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Abstract. In this paper, approximate Linear Minimum Variance (LMYV) filters for continuous-discrete state space
models are introduced. The filters are obtained by means of a recursive approximation to the predictions for the first
two moments of the state equation. It is shown that the approximate filters converge to the exact LMV filter when the
error between the predictions and their approximations decreases. As particular instance, the order-3 Local Linearization
filters are presented and expounded in detail. Practical algorithms are also provided and their performance in simulation is
illustrated with various examples. The proposed filters are intended for the recurrent practical situation where a nonlinear
stochastic system should be identified from a reduced number of partial and noisy observations distant in time.
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1. Introduction. The estimation of unobserved states of a continuous stochastic dynamical system
from noisy discrete observations is of central importance to solve diverse scientific and technological
problems. The major contribution to the solution of this estimation problem is due to Kalman and Bucy
[30, 31], who provided a sequential and computationally efficient solution to the optimal filtering and
prediction problem for linear state space models with additive noise. However, the optimal estimation
of nonlinear state space models is still a subject of active researches. Typically, the solution of optimal
filtering problems involves the resolution of evolution equations for conditional probabilistic densities,
moments or modes, which in general have explicit solutions in few particular cases. Therefore, a variety
approximations have been developed. Examples of such approximate nonlinear filters are the classical
ones as the Extended Kalman, the Iterated Extended Kalman, the Gaussian and the Modified Gaussian
filters [20]; and other relatively recents as the Local Linearization [43, 28], the Projection [3] and the
Particle filters [12] methods.

In a variety of practical situations, the solution of the general optimal filtering problem is dispensable
since the solution provided by a suboptimal filter is satisfactory. This is the case of the signal filtering and
detection problems, the system stabilization, and the parameter estimation of nonlinear systems, among
others. Prominent examples of suboptimal filters are the linear, the quadratic and the polynomial one,
which have been widely used for the estimation of the state of both, continuous-continuous [34, 38, 47] and
discrete-discrete [10, 46, 47, 11, 7] models. In the case of continuous-discrete models, exact expressions
for Linear Minimum Variance filter (LMV) have also been derived [27], but they are restricted to linear
models. For nonlinear models, this kind of suboptimal filter has in general no exact solution since
the first two conditional moments of the state equation has no explicit solution. Therefore, adequate
approximations are required in this situation as well.

In this paper, approximate LMYV filters for nonlinear continuous-discrete state space models are
introduced. The filters are obtained by means of a recursive approximation to the predictions for the first
two moments of the state equation. It is shown that the approximate filters converge to the exact LMV
filter when the error between the predictions and their approximations decreases. Based on the well-known
Local Linear approximations for the state equation, the order-38 Local Linearization filters are presented
as a particular instance. Their convergence, practical algorithms and performance in simulations are also
considered in detail. The simulations show that these Local Linearization filters provide accurate and
computationally efficient estimation of the unobserved states of the stochastic systems given a reduced
number of partial and noisy observations, which is a typical situation in practical control engineering.

The paper is organized as follows. In section 2, basic notations and results on LMV filters, Local
Linear approximations and Local Linearization filters are presented. The general class of approximate
LMYV filters is introduced in section 3 and its convergence is stated. In section 4, the order-8 Local
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2 Approximate linear minimum variance filters

Linearization filters are presented and their convergence analyzed. In the last two sections, practical
algorithms for these filters and their performance in simulations are considered.

2. Notations and Preliminaries. Let (2, F, P) be a complete probability space, and {F;, t > to}
be an increasing right continuous family of complete sub o-algebras of F. Consider the state space model
defined by the continuous state equation

dx(t) = £(t, (1)) dt + Z i (£ x (1)) dw' (1), (2.1)

for all t € [tg, T], and the discrete observation equation
zy, = Cx(tx) + ey, (2.2)

for all k = 0,1,..,M — 1, where f, g; : [to,T] x R — R? are functions, w = (wl,...,wm) is an m-
dimensional Fi-adapted standard Wiener process, {e, : e;, ~ N (0,3, ), k =0,..,M — 1} is a sequence
of r-dimensional i.i.d. Gaussian random vectors independent of w, ¥;, an r x r positive semi-definite
matrix, and C an r X d matrix. Here, it is assumed that the M time instants t; define an increasing
sequence {t}nr = {tx : tx < tgy1, tm—1 =T, k = 0,1,..,M — 1}. Conditions for the existence and
uniqueness of a strong solution of (2.1) with bounded moments are assumed.

Let x;/, = E(x(t)/Z,) and Qq;, = E(x(t)x"(t)/Z,) be the first two conditional moments of x with
p < t, where E(.) denotes the mathematical expectation value, and Z, = {z;, : tx, < p, tx € {t}m} is a
time series with observations from (2.2). Further, let us denote by

Uy, = E((x(t) = x¢/,)(x(t) — %4/,)7/Z))
=Qu/p — Xt/pXtT/p
the conditional variance of x.

Denote by CL(R? R) the space of [ time continuously differentiable functions g : RY — R for which
g and all its partial derivatives up to order [ have polynomial growth.

2.1. Linear minimum variance filtering problem. According to [2, 51, 56, 20] the linear mini-
mum variance filter x;, ., /1, ., for a state space model with discrete observation equation (2.2) is defined
as

Ktpt1/thar — Xtppr/ty + Gtk+1 (Ztk-+1 o Cxtk+1/tk)7

where the filter gain Gy, ,, is to be determined so as to minimize the error variance

E((X(tk+1) T Xtpg1/tet1 )(x(tk+1) ™ X1/ttt )T)

This yields to the following definition.
DEFINITION 2.1. The Linear Minimum Variance filter for the state space model (2.1)-(2.2) is defined,
between observations, by

dxt/t .
dr E(f(t,X)/Zt) (23)
dti;/t = B(xfT(t,x)/Z;) — %  E(ET(t,%)/Z;) + B(£(t,x)xT ) Zy)
— E(£(t,x)/Z)x{,, — ZE(gi(t, x)gl (t,%)/Z;) (2.4)

forallt € (ty,tr+1), and by

— Cxtk+1/tk) (25)

Kttt /torr = Xtpp1/te + Gtk+1 (Ztk_H
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Utk+1/tk+1 = Utk+1/tk - Gtk+1 CUtk+1/tk (26)
for each observation at tx,1, with filter gain
Gy, = Uy, CT(CU,, 1, CT + 54, )" (2.7)

for all ty, tyy1 € {t}rr. The predictions X; 4, , Uy, are accomplished, respectively, via expressions (2.8)-
(2.4) with initial conditions x4, s, and Uy, s, for allt € (tg,tgy1] and gty € {thun-

Note that, in continuous-discrete filtering problem, the filters E(x(t)/Z;) and E(x(t)xT(t)/Z;) reduce
to the predictions E(x(t)/Z;,) and E(x(t)xT(t)/Z;,) for all ¢t between two consecutive observations tj
and 1, that is for all ¢ € (¢g,tg+1). This is because there is not more observations between t; and ¢y 1.
This implies that, in the above definition, X, | ¢ ¢, —c= X4, ,, e/t forall e >0 and so x4, e/,

tends to x;, ., /1, when e goes to zero.

Clearly, for linear state equation with additive noise, the LMV filter (2.3)-(2.7) reduces to the classical
continuous-discrete Kalman filter. For linear state equation with multiplicative noise, explicit formulas for
the LMYV filter can be found in [27]. In general, since the integro-differential equations (2.3)-(2.4) of the
LMYV filter have explicit solution for a few simple state equations, approximations to them are needed. In
principle, for this type of suboptimal filter, the same conventional approximations to the general optimal
minimum variance filter may be used as well. For instance, those for the solution of (2.3)-(2.4) provided by
the conventional Extended Kalman, the Iterated Extended Kalman, the Gaussian, the Modified Gaussian
and the Local Linearization filters. However, in all these approximations, once the data Z;,, are given
on a time partition {t}as the error between the exact and the approximate predictions for the mean
and variance of (2.1) at ¢; is completely settled by ¢ — tx—1 and can not be reduced. Therefore, small
enough time distance between consecutive observations would be typically necessary to obtain an adequate
approximation to the LMV filter. Undoubtedly, this imposes undesirable restrictions to the time distance
between observations that can not be accomplished in many practical situations. This drawback can be
overcome by means of the particle filter introduced in [12], but at expense of a very high computation cost.
Note that this filter performs, by means of intensive simulations, an estimation of the whole probabilistic
distribution of the processes x solution of (2.1) from which the first two conditional moments of x can then
be computed. Obviously, this general solution to the filtering problem is not practical when an expedited
computation of the LMYV filter (2.3)-(2.7) is required, which is typically demanded in many applications.
For example, the LMV filter and its approximations are a key component of the innovation method
for the parameter estimation of diffusion processes from a time series of partial and noisy observations
[44, 54, 40, 41, 42, 55, 29]. For this purpose, accurate and computationally efficient approximations to
the LMV filter will be certainly usefull.

2.2. Local Linearization filters. A key component for constructing the Local Linearization (LL)
filters is the concept of Weak Local Linear (WLL) approximation for Stochastic Differential Equations
(SDEs) [23, 28].

Let us consider the SDE (2.1) on the time interval [a,b] C [to,T], and the time discretization (1), =
{tn:n=0,1,...,N} of [a,b] with maximum stepsize h defined as a sequence of times that satisfy the
conditions a =19 < 71 < --- < 7Tn = b, and mfliX(’Tn+1 —7p) <h<lforn=0,...,N — 1. Further, let

ny =max{n =0,1,...,N:7, <tand 7, € (1),}

for all ¢ € [a, b].

DEFINITION 2.2. For a given time discretization (1), of [a,b], the stochastic process y = {y(t),
t € la,b]} is called order- (= 1,2) Weak Local Linear approzimation of the solution of (2.1) on [a,b] if
it is the weak solution of the piecewise linear equation

dy(t) = (A(ra,)y(t) + a’(t:7,))dt + Y (Bi(ra, )y (t) + b} (7, ) dw' (1) (2.8)
i=1

for all t € (Ty, Tnt1] and initial value y(a) = yo, where the matrices functions A, B, are defined as

_ K5y() _ O8i(5,(5))

Afs) ==Y 2,

and Bi(s)
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and the vectors functions a®, biﬁ as

, £(s,y(s)) — ey () 4 Kyl (¢ — ) for p=1
ts) = d )
FED=Y 2l +1 3 G,y ()G, y(s)H T30 (4~ 5) for p=2
Gl=1
and
gi(s,y(s)) — 28L¥ Dy (g) 4 FBEYEN (4 _ ) for B=1
bl(tis) =14 | ;& 1 0i(s.3(s)
b (t;s) + 3 4121[(3(8,y(s))GT(SJ(s))]J’ oy (t—=s) for =2
iz
for all s <t. Here, G =[g,...,8m] is an d X m matriz function.

