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ABSTRACT OF THE THESIS 

MODEL ORDER REDUCTION USING RATIONAL TRANSFER FUNCTION 

FITTING AND EIGENMODE ANALYSIS  

by 

Arjun Surya Mullaguru 

Florida International University, 2008 

Miami, Florida 

Professor Jeffrey Fan, Major Professor 

The purpose of this work was to propose a novel model order reduction technique using 

rational transfer function fitting and eigenmode analysis considering residues. A constant 

was defined as the key in the sorting algorithm as one of correlations, in order to sort the 

order of eigenvalues. It was demonstrated that the accuracy via eigenmode analysis 

considering residues was improved. The proposed algorithm is a general method to match 

pole values with frequency domain poles for linear RC and RLC systems. Calculation of 

pole eigenvalues and eigenvectors can be done with more sophisticated analysis with the 

same level or smaller cost in the proposed algorithm in comparison to Passive Reduced –

Order Interconnect Macromodeling Algorithm (PRIMA). The experimental results 

simulated in Matlab R2007a show that the proposed algorithm reduced up to 90% errors 

compared to the existing model order reduction algorithm, such as PRIMA, in wide 

frequency environment with the same number of poles in comparison. But, at the cost of 

runtime which was increased up to 3X times.  
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CHAPTER 1 

INTRODUCTION 

The idea for this project grew out from a general interest in the broad field of 

Model Order Reduction (MOR). As VLSI technology advances into the sub-100 nm 

regime with increased operating frequency and decreased feature sizes, the nature of the 

VLSI design has changed significantly. One fundamental paradigm change is that 

parasitic interconnect effects dominate both the chip’s performance and the design 

complexity growth [1]. As feature sizes become smaller, their electromagnetic couplings 

become more significant. Signal Integrity, crosstalk, skin effects, substrate loss, and 

digital and analog substrate couplings are now adding severe complications to design 

methodologies already stressed by increasing device counts. The unchecked parasitics 

from on-chip interconnects and off-chip packaging would de-tune the performance of 

high-speed circuits in terms of slew rate, phase margin, and bandwidth. Reduction of 

design complexity, especially for the high order RLC networks, is crucial for reducing 

the explosive design productivity gap in the nanometer VLSI regime and verification. 

1.1 MODEL ORDER REDUCTION 
 
 Model Order Reduction (MOR) is a branch of system and control theory, which 

studies properties of dynamical systems in application for reducing their complexity, 

while preserving (to the possible extent) their input-output behavior [9]. The goal of 

model order reduction was to replace a large scale model of a physical system by a model 

of lower dimension, which exhibits similar behavior, typically measured in terms of its 
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frequency or time response characteristics. Such techniques were commonly used for 

analysis, approximation, and simulation of models arising from electromagnetic 

formulation of physical structures. The need to accurately account for all relevant 

physical effects imply that the mathematical formulation was used to describe such 

structures often results in very large models. Reducing the order or dimension of these 

models is crucial to enable the simulation and verification of such systems. 

 

 

 

 

 

 
 
 

 

Figure 1. Basic concept of MOR (model order reduction) [1] 

After entering deep sub-micron era, integrated circuits and systems are composed 

of a great number of linear (RLC) and non-linear, such as MOSFET or diode elements. 

The power grid (P/G) network connects millions to tens-of-millions of transistors 

together. Therefore, it may cost a huge amount of computation time to analyze the whole 

network. In the past few years, MOR, as shown in Figure-1 has become a promising 

technology to accelerate this kind of simulation time for linear components [12]. 
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Model reduction is undoubtedly one of the most useful aspects of system theory 

for simulation, because of its immediate relevance to model simplification. It combines 

mathematical modelling problems with computational complexity issues [6]. However, 

mathematical models usually have some properties, which are very important from the 

physical point of view, such as conservativeness, dissipation, etc [4]. As integrated 

circuits and systems continue to be designed with smaller size and faster operation, RLC 

interconnect effects have a more dominant impact on signal propagation than ever before. 

In addition, parasitic coupling effects and reduced power supply voltage levels make the 

interconnect modelling more important than ever before. 

1.1.1 WHY MOR? 
 
 The necessity for the MOR can be explained with the following example.  

Consider a transmission line in a digital circuit. Its dynamical model is obtained 

by discretizing its length and representing each small piece as a small resistor, inductor 

plus capacitor to the ground. Then a description of the network was created using nodal 

voltage analysis. By solving this system for any given input, the voltage distribution was 

known at any given point of the line. The keen interest here is to know, how the signal is 

transmitted through the line, but not in knowing the exact distribution of a voltage along 

the line. The dependence of voltage and current at the one end of the line on the voltage 

and current at another end of the line should be known. In order to simulate this line 

efficiently (especially if this line is part of some complex circuit!), a "simplified" 

representation of this line was needed. Model order reduction process will produce this 

small approximation.  
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In Figure-2 a transmission line is represented in the form a lumped RLC circuit 

containing N  number of resistor, capacitor and inductor elements. It is very difficult to 

analyze the output of the following complex lumped circuit. As said above, the keen 

interest here was to know the output voltage and current values for a given voltage and 

current at the input. 

 

Figure 2. Example of MOR (model order reduction) transmission line with n passive elements 

This lumped circuit containing N  number of resistor, capacitor and inductor 

elements can be written as a circuit with equivalent resistor, capacitor and inductor 

element values as shown in Figure-3. Now, that the output can be obtained more easily 

than the previous case with this simplified transmission line. The equivalent resistor, 

inductor and capacitor elements provide a similar response equivalent to that of the 

transmission line containing all the elements. This simplified model can be used to 

analyze complex system. 

 

Figure 3. Example of MOR (model order reduction) equivalent transmission line 
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1.2 MODIFIED NODAL ANALYSIS 

As the size of the arbitrary circuit grows larger nodal analysis was chosen over the 

loop analysis. In nodal analysis the number of nodal equations was usually smaller than 

the number of loop equations [2]. Also, formulating the nodal equations for computer 

solutions was easier than loop analysis. This assertion follows because in a manual 

analysis the loops are easily identified by inspection, whereas in an automated 

formulation of loop equations some algorithm must construct a set of independent loop 

equations. On the other hand, writing nodal equations was particularly easy if the circuit 

contains only resistors, independent current sources and voltage controlled current 

sources [3]. For such a network, one simply applies KCL to every node (except the 

reference node) and obtains a set of node equations directly without any finesse. 

The MNA method is the most commonly used method in present-day computer 

aided circuit analysis programs. It retains the simplicity of the nodal method, while 

removing its limitations. In MNA method, the unknowns were the usual nodal voltages, 

plus some naturally occurring auxiliary currents. These unknown auxiliary currents 

include the following: 

• Currents through independent voltage sources 

• Currents through dependent voltage sources 

• Currents through short-circuit elements 

• The controlling currents of appropriate dependent sources 

• Currents declared as output quantities 
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Once, the auxiliary currents in a network N are identified. Then the MNA 

equations for the network N are written step by step as follows: 

 
Step 1. For every element x  whose current xI has been chosen as an auxiliary current, 

the element is replaced temporarily with an independent current source having the 

value xI . Also, every current-controlled current source xIβ  is replaced by an independent 

current source having value xIβ  

 
Step 2.  For every element x  whose current xI has been chosen as an auxiliary current, 

equation is written describing its constitutive relationship in the original network N. 

 
Step 3. Combine the equations of step 1 and 2 and write in the form of a single linear 

matrix equation: 

[Coefficient matrix] ×  [Unknown vector] = [Known vector] [2] 
 
 
1.2.1 RC CIRCUIT FORMULATION 

RC interconnect circuits can be formulated using nodal analysis formulation. 

Nodal analysis is a classical circuit analysis method based on Kirchhoff's current law 

(KCL) and branch constitutive equations. For a given RC linear circuit with 1+n  nodes, 

nodal analysis formulates the problem in the following two steps: 

Step 1. Choose a ground or reference node, which usually is taken to be at a potential of 

zero volt. All other node voltages constitute n  unknowns. 

Step 2. Establish KCL equations for all the n nodes by representing branch currents in 

terms of node voltages using branch constitutive equations.  
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Consider a RC tree shown in the Figure-4. In nodal analysis formulation of the 

circuit, the unknowns are determined first. 

 

Figure 4. A RC tree demonstrating nodal analysis formulation [3] 
 

Since 1v is equal to sv , which was the given input, the node voltages 2v , 3v and 

4v were used as unknown variables to write the three KCL equations. 

