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A modified model using the Eshelby equivalent tensor is developed to evaluate overall elastic
properties of carbon nanotube �CNT� reinforced aluminum oxide nanocomposites. This model
accounts for the effect of carbon nanotube geometry and porosity on the effective elastic modulus.
Experimental results are compared with the computed predictions. Computed results show higher
elastic modulus values, which are attributed to the perfect bonding between the reinforcement and
the matrix. It is concluded that the modified Eshelby model can predict the elastic property of CNT
reinforced ceramic nanocomposites. © 2007 American Institute of Physics.
�DOI: 10.1063/1.2756360�

Carbon nanotubes �CNTs�, in the form of single-walled
or multiwalled assemblies, have been the focus of consider-
able scientific research since the discovery of Iijima1 due to
their high elastic modulus of the order of 1000 GPa with the
tensile strength in the range of 11–63 GPa,2 excellent
chemical stability, and excellent electrical and thermal
conductivities.3,4 Therefore, by introducing CNTs into appro-
priate matrix, it is expected that the resulting composite will
have largely enhanced mechanical properties compared to
this unreinforced matrix. Several applications have been pro-
posed recently for CNTs, many of which adding small
amount of carbon nanotubes to ceramic to produce tougher
ceramic materials.5–9 However, many researches10–12 re-
ported that the enhancement in the elastic modulus of carbon
nanotube-based composites is lower than the expected value.
Many researchers ascribed this discrepancy to inhomoge-
neous distribution of CNTs within the matrix, weak bonding
between CNTs and matrix, and insufficient load transfer at
their interface. For the fiber reinforced composites, the fibers
shape, the aspect ratio, and the volume fraction significantly
influence the overall elastic properties of the composites
which have been modeled using micromechanics.13 How-
ever, dimensions of CNTs are significantly different from the
conventional fiber and require modifications to the existing
micromechanical models. In this research, the elastic modu-
lus of plasma sprayed aluminum oxide reinforced with car-
bon nanotubes was experimentally evaluated using nanoin-
dentation and modulus mapping. A modified model using the
Eshelby equivalent tensor is developed to elucidate the effect
of geometry characteristics of the carbon nanotubes and po-
rosity on the overall elastic properties of the nanocomposite.

Spray dried nano-Al2O3 agglomerate with addition of 4
and 8 wt % CNTs �95% +pure, 40–70 nm in outer diameter,
and 0.5–2 mm in length� was employed as the starting pow-
der feedstock. The plasma spraying parameters were opti-
mized to obtain Al2O3-CNT nanocomposite with improved
fracture toughness, which can be referred to our previous
research.14 The microstructural details were characterized by
JEOL JSM 633OF field emission scanning electron micros-

copy �SEM�. The porosity in plasma sprayed coatings was
measured based on Archimedes’ principle.15 Hysitron Tri-
boIndenter® with a Berkovich diamond indenter tip was
used to measure elastic modulus. Dynamic mechanical
analysis mode �applying cyclic stress in compression at con-
stant frequency of 200 Hz� was used to measure amplitude
and phase shift of the original signal and evaluate represen-
tative storage modulus. Since plasma sprayed ceramic coat-
ings are brittle, their stiffness could be well approximated to
its storage modulus.

Figure 1 summarizes microstructure obtained in the
plasma sprayed Al2O3-CNT nanocomposite. It shows three
main features, viz: fully melted matrix, partially melted/
solid-state sintered matrix, and CNT dispersion throughout
the matrix. Bimodal matrix is obtained by controlling plasma
parameters to achieve: �i� melting and resolidification of the
surface and �ii� solid-state sintering of the core of the spray
dried agglomerate.14 Plasma sprayed aluminum oxide coat-
ing reinforced with 4 and 8 wt % CNTs is relatively dense
�90.2% and 93.9%, respectively� and uniform. In addition,
CNTs are uniformly distributed in the matrix owing to their
typical layered structure buildup. Hence, the generated ma-
trix microstructure and CNT dispersion influence the overall
elastic modulus of nanocomposite.