The drift and diffusion coefficients of the equation (2.8) are, respectively, weak approximations of
order f3 to the drift and diffusion coefficients of the equation (2.1) obtained from the Ito-Taylor expansion
of order 3. That is [33],

s |Blo(E(t,y(1) - Elo(AW)y(0) +a(1:5))] < OB

and

sup | E(g(gi(t. y(1)) — E(g(Bi(s)y(t) + b/ (1:5)))| < Ch7

s<t<s+h

for all h > 0 and s € [a,b — h], where g € C?J(ﬂﬂ)(Rd, R) and C' is a positive constant.

Explicit formulas for the conditional mean y,/, and variance V,,, of y were initially given in [27, 28]
and simplified later in [21].

The conventional Local Linearization filters for the model (2.1)-(2.2) are obtained in two steps [28]:
1) by approximating the solution of the nonlinear state equation on each time subinterval [tg,tx41]
by the Local Linear approximation (2.8) on [t,tr4+1] with time discretization (7), = {ti,tr41} for all
tiyte+1 € {t}ar; and 2) by the recursive application of the linear minimum variance filter [27] to the
resulting piecewise linear continuous-discrete model. This yields to the following.

DEFINITION 2.3. Given a time discretization (7), = {t}a, the Local Linearization filter for the state
space model (2.1)-(2.2) is defined, between observations, by the linear equations

dy
S = Alt)yige+ 2 (i) (2.9)
dVie T N T
— T = Altn) Ve + Vi AT(tn,) + > Bi(tn,) VBl (tn,) + B(t;tn,) (2.10)
i=1
for all t € (tg,tg+1), and by
ytk+1/tk+1 = ytk+1/tk + Ktk+1 (Ztk+1 - Cytk+1/tk) (211)
Vtk+1/tk+1 = Vtk+1/tk - Ktlc+1CVtk+1/tk (2'12)
for each observation at ti,1, with filter gain
Ktk+1 = Vtk+1/tkCT(CVtk+1/tk CT+ Ztk+1)71 (2'13)

for all ty,tpy1 € {t}r. The predictions yi sy, and Vi, are accomplished, respectively, via expressions
(2.9)-(2.10) with initial conditions yy, ;s, and Vy, sy, fort € (tg,tx11]. Here,

B(t;s) =Y Bi(s)yi/y] Bl (s) + Bi(s)yee(b] (t:5))7 + b (t; )y, BI (1) + bi(t; 5)(b] (£; 9))T,
=1
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and the matrices A, B; and the vectors a, bf are defined as in the WLL approximation (2.8) but, replacing
y(s) by ¥s/s-

Both, the Local Linear approximations and the Local Linearization filters have had a number of
important applications. The first ones, in addition to the filtering problems, have been used for the
derivation of effective integration [23, 6, 5, 26] and inference [52, 53, 13, 55, 19] methods for SDEs, in the
estimation of distribution functions in Monte Carlo Markov Chain methods [57, 50, 15] and the simulation
of likelihood functions [39]. The second ones have played a crucial role in the practical implementation
of innovation estimators for the identification of continuous-discrete state space models [44, 54, 45, 29].
In a variety of applications, these approximate innovation methods have shown high effectiveness and
efficiency for the estimation of unobserved components and unknown parameters of SDEs given a set of
discrete observations. Remarkable is the identification, from actual data, of neurophysiological, financial
and molecular models, among others (see, e.g., [4, 32, 8, 9, 25, 48, 49]).

3. Approximate Linear Minimum Variance filters. Let (7), be a time discretization of [to, T
such that (7), D {t}m, and y, the approximate value of x(7,) obtained from a discretization of the
equation (2.1) for all 7,, € (7),. Let us consider the continuous time approximation y = {y(t), t €
[to,T] : y(Tn) = yn for all 7, € (7),} of x with initial conditions

B (vin)|7,) = £ (x| 7 ) and B vy |7, ) =B (xtwxr)] 7, )
satisfying the bound condition
B (o |7.) <z (3.1)
for all t € [tx, tr+1]; and the weak convergence criteria

sup
te <t<tp+t1

B (stx0)|7.) - B (stvo)| 7, )| < 2 (32)

for all tx, tx4+1 € {t}anr, where g € CIQ:,(BH)(Rd, R), L and Ly, are positive constants, 8 € N4, and ¢ = 1,2....
The process y defined in this way is typically called order-g approximation to x in weak sense [33].
When an order-§ approximation to the solution of the state equation (2.1) is chosen, the following
approximate filter can be naturally defined.
DEFINITION 3.1. Given a time discretization (1), O {t}ar, the order-8 Linear Minimum Variance
filter for the state space model (2.1)-(2.2) is defined, between observations, by

Yi/e = E(y(t)/Z:) and Vt/t =E(yt)y™(t)/Z:) — Yt/tyz-/t (3.3)
for all t € (tg,tg+1), and by

Ytk+1/tk,+1 = Ytk+1/tk, + Ktk+1 (Ztk+1 - Cythrl/tk)’ (34)

Vtk+1/tk+1 = Vtk+1/tk - Ktk+1cvtk+1/tk’ (3'5)

for each observation at txi1, with filter gain
Ktk+1 = Vtk+1/tkCT(CVtk+1/tk CT+ Etk+1)_1 (3'6)

for all ty,tr11 € {t}nr, wherey is an order-f approzimation to the solution of (2.1) in weak sense. The
predictions yy i, = E(y(t)/Z:,) and V= E(y(t)yT(t)/Zs,) — yt/tky;fr/tk’ with initial conditions yy, /q,
and Vy, 1, , are defined for all t € (L, try1] and ty,try1 € {thar-

Note that the goodness of the approximation y to x is measured (in weak sense) by the left hand
side of (3.2). Thus, the inequality (3.2) gives a bound for the errors of the approximation y to x, for all
t € [tx, tr+1) and all pair of consecutive observations t,tx+1 € {t}ar. Moreover, this inequality states the
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convergence (in weak sense and with rate 8) of the approximation y to x as the maximum stepsize h of
the time discretization (7), D {t} s goes to zero. Clearly this includes, as particular case, the convergence
of the first two conditional moments of y to those of x. Since the approximate filter in Definition 3.1 is
designed in terms of the first two conditional moments of the approximation y, the weak convergence of
y to x should imply the convergence of the approximate filter to the exact one. Next result deals with
this matter.

THEOREM 3.2. Let x;/, and Uy, be the conditional mean and variance corresponding to the LMV
filter (2.8)-(2.7) for the model (2.1)-(2.2), and y¢;, and Vy,, their respective approzimations given by
the order-B LMYV filter (3.3)-(5.6). Then, between observations, the filters satisfy

‘Xt/t - Yt/t’ < thB and ‘Ut/t - Vt/t| < thﬂ (3-7)
for all t € (tg,tx+1) and, at each observation tpiq,
|th+1/tk+1 - ytk+1/tk+1| < thﬁ and |Utk+1/tk+1 - Vtk+1/tk+1 < thﬁ (38)
for all ty, ti11 € {t}ar, where Kj is a positive constant. For the predictions,
%/t = Yepu| < Kon® and Uy, = Vi, | < KohP (3.9)

hold for all t € (tg,tr11] and tg,tps1 € {t}ar, where Ko is a positive constant.
Proof. Let us start proving inequalities (3.9) and (3.7). For the functions g(x(t)) = x(t) and

g(x(t)) = x(t)xI(t) belonging to the function space C]23(6+1)(Rd,R), for all 4,5 = 1..d, condition (3.2)
directly implies that

‘Xt/tk - yt/tk| < VdLih? (3.10)
and
1Qu/t, — Pije, | < dLyh”

for all ¢ € (tg,tx11], where Py, = E(y(t)yT(t)/Zs,). Since the solution of (2.1) has bounded moments,
there exists a positive contant A such that of |x;/,, | < A for all t € [ty,tx41]. Condition (3.1) implies
that |yt/tk| < L for all t € [tx,tr+1]. From the formula of the variance in terms of the first two moments,
it follows that

‘Ut/tk - Vt/tk‘ < ‘Qt/tk‘ - Pt/tk| + Xt/thg/tk - yt/tky;fr/tk :

Since

’Xt/thg/tk - Yt/tk-ytT/t,c Xt/ti X t/tk Xt/tky;ﬁr/tk + Xt/tkytT/tk - ylf/tkytT/tk.

IN

‘Xt/tk t/tk - yfT/tk)
(}Xt/tk| + |yt/tk| ’xt/tk Yt/tk| ;

—+ ‘(Xt/tk - yt/tk)yz-/tk

|Ut/tk - Vt/tk| S Oékhﬂ (311)

for all t € (ty,try1], where oy, = (Vd + L + A)VdLy. Hence, inequalities (3.9) are obtained from (3.10)
and (3.11) with K; = m}ilx{ak}. Inequalities (3.7) can be derived in the same way.
For the remainder inequalities follow this. From (2.5) and (3.4), it is obtained

|th+1/tk+1 - Ytk+1/tk+1’ < |th+1/tk - Ytk+1/tk’
+ ‘Gtk+1 (Ztk+1 - Cxtk+1/tk) - Ktk+1 (Zthrl - Cytkﬂ/tk)
< (1 + |Gtk+1c|) }th+1/tk - ytk+1/tk|

) ‘Gtk+1 - Ktk+1‘ .

