measured In-Situ. 
(Expressed as a percentage of the modified AASHO design value). 

   (a) Work of Contractor A  (b) Work of Contractor B 

93.7 93.8 95.0 101.3 100.0  94.0 93.3 92.8 90.6 89.9 
93.9 95.3 93.5 94.6 98.8  90.1 94.0 94.4 98.4 101.5 
99.4 96.0 100.1 96.1 94.7  94.2 102.5 92.8 92.7 94.9 
97.0 96.6 96.0 96.0 93.7  96.9 101.95 95.1 96.6 92.4 
95.0 97.5 96.2 94.4 93.3  93.8 92.7 96.4 100.8 99.1 
95.3 92.1 96.1 97.4 93.2  90.5 92.8 101.1 94.7 101.2 95.3 92.1 96.1 97.4 93.2  90.5 92.8 101.1 94.7 101.2 

100.1 93.1 95.4 99.2 93.2  92.3 100.7 90.2 94.1 92.6 
97.8 97.8 94.3 96.5 97.8  103.7 99.9 92.0 91.7 97.6 
98.7 98.6 95.2 95.6 95.1       
97.4 94.1 93.1 97.8 91.4       
91.0 98.8 90.3 90.3 91.2       
92.5 92.3 93.8 90.8 94.6       
91.2 95.1 95.2 95.6 94.8       

(n = 65)      (n = 40)  
 



Step #1.  Assemble the data.

In this case, the table in the previous slide shows the results of 65 test per formed by 
contractor A, and 40 test per formed by contractor B.

Step #2. Select a distribution model.

The data is now plotted as a histogram.  The ordinate is obtained by dividing the 
number of values within a par ticular interval by the total number of tests. For 
example, the interval of densities from 95.0 to 96.6 has 17 values, or 17/65 = 0.261.  
This is called the frequency distribution.  The division of the intervals N (all of equal 
width) is per formed through Sturge’s formula,width) is per formed through Sturge’s formula,

wheren is thenumber of observations which for contractor A is 65.

Another summary shown is the cumulative frequency distribution, obtained by
calculating successive par tial sums of frequencies up to each interval division pint
and connecting these points by straight lines (shown as the dashed lines).

10 101 3.3 log 1 3.3log (65) 1 (3.3)(1.81) 7N n= + = + = + =





Step #3. Data analysis or inference.

Name Symbol Formula Units 
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  Contractor A Contractor B 

    
Mean x    95.38    95.40 
Variance s2      6.94    15.35 
Standard Deviation s      2.635      3.918 
Coefficient of Variation v      2.8%      4.1% 
Skewness (asymmetry) � 1   +0.071    +0.51 

The mean is the numer ical average of the observed parametr ic values, while the next 
three (var iance, standard deviation and the coefficient of var iation) are closely related 
measures of dispersion of the data about the mean. 

Skewnessmeasures the asymmetry of the data about its mean, and is positive if the tail 
is longer to the r ight. Per fect skewness is a zero. Kurtosis measures the flatness or 
sharpness of the distr ibution peak; a 3 is a “ normal”  distr ibution. Below 3 is flattened 
and above 3 is sharpened.

Skewness (asymmetry) 1   +0.071    +0.51 
Kurtosis (flatness/sharpness) � 2      ~ 3       ~ 3 





The Normal (or Gaussian) Distribution.

In our original histogram, as more samples are taken and n approaches infinity, and the width 
of the intervals becomes very small, the resulting smooth curve is the proportional frequency 
curve.

These proportional frequency curves are called “ the probability distribution”  of the variable 
x, or often abbreviated “PDF”  for probability distribution function. The area under the curve 
between any two values x1 and x2 gives the probability that any observation will yield a 
value between x1 and x2. This PDF has the form of,
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The most useful form of the normal distribution is known as a cumulative probability 
distribution that we saw in slide #52. This is merely the area under the distribution curve 
given by,

and is tabulated on the next slide for a range of u and for � = 0 and � = 1.