                               )()( 231221 vvGvvGvC ss −+−=�                                                    (1.1) 

                               )()( 34232132 vvGvvGvC −+−=�                                                    (1.2)        

       ),( 43243 vvGvC −=�                                                                         (1.3) 

The matrix form of the above three simultaneous equations would be 
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Note that we have put a minus sign outside the square matrix.  Without loss of 

generality, it was assumed that the voltage drop and the current from 2v to 3v were two 

output variables that are interested in, i.e., xi and xv  were circuit outputs, 
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In general, RC circuit formulation can be expressed as 

)()()( tbutGvtvC +−=�  
 

                                                          )()( tLxty =                                                       (1.6) 
 
Where v  denotes the n  unknown nodal voltages in RC circuits the matrices nnG ×ℜ∈  

and nnC ×ℜ∈ represent the conductance and capacitance elements, respectively. It must 

be noted that matrix C may be singular, i.e., some rows in C may be zero. It happens 

when the corresponding node does not connect to any capacitor. 

 

1.2.2 RLC CIRCUIT FORMULATION 

Modified nodal analysis is yet another classical circuit formulation method, which 

improves nodal analysis method by adding currents in inductors as unknown variables. 

The introduction of the inductance current variables would help keep modified nodal 

analysis formulation in the differential form. 

The branch consecutive equation of an inductor is  

                                                 
dt

tdi
LvL

)(=                                                                (1.7) 

Where L  is the inductance value. In the KCL equations involving the inductor, Li can be 

represented in terms of Lv as, 

                                               )(
1

0
0

tidtv
L

i
t

t
LL += �                                                      (1.8) 

For a given RLC linear circuit with 1+n  nodes, modified nodal analysis formulates the 

problem in the following two steps: 
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Step 1. Choose a ground or reference node, which usually was taken to be at a potential 

of zero volt. All other node voltages constitute n unknowns. 

Step 2. Create a current variable for each inductor with certain direction defined. 

Step 3. Establish KCL equations for all the n nodes by representing branch currents of 

RC elements in terms of node voltages and current variables pre-defined in step 2. 

Step 4. Establish the branch constitutive equation of inductance in differential form using 

pre-defined current and nodal voltage variables. 

Consider a RLC circuit as shown in the Figure-5 with a mutual inductance M between 

the inductors 1L  and 2L . Let 1i  and 2i are two current variables in addition to the four 

nodal voltages.  

 

Figure 5. A RLC tree demonstrating modified nodal analysis formulation [3] 
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The modified nodal analysis formulation of the circuit is given by, 
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The first four rows were derived from KCL for the five circled nodes. The last 

two rows are branch constitutive equations of the two inductors and the mutual one, 

which were added because of the two extra variables, 1i  and 2i . 

Let 6v be the output voltage then, 
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1.2.2.1 STATE SPACE REPRESENTATION 

A state space representation is a mathematical model of a physical system as a set 

of input, output and state variables related by first-order differential equations. To 
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abstract from the number of inputs, outputs and states, the variables were expressed as 

vectors and the differential and algebraic equations were written in matrix form (the last 

one can be done when the dynamical system was linear and time invariant)[1]. The state 

space representation (also known as the "time-domain approach") provides a convenient 

and compact way to model and analyze systems with multiple inputs and outputs. With p 

inputs and q outputs, it would otherwise have to written down as qp ×  Laplace 

transforms to encode all the information about a system [4]. Unlike the frequency domain 

approach, the use of the state space representation was not limited to systems with linear 

components and zero initial conditions. "State space" refers to the space whose axes were 

the state variables. The state of the system can be represented as a vector within that 

space. 

The internal state variables are the smallest possible subset of system variables 

that can represent the entire state of the system at any given time. State variables must be 

linearly independent; a state variable cannot be a linear combination of other state 

variables. The minimum number of state variables required to represent a given system, 

n, is usually equal to the order of the system's defining differential equation. In electric 

circuits, the number of state variables was often, though not always, the same as the 

number of energy storage elements in the circuit such as capacitors and inductors. 

The most general state space representation of a linear system with p inputs, q 

outputs and n state variables is written in the following form: 

 

)()(
)(

tButAx
dt

tdx +=  , 

                                                      )()( tCxty = .                                                    (1.11) 
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Where )(tx is called the "state vector", )(ty is called the "output vector", )(tu is called the 

"input (or control) vector", A is the "state matrix", B is the "input matrix", C is the 

"output matrix", 

For a general RLC linear network, the modified nodal analysis is applied to 

formulate into the state space equations, 

)()(
)(

tButGx
dt

tdx
M +−= , 

                                                       )()( txLty T= .                                                     (1.12) 

Where G  and M are nn × conductance and susceptance matrices, B and L are the Nn ×  

input and output positions matrices, and, typically, LB = or LB −= ; N is the number of 

input or output ports. 

Where,  
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The C and L are generally capacitance and inductance matrices of the circuit. 

State variables x  can be nodal voltage or branch currents of the linear circuits. 

1.3 PROPOSED SYSTEM DESCRIPTION AND OBJECTIVE 

1.3.1 PROBLEM STATEMENT 
  
 The problem addressed in this thesis was to propose a new method of model order 

reduction using eigenmode analysis and rational transfer function fitting. The first goal was to   

obtain the response of the dynamic linear time variant system with less number of states than the 

actual number in the wide frequency band (0-5 1010× Hz). 
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Secondly, the existing model order reduction algorithm PRIMA [13] using 

subspace projection matrix was the most popular model order reduction technique in 

modern circuit simulation. However, PRIMA [13] will cause severe accuracy problem in 

wide frequency environments. But most of the modern day circuits are operated in the 

wide frequency band (0-5 1010× Hz). The proposed method is compared with existing 

method of PRIMA [13], at different nodes in wide frequency band (0-5 1010× Hz). The 

results would exhibit that response obtained using the proposed method should closely be 

matched with the response of the actual system, obtained through PRIMA [13]. 

1.3.2 SCOPE AND OBJECTIVES 

 The objective of this thesis is to obtain the response of the system with less 

number of states than the actual number in the wide frequency band (0-5 1010× Hz). The 

values of the actual system response at 2q states should match with the 2q states of the 

reduced linear RC & RLC systems in the frequency domain with frequency band (0-5 

1010× Hz). 

Firstly, RLC system was formulated as state space representation using MNA 

analysis. Then at the steady state condition, eigendecomposition was applied on the 

ordinary differential equation. The state matrix was then represented in the form of 

eigenmodes. Some of these modes will be eliminated based on assumptions. But, the 

response obtained here may not be accurate. It may not work well at higher order 

frequencies and large state matrices. 

Secondly, by introducing the concept of Laplace transforms the RLC system was 

represented in the form, output function is equal to the transfer function times the input 
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function. This transfer function is then broken down into pole-residue form. Here the 

dominant 2q eigenvalues representing dominant poles were correlated with a constant 

key defined and then resultant eigenvalues were sorted out using sorting algorithm. Thus 

obtained 2q poles are matched with the original poles of the system in the wide frequency 

band of (0-5 1010× Hz).  

In order to facilitate the progress, this project will be broken down into simplified 

points without going to much into details at the present moment. 

• Obtain the dynamic linear time invariant system from MNA equations 

• Writing Matlab code to implement the proposed method  

• Simulate the code for different number of nodes for both RC and RLC meshes 

• Compare the results obtained with the results of PRIMA 

1.4 CHAPTER SUMMARY 

In this chapter, first basic introduction of model order reduction was discussed.  

This is supported by the example of a transmission line consisting of RLC elements. 

Secondly, the concept of modified nodal analysis was discussed too. Also, the 

formulation of the equations for the RC and RLC meshes was learnt. Thirdly, the state 

space representation of a system was discussed. Here a linear time variant system is 

written in the form of an ordinary differential equation. Finally, the problem statement of 

the proposed new model order reduction algorithm was discussed along with its scope 

and objectives. 
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CHAPTER 2 

PROJECTION BASED MODEL ORDER REDUCTION 

2.1 EIGEN DECOMPOSITION 

Eigenvectors and eigenvalues are numbers and vectors associated to square 

matrices, and together they provide the eigendecomposition of a matrix which analyzes 

the structure of this matrix. Even though the eigendecomposition does not exist for all 

square matrices, it has a particularly simple expression for a class of matrices often used 

in multivariate analysis such as correlation, covariance, or cross-product matrices [2]. 

Given a square matrix A, matrix eigenanalysis seeks to decompose A as a product A = 

1−PDP with P invertible and D diagonal. 

                                                         A = 1−PDP                                                         (2.1) 

The equation A = 1−PDP  is equivalent to AP = PD. Let D = diag ( 1λ , . . . , nλ ) 

denote the columns of P by P1, . . . , Pn. The columns of AP are the vectors AP1, . . . , 

APn. The columns of PD are 1λ P1, . . . , nλ Pn. Therefore, the decomposition A = PAP 

was found from the system of vector equations 

AP1 = 1λ P1, 

AP2 = 2λ P2, 
...  
APn = nλ Pn. 
 