+ (‘Ztk+1’ + Cytk+1/tk



Approximate linear minimum variance filters 7

From (2.6) and (3.5),
’Utk+l/tk+1 - Vtk+1/tk+1’ < ’Utk+1/tk - Vtk+1/tk| + ’Gtk+ICUtk+1/tk - KthrlCVtk-%—l/tk’
(I+ !Gtk+1C’) ‘Uthrl/tk - Vthrl/tk’ + ‘Cvtk+1/tk“ |Gtk~+1 - Ktk+1| :
By rewriting (3.6) and (2.7) as
Ktk+1 (CVtk+1/tkCT + Etk+l) = Vtk+1/tkCT
and
Gtk+1 (CUtk+1/tk CcT +Ztk+1 ) _Gtk+1 (CVtk+1/tk CT +Etk+1 ) +Gtk+1 (Cvtk+1/tk CcT +Ztk+1) = Utk+1/tk CT7

and subtracting the first expression to the second one, it follows that

(Gtk+1 - Ktk+1)(CVtk+1/tch + Etk+1) = Gtk+1c(vtk+1/tk - Utk+1/tk)CT + (Utkﬂ/tk. - Vtk+1/tk)CT'
Thus,
(Gtk+1 - Ktk+1) = (I - Gtk+1c)(Utk+1/tk - Vtk+1/tk)CT(CVtk+1/tk CT+ Etk+1)71
and

|Gtk~+1 - Ktk+1| < |(I - Gtk+lc)‘ |CT(CVtk+1/tch + Etk+1)_1| ‘Utml/tk - Vtk+1/tk| :

From the above inequalities, and taking into account that |Vtk+1/tk|, |Gtk+1 ’, |Etk+1’ and |C| are also
bound, it is obtained that

|th+1/tk+1 - ytk+1/tk+1| < Bkhﬁ and |Utk+1/tk+1 - Vtk+1/tk+l} < ﬁkhﬁ»
where §;, is a positive constant. This implies (3.8) with Ky = mgx{ﬂk}. O

Theorem 3.2 states that, given a set of M partial and noisy observations of the states x on {t}s,
the approximate LMV filter of Definition 3.1 converges with rate 5 to the exact LMV filter of Definition
2.1 as h goes to zero, where h is the maximum stepsize of the time discretization (1), D {t}a on which
the approximation y to x is defined. This means that the approximate filter inherits the convergence
rate of the approximation employed for its design. Note that, the convergence results of Theorem 3.2 can
be easily extended for noisy observations of any realization of x just by taking expectation value in the
inequalities (3.7)-(3.9). Further note that in both, Definition 3.1 and Theorem 3.2, no restriction on the
time partition {¢},s for the data has been assumed. Thus, there are not specific constraints about the time
distance between two consecutive observations, which allows the application of the approximate filter in
a variety of practical problems (see, e.g., [49, 17, 18]) with a reduced number of not close observations in
time, with sequential random measurements, or with multiple missing data. Neither there are restrictions
on the time discretization (7), D {t}a on which the approximate filter is defined. Thus, (7), can be
set by the user by taking into account some specifications or previous knowledge on the filtering problem
under consideration, or automatically designed by an adaptive strategy as it will be shown in the section
concerning the numerical simulations.

The order-5 LMV filter of Definition 3.1 has been proposed for models with linear observation equa-
tion. However, by following the procedure proposed in [29], it can be easily applied as well to models
with nonlinear observation equation.

To illustrate this, let us consider the state space model defined by the continuous state equation (2.1)
and the discrete observation equation

z¢, = h(tg,x(tx)) + e, for k=0,1,.., M — 1, (3.12)

where e;, is defined as in (2.2) and h: R x R? — R" is a twice differentiable function. By using the Ito
formula,

m d 21 7 m .
h]*{ Zf’“ +%Zzgggailgxk}dt+zzgi% w*

s=1k,l=1 s=11[1=1

= pldt + Z oldw®

s=1
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with 5 = 1,..,r. Hence, the state space model (2.1) and (3.12) is transformed to the following higher-
dimensional state space model with linear observation

dv(t) = a(t,v(t))dt + Z b;(t, v(t))dw' (¢),

z;, = Cv(ty) + ey, for k=0,1,..,M — 1,

=[] a0 ] e8]

and the matrix C is such that h(tx, x(t)) = Cv(tg).

In this way, the state space model (2.1) and (3.12) is transformed to the form of the state space
model (2.1)-(2.2), and so the order-8 LMV filter of Definition 3.1 and the convergence result of Theorem
3.2 can be applied.

where

4. Order-$ Local Linearization filters. In principle, according to Theorem 3.2, any kind of
approximation y converging to x in a weak sense can be used to construct approximate LMV filters (e.g.,
those in [33]). Therefore, additional selection criterions could be taking into account for this purpose. For
instance, high order of convergence, efficient algorithm for the computation of the moments, and so on.
In this paper, we elected the Local Linear approximation (2.8) for the following reasons: 1) its first two
conditional moments have simple explicit formulas that can be computed by means of efficient algorithm
(including high dimensional state equations) [27, 28, 21]; 2) its first two conditional moments are exact for
linear state equations in all the possible variants (with additive and/or multiplicative noise, autonomous
or not) [27]; 3) it has an adequate order of weak convergence for state equations with additive noise [6];
and 4) the high effectiveness of the conventional LL filters for the identification of complex nonlinear
models in a variety of applications (see, e.g., [4, 8, 25, 48, 49]).

Once the order-8 Local Linear approximation (2.8) is chosen for approximating the state equation
(2.1), the well know ordinary differential equations for the first two moments of linear SDEs [1] can be
directly used to define the following filter.

DEFINITION 4.1. Given a time discretization (1), D {t}a, the order-f Local Linearization filter for
the state space model (2.1)-(2.2) is defined, between observations, by the piecewise linear equations

dy

S = Alra )y + 2’ (67 (4.1)

dP i
= AT )Py + Py AT(rn) + Y Bilra)PryB (7)) + Blt: 7,) (42)

i=1
Vi =Py — Yt/tytT/t (4.3)

for all t € (tg,tg+1), and by

Ytrir/tesr = Ytwgr/ti T Ktk+1(zt;€+1 - Cytk+1/tk) (4'4)
Vtk+1/tk+1 = Vtk+l/tk - Ktk+1 Cvtk+1/tk (4'5)

for each observation at ti41, with filter gain

Ktk+1 == Vtk+1/tkCT(CVtk+1/tkCT +Ztk+1)_1 (46)
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for all ty, ti+1 € {t}r. Here,
B(t;s) = a’(t; 8)y] ), + yepe(a’(t;9))T

+ 3 Bi(s)yue(b] (t:5)T + b (1 5)y], B () + b (t; 5)(b] (£ 5))T (4.7)
=1

with matriz functions A, B; and vector functions aﬁ,b? defined as in the WLL approzimation (2.8)
but, replacing y(s) by ys/s- The predictions yi/i,, Py, and Vi, are accomplished, respectively, via
expressions (4.1)-(4.8) with initial conditions yy, /i, and Py, s, for t € (tg,trp1] and ty,tpyr € {thu,
and with A,Bi,aﬂ,b? also defined as in (2.8) but, replacing y(s) by ys/s, -

The approximate LL filter (4.1)-(4.6) reduces to the conventional LL filter (2.9)-(2.13) when (1),
= {t} . For linear state equations with multiplicative noise, the LL filter (4.1)-(4.6) reduces to the LMV
filter proposed in [27], whereas for linear state equations with additive noise, the LL filter (4.1)-(4.6)
reduces to the classical Kalman filter.

According with Theorem 3.2, the approximate LL filter (4.1)-(4.6) will inherit the order of conver-
gence of the WLL approximation (2.8). As it was mention before, the weak convergence rate of that
approximation was early stated in [6] for SDEs with additive noise. For equations with multiplicative
noise, this subject will be considered in what follows.

LEMMA 4.2. Suppose that the drift and diffusion coefficients of the SDE (2.1) satisfy the following
conditions

£*,gF € 57 ([a, 0] x RY, R) (4.8)
m d
£(s, )+ Y (lgi(s,w)| + D [gf(s,wei(s,w)] 63) < K(1+ |ul), (4.9)
i=1 k=1
of(s,u) 0f(s,u) 0% f(s,u)| o
< .
‘ 5 + ‘ ox 2 i <K (4.10)
and
9gi(s, u) 9gi(s, u) g (s,u)] o
<
‘ En + ‘ Ix 2 05 <K (4.11)

for all s € [a,b], u € R, and i = 1,..,m, where K is a positive constant. Then the order-3 WLL
approzimation (2.8) satisfies

E ( sup [y(H)[* Ifa) < C(1+ y(a)®) (4.12)

a<t<b

for each q=1,2,..., where C is positive constant.
Proof. Let us denote the drift and diffusion coefficients of the SDE (2.8) by

p(t,y(t)imn,) = AT,y (1) +a°(t; 7y,

and
ai(t, y(t)imn,) = Bi(1n, )y (t) + b} (t;70,),

respectively.
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For each ¢, the Ito formula applied to [y(¢)|*? implies that

(O] = |y (1, ) + / 2¢|y(s)[**" 2 yT(s)p(s5,¥(5);: T, )ds

Tny

+Z/2qIy(8)|2q72yT(S)qZ-(&y(s);m)dwi(s)
i:le

+3° [y ity s
i:le

D3 [ 240 =1y Iy asls y(s)ira ) ds

for all t € [Tp,, Tn,+1]-
By recursive application of the expression above it is obtained that

ly()* = |y(a)|* + /2q ()27 2y (s)p(s,y(s); T, )ds
#3° [Py il ys)ima, w5

ds

+y / a1y (&)1 (s, ¥ ()5, 2
i:la

ds

+ Z_: / 2q(q — 1) ly(s)** " ly"(s)ai(s, ¥ ()57, ) |

for all ¢ € [a, b].
Theorem 4.5.4 in [33] implies that £ (|y(t)|2q) < oo for a <t < b. Hence, the function r defined as

r(t) =0for 0 <t <aandasr(t)=|yt)* >y (t)q(t,y(t);7s,) for a <t < b belongs to the class £2 of
function £ x F— measurable. Then, Lemma 3.2.2 in [33] implies that

E / Y2 yT(s)au (5, ¥ (5)i7a, )dw (s) | =0

for all i = 1,..,m. From this and the previous expression for |y(t)|*? follows that

a<u<t

E ( sup. [y(u)[? Ifa) < Iy(@[* + 2 / E (y<s>2‘1‘2 YT (8)p(5 ¥ ()i 7 )| !fa) ds

m

oY [ 2 (e sy (om.)

t

2 |.7:a) ds

m

s2la-nY [ (|y<s>|2“ YT ()i, (5)im.)

i=17

2 ‘fa) ds.
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From conditions (4.9)-(4.11) follows that

Ip(s,¥(s);7n.,)

< K(ly(s)l + [y(rn)) + K (1 + |y (s)]) + K

and

lai(s,y(s);mn.)| < K(ly(s)] + [y(Tn)]) + Kp(1+ |y (s)]) + K,

where

Ko — K for g =1
P7U KQ+3K) for =2

Thus, there exists a positive constant C' such that

yT(s)P(s,¥(5)imn,)| < C(L+ Iy(s)*) + C (1L + |y(70,)I?),

ai(5, ¥ (8); 7 )P < C(L+ [y (s)F) + O (L + [y (70, ),

YT (8)ai(s,¥(8); T, )I” < Cly ()P (1 + Iy (s)[*) + Cly ()P (1 + ly () ),

and so

t
E( sup ly(u !f) <lvol*+1 [ E( sup (14 [y (u)[2) Iy ()22 !a) s,
a<u<t alu<s

where L = 2qC(2 + 2gm — m). From the inequality (1 + 22)22972 <1 + 2224,

t
E( sup |y(u ’]-') < |yol q—|—L(t—a)—|—2L/E< sup |y (u)|* ’]-'a) ds.
a<u<t a<u<s