To determine the longitudinal Young modulus E11, it is
supposed that only longitudinal normal stress is applied on
the composite. Also, it is known that the average strain �̄11 of
composites can be expressed as the following equation due
to the presence of CNTs:16
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FIG. 1. SEM micrographs showing the fracture surface morphologies of
plasma sprayed nanostructured aluminum oxide coating reinforced with �a�
4 wt % CNTs and �b� 8 wt % CNTs.
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�̄11 = �11
m + f�11

CNT, �1�

where �̄11 is the average strain of the composite, �11
m is the

strain of the pure matrix, �11
CNT is the equivalent transforma-

tion strain resulted from the CNTs into matrix, and f is the
volume fraction of the CNTs within the plasma sprayed
nanocomposite. Also,

E11 = ��̄11�−1�̄11, �2�

�̄11 = Em�11
m . �3�

Therefore,

E11 = Em�11
m ��11

m + f�11
CNT�−1. �4�

For nanocomposite including CNTs, the volume fraction
of CNTs can be estimated by the density of composite con-
stituents as follows:12

f =
�c

�CNT
wCNT, �5�

in which �c, �CNT, and wCNT are density of the composite,
density of CNT, and addition weight fraction of CNTs, re-
spectively. It is well known that the microstructure of plasma
sprayed coatings is characterized by the porosity. Hence, it is
necessary to introduce porosity into the modified model to
account for its effect on plasma sprayed CNT reinforced ce-
ramic nanocomposite coatings. The density of composite �c
can be calculated by the following equation:

�C = f�CNT + �1 − � − f��m, �6�

in which �m is the density of the matrix.
The equivalent transformation strain �11

CNT can be ob-
tained from matrix Mijkl as follows:15

�M1111 M1122 M1133

M2211 M2222 M2233

M3311 M3322 M3333
���11

CNT

�22
CNT

�33
CNT� = �M11

M22

M33
� , �7�

in which Mijkl such as M1111, M1122, M1133, M2211, M2222,
M2233, M3311, M3322, M3333, M11, M22, and M33 can be ex-
pressed as functions of f , Eshelby’s tensor Sijkl, which are
referred to Ref. 16 and D1, D2, and D3, which can be ex-
pressed as a function of Lame’s constant of matrix and
CNT.16 It is supposed that only longitudinal normal �11 is
applied to the nanocomposite because longitudinal modulus
E11 of the composites is the focus of this study. Therefore,
�22

CNT and �33
CNT can be assumed to be zero. Eshelby’s tensor

Sijkl is dependent on the aspect ratio � and � for the inclu-
sion and Poisson’s ratio of the matrix �m, and they can be
derived from the explicit expressions of Mura.17

The primary aspect ratio � and secondary aspect ratio �
of ellipsoidal inclusion for Eshelby’s model are defined in
Fig. 2�a�. Similarly, the geometry characteristics of CNT are

also expressed by primary aspect ratio � and secondary as-
pect ratio �, as shown in Fig. 2�b�. It is clearly seen that for
the cylindrical CNTs, the primary aspect ratio and the sec-
ondary aspect ratio are same. According to the following
equation:16

� = sin−1�1 −
R2

2

L2�1/2

, �8�

in which R2 and L are diameter and length of CNTs, respec-
tively. It is clearly seen that R2 /L is very small for CNTs,
leading to the fact that � is approximately 	 /2, which will be
used to calculate the Eshelby tensor Sijkl. In this research,
�CNT=2.25 g/cm3, �m=�Al2O3