A pair ( x , λ ), where x is a vector and λ  is a complex number, is called an 

eigenpair of the n × n matrix A, provided A x  = λ x  ( x � 0 required). The nonzero 
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requirement is the result of seeking directions for a coordinate system the zero vector is 

not a direction. Any vector x � 0 that satisfies was called an eigenvector for λ and the 

value λ  was called an eigenvalue of the square matrix A. 

The decomposition A = 1−PDP , which is equivalent to solving system, requires 

finding all eigenpairs of the n × n matrix A. If A has N eigenpairs and N independent 

eigenvectors, then it is solved by constructing D as the diagonal matrix of eigenvalues 

and P as the matrix of corresponding eigenvectors 

2.2 CONCEPT OF MOMENTS 

In the s domain, the transfer function of a linear network )(sH is defined as the 

ratio of the output to the input under zero initial conditions: 

                                                        
)(
)(

)(
sX
sY

sH =                                                        (2.2)                               

 
If the input was an impulse function )(tδ , its Laplace transformation is 1. So the 

transfer function was also the impulse response at the port. If )(sH  was expanded around 

s =0 by the Taylor series expansion,  

                                                      k

k
k smsH �

∞

=

=
0

)( ,                                                    (2.3)                                            

Where   

                                                  
0

)(
!

1
=

×=
sk

k

k ds
sHd

k
m                                               (2.4)                                         

 
Where the thk  coefficient )(sH , km , is called the thk moment 
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After the moments were generated, a general multi-input multi-output (MIMO) 

[6] transfer function )(sH  was represented as a Taylor series expansion form or the 

block moment form  

                                       )(sH = ........,2
210 +++ smsmm                                           (2.5)                               

 
Where, im is the thi block moment of the circuit, and  

                                                            i
T

i xLm =                                                         (2.6)                                                  
 

Where ix  is the thi order state block moment vector. Once the moment expansion is 

available 

The rational transfer function )(sH  is written as  

                                       
1

1 2 1

2

...
( )

1 ...

n
n

n
n

b b s b s
H s

a s a s

−
−+ +=

+ +
                                                   (2.7) 

 
To compute the transient response waveforms, the partial fraction form was 

needed to be derived from the rational function form. 

Partial fraction decomposition of a transfer function )(sH is to represent it in the 

following form, 

q

p

ps

k

ps
k

ps
k

sH
−

++
−

+
−

= .....)(
1

1

0

0  

                                                           �
= −

=
q

i i

i

ps
k

0

                                                     (2.8) 

 
Where q is the order of the transfer function. Here ip  and ik  are the poles and residues 

of the transfer function. 
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2.3 POINT MATCHING 

Consider an ordinary differential equation of a general dynamic linear time-

invariant state-space model with only one input and one output 

)()(
)(

tbutAx
dt

tdx +=  ,     

                      
                                                       )()( txCty T= .                                                     (2.9)                                        

 
Where u is the input variable, y is the output variable, A  is a nn × matrix and b is a 

1×n matrix. x is a 1×n vector of state variables.  

Consider some Laplace transform properties like, the bilateral Laplace transform 

which is given as,                

                                                 dtetxsX st
�
∞

∞−

−= )()(                                                   (2.10) 

And the key transform property, given as 

                                              dte
td
tdx

ssX st−
∞

∞−
�=

)(
)(

)(                                                   (2.11)                    

 
Considering the above two properties, the ordinary differential equation referred 

above can be rewritten as  

                                             )()()( 1 sbUAsICsY T −−=                                            (2.12) 

Then the transfer function from )(sY to )(sU can be written as 
 
                                             bAsICsH T 1)()( −−=                                                  (2.13) 

Applying Eigen decomposition on 2.13, it is rewritten as 

                                             bEAsIECsH T 11)()( −−−=                                          (2.14)                                   
 
And replace  ECc TT =~  and bEb 1~ −= , we get 
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This is represented in a pole and residue form where iibc
~~  are called poles and 

is λ− are called the residues. But, it still has N states that are started of with. i.e., 

 