From this and the Gronwall Lemma, the assertion of the Theorem is obtained. O

In what follows, additional notations and results of [33] will be used. Briefly recall us that M denotes
the set of all the multi-indexes o = (j1,..., ji(a)) with j; € {0,1,...,m} and i = 1,...,l(cr), where m
is the dimension of w in (2.1). I(«) denotes the length of the multi-index o and n(a) the number of its

11

zero components. —a and a— are the multi-indexes in M obtained by deleting the first and the last

component of «, respectively. The multi-index of length zero will be denoted by v. Further,

o0 L0 1S,
AP SS i ts X Y8

k,l=1j=1

denotes the diffusion operator for the SDE (2.1), and
d
; 0
7 = k_=Z
kz::l 85 oxk”

forj=1,...,m.
Let us consider the hierarchical set

I'g={aeM:i(a) <3}

with 8 =1,2; and B(I'g) = {a € M\I'g : —ae € I'g} the remainder set of I'g.
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LEMMA 4.3. Let 'y be the order-8 WLL approzimation (2.8), and z = {z(t), t € [a,b]} be the
stochastic process defined by

z(t) = yn, + Z Tnt»yannt)]Tnt,t + Z I.] ('7y';Tnt)]Tnt7t7 (4.13)

aEFB/{u} aeB(I'g)

where 1o[]7,, + denotes the multiple Ito integral and, for any given (Tpn,,¥n,),

A . B le le(a) lpﬁ(s V'Tnt) Zf jl(a) = O
o($:ViTu) =3 [iv i ) (viTn)  if Gia) #0

is a function of s and v, with
pﬁ(s,v;Tm) = A(Tp,) v+ aﬁ(s; Tny) and qf(s,v;rm) =Bi(mp,)V+ bf(s;Tm),

for all s € [a,b] and v € R, and matriz functions A, B; and vector functions aﬁ,bf defined as in the
WLL approzimation (2.8). Then

E(g(y(1) = E(9(z(t))) , (4.14)

E(g(y(t) —y(mn,))) = E (9(2(t) — 2(7n,))) (4.15)
for allt € [a,b] and g € CIQD(BH)(Rd,R); and
1o [Aa(Tnuyut?Tnt>]Tn,,,t =Iq [)‘a(anynt)]‘rn,,,t, (4.16)

for all o € Tg/{v} and t € [a,b], where A\, denotes the Ito coefficient function corresponding to the SDE
(2.1).

Proof. The identities (4.14)-(4.15) trivially hold, since (4.13) is the order-5 weak Ito-Taylor expansion
of the solution of the piecewise linear equation (2.8) with initial value y(a) = yo.

By simple calculations it is obtained that Ito coefficient functions A, corresponding to the SDE (2.1)
are

k
)‘(0) £7,

k k
)‘(')_gjv
d m 2 k

8g 4, ogh 1
k 75 J
>\(0J) +Z Oxi +35 ) Z Zgj g; axlaxl’
i,l=1j=1
JO Zgy axi’
1
)‘(0 0) + Z 92

7 g]
(m) Zgl Ix!

d m

i,l=1j=1

for a € T'y. By taking into account that p(s,v;7,) and qf(s, v;Tp) are linear functions of s and v, it is
not difficult to obtain that Ao (Tn,,¥n.;Tn.) = Aa(Tn., ¥Yn.)t,,,s for all a € I'y, which implies (4.16). O
Note that, the stochastic process z defined in the previous lemma is solution of the piecewise linear
SDE (2.8) and A, denotes the Ito coefficient functions corresponding to that equation. Therefore, (4.13)
is the Ito-Taylor expansion of the Local Linear approximation (2.8).
The main convergence result for the WLL approximations is them stated in the following theorem.
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THEOREM 4.4. Let x be the solution of the SDE (2.1) on [a,b], and y the order- weak Local
Linear approximation of x defined by (2.8). Suppose that the drift and diffusion coefficients of the SDE
(2.1) satisfy the conditions (4.8)-(4.11). Further, suppose that the initial values of x and 'y satisfy the
conditions

E(x(a)|") < o0

and

B (9(x(a)) — E (9(y(a))| < Coh”
forq=1,2,..., some constant Cy > 0 and all g € CIQD(B—H)(R”I,R). Then there exits a positive constant
C such that

2 (sxon|7) - £ (svon| 7 )| < co-an, (117)

Proof. For 1 =1,2,...,let P,={p € {1,...,d}'}, and let F, : R? — R be the function defined as

l
Fp(x) = H xP?
i=1

where p= (ph S 7pl) € -ZDl
By applying Lemma 5.11.7 in [33] to (2.8) and taking into account that (4.13) is the order-8 weak
Ito-Taylor expansion of the solution of (2.8), it is obtained

E FP(Yn+1 - yn) - Fp( Z Ia[Aa(Tmym Tn)]Tn,Tn+1) Fr., < K(l + ‘yn|2T)

a€lz/{v}
(Tog1 — Tn)hga

forallpe Pandl=1,...,26+4 1, some K >0 and r € {1,2,...}, where A, denotes the Ito coefficient
function corresponding to (2.8), and h,, = Tp41 — Tp. Further, Lemma 4.3 implies that

E | Fp( Z IaAa(Tn, yn)]rn i) | Fra) | = E | Fp( Z Ia[Aa(Tns Yn3 ™ol rga) [ Fra |
aelg/{v} a€lz/{v}

where A, denotes the Ito coefficient function corresponding to (2.1). Hence,

E Fp(yn+1 - yn) - Fp( Z Ia[)‘a(TmYn)]anrrnﬂ) Frn < K(1+ ‘yn|2T)<7'n+l - Tn)h?z

G(EF[;/{V}

<K(1 r
< ﬁmg%WM)

(Tny1 — Ta)h2.
On the other hand, Theorem 4.5.4 in [33] applied to (2.8) and Lemma 4.2 imply
B (1oer =3[0, ) < 20+ o 190 (i = 7"

foral0 <n <N —1, and

E ( max |yx|*? ‘Fa) <O+ |yol?),

0<k<nyp



14 Approximate linear minimum variance filters

respectively, where C' and L are positive constants. The proof concludes by using Theorem 14.5.2 in [33]
with the last three inequalities. O

For state equations with additive noise, the order of weak convergence of the WLL approximations
provided by this Theorem matches with that early obtained in [6].

Theorem 4.4 provides the global order of weak convergence for the WLL approximations at the time
t = b. Notice further that inequality (4.17) implies that the uniform bound

sup
t€la,b]

B (s 7) - £ (styo)]7.) | < co-an? (118)

holds as well for the order-8 WLL approximation y since, in general, the global order of weak convergence
of a numerical integrator implies the uniform one (see Theorem 14.5.1 and Exercise 14.5.3 in [33] for
details).

Convergence in Theorem 4.4 has been proved under the assumption of continuity for f and g;. If
that is not the case, the consistency of the WLL discretization has been proved in [58]. In other practical
situations, it is important to integrate SDEs with nonglobal Lipschitz coefficients on R [35]. Typically,
for such type of equations, the conventional weak integrators display explosive values for some realizations.
In such a case, if each numerical realization of an order-3 scheme leaving a sufficient large sphere R C R¢
is rejected, then Theorem 2.3 in [35] ensures that the accuracy of the scheme is € + O(h?), where ¢ can
be made arbitrary small with increasing the sphere radius. This Theorem could be applied to the WLL
approximations as well.

Finally, the rate of convergence of the approximate Local Linearization filter is states as follows.

THEOREM 4.5. Given a set of M partial and noisy observations of the state equation (2.1) on {t}n,
and under the assumption that conditions (4.8)-(4.11) hold on [to,T], the approximate order-3 LL filter
(4.1)-(4.6) defined on (T)n, D {t}a converges with order B to the exact LMYV filter (2.8)-(2.7) as h goes
to zero.

Proof. Lemma 4.2 and Theorem 4.4 imply that the order-3 LL approximation y of x defined by (2.8)
satisfies the inequalities (4.12) and (4.18) for any integration interval [a,b] C [to,T]. Thus, by applying
that lemma and theorem in each interval [tg,tx11] With y(tr) = yi, ¢, (and yi 00 = Xi0/1,), for all
tiyte+1 € {t}ar, the bound and convergence conditions (3.1) and (3.2) required by Theorem 3.2 for the
convergence of the filter designed from y are satisfied. Therefore, the inequalities (3.7)-(3.9) hold for the
approximate LL filter of the Definition 4.1, and so it has rate of convergence 5 when h goes to zero. O

5. Practical Algorithms. This section deals with practical implementation of the order-g LL filter
(4.1)-(4.6). Explicit formulas for the predictions y,;, and Py, , an adaptive strategy for the construction
of an adequate time discretization (7),, and the resulting adaptive LL filter algorithm are given.

5.1. Formulas for the predictions. Let us define the vectors aog(7), ai1(7), bio(7) and b;1(7)
satisfying the expressions

aﬂ(t; Tnt) = aO(T’ﬂt) +ap (T’ﬂt)(t - Tﬂt) and blﬁ(t7 Tnt) = bi70(7—’ﬂt) + bi’l(T’ﬂt)(t - T’ﬂt)

for all t € [tg,tr41], where the vector functions a” and bf are defined as in the WLL approximation (2.8)
but, replacing y(s) by y,. By simplicity, the supraindex 8 is omitted in the right hand side of the
above expressions.

According Theorem 3.1 in [21], the solution of the piecewise linear differential equations (4.1)-(4.2)
for the predictions can be computed as

ng—1
Viste = Yiujtx + Z LQGM(T"L)(T”L+1_Tn)uTn,tk + LQGM(T”‘)(t_T”t)uTM,tk (5]_)

n=ng,
and

U60<Pt/tk) = LleM(Tw)(t—T”t )urn, it
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for all t € (tg,tg+1] and ty, t1 € {¢}ar, where the vector u,,, and the matrices M(7), L1, Ly are defined
as

A(T) Bs(t) Ba(r) Bs(r) Ba(r) Bi(7) vec(Pryq,)
0 C(r) I 0 0 0 0
_ 0 0 C(7) 0 0 0 _ r (d®+2d+7)
MO =1 ¢ o 0 0 2 0 | Yrn T 0 ek
0 0 0 0 0 1 0
0 0 0 0 0 0 1
and
Li=[ 1z Ogyoarn |, Ly = [ Oux(a4d+2) La Oaxs |
in terms of the matrices and vectors
m
A7) = A(T)BA(T) + ) Bi(1)@B](7)
i=1
A(r) ai(r) A(T)yrse, +ao(7)
C(r)=| 0 0 1 € R(+2)x(d+2),

0 0 0

rT=[ Oix(arny 1]

Bl (7-) = UeC(IBI (T)) +54(T)Y‘r/tk7 BQ(T) = UeC(IBQ(T)) +/65(T)Y‘r/tk7 63(7-) = UBC(,B?)(T)), 64(7) = ﬁ4(T)L
and Bs(7) = B5(7)L with

szo )bl (7
Zblo )bT, (7) + bi1(1)b] (1)
= Zbi,l(T)b
Bu(1) = ao(7) & ag(r +szo (1) + Bi(1) @ b o(7)
Bs(1) = ai(r) ®ai(r) + Zbl 1 (1) + Bi(7) @ by 1 (1),

= [ Is Oax2 |, and the d-dimensional identity matrix I;. The matrix functions A, B; are defined as
in the WLL approximation (2.8) but, replacing y(s) by y,/,. The symbols vec, & and ® denote the
vectorization operator, the Kronecker sum and product, respectively.
Alternatively, see Theorems 3.2 and 3.3 in [21] for simplified formulas in the case autonomous state
equations or with additive noise.