Because of symmetry, 
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Because of symmetry, 

F(-u) = 1 - F(u)



The Cumulative Distribution Function F u f u du
u
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            u 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 
           
           0.0 .50000 .50399 .50798 .51197 .51595 .51994 .52392 .52790 .53188 .53586 
0.1 .53983 .54380 .54776 .55172 .55567 .55962 .56356 .56749 .57142 .57535 
0.2 .57926 .58317 .58706 .59095 .59483 .59871 .60257 .60642 .61026 .61409 
0.3 .61791 .62172 .62552 .62930 .63307 .63683 .64058 .64431 .64803 .65173 
0.4 .65542 .65910 .66276 .66640 .67003 .67364 .67724 .68082 .68439 .68793 
0.5 .69146 .69497 .69847 .70194 .70540 .70884 .71226 .71566 .71904 .72240 
           0.6 .72575 .72907 .73237 .73565 .73891 .74215 .74537 .74857 .75175 .75490 
0.7 .75804 .76115 .76424 .76730 .77035 .77337 .77637 .77935 .78230 .78524 
0.8 .78814 .79103 .79389 .79673 .79955 .80234 .80511 .80785 .81057 .81327 
0.9 .81594 .81859 .82121 .82381 .82639 .82894 .83147 .83398 .83646 .83891 
1.0 .84134 .84375 .84614 .84849 .85.83 .85314 .85543 .85769 .85993 .86214 1.0 .84134 .84375 .84614 .84849 .85.83 .85314 .85543 .85769 .85993 .86214 
           1.1 .86433 .86650 .86864 .87076 .87286 .87493 .87698 .87900 .88100 .88298 
1.2 .88493 .88686 .88877 .89065 .89251 .89435 .89617 .89796 .89973 .90147 
1.3 .90320 .90490 .90658 .90824 .90988 .91149 .91309 .91466 .91621 .91774 
1.4 .91924 .92073 .92220 .92364 .92507 .92647 .92785 .92922 .93056 .93189 
1.5 .93319 .93448 .93574 .93699 .93822 .93943 .94062 .94179 .94295 .94408 
           1.6 .94520 .94630 .94738 .94845 .94950 .95053 .95154 .95254 .95352 .95449 
1.7 .95543 .95637 .95728 .95818 .95907 .95994 .96080 .96164 .96246 .96327 
1.8 .96407 .96485 .96562 .96638 .96712 .96784 .96856 .96926 .96995 .97062 
1.9 .97128 .97193 .97257 .97320 .97381 .97441 .97500 .97558 .97615 .97670 
2.0 .97725 .97778 .97831 .97882 .97932 .79782 .98030 .98077 .98124 .98169 
      Values of 2  >uforF( u)-1       

u 2.32 3.09 3.72 4.27 4.75 5.20 5.61 6.00 6.36 6.71 
            10-2 10-3 10-4 10-5 10-6 10-7 10-8 10-9 10-10 10-11 
           
 



Analysis#1:

The compacted dry density of a soil (as a % of the standard) is assumed to be normally 
distr ibuted with a MEAN of        =  95.40% (Contractor B), and a standard deviation of 
3.92%.  What propor tion of values can be expected within an interval of 1.25 centered 
about the mean? The limits are,
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Thepropor tion of values lying within this region is,

Theanswer is that 25% of all thecompaction tests fall within this range.
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Analysis#2:

The tests that have values of 90% of Proctor or less have failed to reach minimum dry
unit weight. What propor tion of the test values fall in that group?

std. deviation below the mean.

Therefore, the propor tion less than 90% is,
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Most specifications call for contractors to comply with minimum densities in at least
98% of the tests. An 8% failure rate is beyond the acceptable, and Contractor B may
bedeemed to be erratic in his procedures.

( 1.38) 1 (1.38) 1 (0.9162) 0.0838 8%F F- = - = - = »



When the data of both contractors is super imposed upon each other with their  proba-
bility distr ibution functions (PDFs), the result are,



What does this plot mean?

a) That Contractor B is more er ratic?

b) Did B have more var iable mater ial than A?

c) Was A’s procedure more precise than B’s?

Perhaps none of the above are cor rect, or even the r ight question. 

Obviously, it is better to have an approximate answer to the right question, 
than an exact answer to the wrong question.