                                            
n

nn

s
bc

s
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sH
λλ −

++
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=
~~~~

)(
1

11 �                                          (2.16)                                   

When all the terms are cross multiplied, it results to the following representation 

of a thN 1−  order polynomial in the numerator and a Nth   order polynomial in the 

denominator and is represented as 

                     FunctionRational
sasa
sbsbb

sH
N

N

N
N _

1
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1
110
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+++
+++
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−

�

�
                        (2.17) 

Some of the terms of ib
~

 are uncontrollable. These are the terms that can not be 

controlled during the inputs. Some terms of ic~  are unobservable. In some cases product 

of  iicb ~~
 are very small and they are neglected. Considering all the above conditions the 

transfer function )(sH  with order N  is reduced to an order )(sH r with order q  where 

.Nq << So, the transfer function )(sH is written as. 
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In point matching the reduced transfer function  )(sH r  was matched with the 

original transfer function at particular q2 points and s  is written as 

for 1=i to q2  

                                    
qr

q
r

q
q

rrr

ir
sasa

sbsbb
sH

+++
+++

=
�

�

1

10

1
)(                                           (2.19)        

 

Figure 6. Point Matching at 2q points [9]. 
. 
 

The denominator polynomial was cross multiplied with )( isH  and is equated to zero. 

                                              for 1=i to q2  

             0)()()1( 101 =+++−+++ q
q
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r sbsbbsHsasa ��                        (2.20) 

This equation is represented in the matrix form below 
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                  (2.21)  

 
Here in this matrix each row represents different test points and each column 

represents reduced transfer function coefficients. But, each column corresponds to 

progressive higher powers of s and the columns are tending to be linearly dependent. 
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Internally ωjs = and fπω 2= . As we increase the order of s  the order of frequency 

f also increases. When s  tends to approach ∞  the output is zero [15]. 

In a dynamic system with the state variables the inputs has to first charge up the 

state and the state gives the output. But, if the input was put at a high frequency, it won’t 

charge up the state and there will be no output. So, point matching will not be reliable at 

the high frequencies. Also, in point matching it’s only accurate at the points where the 

reduced transfer function was matched with the original transfer function. It will be very 

inaccurate between the points. 

2.4 MOMENT MATCHING 

The initial approach is similar to the Point matching. First, consider an ordinary 

differential equation of a general dynamic linear time-invariant state-space model with 

only one input and one output 

)()(
)(

tbutAx
dt

tdx += ,                           

                                                       )()( txCty T= .                                                  (2.22)                                

Where u is the input variable, y is the output variable, A  is a nn × matrix and b is a 

1×n matrix. x is a 1×n vector of state variables. After applying the Laplace properties 

the ordinary differential equation is written as, 

                                          )()()( 1 sbUAsICsY T −−=                                              (2.23) 

Where,   

                                              bAsICsH T 1)()( −−=                                                 (2.24) 
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In point matching the reduced transfer function  )(sH r  was blindly matched with 

original transfer function )(sH  at certain q2  points. In moment matching a different 

approach is followed, 

First consider the transfer function, 

bAsICsH T 1)()( −−= , 

This can also be written in the form,  

                                              bAsAICsH T 11)()( −−−−=                                         (2.25)                           

and now the term 1)( −− sAI  is the form similar to 1)1( −− x , which was nothing but 

Taylor series. The Taylor series expansion was given below, 

                                             �+++=− − 21 1)1( xxx .                                          (2.26)                         

Now using the concept of Taylor series the term 1)( −− sAI  is expanded as 

                          �++++=− −−−− 332211 1)1( AsAssAsA                                       (2.27)                

Plugging the above expansion 2.27 back in the transfer function,  

                                          bAsAICsH T 11)()( −−−−= .                                           (2.28)                  

The resultant transfer function is,  

                              �+++= −−− 2321)( bsACbsACbACsH TTT                             (2.29) 

It can also be written as, 

                                      �
∞

=

=
0

)(
k

k
k smsH , where  bACm kT

k
)1( +−=                        (2.30) 

km  is the thk moment. These moments are the coefficients of the Taylor series. For a 

system the more the moments match the higher end frequencies are expected to match 
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[1]. Now the reduced order transfer function is expanded using the Taylor series 

mentioned above and the derived moments are matched with the moments of the original 

transfer function. 
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Figure 7. Rational transfer function fitting by Moment matching [9]. 
 
 

Once again by cross multiplying the denominator polynomial with the moments 

of the original transfer function  and matching the terms with the powers of s , a system 

of equations with the coefficients of  a  and a matrix with the moments of the reduced 

transfer function that  were to be matched with the moments of the original transfer 

function. 
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Now consider the first moment in detail i.e. bACm T 1

0
−=  
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Looking at the part bA 1− , the vector b  tends to be pushed in the direction of the 

eigenvector with the largest eigenvalue of A .Also b can be written as weighted 

combination of eigenvectors as below, 

                                               ][ 11
11

nneeAbA
�

�
� αα ++= −−                                     (2.33) 

After multiplying with 1−A  , the bA 1−  is represented as 

                                            bA 1−
nnn ee
�

�
� 1

1
1

1
−− ++= λαλα                                     (2.34)  

Where λ  is the eigenvalue. 

If the power of 1−A  is raised to the thk order, then 

                                         n
k

nn
kk eebA

�
�

� −−− ++= λαλα 11                                       (2.35) 

If one of these eigenvectors dominates then the vector b  tends to align with the 

dominant eigenvector there by shrinking the other components by the order of the 

magnitude. At the higher orders, all the moments represented in the matrix form are 

related with the dominant eigenvalue λ [15]. If the last to the second row of the matrix 

with the reduced order transfer function moments were taken and multiplied by λ , the 

last row of the moments show up. This tells us that these moments were very much 

linearly dependent and they generate ill conditioned matrices. Each new moment was the 

resultant of the scaled old moment with the dominant eigenvalue λ .  

In moment matching, a single point was picked from the reduced transfer function 

and the derivatives of the transfer function were matched with the original transfer 

function at progressively higher order. It matches well at the point picked and at the near 

frequency. But, it no longer matches at the higher frequency. 
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2.5 FRAME WORK OF PROJECTION BASED MODEL ORDER 

REDUCTION 

Consider a general linear time-invariant state-space model with only one input 

and one output 

)()(
)(

tbutAx
dt

tdx +=   ,                          

                                                     )()( txCty T= .                                                     (2.36) 

Where u is the input variable, y is the output variable, A  is a nn × matrix and b is a 

1×n matrix. x  is a 1×n vector of state variables. Then the transfer function from 

)(tu to )(ty can be given as 

                                               bAsICsH T 1)()( −−=                                              (2.37)                                 

Typically, the number of state variables n  is very large so that the simulation and 

synthesis of the whole systems was very low. The intention was to build a much smaller 

system, such that the transient response )(ty  to some given input signal )(tu  is 

approximated to that by the original system. The concepts of controllability and 

observability can give good answer. The uncontrollable and unobservable parts of the 

system can be removed without affecting the transfer function. 

The state transformation of Tzx = , where T  is the matrix of eigenvectors of 

A and is assumed that the eigenvalues of A  are denoted as nλλ ,.....,1  and they were 

simple and unique. Then, 
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                                                          )()( tTzCty T= .                                               (2.38)                                      

If ib is zero, then the state variable iz is not controllable and can be removed. 

If TCc = , if ic  is zero, then the state variable iz  is unobservable and can be removed. So, 

the key issue of the model order reduction is to remove uncontrollable or unobservable 

parts or practically weakly controllable or observable parts. 

2.5.1 PROJECTION BASED METHOD OF POLE COMPUTATION 
   

This is the other way of finding poles in a numerically reliable way. Here poles 

are computed from the eigendecomposition of the reduced system. 

In the Krylov subspace projection based model order reduction process, moment 

vectors generated recursively are first orthonormalized during the generation process and 

then used to build a projection matrix [7, 10]. The projection matrix is then used to 

reduce the original circuit matrices by congruence transformation and ensures that the 

reduced system is passive [11]. By using this method, it requires only q moments to find 

q  poles. It guarantees that all the poles computed are stable owing to the nature of 

congruence transformation and the MNA formulation of the original RLC circuit 

matrices. 
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First a qn × matrix is formed, where each moment vector is a column. 

                                                qnqmmmM ×−= ],,[ 1,10 � .                                         (2.39) 

Here nq << , and n is the number of state variables in the original circuit and also 

the dimension of the moment vectors. Then M is orthonormalized into a qn ×  projection 

matrixV , such that the columns of V are mutually orthogonal. Once the projection matrix 

V  was obtained, the original circuit matrix G  and C  from the beginning of the topic can 

be reduced to two qq × order-reduced matrices by the congruence transformation 

                                                GVVG T=ˆ , CVVC T=ˆ                                           (2.40) 

After the reduction process, the eigenvalues of the matrix CG ˆˆ 1−  are related to the 

dominant poles as   

                                                       
i

ip
λ
1−=                                                            (2.41) 

 
Where ip  and iλ  are the thi  pole and eigenvalue. This was easily obtained by 

performing the eigendecomposition of CG ˆˆ 1− . 

2.5.2 KRYLOV SUBSPACES 
   

A subset of a vector space is called a vector subspace or subspace. The subspace 

was uniquely defined by a set of vectors },,,{ 21 nvvvV �= . The set of all linear 

combinations of these vectors were referred to as the span of V  [8] 

span =}{V span },,,{ 21 nvvv � , 

                                                           ,
1 	



�

�


� == �

=

n

i
iivxx α                                          (2.42) 
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Where iα  are real numbers. If iv are linearly independent, then each vector of span  

}{V  admits a unique expression as a linear combination of iv . The set V  is then called a 

basis of subspace span }{V . For nn × matrix A  and a vectorb , the Krylov subspace 

),( bAK q is defined as, 

                                        =),( bAK q span },,,,,{ 2 bAbAAbb q
�                              (2.43) 

Where q  is a positive integer. 

2.6 PRIMA (PASSIVE REDUCED ORDER INTERCONNECT MACRO 

MODELLING ALGORITHM) 

PRIMA [13] is a projection based model order reduction algorithm which 

performs a general passive projection based model order reduction on multi-input and 

multi-output (MIMO) RLC linear dynamic systems. In this algorithm the unstable poles 

were discarded and residues were readjusted using block Arnoldi algorithm. Also with 

the help of congruence transformation the passivity was preserved [13].  

Getting into PRIMA in detail, without loss of generality, a linear m-port RLC 

dynamic multi-input and multi-output (MIMO) as  

mnn BuGxxC +−=� , 

                                                         n
T

m xLi = ,                                                        (2.44) 

Where x is the vector of state variables and n is the number of state variables, m is the 

number of independent sources specified as ports. C ,G  are matrices for conductance and 

storage elements, B and L  indicate input and output ports. Typically LB = for 
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interconnect circuits and both of them are Nn × matrices. N is the number of terminals 

(as input and output ports). 

Let nnACGA ×− ℜ∈−= ,1  and mn
mrrrRBGR ×− ℜ∈== ]...[, 10

1 . The y parameter 

matrix after Laplace transformation is, 

                                       BsCGLsY T 1)()( −+= RsAIL n
T 1)( −−=                          (2.45) 

Where nI  is the nn × identity matrix. The block moments of )(sY were defined as the 

coefficients of the Taylor expansion of )(sY around 0=s  

                                              ....,)( 2
210 +++= sMsMMsY                                   (2.46) 

Where NN
iM ×ℜ∈  and can be computed as .RALM iT

i =  

The idea of model order reduction was to find a compact system much smaller 

than the original system. The Krylov subspace-based method accomplished this by 

projecting the original system onto a special subspace, which expands the same space as 

the block moments of the original system [11]. Specifically, the Krylov subspace was 

defined as,  

,,....,,,[),,( 12 RAARARRcolspqRAKr k −=  

                                                         ],.....,, 10 l
kkk rArArA                                        (2.47) 

],[ mqk =    .kmql −=  

For simplicity of expression, assume that kmq ×=  in the following context. In 

reality any k can be chosen. Then, with PRIMA the orthogonal matrix qnX ×ℜ∈ was 

found such that ).,,()( qRAKrXcolsp = with, 

CXXC T=~
    GXXG T=~
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BXB T=~    ,~
LXL T=  

The reduced system of size q is found as  

mnn uBxGxC
~~~~~ +−=� , 

                                                       n
T

m xLi
~= .                                                         (2.48) 

The reduced system has q  poles, which were the dominant poles of the original 

system. The order of block moments k is related to q by ][ mqk = . At least m moments 

were needed to match the first block moment ( 1=k ). For every one order of block 

moment increase, an addition of m additional poles was needed. This is a highly 

inefficient reduction process. 

2.7 DISADVANTAGES OF PRIMA 

The problem with existing projection based model order reduction techniques is 

that they are not efficient at reducing circuits with many ports. This was reflected in 

several aspects of the existing Krylov subspace algorithms like PRIMA.  

First, the time complexity of PRIMA is proportional to the number of ports of the 

circuits as moments excited by every port need to be computed and matrix valued transfer 

functions are generated [1].Second, the poles of the reduced models increase linearly with 

the number of ports, and this makes the reduced models much larger than necessary [14].  

The fundamental reason is that all the Krylov-based projection methods were 

working directly on the moments, which contain the information of both the poles and 

residues for the corresponding transfer function [13]. To deal with more ports, there are 

more transfer functions to be dealt and more poles and residues to be computed. 
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However, poles among different transfer functions are the same for the same circuits as 

poles are characteristics of a system. But projection-based methods cannot take advantage 

of this as they operate directly on moments. As more residues were computed for more 

transfer functions, more poles also generated. However, generating more poles does not 

always help to improve the accuracy of the reduced models, as more block moments are 

not always matched as the number of poles increases [5]. As a result, projection-based 

methods lead to larger reduced models than necessary when the numbers of ports are 

larger. Also note that moments were very much linearly dependent and they generate ill 

conditioned matrices. Each new moment is the resultant of the scaled old moment with 

the dominant eigenvalue λ . The higher order moments will become less accurate. Thus, 

stating that PRIMA will be inaccurate at the higher frequencies. 