5.2. Adaptive selection of a time discretization. In order to write a code that automatically
determines a suitable time discretization (1), for achieving a prescribed accuracy in the computation of
the predictions yy, /¢, and Py /4, , an adequate adaptive strategy is necessary. Since the equations
(4.1)-(4.2) for the first two conditional moments of y are ordinary differential equations, conventional
adaptive strategies for numerical integrators of such class of equations are useful. In what follows, the
adaptive strategy described in [16] is adapted to the LL filter requirements.



16 Approximate linear minimum variance filters

Once the values for the relative and absolute tolerances rtoly,rtolp and atoly,atolp for the local
errors of the first two conditional moments, for the maximum and minimum stepsizes hyax and Apin, and
for the floating point precision prs are set, an initial stepsize h; needs to be estimated. Specifically,

h1 = max{hmin, min{é(y), é(vec(P)),t1 — to}}

where
§(v) = min{10061 (v), d2(v)}

with

51(v) = { N gi(()ii(v) if do(v) < 10 - atoly or.dl(v) < 10 - atoly

L) otherwise
and
max{atglé,l, 01 -rtoly}.  if max{d;(v),d2(v)} < prs
= . 1
02(v) max{ds (v), da(v)] )B+T otherwise

Here, dy(v) = Hvto/to = ||F t0, Vig/to) H and dz(v) = aF(tOéZtO/tO) + aF(tOé:tO/tO)F(to,Vm/to)

are the norms of the filters and of their first two derivatives with respect to ¢ at tg, where F is the vector

1 im(v ‘ .
field of the equation for v (i.e., (4.1) for y, and (4.2) for P), and ||v| = \/dlm(v) Z?:1( )(Sc‘i’(v))z with
sc'(v) = atoly + rtol vio/to .

Starting with the filter estimates yy, /¢, and Py, /;, , the basic steps of the adaptive algorithm for de-
termining (7), and computing the predictions yy, ., /¢, and Py, /;, between two consecutive observations
ti and tg41 are the following:

1. Computation of y, /, and vec(P; /) at 7, = 7,1 + 2h,, by the recursive evaluation of the
expressions (5.1)-(5.2) at the two consecutive times 7,1 + h,, and (7,—1 + hy) + hy. That is,

_ hy M (T, — hoyM(Th_1+hn,
Yru/te = Yo 1/t T Lae ( 1)‘1%71,% + Lae (Tn1 )uTn—1+hn,7tk

and
vec(Pr, /1) = Lleh"M(T"‘l"'h")uTn71+hmtk.
2. Computation of an alternative estimate for the predictions at 7,, = 7,_1 4+ 2h,, by means of the
expressions
Voruste = Yroajtn + Loe2mMIntu,
and

D 2h, M (T —
UeC(PTn/tk) = Lye™™ (e l)uTnflxtk7

which follow from the straightforward evaluation of (5.1)-(5.2) at 7,,—1 + 2h,,.
3. Evaluation of the error formulas

d?

LR Yo/t = Ve L~ Pryu — Py
E _ - Tn tk‘ Tn/tr 2 d E _ =+ Tn tr Tn tr
1 dZ( SCl(y) ) an 2 a2 Zl SCZ ) ;

}.

9

where p, /1, = vec(P, 1, ) and sc'(v) = atoly + rtoly

i 1
VTn—l/tk VTn/tk
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4. Estimation of a new stepsize
Rnew = max{hmim min{énew (El )7 Onew (EZ)}}

where

1
hy, - min{5, max{0.25,0.8 - (=)77}} E <1
6new(E) = 1
hy, - min{1, max{0.1,0.2 - (E)W}} E>1

5. Validation of y. /;, and vec(P;, /s, ): if max{E1, Ex} <1 or hy = hyin, then accept y. /4, and
vec(P, /1) as approximations to the first two conditional moments of x at 7, = 7,1 + 2h,,.
Otherwise, return to step 1 with h, = hpew.

6. Control of the final stepsize: if 7,, + 2h,, = tx+1, stop. If 7, + 2h,, + hnew > tg+1, then redefine
Pnew = ta1 — (Tn + 2hn)

7. Return to step 1 with n =n 4+ 1 and h,, = hpew-

Clearly, in this adaptive strategy, the selected values for the relative and absolute tolerances will have
a direct impact in the filtering performance expressed in terms of the filtering error and the computational
time cost. Note that, under the assumed smoothness conditions for the first two conditional moments
of the state equation, the adaptive algorithm provides an adequate estimation of the local errors of
the approximate moments at each 7, € (7)p, and ensures that the relative and absolute errors of the
approximate moments at 7,, are lower than the prearranged relative and absolute tolerance. This is done
with a computational time cost that typically increases as the values of the tolerances decreases. Thus, for
each filtering problem, adequate tolerance values should be carefully set in advance. In practical control
engineering, these tolerances can be chosen by taking into account the level of accuracy required by the
particular problem under consideration and the specific range of values of its state variables.

Remarks: It is worth to emphasize that the initial stepsize hy is computed just one time for computing
the value of 71 € [to,t1]. For other 7,, € [tg,tx+1] with n = n,, + 1 and k > 0, the initial value for the
corresponding h,, is set as h,, = hpew, where the value h;,e,, was estimated when the previous stepsize
h,_1 was accepted. Further note that, because the flow property of the exponential operator, only two
exponential matrices need to be evaluated in steps 1 and 2, instead of three. These two exponential
matrices can the efficiently computed through the well known Padé method for exponential matrices [37]
or, alternatively, by means of the Krylov subspace method [37] in the case of high dimensional state
equation. Even more, low order Padé and Krylov methods as suggested in [26] can be used as well for
reducing the computation cost, but preserving the order-8 of the LL filters. In step 4, the constant
values in the formula for the new stepsize ,,c.,(E) were set according to the standard integration criteria
oriented to reach an adequate balance of accuracy and computational cost with the adaptive strategy
(see, e.g., [16]). These values might be adjusted for improving the filtering performance in some specific
types of state equations.

5.3. Adaptive LL filter algorithm. Starting with the initial filter values y,,/, = X¢,/s, and
Py, /¢ty = Quy /1o, the adaptive LL filter algorithm performs the recursive computation of:
1. the predictions y, /, and P, ., for all 7, € {(7), N (tx,tr41]} by means of the recursive
formulas and the adaptive strategy of the last two subsections, and the prediction variance by

Vtk+1/tk = Ptk+1/tk - Ytk+1/tky7;rk+l/tk;
2. the filters
ytk+1/tk~+1 = ytk+1/tk + Ktk+1 (Ztk+1 - CYtk+1/tk)7
Vtk+1/tlc+1 = Vtk+1/tk - Ktk+ICVtk+1/tk’
Ptk+1/tk+1 = Vtk+1/tk+1 + Ytk+1/tk+ly;rk+1/tk+17
with filter gain
Ktk+1 = Vtk+1/tkCT<CVtk+1/tkCT + Etkﬂ)_l;
for each k, with £k =0,1,..., M — 2.
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6. Numerical Simulations. In this section, the performance of the approximate LMV filters in-
troduced in this paper is illustrated, by means of simulations, with four examples of state space models.
To do so, the prediction and filter values are computed in four different ways by means of: 1) the exact
LMV filter formulas, when it is possible; 2) the conventional LL filter; when the exact filter formulas are
available; 3) the order-1 LL filter with various uniform time discretizations; and 4) the adaptive order-1
LL filter. For each example, the error analysis for the estimated moments and the estimation of the weak
convergence rate are carried out through the standard procedures (see, e.g., [33, 6]).

The state space models to be considered are the followings.

Example 1. State equation with multiplicative noise

dz = atzdt + ov/txdw, (6.1)
and observation equation
2, = x(ty) + ey, for k=0,1,..,M —1 (6.2)

with a = —0.1, 0 = 0.1, {p = 0.5, ¥ = 0.0001, z4,/1, = 1 and Qy,/4, = 1. For this state equation, the
predictions for the first two moments are

— a(tiy1—t3)/2 — (at0?/2)(th 41 —1%)
l’tk+1/tk - 'Ttk/f/ke -t and th+1/tk - th/tke 1 9

where the filters 2, ;, and @y, /4, are obtained from (2.5) and (2.6) for all £ =0,1,.., M — 2.
Example 2. State equation with two additive noise

dx = atxdt + Ult”eat2/2dw1 + ooV tdws (6.3)
and observation equation
zt, = x(tg) + e, for k=0,1,.., M —1 (6.4)

with a = —0.25, p = 2, 01y = 5, 02 = 0.1, g = 0.01, ¥ = 0.0001, w4, = 10 and Qy,/, = 100. For this
state equation, the predictions for the first two moments are

— a(ti 1_ti)/2
Tippr [t = Tty /€0

and
_ a3 a(ti, —t3) ol 2p+1 _ 2p+1y jath, o3
th+1/tk = (th/tk + %)e + W+ 1( k+1 tk )6 - %’
where the filters 2, ;;, and @y, /4, are obtained from (2.5) and (2.6) for all £ =0, 1,.., M — 2
Example 3. Van der Pool oscillator with random input [14]

d1'1 = Igdt (65)

dxe = (— (22 — 1)ag — 21 + a)dt + odw
and observation equation

zt, = x1(tk) +eq,, for k=0,1,.., M — 1, (6.7)

where a = 0.5 and 02 = (0.75)? are the intensity and the variance of the random input, respectively. In
addition, tg = 0, ¥ = 0.001, X:O/to =[11] and Qq, ¢, = Xto/tuXtTU/to'

Example 4. Van der Pool oscillator with random frequency [14]

dJCl = l‘gdt (68)

dzy = (— (27 — V)22 — wa1)dt + o2 dw
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Confidence limits for the errors between the ezact LMV filter x4, sty 11> Utyyr/tnsr OF (6:1)-(6.2) and the

order-1 LL filter nyl/tHl,Vh

from the errors.