=3.96 g/cm3, ECNT=600–
1000 GPa, EAl2O3

=390 GPa, vCNT=0.18, vAl2O3
=0.22 are

employed for computation. Also, two different sizes of CNTs
with LCNT=500 nm, RCNT=40 nm and LCNT=2000 nm,
RCNT=70 are taken into account in simulation. The overall
elastic modulus is computed as 402–416 GPa for 4 wt %
CNT reinforced aluminum oxide nanocomposite and
412–442 GPa for 8 wt % reinforced aluminum oxide nano-
composite, respectively. The experimental values of elastic
modulus are 260–350 GPa for 4 wt % CNT reinforced alu-
minum oxide composite and 330–430 GPa for 8 wt % rein-
forced aluminum oxide composite, respectively �Figs. 3�a�
and 3�b��. It is clearly seen that computed elastic modulus of
CNT reinforced aluminum oxide composites is higher, and
the discrepancy between computed and experimental elastic
moduli is 	36% for 4 wt % CNT reinforced aluminum ox-
ide composite and 	14% for 8 wt % reinforced aluminum
oxide composite, respectively �Fig. 3�c��. In order to further
validate the modified Eshelby model, another calculation is
done by replacing the CNTs with empty pores of exact di-
mension. The results are 307 GPa �lower than the upper limit
of experimental value� for 4 wt % CNTs replaced with pores
and 315 GPa �lower than the lower limit of experimental
value� for 8 wt % CNTs replaced with pores, as shown in
Fig. 3�c�. The results illustrate that bonding between CNT
and matrix contributes to discrepancy between simulated and
measured values. It should be noted that the Eshelby model
assumes a perfect bonding between reinforcement and
matrix.

FIG. 2. Schematic illustration of �a� conventionally ellipsoidal inclusion
with a primary aspect ratio �=L /R1 and a secondary aspect ratio �=L /R2

and �b� three-dimensional CNT inclusion with a primary aspect ratio �
=L /R1 and a secondary aspect ratio �=L /R2, in which �=�=L /R �R1

=R2=R, L and R are length and outer diameter of the CNT, respectively�.

FIG. 3. Elastic modulus mapping of �a� 4 wt % CNT reinforced aluminum
oxide nanocomposite and �b� 8 wt % CNT reinforced aluminum oxide nano-
composite, and �c� comparison with experimental and computed elastic
moduli of both nanocomposites.
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On the other hand, the lower experimental value of the
effective elastic modulus of the plasma sprayed CNT rein-
forced aluminum oxide is also attributed to the layered splat
structure and weak bonding between the splats.18 It is well
known that plasma deposited splats are often characterized
by intersplat pores, cracks, and fine voids leading to inad-
equate bond strength between the splats, and the splats
within as-sprayed coating are often held together by me-
chanical interlocking. Therefore, when a load is applied to
the as-sprayed coating, splat sliding results in macrodefor-
mation at splat boundaries and subsequently lowers the elas-
tic modulus, which is the main reason for discrepancy be-
tween experimental and computed elastic moduli. The
discrepancy between the experimental and computed values
is lower �14%� for 8 wt % reinforced aluminum oxide nano-
composite which has been attributed to the distribution of
higher CNT content in plasma sprayed coating. It is evident
from Fig. 1�b� that higher amount of CNTs are distributed
between successive splat boundaries. CNTs between the
splats serve as the pinning agent and reduce the splat sliding
due to their high strength. Due to lower CNT content in
4 wt % nanocomposite, the splat sliding is higher which
leads to lower values of experimental elastic modulus.

In conclusion, a modified Eshelby tensor model, in
which the geometry characteristics of CNTs and porosity are
taken into account, is developed to evaluate the overall elas-
tic properties of plasma sprayed CNT reinforced aluminum
oxide nanocomposite. The simulated elastic modulus is
higher than the experimental value, which is largely attrib-
uted to inadequate bond strength between splats, splat sliding
and perfect bonding between CNTs and matrix assumed in
Eshelby’s model. The results illustrate that the modified
model can be employed to predict the elastic properties of
nanocomposites reinforced with CNTs.
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