2.8 CHAPTER SUMMARY 

In this chapter, projection based model order reduction techniques were discussed. 

First, the concept of eigendecomposition which was used to derive the eigenvalues and 

eigenvectors are discussed. Secondly, the concept of moments, where the transfer 

function of a system was expanded in the terms of Taylor series was discussed. This was 

continued with the discussion of the techniques like point matching where the reduced 

transfer function was matched with the original transfer function at certain 2q points. 

Also, the moment matching technique was discussed where the function and its 

derivatives of the reduced order system was matched with the original system. Thirdly, 

the frame work for the projection based model order reduction was discussed, based on 

this concept the PRIMA is discussed along with its disadvantages. 
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CHAPTER 3 

STATISTICAL SPECTRUM MODEL ORDER REDUCTION 

In this chapter, a new statistical spectrum based method, called Statistical 

Spectrum Model Order Reduction (SSMOR), to generate the order-reduced variational 

models in consideration of both inter-die and intra-die variations with spatial correlation 

was discussed [16]. This method consists of the statistical spectrum method, which 

includes the Krylov subspace based model order reduction technique, and Monte Carlo 

sampling to generate order-reduced variational models. To consider the spatial 

correlation, the orthogonal decomposition is applied via principal component analysis 

(PCA) [17] to map the correlated random variables into independent and uncorrelated 

variables. 

The SSMOR uses the statistical spectrum method to compute the variational 

moments, which do not suffer the problems of over-pessimism, or the accumulated 

inaccuracy. Also, this method addresses the issue of spatial correlation. After variational 

moments were generated, Monte Carlo sampling method is applied by using modified 

Krylov subspace reduction approach to generate the variational order-reduced models. 

Since Monte Carlo only operates on the order-reduced space (namely, within a few 

moments), therefore the cost of high computing diminishes. 

3.1 PROBLEM FORMULATION 
 

Considering the following state equation for a given RLC interconnect circuit 

using modified nodal analysis (MNA) formulation: 
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                                     )(
)(

)( tBu
dt

tdv
CtGv =+                                                         (3.1) 

Where nnG ×ℜ∈  is the conductance matrix, nnC ×ℜ∈  is the matrix resulting from storage 

elements, and )(tv  is the vector of time-varying node voltages and branch currents of 

voltage sources. )(tu  is the vector of independent power sources, and B  is the input 

selector matrix. The G ,C  matrices, and input currents )(tu depend on the circuit 

parameters, such as metal wire width, length, thickness on interconnects, as well as 

transistor parameters, like channel length, width, gate oxide thickness, etc. 

In this method, all the circuit parameter variations are treated as correlated 

Gaussian random variables. The spatial correlations are removed by using a set of 

independent random variables via the orthogonal mapping technique, i.e. Principal 

Component Analysis (PCA). 

Assume that there are n  number of dependent, correlated random Gaussian 

variables to indicate the variations in manufacturing process. After applying PCA, those 

correlated variables are transformed into independent, uncorrelated orthonormal random 

Gaussian variables iξ ; i = 1,….., n , which actually are model variation parameters, such 

as the channel length and the device threshold voltage. This implies that the matrices G  

and C are functions ofξ , i.e. )(ξG and )(ξC caused by the process variations. Therefore, 

we may rewrite the equation (3.1) as: 

                                               )(
)(

)()()( tBu
dt

tdv
CtvG =+ ξξ                                       (3.2) 

Note that input )(tu  is also subject to variations. Thus, the problem was to 

develop a variational order-reduced system in terms of   kkG ×ℜ∈ˆ and kkC ×ℜ∈ˆ , subject 

to nk << , such that 
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                                                )(ˆ)(ˆ)(ˆ tuB
dt

tdv
CtvG =+                                                (3.3) 

Where Ĝ and Ĉ consist of variational matrix elements, which are treated as uncorrelated 

variables after applying PCA. The input sources may be variational, thus the reduced 

models may be combined with the Monte Carlo method to calculate the variational 

responses. In addition, the reduced system can be represented in terms of variational 

pole/residue forms. Therefore, transfer functions were evaluated through fast transient 

waveform computation by using the recursive convolution method. 

3.2 SPATIAL CORRELATION 

In this section, the spatial correlation was considered among various variations 

within a RLC interconnect. Spatial correlations existing between the interconnects of 

different forms have been modeled in timing analysis [18, 19]. The general way to 

consider spatial correlation is by means of mapping the correlated random variables into 

a set of independent variables. This can be done by using some orthogonal mapping 

techniques, such as principal component analysis (PCA).  

3.2.1 CONCEPT OF PRINCIPAL COMPONENT ANALYSIS 

The concept of principal component analysis is briefly reviewed. It is used here to 

transform the random variables with correlation into uncorrelated random variables [20]. 

Suppose that x  is a vector of n random variables, ],,,[ 21 nxxxx �= , with covariance 

matrix C and mean vector ],,,[ 21 xnxxx µµµµ �= . To find the orthogonal random 

variables, first the eigenvalue and corresponding eigenvector are calculated. Then, by 
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ordering the eigenvectors in descending order eigenvalues, the orthogonal matrix A was 

obtained. Here, A is expressed as, 

                                                     TT
n

TT eeeA ],,,[ 21 �=                                                 (3.4) 

where ie  is the corresponding eigenvector to eigenvalue ¸ iλ , which satisfies 

                                                  .,,2,1, niCee iii �==λ                                               (3.5) 
And   

                                                   .,,3,2,1 niii �=< −λλ                                                (3.6) 

With A, the transformation is performed to get orthogonal random variables 

T
nyyyyy ],,,[, 21 �= , By using 

                                                         )( xxAy µ−=                                                      (3.7) 

where, iy  is a random variable with Gaussian distribution. The mean, yiµ  is zero and 

the standard deviation, yiσ , is iλ  under the condition that [20] 

                                                     niee i
T
i ,,2,1,1 �==                                                 (3.8) 

Here, due to the orthogonal property of matrix A, i.e. 

                                                           TAA =−1                                                            (3.9) 

To reconstruct the original random variables, the following equation is used: 

                                                        x
T yAx µ+=                                                        (3.10) 

Therefore, the (3.47) with correlated random variables φ  in current source 

                                                ),(
)(

)( φtI
dt

tdv
CtGv =+                                               (3.12) 

can be expressed in terms of uncorrelated random variables , 
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                                                ),(
)(

)( ξtI
dt

tdv
CtGv =+                                              (3.13) 

 

3.3FRAMEWORK FOR STATISTICAL MODEL ORDER REDUCTION  

In this section, a modified Krylov subspace model order reduction (MOR) 

framework is discussed [23].This is suitable for variational modeling of interconnect 

circuits, followed by the proposed variational moment computation method.  

3.3.1 MODIFIED KRYLOV SUBSPACE MODEL ORDER REDUCTION 
 

The idea of Krylov subspace based MOR method was to project the given circuit 

states into the dimension-reduced Krylov subspace of circuit states. The Krylov subspace 

essentially is spanned by the dominant moment vectors of the circuit transfer function. 

For a state space equation of an RLC circuit in equation (3.2), Krylov subspace is defined 

as 

                                         =),( bAK q span{ }bAbAAbb q,,,, 2
�  ,                                 (3.14) 

where CGA 1−=  and BGb 1−= and q  is some given positive integer. Note that bAi  

is the thi  block moment defined as 

                                                ,)( 11 BGCGbAm ii
i

−−−==                                          (3.15) 

of the circuit state transfer function, namely, BCsGsH 1)()( −+= , moment im  can be 

directly computed in a recursive way 

                                                    ;1
0 BGm −=  

                                                    ;0
1

1 CmGm −−=  

                                                    ;1
1

−
−−= ii CmGm  for 0>i                                       (3.16) 
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One way to build the reduced model was by means of Pade approximation, which 

computes the poles/residues of the transfer functions by using the moment information 

directly [21]. However, this explicit moment matching method was not stable 

numerically for computing higher order models. In modified Krylov subspace projection 

based model order reduction method to generate the reduced model. Specifically, the 

moment matrix M is defined as, 

                                                  ],,,[ 110 −= qmmmM �                                                 (3.17) 

As it is known that the standard Krylov subspace projection method is to 

orthonormalize the vectors in M  in order to generate a projection matrix V  with the 

same dimension. Numerical methods like Arnoldi and Lanczos methods are typically 

used for the orthonormalization process, where the moment vectors were 

orthonormalized immediately after generation against all the previously-generated 

moment vectors. Such an orthonormalization process, however, was not suitable for this 

variational modeling process, as it was difficult to pass the variational characteristics 

through the orthonormalization process using the aforementioned statistical spectrum 

method. 