tht1/tht1

on (1), with different value of h. Order B of weak convergence estimated

Vi yn, | h=1/64 h=1/128 h = 1/256 h=1/512 B
t1/t 1.36£0.03 x 1077 | 6.73+£0.13 x 107% | 3.35 £0.06 x 107° | 1.67 £ 0.03 x 10-% | 1.00
to/ts 5.35+0.11 x 107% | 2.66 +0.06 x 107° | 1.33 £0.03 x 107° | 6.64 £0.14 x 10~" | 1.00
t3/t3 3.654+0.06 x 1076 [ 1.824+0.03 x 107% | 9.09+0.16 x 10~7 | 4.54 +0.08 x 10~" | 1.00
ty/ts 3.32+0.10 x 1075 | 1.66 £0.05 x 1076 | 8.28 0.25 x 107 | 4.14+0.12 x 107 | 1.00
ts/ta 3.54+0.09 x 1075 | 1.774+0.04 x 107% | 8.824+0.22 x 1077 | 441 +0.11 x 107 | 1.00
te/ts 3.98+0.09 x 1076 | 1.98 £0.05 x 107 [ 9.91 £0.23 x 10~7 | 4.95+£0.12 x 107 | 1.00
tr/ty 3.42+0.11x107% | 1.71£0.05 x 107% | 8.52+0.26 x 107 | 4.26 £0.13 x 107 | 1.00
ts/ts 2.00 £0.05 x 107° [ 9.96 +0.26 x 10~7 | 4.98 £0.13 x 10~ 7 | 2.494+0.06 x 10~7 | 1.01
to/to 834+0.33x 1077 | 4174+0.16 x 107 | 2.09+0.08 x 107 | 1.05+0.04 x 10~7 | 1.01
Z+1/m+1 h=1/64 h=1/128 h =1/256 h=1/512 B

t/t 2.47+0.06 x 107° [ 1.234+0.03 x 10~° | 6.12+0.14 x 10~°% | 3.05 £0.07 x 10~ | 1.01
ta/ts 8.08+0.20 x 1076 [ 4.034+0.10 x 10°% | 2.01 £ 0.05 x 10~% | 1.00 £ 0.03 x 10~ | 1.00
t3/t3 4.064+0.11 x 1075 [ 2.03£0.06 x 1079 | 1.01 +£0.03 x 10~ % | 5.05 £0.14 x 10~7 | 1.00
ty/ts 2.36+0.07 x 1070 | 1.18 £0.03 x 107 % | 5.87+0.17 x 1077 | 2.93+£0.08 x 10~" | 1.00
ts/ts 1.524+0.05x 107% [ 760 £0.24 x 1077 | 3.78 £0.12 x 10~7 | 1.89 £0.06 x 10~7 | 1.00
te/te 9.36£0.30 x 1077 | 4.66 £0.15 x 10~7 | 2.33+£0.07 x 107 | 1.16 £0.04 x 107 | 1.00
tr/tr 4494022 %1077 [ 2.23+£0.10x 1077 | 1.11+0.05 x 10~ 7 | 5.55 £0.27 x 10~% | 1.00
tg/ts 1.32+£007x 1077 [ 6.55+0.35 x 1078 [ 3.26 £0.17 x 10~% | 1.63+0.09 x 108 | 1.01
to/to 242 +£0.19 x 1078 | 1.194+0.09 x 1078 | 5.94 £0.46 x 1077 | 2.96 £ 0.23 x 10~7 | 1.01
and observation equation

2, = T1(tk) + ey, for k=0,1,.., M — 1, (6.10)

where @ = 1 and 02 = 1 are the frequency mean value and variance, respectively. In addition, t; = 0,

¥ =0.001, xT

to/to

= []. 1] and Qto/to

_ T
= Xto/to Xty /to

For each example, 2000 realizations of the state equation solution were computed by means of the

Euler [33] or the Local Linearization scheme [26] for the equations with multiplicative or additive noise,
respectively. For each example, the realizations were computed over the thin time partition {to + nd :
§ =10"*n = 0,..,9 x 10*} for guarantee a precise simulation of the stochastic solutions on the time
interval [to,to + 9]. A subsample of each realization at the time instants {t}r—10 = {tx = to + k :
k=0,.,M — 1} was taken to evaluate the corresponding observation equation. In this way, 2000 time
series {ka}k=o,.., M—1, with 2 = 1,..2000, of 10 values each one were finally available for every state space
example.

For each time series of the first two examples, the values of the exact LMV filter, the conventional
LL filter on {t}a, the order-1 LL filter on uniform time discretization (1), = {7, = to + nh : n =
0,...,(M —1)/h} D {t}m with h = 1/64,1/128,1/256,1/512, and the adaptive order-1 LL filter were
computed.

For each time series {ztk_}kzoy_” M_1, four type of errors were evaluated: the errors |x

trg1/trhs1
,yz’kﬂ/tkﬁ and ’Uikﬂ/tk+1 — §k+1/tk+1 between each approximate filter and the exact one, and the
errors Xik+1/tk — yiHl/tk and ‘UiHl#k — Vszrl/tk between the predictions, for all £k =0, .., M — 2.

The 2000 errors of each type were arranged into L = 20 batches with K = 100 values each one, which
are denoted by €, ;,l =1,..,L; j = 1,..., K. Then, the sample mean of the [-th batch and of all batches
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tht1/tk
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TABLE 6.2
Confidence limits for the errors between the evact LMV predictions Xy, ,, /t,., Ut /1, 0f (6.1)-(6.2) and their

obtained by the order-1 LL filter on (1), with different value of h. OTderB of
weak convergence estimated from the errors.

Vi e | h=1/64 h=1/128 h = 1/256 h=1/512 B

t1/to 7.35+£0.00 x 1077 | 1.844+0.00 x 10~ 7 | 4.60 +0.00 x 10~8 | 1.15 £ 0.00 x 10=% | 2.00
to/t1 1.11£0.02x107° [ 5.52£0.10 x 107% | 2.744+0.05 x 1076 | 1.37+0.03 x 107% | 1.01
t3/to 4.2240.09x 107% [ 2.02+0.04 x 1075 [ 9.95+0.21 x 10~7 | 4.94+£0.10 x 10~7 | 1.03
ty/t3 2.754+0.05x 1076 | 1.27+0.02x 1076 [ 6.20£0.11 x 10~7 | 3.07+0.05 x 10~ 7 | 1.05
t5/t4 2.20+0.06 x 107% | 1.03+0.03 x 1076 | 5.07+0.15 x 10~7 | 2.52+0.08 x 107 | 1.04
te/ts 2.06+0.05 x 1076 [ 9.884+0.26 x 1077 | 4.88+0.12 x 10~7 | 2.43+£0.06 x 10~7 | 1.03
tr/ts 2.024+0.05 x 1076 [ 9.934+0.24 x 1077 | 4.94+0.12 x 1077 | 2.46 £0.06 x 10~7 | 1.01
ts/tr 1.57+£0.05x 107 [ 7.74£0.24 x 1077 | 3.84+0.12 x 107 | 1.924+0.06 x 10~7 | 1.01
to/ts 8184022 x 1077 | 4.06 £0.11 x 1077 | 2.03£0.05 x 10~ | 1.01 £0.03 x 10~7 | 1.00

by | h=1/64 h=1/128 h = 1/256 h=1/512 B

t1 /to 1.22+£0.00 x 10~% [ 6.14 £0.00 x 10~° | 3.08 0.00 x 10~ | 1.54 +0.00 x 10~° | 1.01
ta/t 7.61+£0.02 x 1075 | 3.85+0.00 x 107> | 1.94 £0.00 x 107° | 9.71+0.02 x 107° | 1.00
t3/to 4.054+0.04 x 107° [ 2.06 £0.02 x 107° | 1.04 £0.00 x 10~° | 5.22 £ 0.05 x 10~ | 1.00
ty/t3 1.774+0.04 x 107> | 9.06 £ 0.17 x 107 | 4.59 £0.09 x 107° | 2.31 £0.04 x 1075 | 1.00
ts/t4 6.10+0.14 x 107% | 316 £0.07 x 1076 | 1.61 £0.04 x 107% | 8.09+0.18 x 10~ 7 | 1.00
te/ts 1.68 £0.05 x 1075 [ 8.81 £0.23 x 1077 | 4.51£0.12 x 1077 | 2.28 £ 0.06 x 107 | 1.00
t7/ts 3.794+0.11x 1077 [ 1.99+£0.06 x 10~7 | 1.02+£0.03 x 10~7 | 5.17 £0.15 x 10~% | 1.00
ts/t7 8014034 x 1078 [ 4144+0.18 x 1075 | 2.10£0.09 x 10~% | 1.06 £ 0.04 x 10~% | 1.00
to/ts 1.58+0.07 x 1078 | 7.83£0.35 x 1072 [ 3.90 £ 0.17 x 1077 | 1.954+0.09 x 10~7 | 1.00

can be computed by

respectively. The confidence interval for each type of error is computed as

where

[ ~2
g 2
P
A=t_apr-1\| 5 Oc=

E—Ae+A]

1 -~ A2
T2 lei—dl

and t_o /2 1,—1 denotes the 1 — /2 percentile of the Student’s ¢ distribution with L — 1 degrees for the
significance level 0 < o < 1. The 90% confidence interval (i.e., the values A for « = 0.1) was chosen.

6.1. Results for Example 1. Tables 6.1-6.3 show the estimated errors for the state space model
(6.1)-(6.2). Specifically, Table 6.1 shows the confidence limits for the errors between the exact LMV filter
Xtyi1/tisr> Otpsy /tey, and the order-1 LL filter yy, ., /¢, s Vi /2,4, o0 the time discretization (7')Z7 with
h = 1/64,1/128,1/256,1/512. Table 6.2 shows the confidence limits for the errors between the exact
LMYV predictions x¢, /¢, ; Uy, /¢, and their approximations yy, /¢, Vi, /¢, obtained by the order-
1 LL filter on (7). Table 6.3 shows the confidence limits for the errors between the moments of the
exact LMV filter and their respective approximations obtained by the conventional LL filter and the
adaptive LL filter. The average of accepted and fail steps of the adaptive LL filter at each t; € {t}s is
given in Figure 6.1. The absolute and relative tolerances for the first and second moments were set as
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TABLE 6.3
Confidence limits for the errors between the exact LMYV filter and predictions of (6.1)-(6.2) with their corre-
sponding approzimations obtained by the conventional LL filter and the adaptive LL filter, which are denoted with
superscripts 0 and A, respectively.

k y? yA 0 A
kt1/tk try1/tr trey1/te trey1/te
0] 2794+0.00x 1073 [ 5.094+0.00 x 101 | 1.75£0.00 x 103 | 3.234+0.00 x 10~°
1 [562+0.13x10°7 | 2.86+£0.05x 1077 [5.42+0.15 x 10~ | 2.09 £0.00 x 10~°
2 [ 6.09£0.05x107% | 1.06 £0.02 x 10°% [ 4.04£0.07 x10~? | 1.16 £0.01 x 10~°
3[574£0.06x107% [ 6.754£0.12x10°° | 3.16£0.07 x 107% | 529 £0.10 x 10~ 7
41454£0.05x107% [ 5734017 x10°° | 1.70£0.04 x 107% | 1.9240.04 x 10~
5[317£0.04x107% [ 5724£0.15x10°% [ 7.21+£0.20 x 10~* | 5.62£0.15 x 103
6 ]201£0.03x107% | 6.074+0.14 x 10°° | 2.44+0.07 x10~* | 1.34 £0.04 x 103
711244£002x1073 | 5.02+£0.15 x 1078 [ 7.37+£027x 107° | 2.85£0.12 x 1077
8 732£0.14x107" [ 2.8240.07x10°° | 1.81£0.09 x 107° | 539 +0.23 x 10~ "7
k y? yA 0 A
kt1/tkt1 trg1/tres trg1 /bt trg1 /bt

0]394+008x1073 [ 3.50£0.07x10""7 | 722+0.17x 1073 | 6.38+0.14 x 10~
11625+£013x107%[1.43+£0.03x107 [9.61+0.25x10"*] 2.16 £0.05 x 10~7
2 [ 3584+007x10"%[1.01£0.02x10"7 [ 4124+0.12x10"* [ 1.12£0.03 x 10~
31309+£009x10"%]9.444+029%x10"% |233+£0.07x10"%]6.69+0.19 x 10~%
41350+£009x10"%]1.04+003x107 | 1.64+£0.06x10"%]4.454+0.14x 10~ %
5 4494+012x 1077 [ 1.22+£0.03x 1077 [ 1.16+0.04 x 10~* | 2.86 £0.09 x 10~8
6| 593+£0.10x107% | 1.124+0.03x 1077 | 796 £0.28 x 10> | 1.45+0.07 x 10~%
71661+£012x10"%[6.93+£0.18 x 1078 [ 3.924+0.17 x 107° | 4.50 £0.23 x 10~°
81 591+0.09x10"% | 2.804+0.11 x 10~® | 1.48+£0.06 x 10~ | 8.174+0.63 x 10~ 10

rtoly = rtolp = 5 X 1079 and atoly, = 5 x 1077, atolp = 5 x 1072, Note as the accuracy of the LL filter
on uniform discretizations (7); improve as h decreases, and the large difference among the accuracy of
the conventional and the adaptive LL filter.

For each approximate conditional moment, the estimated order B of weak convergence were obtained
as the slope of the straight line fitted to the set of four points {logy(h;), logy(€(h;))}j=1,.4 taken from
their corresponding errors tables 6.1 and 6.2. The values ﬁ are shown in these tables as well. The
estimates B = 1 corroborate the theoretical value for 5 given in Theorem 4.5. The estimate § = 2.00
corresponding to yfl Jto in Table 6.2 agrees with the expected estimate of § for the equation (6.1) on
[to,t1]. In this particular situation, the exact prediction x;, 4, given by (2.3) reduces to an ordinary
differential equation and the LL prediction formula (4.1) reduces to the classical order-2 LL integrator
for such class of equations (see, e.g., [24]). In the others subintervals [ty tx41] with & # 0, the prediction
y?k+1/tk depends nonlinearly of y through the initial value yéLk-f—l/tk-f—l.

6.2. Results for Example 2. Tables 6.4-6.6 show the estimated errors for the state space model
(6.3)-(6.4). In particular, Table 6.4 shows the confidence limits for the errors between the exact LMV
filter x4, /t,.1» Utypy /iy, and the order-1 LL filter y, . /¢, . ,> Vi, /¢, On the time discretization ()5,
with h = 1/64,1/128,1/256,1/512. Table 6.5 shows the confidence limits for the errors between the exact
LMV predictions xy, ., /t,, Uy, /¢, and their approximations yy, ., /., V¢, /¢, obtained by the order-1
LL filter on (7). Table 6.6 shows the confidence limits for the errors between the moments of the exact
LMYV filter and their respective approximations obtained by the conventional LL filter and the adaptive
LL filter. The average of accepted and fail steps of the adaptive LL filter at each ty € {t} s is given in
Figure 6.1. The absolute and relative tolerances for the first and second moments for this filter were set
as rtoly = rtolp = 5 x 10~8 and atoly =5 x 1078, atolp = 5 x 1071, Note as the accuracy of the LL
filter on uniform discretizations (7); improve as h decreases, and the large difference among the accuracy
of the conventional and the adaptive LL filter.

For each approximate conditional moment, the estimated order B of weak convergence were obtained
as the slope of the straight line fitted to the set of four points {logy(h;), logy(e(h;))},—, , taken
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TABLE 6.4

Confidence limits for the errors between the ezact LMV filter x4, /ty 11> Utyyr/tnsr OF (6:8)-(6.4) and the

order-1 LL filter nyl/tHl,Vh

from the errors.

tht1/tht1

on (1), with different value of h. Order B of weak convergence estimated

Vi yn, | h=1/64 h=1/128 h = 1/256 h=1/512 B

t1/t 2.00+0.04 x 1078 [ 1.17£0.02 x 10°% | 6.23+0.11 x 1077 | 3.22+0.06 x 107 | 0.95
to/ts 1.31+£0.03x 1078 | 6.444+0.14 x 1078 | 3.20+£0.07 x 1077 | 1.59+0.04 x 10~ | 1.02
t3/t3 1.124+0.03x 1078 | 5.524+0.14 x 1078 | 2.74 £0.06 x 10~° | 1.36 £ 0.03 x 10~ | 1.02
ty/ts 1.56 £0.03 x 10~% | 7.74 £0.12 x 10~% | 3.85 £0.06 x 1077 | 1.92 +£0.03 x 1077 | 1.01
ts/ty 2.954+0.07 x 1078 | 1.47+£0.03 x 1078 | 7.38+0.17 x 1079 | 3.69 £0.08 x 107 | 1.01
te/te 7.85+0.19 x 1078 | 3.98 £0.09 x 10~8 | 2.01 £0.05 x 10=8 | 1.01 £0.02 x 10=% | 0.99
tr/t 2.65+£0.06 x 107 | 1.37+0.03 x 1077 | 6.94 £ 0.15 x 10~ | 3.50 £ 0.07 x 10~% | 0.99
ts/ts 5.46 £0.16 x 107 | 2.794+0.08 x 10~7 | 1.41£0.04 x 107 | 7.09 £ 0.21 x 10~% | 0.99
to/to 476 +£0.13x 1077 [ 2.37+£0.06 x 10~7 | 1.18 £0.03 x 107 | 5.91 £ 0.16 x 102 | 1.01

fw/tw h=1/64 h=1/128 h =1/256 h=1/512 8

t/t 3.48+0.09 x 1077 [ 2.03+£0.05 x 10~ | 1.09+0.03 x 10~7 | 5.60 £ 0.14 x 108 | 0.88
to/to 2.66+0.11 x 1077 [ 1.314£0.05 x 1077 | 6.51+£0.26 x 10~% | 3.24 £0.13 x 10~% | 1.01
t3/t3 297+0.12x 1077 [ 1.46£0.06 x 10~7 | 7.24+0.30 x 1078 | 3.61 £0.15 x 10~% | 1.01
ta/ts 346+0.11x 1077 | 1.71£0.05 x 1077 | 853+ 0.27 x 1078 | 426 £0.13 x 10~% | 1.01
ts/ts 3.44+0.16 x 1077 | 1.73+£0.08 x 107 | 8.65+0.41 x 108 | 4.33+£0.21 x 10-3 | 1.01
te/te 3.58+0.15 x 1077 | 1.83+£0.07 x 107 [ 9.21 £0.38 x 10~% | 4.63 £0.19 x 10~% | 0.98
tr/tr 3.57+0.14x 1077 | 1.85+£0.07x 1077 | 9.42+0.38x 1078 | 4.75£0.19 x 10-% | 0.97
tg/ts 235+0.13x 1077 | 1.21+£0.07x 1077 | 6.11 £0.34 x 10~° | 3.08 £0.17 x 10~% | 0.98
to/to 1.674+0.09 x 1077 | 8.31 £0.04 x 107% | 4154+ 0.22 x 1078 | 2.07 £0.11 x 10~% | 1.00

from their corresponding errors tables 6.4 and 6.5. The values B are included in these tables too. The
estimates 3 & 1 corroborate the theoretical value for 8 given in Theorem 4.5. The estimate § =~ 2.00
corresponding to ythkﬂ/tk in Table 6.5 agrees with the expected estimate of 8 for the equation (6.3) on
[tk,txs1], for all k. Similarly to the previous example, the exact prediction x;, /¢, given by (2.3) reduces
to an ordinary differential equation and the LL prediction formula (4.1) reduces as well to the classical

order-2 LL integrator for all k. Contrary to the first example, in this one, the prediction y?Hl Jtx with

k # 0 does not depend of y through the initial value yfkﬂ/tkﬂ and so the estimate B = 2.00 is preserved.

6.3. Results for Examples 3 and 4. Since explicit formulas of the LMYV filter for the state space
models (6.5)-(6.7) and (6.8)-(6.10) are not available, the error analysis of the previous examples should
be adjusted. In this situation, by taking into account the results of the previous examples, the moments
estimated by the adaptive LL filter with small tolerance can be used as a precise estimation for the
moments of the exact LMV filter. By doing this, the confidence interval for the errors can similarly
be computed as before for estimate the order 8 of weak convergence of the order-1 LL filter. Table
6.7 shows the estimated order 8 of weak convergence obtained, as explained above, as the slope of the
straight line fitted to the set of four points {logy(h;), logy(€(h;))};_, 4, where e(h;) denotes the error
between the order-1 LL filter on (7')21_7 with h; = 1/25%7 and the adaptive LL filter with small tolerance.
The tolerances for the adaptive filter were set as rtol, = rtolp = 5 X 10=% and atoly = 5 X 1078,
atolp =5 x 107! in the model (6.5)-(6.7), and as rtoly = rtolp = 1077 and atoly = 1077, atolp = 10~1°
in the model (6.8)-(6.10). For each model, the average of accepted and fail steps of the adaptive LL filter
at each tj € {t}as is given in Figure 6.1. Notice that, for both examples, the estimates B ~ 1 corroborate
the theoretical value for 3 stated in Theorem 4.5.