Instead, all variational moments were computed by using statistical spectrum 

method. After all the block moments and associated variations were obtained, Monte 

Carlo sampling is used to generate the variational reduced models. In each sampling run, 

moment vectors in M  were orthonormalized by using Gram-Schmidt or modified Gram-

Schmidt orthonormalization algorithms, to compute the projection matrix V . Once the 
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projection matrix V was obtained, the original circuit matrices G  and C  are transformed 

into dimension-reduced matrices by congruence transformation: 

                                             BVBCVVCGVVG TTT === ˆ;ˆ;ˆ                                    (3.18) 

Due to the nature of congruence transformation, the reduction process guarantees 

the passivity of all the reduced models. To compute the poles and residues, further eigen- 

decomposition of 11 ˆˆ −− Λ= SSCG , where ),,( 21 idiag λλλ �=Λ , are the reciprocals of the 

dominant poles. 

To find the residues, w  was solved as BVwG T=ˆ . Then the residues were simply 

the multiplications of BVS TT  and wS 1− . However, note that when generating the 

variational reduced models using Monte-Carlo sampling, it is necessary to consider the 

variations in both moments (i.e. the projection matrix V  ) and the given G  and C  

matrices in state equations. One important remark is that those variations are correlated in 

nature, thus they are treated as correlated data during the Monte Carlo sampling. 

3.3.2 STATISTICAL MODEL ORDER REDUCTION FLOW 

In the statistical model order reduction flow, Statistical spectrum model order 

reduction (SSMOR) [23] is shown in the Figure.8.  In the flow, the statistical spectrum 

method was used to compute the variational moments. After that, the Monte Carlo 

sampling method was adapted to generate the variational reduced models by using the 

modified Krylov subspace method. The samplings are done based on the computed 

means and variances of Gaussian distributions for each corresponding moment. 
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3.3.3 STATISTICAL MOMENT COMPUTATION 

The statistical moment computation is based on the Hermite polynomials method 

[17]. The method is applied to compute the statistical moments and the statistical reduced 

models. In this approach, the spatial correlated random variables are transformed into 

uncorrelated variables by PCA. As a result, the random variables are assumed to be 

uncorrelated in the discussion of this section.   

 

 

Figure 8. Flow chart of Statistical spectrum model order reduction 

Given variance of G,C

Decompose G,C into Hermite 
polynomials

Setup variational moment 
equations

Solve for vriational moments

Orthonormalization

Congruence transformation

Statistical Spectrum based MOR

Compute poles/residues
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3.3.4 SECOND ORDER EXPANSION OF TWO RANDOM VARIABLES 

In the case of two random variables, the matrices G and C are functions of two 

random variables, 1ξ and 2ξ . The Hermite polynomial basis for the order of two 

is [ ]T1,,1,,,1 2
221

2
121 −− ξξξξξξ .  The variational matrices G and C can be expressed as 

22110 ξξ gggG ++= and 22110 ξξ cccC ++= respectively. 

Applying the equalities of Gaussian distribution for two random variables and the 

principle of orthogonality, the zero moment can be solved with the following equation: 
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                        (3.19) 

where ],,,[ 510 mmmm aaaa �=→  is the coefficient vector in terms of second order Hermite 

polynomial for the zero moment and B is the input selector matrix. Similarly, the thq2  

moment can be derived from thq )12( − moment in the following recursive way. 
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Where ],,,[ 510 aaaa �

� =  and ],,,[ 510 bbbb �
�

=  are thq2  and thq )12( −  moment, 

respectively. 
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3.3.5 FIRST ORDER EXPANSION ON MULTIPLE RANDOM VARIABLES 
 

Since the correlations may be removed by PCA, let's consider n uncorrelated 

random variables. In this case, first order Hermite expansion was used. The variational G 

and C matrices now become 

                                                ��
==

+=+=
n

i
ii

n

i
ii ccCggG

0
0

0
0 ; ξξ                                   (3.21) 

where, iξ  is the random variable with Gaussian distribution with zero mean and standard 

deviation 1. 0g  and 0c  denote the means of G and C respectively. ig  and ic  are the 

variances of the associated iξ  respectively. 

For n random variables, it is known that the basis of Hermite polynomials with 

expansion to first order is ],,,,1[ 21 nξξξ � . Thus, 

                                            ;
1

00 i

n

i
mim aam ξ�

=

+= ;
1

02 i

n

i
iq aam ξ�

=

+=                          (3.22) 

                                                            ;
1

012 i

n

i
iq bbm ξ�

=
− +=                                          (3.23) 

where, ],,[ 10 mnmm aaa � , ],,[ 10 naaa � , and ],,[ 10 nbbb � are coefficients with respect 

to the first order Hermite polynomial basis. Applying the principle of orthogonality 

and equalities of Gaussian distributions, the zero moment can be computed with the 

following equation: 
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Once the zero moment was computed, the thq2 moment can be evaluated from 

( thq )12 − moment recursively with the following equation: 
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In the last step, the variational poles and residues via Monte Carlo methods were 

evaluated by using modified Krylov subspace projection methods, as mentioned in the 

earlier part of this section. 
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3.4 CHAPTER SUMMARY 

In this chapter, the statistical model order reduction technique, called Statistical 

Spectrum Model Order Reduction (SSMOR) was discussed. This technique is capable of 

considering both intra-die and inter-die process variations with spatial correlations for 

interconnect circuits. This model order reduction technique generates order-reduced 

variational models from the given variational interconnect circuits. The reduced model 

can be used for fast statistical performance analysis of interconnect circuits, for instance, 

on-chip power grid and clock distribution networks with variational input power sources. 

Furthermore, the general way to consider spatial correlation was by means of 

mapping the correlated random variables onto a set of independent and uncorrelated 

variables. In consideration of spatial correlation in connection with this model order 

reduction technique, an orthogonal mapping based on principal component analysis is 

applied to eliminate the correlation among variational random variables. This SSMOR 

algorithm consists of several important techniques, including the statistical spectrum 

analysis method, Monte Carlo sampling method, and modified Krylov subspace model 

order reduction technique. The purpose was to generate the statistical reduced model for 

faster interconnect simulation and optimization. 
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CHAPTER 4 

PROPOSED ALGORITHM 

4.1 ORIGINAL DYNAMIC SYSTEM 

Consider a multiport dynamic linear time variant RLC system, the modified nodal 

analysis was applied to formulate into the state space equations, 

)()(
)(

tButGx
dt

tdx
C +−= , 

                                                        )()( txLty T= .                                                     (4.1) 

Where G  and C are nn × conductance and susceptance matrices, B and L are the Nn ×  

input and output positions matrices, and, typically, LB = or LB −= ; N is the number of 

input or output ports. 

But, for the convenience it is represented in the for of  most general state space 

representation of a linear time variant system with p inputs, q outputs and n state 

variables is written in the following form: 

 

)()(
)(

tButAx
dt

tdx +=  , 

                                                    )()( txLty T= .                                                       (4.2) 

 
Where )(tx is called the "state vector", )(ty is called the "scalar output", )(tu is called the 

"scalar input", A is the "state matrix", B is the "input vector", C is the "output vector". 

This ordinary differential is shown in detail below in the matrix form, 
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1 ][)( .                                       (4.3) 

The values )(,),(1 txtx n�  represent the N states. The output )(ty  is the weighted 

combination of those states at each point in time. Here, the main goal is to match the 

input –output relationship of the system with N states and the system with q states, 

where Nq << .  

4.2 EIGEN ANALYSIS 

Consider, the input of the system doesn’t vary with time. It means, that the system 

was being verified for the steady state condition. The time derivative of the state vector 

)(,),(1 txtx n�  is zero i.e. 0
1

=
�
�
�

�

�

�
�
�

�

�

nx

x

dt � . Assuming this condition, the ordinary differential 

equation can be written as, 

                                                           buAx +=0                                                     (4.4) 

The output of the system can be written as, 

                                                         buACy T 1−−= .                                                 (4.5) 
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By inverting the A  matrix the interior states were eliminated making the system 

much simpler. Now, eigendecomposition was applied on the matrix A , which results in 

the following, 

                       

1

1 1

0
0
0

N NA E E E E

−
1

Ν

λ� �� �� �
� �� �� �= � �� �� �
� �� �� �λ� �� �� �

� � � � � � �

� � � �

� � � � � � �

                           (4.6) 

Where A  is written as the product of matrix containing its eigenvectors, eigenvalues and 

inverse of the eigenvectors. Also, the states )(tx  are written in the terms of modes. This 

was explained below, 

Changing variables, ( ) ( )Ew t x t=   into 1( ) ( )w t E x t−= . The differential equation 

system is written in terms of modes as below, 

                                )(,),()()()( 12211 txtxtwEtwEtwE nnn �
�

�
��

=+++ .                   (4.7) 

Now substituting ( ) ( )Ew t x t=  in the ordinary differential equation, it was rewritten as, 

                                                
( )

( ) ( )
dEw t

AEw t bu t
dt

= + .                                             (4.8) 

The equation above was multiplied by 1−E  , which results as, 

                                             1 1( ) / ( ) ( )dw t dt E AEw t E bu t− −= + .                             (4.9) 

The resultant was a new decoupled equations and can be written as,  

                            

1
1 1 1

1

( )0
0 0 ( )

( )0

0

0N N N

w w E b
d

u t
dt

w w E b

−
1

−
Ν

� � � �λ� � � �
� � � �� � � �= +� � � �� � � �

� � � �� � � �λ� � � � � �� �

� � � � .                          (4.10) 

The new decoupled equation in words can be written as the time derivative of 

modes was equal to the product of diagonal matrix containing eigenvalues λ  and the 
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modes, in addition to the new input vector bE 1− . This gives separately scaled differential 

equations for the eigenmodes. The modes with weights )(tw can be easily rewritten 

as )(tx , by multiplying each mode with the associated eigenvector. Now the output 

)(ty can be calculated by the weighted combination of )(tw .  

In the eigenmode, the input affects each of the states. But, they don’t affect each 

other anymore and the output was the weighted combination of the completely 

independent states and the weight of the new input vector b
~

i.e. bEb 1~ −= [15]. b
~

 was 

nothing but the projection of the input vector b onto the eigenmode. The output vector 

was also rewritten as TCEc =~ , which is nothing but the projection of the output vector 

C on the eigenvector space. 

And the output equation will be, 

                              )(~)()()()()( twctwCEtEwCtxCty TTTTT ==== .                   (4.11) 

The eigenmode behavior is equal to the convolution of the exponential of the 

eigenvalue iλ to the new input vector ib
~

and the input )(τu . This is written as, 

                                                    
~

( )

0

( ) ( )i

t
t

iiw t e b u dλ −τ= τ τ� .                                    (4.12) 

The output )(ty is the weighted combination of those mode and is written as, 

                                                               
~

1

( ) ( )
N

i i
i

y t c w t
=

=� .                                       (4.13) 

Considering the new decoupled equations, they are written as, 
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)(
~

)(
~

1111

tubww
dt
d

tubww
dt
d

nnnn +=

+=

λ

λ

�                                         (4.14) 

If b
~

 is large for one of these modes, the respective mode was large or else 

respective mode will not show up. If 0
~ =ib the mode was uncontrollable, this means that 

the mode was not affected by the input. In the output )(ty , if 0~ =ic , the mode was 

unobservable, this means that the mode was not seen at the output. Also, if the product of 

iicb ~~
was small, those modes were almost unobservable and uncontrollable. From the 

above assumptions the terms that satisfy those conditions are neglected. This resulted in a 

reduced mode decoupled equations as below, 

                                     

. ~

1 11

. ~

0
0 0 ( )

0

0

0 qqN q

ww b

u t

ww b

1
� � � �� �� �λ� � � �� �� �� � � �= +� �� �� � � �� �� �� �λ� � � �� �� �� � � �

� � � �                                   (4.15) 

The reduced output equation was written as, 

                                                           
~

1

( ) ( )
q

i i
i

y t c w t
=

=�                                            (4.16) 

Here, the eigenvalues λ  we re sorted according to bubble sort algorithm. By, 

considering the weights of bi and the values of λ , the values of λ  were represented in the 

order: 

                                                 ..... q1 2 3 4λ > λ > λ > λ > λ                                      (4.17) 
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Physically, large eigenvalues ( λ ) represent dominate responses. The terms with 

dominate response were kept and ignore small ones to reduce the complexity of modified 

nodal analysis as our first step in the proposed algorithm.  

On the other hand the least negative eigenvalues were preserved. From the 

equation representing the eigenmode behavior, it was rewritten as, 

                                 
~ ~ ~

( )

0

( ) ( )i i

t
t t

i i ii
i

w t e b ud b u b ueλ −τ λ1= τ = −
λ�                                (4.18) 

At a constant input the eigenmode with most negative eigenvalues tends to decay faster 

than the eigenmode with the least negative eigenvalue. So, eigenmodes with least 

negative eigenvalues were called as slow modes [5]. Form the equation above the output 

is scaled the value
iλ

1
. If the | |iλ is large then the value of the mode iw  will be small. 

If 
~ ~

1,............, Nkb b+  and 
~ ~

1,............, Nkc c+  are large, it will cause inaccuracy under the 

assumption that ib
~

was not considered in the first step. This is the primary reason that, 

bubble sort was used to consider the weight of bi in the first step of the proposed 

algorithm 

4.3 BUBBLE SORT ALGORITHM 

Bubble sort is a simple sorting algorithm. It works by repeatedly stepping through 

the list to be sorted, comparing two items at a time and swapping them if they are in the 

wrong order. The pass through the list was repeated until no swaps are needed, which 

indicates that the list was sorted [22]. The algorithm gets its name from the way smaller 

elements "bubble" to the top of the list. Because it only uses comparisons to operate on 
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elements, it was a comparison sort. Bubble sort has worst-case complexity �(n²), where n 

is the number of items being sorted.  

Let us take the array of numbers "5 1 4 2 8", and sort the array from lowest 

number to greatest number using bubble sort algorithm. In each step, elements written in 

bold are being compared. 

First Pass: 

( 5 1 4 2 8 )        ( 1 5 4 2 8 ) Here, algorithm compares the first two elements, and swaps 

them. 

( 1 5 4 2 8 )        ( 1 4 5 2 8 ) 

( 1 4 5 2 8 )        ( 1 4 2 5 8 ) 

( 1 4 2 5 8 )        ( 1 4 2 5 8 ) Now, since these elements are already in order, algorithm 

does not swap them. 

Second Pass: 

( 1 4 2 5 8 )        ( 1 4 2 5 8 ) 

( 1 4 2 5 8 )        ( 1 2 4 5 8 ) 

( 1 2 4 5 8 )        ( 1 2 4 5 8 ) 

( 1 2 4 5 8 )        ( 1 2 4 5 8 ) 

Now, the array is already sorted, but our algorithm does not know if it is 

completed. Algorithm needs one whole pass without any swap to know it is sorted. 

Third Pass: 

( 1 2 4 5 8 )        ( 1 2 4 5 8 ) 

( 1 2 4 5 8 )        ( 1 2 4 5 8 ) 

( 1 2 4 5 8 )        ( 1 2 4 5 8 ) 
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( 1 2 4 5 8 )        ( 1 2 4 5 8 ) 

Finally, the array was sorted, and the algorithm can terminate. 

4.4 IMPROVEMENT TO THE PROPOSED ALGORITHM 

First, Laplace transformation properties are applied on the ordinary differential 

equation  

)()(
)(

tbutAx
dt

tdx += ,                           

                                                       )()( txCty T= .                                                    (4.19) 

Where u is the input variable, y is the output variable, A  is a nn × matrix and b is a 

1×n matrix. x is a 1×n vector of state variables. After applying the Laplace properties 

given in (2.10) and (2.11) the ordinary differential equation was written as, 

                                            )()()( 1 sbUAsICsY T −−=                                            (4.20) 

Where, Transfer function )(sH  

                                                  bAsICsH T 1)()( −−=                                            (4.21) 

Also )(sH  can be written in the form of rational transfer function as below, 

                                                
1

1 2 1

2

...
( )

1 ...

n
n

n
n

b b s b s
H s

a s a s

−
−+ +=

+ +
                                       (4.22) 

Upon applying Eigen decomposition on )(sH  the resultant transfer function was 

written as, 

                                             bEAsIECsH T 11)()( −−−=                                          (4.23) 

Where ECc T=~  and bEb 1~ −= . 
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Substituting c~  and b
~

 in the above equation. The resultant transfer function )(sH  

was written as, 

                        b

s

s
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1

~~
)(

λ
                       (4.24) 

However, direct eigendecomposition will pay a huge calculation penalty if  G  

and C matrixes from the MNA formulated RLC network are large. Large G  and 

C matrixes obviously means more number of nodes and eigenvalues to be computed. 