6.4. Supplementary simulations. As mentioned above, the approximate LMYV filters play a cen-
tral role in the effective implementation of the innovation method for the parameter estimation of diffusion
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TABLE 6.5
Confidence limits for the errors between the evact LMV predictions Xy, ,, /t,., Uty /1, 0f (6.3)-(6.4) and their

approximations ythkﬂ/tk,Vh obtained by the order-1 LL filter on (1), with different value of h. OrderB of

tht1/tk

weak convergence estimated from the errors.

yf;w/tk h=1/64 h=1/128 h = 1/256 h=1/512 G

t1/to 2.28+0.00 x 107° | 5.70 +£0.00 x 10~% | 1.4340.00 x 10~% | 3.57 £0.00 x 10~7 | 2.00
to/t1 4.63+£0.03x107° [ 1.16 £0.00 x 107° | 2.89 £0.02 x 10°% | 7.224+0.05 x 10~ | 2.00
t3/to 5444+0.11 x 107° [ 1.36 £0.03 x 107° | 3.394+0.07 x 1076 | 8.474+0.17 x 107 | 2.00
ty/t3 6.91+0.13x107° | 1.72£0.03 x 107° | 4.30+0.08 x 1076 | 1.07+0.02 x 10=% | 2.00
ts/ts 5.85+0.12 x 107° | 1.46 £0.03 x 10> | 3.64+0.08 x 106 | 9.09 £0.19 x 10~7 | 2.00
te/ts 3.10+0.08 x 107° [ 7.73+0.21 x 1076 | 1.934+0.05 x 106 | 4.81 £0.13 x 10~7 | 2.00
tr/ts 1.134+0.03x 1077 | 2.82+£0.06 x 107% | 7.01 £0.16 x 10~7 | 1.74 £ 0.04 x 107 | 2.01
ts/t7 3.07+0.07 x 1075 [ 7.56 £ 0.18 x 107 | 1.844+0.04 x 107 | 4.40+0.11 x 10~% | 2.04
to/ts 7.634+0.24 x 1077 | 1.754+0.05 x 1077 | 3.73£0.11 x 10~ | 6.97£0.16 x 1077 | 2.25

fgw/tk h=1/64 h=1/128 h = 1/256 h=1/512 G

t1/to 2.43+0.00 x 1073 | 1.28 £0.00 x 10~2 | 6.56 +0.00 x 10~* | 3.32£0.00 x 10~* | 0.88
to/t1 7.2240.00 x 1072 | 3.544+0.00 x 1072 | 1.75£0.00 x 1072 | 8.73 £0.00 x 10~3 | 1.01
t3/to 1.69 +£0.00 x 10~ ! | 8.294+0.00 x 1072 | 4.11£0.00 x 10=2 | 2.04 £0.00 x 10~2 | 1.01
ty/t3 1.16 £ 0.00 x 10! | 5.73 £0.00 x 1072 | 2.84 £0.00 x 10=2 | 1.424+0.00 x 10=2 | 1.01
ts/ts 3.38+£0.00 x 1072 | 1.68+0.00 x 10~2 | 8.36 +0.00 x 103 | 4.17£0.00 x 10~2 | 1.00
te/ts 4.81£0.00 x 1073 | 2.41 £0.00 x 10~3 | 1.21 +0.00 x 10~3 | 6.05+0.00 x 10~* | 0.99
tr/ts 3.77+0.00 x 10-% [ 1.91 +£0.00 x 10~% | 9.624+0.00 x 10~ | 4.83+0.00 x 10~° | 0.97
ts/tr 3.27+0.00 x 107° | 1.65+0.00 x 10~° | 8.28 +0.00 x 10~ % | 4.15+0.00 x 10~ | 0.98
to/ts 1.70 £ 0.00 x 107" | 8.44£0.00 x 107% | 4.21 £0.00 x 10~ | 2.10 £ 0.00 x 10~% | 1.00

TABLE 6.6

Confidence limits for the errors between the exact LMV filter and predictions of (6.3)-(6.4) with their corre-
sponding approzimations obtained by the conventional LL filter and the adaptive LL filter, which are denoted with
superscripts 0 and A, respectively.

k yo A 0 A
tot1/th Yiwia/ta thy1/te toy1/te
7.69+£0.00 x 10°2 | 2.17+0.00 x 10°6 2.63 &= 0.00 3.72+0.00 x 10~*
2.09+0.01 x 10T [ 2.14 +£0.04 x 10~ 7 8.01 +0.03 1.85+0.00 x 1073

2.81 +0.06 x 101

8.41+0.38 x 10~ 8

4.93+0.13 x 102

3.24 4+ 0.02 x 1073

4.02 +0.07 x 107!

1.26 +0.07 x 10~ 7

3.224+0.17 x 10?

2.334+0.02 x 1073

3.82+0.08 x 1071

1.55 £ 0.08 x 10~ 7

6.18 +£0.10 x 107

7.45 4+ 0.06 x 10~%

2.27+0.06 x 10~ 1

1.06 = 0.06 x 10~ 7

6.23+0.25 x 10~ 1

1.154+0.01 x 10~*

9.36 +0.21 x 102

468 +£0.22 x 1078

8.34 +0.25 x 102

9.744+0.11 x 107

2.89 +0.07 x 1072

1.23+0.08 x 108

8.19+0.28 x 10~3

7.434+0.08 x 10~ 7

8.63+0.28 x 102

1.10+0.06 x 1077

2.734+0.02 x 1073

2.86 + 0.00 x 10—~

0
ytk+1/tk,+1

A
ytk+1/tk+1

0
trgp1/tet1

A
trg1/tet1

1.75+0.03 x 10~3

3.294+0.06 x 1079

3.08 +0.08 x 102

5.73+0.14 x 10~8

9.47+0.24 x 10~7

3.37+£0.07 x 10710

1.62 £0.07 x 10~°

6.84 +0.26 x 1079

2.17+0.06 x 10~

2.16 + 0.05 x 10710

5.58 +0.23 x 1077

5.75 4+ 0.25 x 1079

2.734+0.04 x 107°

3.154+0.05 x 10~ 10

5.70 £ 0.17 x 107°

7.10 +0.26 x 107

3.02+0.05 x 10~

6.58 £0.14 x 10~ 10

2.79+0.11 x 107°

8.01+0.42 x 107°

1.354+0.03 x 107°

1.9440.06 x 1079

7.37+0.28 x 107°

9.324+0.44 x 107°

1.16 £0.14 x 10~3

7.07+0.20 x 1079

1.89 £0.09 x 10~ %

1.04 £ 0.06 x 108

1.01+0.03 x 10~3

1.26 +0.05 x 108

3.18 £0.16 x 10~°

5.56 £0.36 x 1077

O T = WO FTO OO W N~ O

6.91+0.18 x 10°°

8.05+0.21 x 1079

201+£0.12x 1075

2.83+0.16 x 1079
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TABLE 6.7

Estimate order of convergence B for the moments of the order-1 LL filter applied to the state space models
(6.5)-(6.7) and (6.8)-(6.10) corresponding to the Van der Pool oscillator with additive (Add) and multiplicative

(Mul) noise, respectively.

k\Add Ytria/te Vik+1 te | Ytegs/teis Vtk+1 1751 k\MUZ Yteia/te Vtk-+1 te | Yt /tegs Vtk+1/tk+1
0 1.10 1.04 1.11 1.04 0 1.08 1.01 1.03 1.01
1 1.04 1.05 1.04 1.05 1 1.03 1.03 1.04 1.03
2 1.03 1.03 1.03 1.03 2 1.03 1.04 1.05 1.04
3 1.02 1.02 1.03 1.02 3 1.03 1.03 1.04 1.02
4 1.01 1.01 1.01 0.97 4 1.02 1.02 1.02 1.02
5 1.01 1.03 1.01 1.01 5 1.02 0.94 1.02 0.83
6 1.02 1.01 1.01 0.98 6 1.01 0.98 1.01 0.97
7 1.02 1.04 1.02 1.06 7 0.97 1.00 1.02 0.99
8 1.03 1.02 1.02 1.02 8 1.02 1.01 1.03 0.99
1500 ; 2000 % . " - T T
-, 1000f to Tt e LI e c e °o o ©
% * 5 %1000 5 * * "
8 500 * 8 * * * =
Example 1 500 Example 2
= & . : o B T T S e
2 " Examplé 1 a 4 ! " Examplé 2
2t 3 4 "
R 1 2° ® * " *
: T TR
05 ; * * * 1t i i * ®
AR S SR SR s 7 s 5 1 2 B i 5 s 7 s 5
10000 T . 10000
8000 . % Example 3 8000 * Example 4
3 6000 o - i i * B 6000 " % " ; *
§ 4000 5 = o § 4000 5 * ° e o o o ©
2000 ° g * " * * 2000 i * * * " ¥ "
1 2 s 5 B 7 s 5 1 2 B . 5 B 7 s 5
5 * T ¥ g * T Eamok3 5 T * I T T " Erampld4
4 ‘ 4 . % N *
g° % . % g° & 5
= , o < o ) 3 , . X i ) . o c
, o . ) ks , .
— L ey

F1G. 6.1. Awverage (o) and 90% confidence limits (*) of accepted and failed steps of the adaptive
ti € {t}m in the four ezamples.

LL filter at each

processes given a set of partial and noisy observations. Recently, in [22], the performance of the innovation
method based on different approximations to the LMYV filter has been evaluated by means of simulations.
In that paper, the parameters of the four state space models considered in this section were estimated.
The results show that the estimators based on the order-g LMYV filters are significantly more unbiased
and efficient than the estimators based on conventional approximations to the LMV filter, which clearly
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illustrate the relevance of the approximate filters introduced here. The reader interested in this type of
identification problem is encouraged to consider these simulations.

7. Conclusions. Approximate Linear Minimum Variance filters for continuous-discrete state space
models were introduced and their order of convergence is stated. As particular instance, the order-(
Local Linearization filters were studied in detail. For them, practical algorithms were also provided and
their performance in simulation illustrated with various examples. Simulations show that: 1) with thin
time discretizations between observations, the order-1 LL filter provides accurate approximations to the
exact LMV filter; 2) the convergence of the order-1 LL filter to the exact LMV filter when the maximum
stepsize of the time discretization between observations decreases; 3) with respect to the conventional
LL filter, the order-1 LL filter significantly improves the approximation to the exact LMYV filter; 4)
with an adequate tolerance, the adaptive LL filter provides an automatic, accurate and computationally
efficient approximation to the LMYV filtering problem; and 5) the effectiveness of the order-1 LL filter for
the accurate identification of nonlinear stochastic systems from a reduced number of partial and noisy
observations distant in time. Finally, it is worth noting that the approximate filters introduced here
have already been used in [22] for the implementation of computational efficient parameter estimators of
diffusion processes from partial and noisy observations, which would have a positive impact in a variety
of applications. Further, they could be easily extended to deal with network-induced phenomena (i.e.,
missing measurements and communication delays as considered in [49, 17, 18]), which is currently a hot
research topic.
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