From the concept of projection based pole computation, it is learned that at higher orders 

the eigenvalues were linearly dependent and most of the pole information is lost. Instead, 

the transfer function  )(sH  in the pole-residue form is considered .This is represented as  

                                     
n

nn

s
bc

s
bc

s
bc

sH
λλλ −

++
−

+
−

=
~~~~~~

)(
2

22

1

11 �                                   (4.25) 

 The idea here was to define a constant as the key in the sorting algorithm, say 

N Nc b  as one of correlations in order to sort the order of the eigenvalues in the reduced 

decoupled equations shown below,  

                                      

. ~

1 11

. ~

0
0 0 ( )

0

0

0 qqN q

ww b

u t

ww b
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To re-arrange the , q1 2 3 4λ ,λ ,λ ,λ λ , they were sorted according to the correlation of 

that constant and �i. From the eigendecomposition it was known that the input vector 

b
~

affects the modes, written in the form of product of eigenvalues and the mode vector. If 



 53 

the correlation coefficient was positive, it represents that the constant key and the 

eigenvalue were linearly dependent. This applies even for the correlation of the small 

value of N Nc b  and iλ . This algorithm demonstrates that the lower residue values, which 

were the resultants from the higher order of frequency, are also taken into account in the 

calculation of the dominant poles. From rational transfer function, it was demonstrated 

that a faster and lower calculation penalty is achieved by finding the dominated poles in 

the proposed algorithm. As a result, after keeping all the dominate poles, the output 

functions were clustered in order to reduce the redundant poles. Thus the reduced transfer 

function was written as, 
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1 .........

r r r q
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r r r q
q

b b s b s
H s

a s a s

−
−+ + +
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Where, )(sH r was matched with the )(sH  using only 2 q states 

4.5 CHAPTER SUMMARY 

In this chapter, the new model order reduction technique using eigenmode 

analysis and rational transfer function fitting was discussed. The RLC interconnect 

circuits were written in the form of state space equations using modified nodal analysis. 

Eigendecomposition was applied on these equations. Modes that were unobservable and 

uncontrollable were truncated. The resulting modes were then written in the pole/residue 

form. A constant key was defined and the dominant eigenvalues representing the 2q poles 

of the reduced system are obtained by sorting those eigenvalues obtained by correlating 

the key and the eigenvalues. This response obtained from 2q poles was matched with the 

response of the original system. 
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CHAPTER 5 

PROPOSED ALGORITHM TESTING AND VALIDATION 

5.1 SIMULATION RESULTS 

All experimental data were measured in a Microsoft Windows desktop with 

1.9GHz CPU and 2GB memory using Matlab R2007a. The results of the proposed 

algorithm were compared with PRIMA. Table-1 summarizes the runtime results with RC 

benchmarks. RT indicates the computation run time in seconds. As it was seen, the 

improvement on accuracy was significant, roughly 90% more accurate than PRIMA.  

 
PRIMA Proposed 

Algorithm Node # Frequency 
Error RT(s) Error RT(s) 

1208 101050 ×−  Hz 17% 132 0.1% 342 

4800 101050 ×−  Hz 33% 203 1.4% 688 

12000 101050 ×−  Hz 47% 437 2.3% 1427 

100000 101050 ×−  Hz 49% 688 3.3% 1930 

 
Table 1 Runtime (RT) and accuracy testing result in proposed algorithm and PRIMA (RC mesh) 

It was evident from the table that the accuracy was increased. But when coming to 

the runtime in seconds, the proposed model has more runtime than PRIMA. In the 

proposed model runtime time was increased up to 3X times when compared to PRIMA. 

Because, as the constant key was chosen, correlation had been performed between the 

eigenvalue and constant key. Then the eigenvalues were sorted out using bubble sort 
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algorithm. The sorting algorithm like bubble sort have bad time complexity and the 

runtime was increased. 

 

 

Figure 9. Proposed algorithm vs. PRIMA with RC benchmark of 4800 nodes in wide frequency band 
 
 

The Figure-9 was the response of a RC mesh with a bench mark of 4800 nodes. 

The output was taken at the node: 4352 and the edge: 5736 and at the port number: 1157.  

The original size of the circuit was given as 4422 ×4422 moments. After it was 

processed by PRIMA, it was reduced to 1157×1157 matched moments. The size of the 

proposed model was 121×121 matched moments. It was observed that there was 

significant decrease in the number of matched moments and the accuracy of the proposed 

model clearly dominated the accuracy of the PRIMA with the original circuit. The main 

reason for this decrease of moments using the proposed models was that the dominant 

poles were being identified much efficiently by using the correlation of the key, which 
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constitutes the projected input vector onto the eigenmode along with the weighted 

combination of the projected output vector and the eigenvalues of the state matrix. Thus, 

by this concept the lower residues from the higher order frequency were identified and 

accuracy of the proposed model was increased when compared to PRIMA, which does 

not consider the residues at higher order frequency. 

 

 

 

 

 
 

 
 
 
 

 

 Table-2 summarizes the runtime results, and the runtime results were compared 

for different RLC benchmarks. The accuracy improvement was also significant, over 

95%.But, at the cost of increased runtime up to 3X times. The Figure-10 shows the 

frequency domain response of a RLC mesh at 600 nodes. At the node: 600, edge: 76, Port 

number: 110, the original size if the mesh is 988×988 moments. After the mesh was 

processed through PRIMA the number of matched moments was given by 220×220. The 

number of matched moments for the proposed method was given by 152×152. The 

proposed method was working great to identify the dominant poles with state matrix 

containing large conductance and susceptance values. 

PRIMA Proposed 
Algorithm Node # Frequency 

Error RT(s) Error RT(s) 

1208 101050 ×− Hz 60% 214 0.4% 437 

4800 101050 ×− Hz 77% 383 3.4% 597 

12000 101050 ×− Hz 77% 497 4.8% 1734 

100000 101050 ×− Hz 89% 644 6.1% 2840 

Table 2  Runtime (RT) and accuracy testing result in proposed algorithm and PRIMA (RLC mesh) 
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The proposed algorithm matched the original response exactly, while PRIMA 

method showed a significant inaccuracy. The tested results show the proposed algorithm 

was more accurate than PRIMA in wide frequency environments. The error (%), is the 

error calculated between the actual response of the system considering all the states and the 

response of the reduced order system, was reduced moderately. 

 

Figure 10. Proposed algorithm vs. PRIMA with benchmark of RLC circuits 
 

5.2 CHAPTER SUMMARY 

In this chapter, the results of the proposed algorithm were compared with PRIMA. The 

simulation was done using Matlab R2007a. The results of RC and RLC meshes obtained 

from the proposed algorithm were compared individually with results of PRIMA. It was 

observed that there was 90% increase in the accuracy. Also, this accuracy was obtained 

with less number of poles in comparison with the number poles compared using PRIMA. 
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CHAPTER 6 

CONCLUSIONS AND FUTURE WORK 

An extended model order reduction technique using rational transfer function 

fitting and eigenmode analysis order analysis of linear circuits with a large number of 

independent sources has been presented. In this method the concept of eigenmode 

analysis like representing state vector in the form of eigenmodes was used. Also, the 

concept of representing the transfer function in pole-residue form was obtained from the 

projection framework. The constant key was defined and the dominant eigenvalues 

representing the 2q poles of the reduced system were obtained by sorting those 

eigenvalues obtained and correlating the key with the eigenvalues.  

The Passive Reduced Order Interconnect Macromodeling Algorithm (PRIMA), 

which was being compared, has some disadvantages like, 

• The time complexity of PRIMA was proportional to the number of ports of the 

circuits as moments excited by every port need to be computed and matrix valued 

transfer functions were generated.  

• The poles of the reduced models were increased linearly with the number of 

ports, and this makes the reduced models much larger than necessary.  

• Generating more poles does not always help to improve the accuracy of the 

reduced models, as more block moments were not always matched as the 

numbers of poles were increased. 
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•  The moments generated were very much linearly dependent and they generate ill 

conditioned matrices. Each new moment is the resultant of the scaled old moment 

with the dominant eigenvalue λ . The higher order moments will become less 

accurate. Thus resulting, PRIMA inaccuracy at higher frequencies. 

The proposed algorithm has the advantages like, 

• The concept of moments was not used in this algorithm. This helped us to 

eliminate the problem of generating ill conditioned matrices. 

• The concept of using the constant key and correlation of that constant key and λ                                               

helped to sort the values of 
iλ  . Then these eigenvalues in the pole residue form 

were written in the form of rational transfer function. By this concept a faster and 

lower calculation penalty was demonstrated for finding the dominated poles in the 

proposed algorithm. 

By the following advantages, this method can handle a much more wide frequency than 

the existing algorithms accomplish.   

Experimental results showed that the proposed method achieved a moderate 

accuracy improvement over circuit simulation with wide frequency variations and 

reduced up to 90% errors compared to the existing model order reduction algorithm like 

PRIMA. . But, the runtime of the proposed model order technique was costing 3X times 

more when compared to runtime of PRIMA. This was primarily because of the state 

space representation of the larger matrices and also the sorting algorithm that was being 

used had very low time complexity.  
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In future this work can be extended by implementing new way of formulating the 

RLC mesh state space equations and introducing new sorting algorithms. Also, this 

method should be improved for the model order reduction of nonlinear dynamic systems. 
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